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Dynamical analysis of a periodically forced chaotic chemical oscillator
Gonzalo Marcelo Ramírez-Ávila,1, 2, 3, 4, a) Tomasz Kapitaniak,2 and Didier Gonze4
1)Namur Institute for Complex Systems (naXys), Université de Namur, Rue de Bruxelles 61, B-5000 Namur,
Belgium
2)Division of Dynamics, Lodz University of Technology, Stefanowskiego 1/15, 90-924 Lodz,
Poland
3)Instituto de Investigaciones Fisicas, and Planetario Max Schreier, Universidad Mayor de San Andres, Campus Universitario,
C. 27 s/n Cota-Cota, 0000 La Paz, Bolivia
4)Unit of Theoretical Chronobiology, Université Libre de Bruxelles, CP231, Boulevard du Triomphe, 1050 Brussels,
Belgium

We present a comprehensive dynamical analysis of a chaotic chemical model referred to as the autocatalator, when
subject to a periodic administration of one substrate. Our investigation encompasses the dynamical characterization of
both unforced and forced systems utilizing isospikes and largest Lyapunov exponents-based parameter planes, bifurca-
tion diagrams, and analysis of complex oscillations. Additionally, we present a phase diagram showing the effect of
the period and amplitude of the forcing signal on the system’s behavior. Furthermore, we show how the landscapes of
parameter planes are altered in response to forcing application. This analysis contributes to a deeper understanding of
the intricate dynamics induced by the periodic forcing of a chaotic system.

Keywords: Nonlinear dynamics, chaotic chemical reactions, forced systems

Periodic forcing of chemical and biological oscillators has
been extensively studied, both analytically and numeri-
cally. However, the effect of periodic forcing on chaotic
systems received much less attention. Here, we inves-
tigate this question through numerical simulations of a
three-variable chaotic system, referred to as the autocata-
lator. The application of periodic forcing in this system un-
veils several interesting aspects, including the emergence
of complex limit cycles. We characterize these behaviors
as a function of the forcing signal’s amplitude and period.
Qualitative transformations in the dynamical landscapes
of parameter planes are observed under forcing effects.

I. INTRODUCTION

Since the first experimental demonstrations of chaotic be-
havior in chemical systems such as the Belousov-Zhabotinskii
(BZ) reaction63 and the peroxidase-oxidase system51, com-
plex oscillations and chaotic dynamics have been reported in
numerous models for chemical and biological systems. They
originate from various mechanisms such as interlocked feed-
back loops, autocatalytic processes, coupled oscillators, and
the influence of periodic external inputs, either independently
or in combination2,25,26,30,35,38,61,62,71. While these phenom-
ena represent a broad array of behaviors, their uncontrolled
presence poses challenges both in natural contexts and practi-
cal applications, necessitating methods for their regulation or
elimination. In the realm of chaos control, periodic forcing
stands as a potential strategy to convert chaotic dynamics into
more regular limit cycle oscillations. A deeper comprehension
of the implications of periodic forcing on chaotic systems is
needed. In this study, we performed a systematic numerical

a)gonzalo-marcelo.ramirezavila@unamur.be

analysis of a prototypical chaotic chemical system to explore
the effect of periodic forcing on chaotic dynamics.

In the 1990s, Showalter and colleagues described a three-
variable chemical system unveiling a rich repertoire of be-
haviors including period doubling, chaos53, and mixed-mode
oscillations (MMOs)54. A bifurcation analysis revealed the
emergence of branches of isolas of limit cycles and Devil’s
staircase structures when scrutinizing the firing number—a
metric denoting the proportion of large peaks relative to the
total number of peaks per period—as a function of a con-
trol kinetic parameter. The concept of isolas of limit cycles
constitutes the basis of the analysis in terms of isospikes17

that we use in this work. Kawczynski and colleagues in-
troduced an alternative three-variable model, which qualita-
tively captures the phenomenon of mixed-mode oscillations
(MMOs) observed in the Belousov-Zhabotinsky (BZ) reac-
tion41,57. This model is not associated with a system of chemi-
cal reactions, but instead, it can be seen as an extension of the
Fitzhugh-Nagumo model used in neurophysiology. Kalishin
et al. (2002)39 studied a detailed kinetic model for the BZ re-
action and showed both experimentally and theoretically the
emergence of a wide variety of oscillatory complex behavior,
including MMOs, quasiperiodicity, and chaos as kinetic pa-
rameters are changed. Similar behaviors have been obtained
by Ivanovic-Sasic et al. (2011)36 using a detailed model for
the Bray-Liebhafsky reaction. The emergence of chaotic os-
cillations was recently reported in an enzyme-catalyzed reac-
tion, namely the peroxidase-oxidase reaction50,52.

Chaos and complex oscillations have also been reported in
various biological systems spanning diverse time scales24,27.
Among the most important examples from the physiological
viewpoint, we can mention those related to the experimen-
tal evidence and modeling of low dimensional chaos in car-
diac tissue7 and the electrical activity of the heart56. Simi-
lar approaches have been employed to describe the chaotic
activities in the brain by experiments11, models1, or both42.
Other examples include the experiments on metabolic reac-
tions48 and their modeling9,30, genetic regulatory networks
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models43,46,70, the models32,62 and experiments66 of cell di-
vision cycle, and the models of circadian clocks44,45,64. Au-
tonomous chaos may result from nonlinear interlocked feed-
back loops involving autocatalytic processes and/or coupled
oscillatory mechanisms. The manifestation of chaos is inher-
ent to systems undergoing periodic forcing29,33,37. The the-
ory concerning Arnold’s tongues (ATs) frequently finds ap-
plication in delineating regions of entrainment as a function
of the frequency and amplitude of the periodic input. Gen-
erally, escalating coupling strength manifests in a sequential
progression featuring quasiperiodicity, limit cycle oscillations
(entrainment), period-doubling, and, ultimately, chaotic dy-
namics34.

Although chaos may have crucial constructive roles in biol-
ogy as, for example, in the brain activity of the different stages
of the sleep4, in the heart rate variability as an indicator of the
cardiovascular system’s normal functioning40, and in the fine-
tuning of gene expression33; in several contexts, such complex
dynamics need to be controlled and converted to regular oscil-
lations. This is the case for instance in some types of epilepti-
form activity3, and for the circadian clock to allow a proper
adaptation to the light-dark cycle and to avoid sleep disor-
ders28,68. Control of chaos refers to the stabilization of pe-
riodic orbits and thereby to the suppression of chaotic behav-
ior. Approaches aimed at attaining this objective may rely on
(delayed) feedback mechanisms6,55 or input modulation tech-
niques. For instance, Choe et al. (2005)8 showed that the ap-
plication of high-frequency periodic forcing to the Lorenz sys-
tem could effectively suppress chaotic behavior. Stone (1992)
successfully suppressed chaos within the Rössler system by
employing periodic pulses whose frequencies closely aligned
with the peaks of the attractor power spectrum 65.

The application of periodic forcing to chaotic systems has
historically garnered less attention compared to its applica-
tion to limit cycles5,14,47. In this study, we conducted numer-
ical analyses to investigate the effects of periodic forcing on
a three-variable chemical system previously shown to exhibit
chaotic oscillations (Sect. II). Our choice is motivated by the
fact that this kind of forcing might control several chemical
and biological systems, especially in chronobiological-related
situations. We first characterize various autonomous behav-
iors and show how they are distributed in the parameter space
(Sect. III A). We then study the impact of periodic forcing on
chaotic dynamics. We consider a sinusoidal forcing and dis-
cuss the effect of its amplitude and period on the resulting be-
havior. We also characterize the bifurcations induced by this
periodic forcing and describe the alteration of the parameter
plane’s landscape in response to such a forcing (Sect. III B).

II. MODEL

As a minimal chemical model displaying chaos, we used
the three-variable autocatalator, proposed by Peng et al. in
199053. It describes the dynamics of the concentration of the
compounds A, B, and C involved in the following reaction

scheme:

P k0−→ A

P+C kc−→ A+C

A ku−→ B

A+2B k1−→ 3B

B k2−→ C

C k3−→ D .

Utilizing the law of mass action, the kinetic equations govern-
ing this system can be expressed as follows:

dA

dt
= k0P + kcPC − kuA− k1AB2 (1)

dB

dt
= kuA+ k1AB

2 − k2B (2)

dC

dt
= k2B − k3C . (3)

We assume that P , the concentration of P, remains constant.
The product D is an output, and its concentration D does not
affect the kinetics of the reactions. The structure of the sys-
tem is represented in Fig. 1. This schematic emphasizes the

Figure 1. Scheme of the model. Dashed arrows denote regulatory
interactions, including autocatalysis and positive feedback mecha-
nisms.

autocatalytic production of B and the positive feedback ex-
erted by C on the reaction P → A. The interplay between these
regulatory mechanisms allows the system to engender chaotic
oscillations53,54. The default parameter values, under which
autonomous chaos is observed, are as follows: k0 = 260,
kc = 1, ku = 1, k1 = 1, k2 = 0.2× 103, k3 = 0.5× 102, and
P = 7.7 (all values in arbitrary units).

We introduce a periodic sinusoidal forcing applied to the
parameter P , the concentration of the input reactant P:

P → P

[
1 +

F

2

(
1 + sin

2πt

T

)]
. (4)

where F and T are, respectively, the amplitude and the period
of the forcing. In this work„ we will discuss the impact of
these two parameters on the system’s behavior.

Numerical integration of Eqs. (1)–(3) are executed with a
fourth-order Runge-Kutta method with a time step h = 10−5.
Unless stated otherwise, the transient time is set to 5 × 106

and the total integration time to 107. Parameter planes are
generated with a 1024× 1024 pixels resolution.
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Figure 2. Time series for the dynamic variables A, B and C when the parameters are fixed to k0 = 260, kc = ku = k1 = 1, k2 = 200,
k3 = 50, and P is chosen for leading the system to different dynamical regimes after a determined transient ts. (a) P = 7.83, limit cycle-1,
ts = 4.7, (b) P = 7.78, limit cycle-4, ts = 4.0, and (c) P = 7.70, chaos, ts = 3.0. The corresponding attractors for the aforementioned
scenarios are depicted in panels (d)–(f). In all cases, the initial conditions are set to (A0, B0, C0) = (1, 1, 1).

III. RESULTS

A. Unforced case

Despite its apparent simplicity, the model exhibits a vast
dynamical richness depending on the parameter values. Fig-
ure 2 shows the time series and the corresponding attractors
for different values of P (taken constant). Three distinct sce-
narios are illustrated: limit cycle-1 (Figs. 2(a) and (d)), limit
cycle-4 (Figs. 2(b) and (e)), and chaotic attractor (Figs. 2(c)
and (f)). The number accompanying the limit cycle indicates
the number of isospikes per complete period. We can also
note that the amplitude and period of the oscillations depend
on P . The attractors illustrated in Fig. 2(d)–(e) exhibit similar
overall shapes but also reflect disparities in the amplitudes of
the oscillations. These amplitudes tend to increase with the
complexity of the oscillatory behavior. Consequently, a limit
cycle-1 occupies a smaller phase volume compared to a limit
cycle-4 and significantly less than that of a chaotic attractor.

In this study, we conduct an exhaustive dynamical anal-
ysis encompassing both unforced (autonomous) and forced
(nonautonomous) systems. Our analytical approach relies
on various tools, including time series and attractors anal-
ysis, bifurcation diagrams (BDs), and exploration of pa-
rameter planes (PPs) based on the largest Lyapunov ex-
ponents (LLEs) or isospikes. Isospikes and LLEs serve
as valuable instruments in the characterization of dynamic
chemical systems, as evidenced in diverse contexts such as
the Belousov-Zhabotinsky reaction12,16,17,20, triple-pathway
electro-oxidation of formic acid on platinum15, peroxidase-

oxidase reaction models21,22,50,52, and theoretical reaction sys-
tems18,21. From the time series generated by the numerical
integration of Eqs. (1)–(3), we compute the Lyapunov spec-
trum using the method of Wolf et al.67 from which the LLE
is selected to construct the PP. Concerning the computation
of isospikes, they are also obtained from the time series by
counting the number of spikes (maxima) contained in each
oscillatory cycle when the dynamical behavior is nonchaotic.

Next, we perform a systematic analysis with the intent of
giving an exhaustive overview of the dynamics of the auto-
catalator. One of the methods to extract meaningful infor-
mation about the dynamical system is to screen the param-
eter space. In this study, we concentrate on chaotic regions
in the (ku,P ) plane (Fig. 3). Each row of Fig. 3 presents a
dynamic characterization of the system in terms of isospikes
(first row), largest Lyapunov exponents (LLEs) (second row),
and bifurcation diagrams (BDs) (third row). In the isospikes-
PP, colors are associated with distinct periodicities based on
the number of maxima within each period of the oscillation
(isospikes), while black indicates chaotic behavior. The color
code shown below the first row shows the number of isospikes
from 1 to 34, and situations with 35 or more isospikes are rep-
resented by dark gray. Figure 3(a) exhibits regions character-
ized by a monotonically increasing number of isospikes (3, 4,
5, 6, 7, ...) form distinct patterns resembling petals. These
regions predominantly exhibit periodic behavior, interspersed
with smaller chaotic regions. Intriguingly, these chaotic inter-
stices diminish in size as the number of isospikes increases.

Two distinct chaotic interstices were selected to better vi-
sualize the dynamic structure within each region, which are
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Figure 3. Parameter space analysis for the non-forced autocatalator. (a) Parameter plane (PP) showing the regions of chaotic regimes when
varying ku and P . Regions outlined with rectangles are enlarged in panels (b) and (c). The color scale at the bottom indicates the number of
isospikes per time period. Regular oscillatory behavior and chaotic dynamics are represented in color and black, respectively. Panels (d)–(f)
display the same PPs as those in the top row but represented in terms of the largest Lyapunov exponents (LLEs), with corresponding values
given by the color bar positioned to the right of each panel. (g)–(i) Bifurcation diagrams (BDs) corresponding to the straight magenta line
drawn in panels (d)–(f), with (g) P = 7.98−0.275(ku−0.33), (h) P = 7.825, and (i) ku = 1.08. All parameter values and initial conditions
are as in Fig. 2.

zoomed in Figs. 3(b)–(c). Figure 3(b) illustrates the chaotic
predominant interstice situated between the “petals” associ-
ated with three and four isospikes. The upper and lower
right boundaries of the chaotic region in Figs. 3(b)–(c) show
a period-doubling route to chaos, as reflected by the varying
number of isospikes. Conversely, the contours in the upper-
left quadrants in Figs. 3(b)–(c) exhibit no discernible period-
doubling behavior. This observation suggests that the strong
convex portion of each “petal” contouring the chaotic region
experiences an abrupt transition to chaos, whereas if the con-
tour of the “petal” locally displays a weak convexity, there is a
period-doubling route to chaos. In other words, while the up-
per right portion of a “petal” maintains a consistent number of
isospikes, the upper left part displays a period-doubling route
to chaos. Within the chaotic interstice depicted in Fig. 3(b),
intricate filiform structures are discerned, characterized by a

predominant number of isospikes ranging from five to six.
Sequences of “shrimps” exhibiting an increasing number of
isospikes and converging toward accumulation points are ob-
served in the central region of Fig. 3(b). These sequences are
distinguished by increments of 8, 10, 12, ... and 9, 11, 13,
..., respectively. Similarly, falciform structures appear in the
chaotic interstice presented in Fig. 3(c), primarily character-
ized by a prevailing number of isospikes ranging from five to
six. We observe that all the above-mentioned structures inside
the chaotic interstices display a period-doubling route to chaos
in their concave regions; thus corroborating our previous ob-
servation that convexity favors an abrupt passage to chaos.

The PPs represented in terms of the LLEs are depicted in
Figs. 3(d)–(f), where black and white regions denote regular
or periodic behavior of the system, respectively, while col-
ored regions stand for chaotic behavior. When comparing the
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Figure 4. Effect of periodic forcing on the autocatalator. (a)–(c) Time series for the dynamic variables A, B and C and the corresponding
attractors (d)–(f) when a sinusoidal forcing with period T = 0.075 and amplitude F = 0.03 is applied. (a) and (d) P = 7.83, the unforced
limit cycle-1 (Fig. 2(d)) becomes a chaotic attractor. (b) and (e) P = 7.78, the unforced limit cycle-4 (Fig. 2(e)) becomes a limit cycle-8. (c)
and (f) P = 7.70, the unforced chaotic attractor (Fig. 2(f)) becomes a limit cycle-3. (g)–(i) Parameter planes showing the effect of the period
T and amplitude F for each scenario, based on the variable A. Rectangular regions within each plane (g)–(i) are enlarged in Figs. 5(a), 6(a),
and 7(a), respectively. All parameter values and initial conditions are as in Fig. 2.

diagrams in the first and second rows, it is evident that the in-
formation is qualitatively the same, which allows us to use any
of them. It is interesting to notice that the “petal” structures in
Fig. 3(a) look like “fingerprints” in Fig. 3(d). It is noteworthy
to mention that the white stripes with the lowest LE values
are related to superstable orbits as those found in maps19. In
order to have a deeper insight into the system’s dynamics, we
compute some BDs corresponding to a specific situation in
each of the three cases. Thus, in Fig. 3(d), it is represented
in magenta the bifurcation line for which the BD is shown in
Fig. 3(g). The chaotic regions shrink with increasing P (de-
creasing ku). Conversely, amplitude oscillations enlarge with
P . In Figs. 3(e)–(f), the bifurcation lines correspond to a hor-
izontal and a vertical line given by P = 7.825 and ku = 1.08
respectively whose BDs are represented in Figs. 3(h)–(i). The
most common bifurcation scenario is period doubling. This
comprehensive analysis underscores the rich dynamical be-

havior exhibited by the system. We cannot exclude situations
where multiple attractors coexist. When computing the basin
of attraction for some values of P corresponding to regular
behavior, we observe a possible coexistence of limit cycles 8
and 16 (not shown). A systematic screening of the initial con-
ditions and an in-depth characterization of possibly distinct,
coexisting attractors is however out of the scope of the present
paper.

B. Forced case

To investigate the impact of forcing on the system, we im-
plemented the sinusoidal forcing method outlined in Sect. II
and defined by Eq. (4). Figure 4 serves as an initial explo-
ration into the influence of forcing on the system. We exam-
ine the three scenarios depicted in Fig. 2 where we applied
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Figure 5. Analysis of the forcing regime when P = 7.83. First column: (a) Forcing phase diagram depicting F vs T for the variable
A, corresponding to the magnified rectangular region of Fig. 4(g). (b) Bifurcation diagram reporting the dynamical variable A maxima as a
function of the forcing period T for F = 0.117 (white line shown in panel (a)). Second column: The stable manifold for the marked points
1–9 of the bifurcation diagram are plotted in (c) for the limit cycle-1 (points 1–4 and 9), and (d) for the limit cycle-2 (points 5 and 6), and limit
cycle-3 (points 7 and 8). Third column: (e) Magnification of the box on (a) showing the isospikes-adding behavior of the Arnold’s tongues
(ATs). (f) Plot of the number of isospikes as a function of the forcing period T throughout the line F = 0.035 of (e) showing a kind of devil’s
staircase pattern. The color bar provides information on the number of isospikes within the ATs depicted in (a) and (e).

a sinusoidal forcing with a period T = 0.075 and ampli-
tude F = 0.03. Figure 4 illustrates the resulting time se-
ries (first row) and the corresponding attractors (second row).
When the forcing is applied to the system with P = 7.83,
the dynamic behavior transitions from limit cycle-1 to chaos
(Figs. 4(a) and (d)). When applying the forcing to the sys-
tem with P = 7.78 (limit cycle-4 state), the system main-
tains its regular behavior, acquiring a dynamic characterized
by a limit cycle-8 (Figs. 4(b) and (e)). Finally, when the
forcing is applied to the system with P = 7.70 (initially an
unforced chaotic attractor), the system’s behavior transforms
into a limit cycle-3 (Figs. 4(c) and (f)).

A comprehensive examination of the dynamical effects in-
duced by the forcing is presented in the third row of Fig. 4,
featuring the forcing phase diagrams (FPDs). These diagrams
depict the system’s dynamic behavior in the F vs. T plane
for specific regimes of the unforced system. Thus, Figs. 4(g)–
(i) correspond to the FPDs of a limit cycle-1, a limit cycle-4,
and a chaotic attractor, respectively. Several similarities and
differences among the FPDs are noticeable. First, for small
period values, a predominant region of limit cycle-1, referred
to as the main Arnold’s tongue (AT), is present in all cases,
which aligns with the sinusoidal nature of the forcing signal,
inherently inducing a limit cycle-1 response. We also note
the presence of a threshold for the forcing amplitude above
which entrainment of the system by the forcing signal is ob-

served. Furthermore, sequences of AT-like structures are ob-
served as the period increases and are associated with increas-
ingly complex oscillatory behavior (i.e., with a greater number
of isospikes per oscillation cycle). The shape and breadth of
the ATs differ among cases, expanding when the forcing acts
upon the system with chaotic unforced behavior, as shown in
Fig. 4(i). The ATs generally exhibit monochromatic patterns,
indicating oscillations with a consistent number of isospikes
within each tongue. However, distinctions between the ATs
of Figs. 4(g) and (h) emerge; particularly, Fig. 4(h) displays
a peculiar hole-like structure reminiscent of ring structures59

and the so-called “eye of chaos”21. Regarding Fig. 4(i), the
ATs appear wider, with colors along their boundaries sug-
gesting period-doubling bifurcations. Secondary and tertiary
structures are more pronounced and expansive compared to
Fig. 4(g). Central holes within the ATs in Fig. 4(i) are more
prominent than those in Fig. 4(h). To further visualize the
forcing effects, we zoom into a specific region within each
FPD to gain deeper insights into the system’s dynamic behav-
ior.

Figure 5(a) depicts a magnified region extracted from
Fig. 4(g), providing a detailed view of the FPD. Within this
FPD, the ATs are distinctly visible, each corresponding to os-
cillations characterized by a specific number of isospikes. Pri-
mary structures with 1, 2, 3, 4, and 5 isospikes are discernible,
along with secondary structures featuring 3 and 5 isospikes,
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Figure 6. Analysis of the forcing regime at P = 7.78. (a) Forcing phase diagram F vs. T for the variable A, corresponding to the magnified
rectangular region of Fig. 4(h). (b) Bifurcation diagram derived from the maxima of the time series along the line T = 0.035 depicted in (a).
Noticeable are regions exhibiting regular behavior characterized by limit cycles-2 to 7. (c) Enlarged view of the highlighted yellow rectangular
region from (b), enabling the distinction of regions featuring periodic behavior up to limit cycle-13. (d) Phase space representation illustrating
various examples of limit cycles, including limit cycles-1 (F = 0.13) and 2 (F = 0.006764), along with an attractor displaying 20 isospikes
(F = 0.053168) (refer to Table I for detailed descriptions of the aforementioned manifolds in phase space).

and tertiary structures comprising 4, 5, 7, 8, 10, 11, 13, and 14
isospikes. While higher-order structures (quaternary, quinary,
etc.) may exist, they remain indistinguishable due to resolu-
tion limitations. To overcome the above mentioned hindrance,
we highlight higher-order structures in the third column of
Fig. 5 by showing an enlarged view of the sequence of the
ATs. To close our analysis of Fig. 5(a), we notice that a ten-
dency towards oscillations with fewer isospikes is visible for
large amplitude forcing, with a separation between the pre-
dominant chaotic region and the periodic region with fewer
isospikes.

We generated the BD depicted in Fig. 5(b) along the line
F = 0.117 outlined in panel (a). This BD was built for 8192
values of the period forcing within the range T ∈ [0.0001, 0.2]
and reports the maxima of A. Abrupt peaks are observed, rem-
iniscent of the concept of crises in dynamical systems. This
is particularly notable for the case of limit cycles-1, where

the size of the attractor can change dramatically. We selected
nine points in the BD to illustrate their corresponding invari-
ant manifolds in phase space: five limit cycles-1 presented in
Fig. 5(c), and two limit cycles-2 and 3 displayed in Fig. 5(d).
The sharp increase in the A value at points 2 and 3, along
with the discontinuity between points 3 and 4, is evident in the
phase space of Fig. 5(c), where the limit cycle corresponding
to point 1 has a very small amplitude and appears as a point
compared to the limit cycles corresponding to the other points.
Conversely, the shape of the limit cycles remains consistent
across most cases of limit cycles-1, except for those corre-
sponding to points 1 and 2 at small T values. Similar phe-
nomena were observed in prior studies13. Figure 5(d) show-
cases the limit cycles with two (points 5 and 6 in the BD)
and three isospikes (points 7 and 8 in the BD), demonstrating
that the size of the limit cycles depends on the period forc-
ing T value, and the shape of the limit cycles differs from
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Figure 7. Analysis of the forcing when P = 7.70. (a) Forcing phase diagram F vs T for the variable A, corresponding to the magnified
rectangular area in Fig. 4(i). (b) Bifurcation diagram derived from the maxima of the time series along the linear trajectory F = 0.001 +
0.5013T depicted in (a). Regions demonstrating periodic behavior with limit cycles-2 to 4 are discernible. (c) An amplified view of the
domain exhibiting a dominant limit cycle-2, revealing a period-doubling route to chaos. (d) Phase space illustrating various instances of limit
cycles associated with the period-doubling bifurcation, each featuring 2, 4, and 8 isospikes obtained for (T, F ) = (0.099171, 0.023128) (limit
cycle-2), (T, F ) = (0.103665, 0.025591) (limit cycle-4), and (T, F ) = (0.105619, 0.026823) (limit cycle-8) (refer to Table I for detailed
information concerning the specified manifolds within the phase space).

most cases of limit cycles-1. Isospikes-adding, in analogy
with period-adding observed when analyzing maps, becomes
more evident in the magnification of the boxed region of the
FPD shown in Fig. 5(e), where the primary, secondary, and
some tertiary structures are distinguishable. The diagram of
the number of isospikes in terms of the forcing period when
the amplitude forcing is F = 0.035 is exhibited in Fig. 5(f),
in which the AT’s width is indicated and identified with the
explicit number of isospikes with a subindex referring to the
order of the periodic structure. Thus the three visible primary
structures are represented by 11, 21 and 31, the secondary as
32 and 52, ..., until to 1413, 159 and 1510.

The selected region from Fig. 4(h) is presented in Fig. 6(a),
revealing the same main features as observed in the FPD of
Fig. 5(a), albeit with enlarged ATs displaying a proclivity to-
wards a concave structure in their lower sections, eventually

forming cavities situated in the central region of the ATs, as
previously described. As a result of the enlargement of ATs,
the discernment of third-order structures is possible within the
sequence. This enlargement also enables the identification
of chaotic behavior or the number of isospikes in ATs. The
straight line T = 0.005 on the FPD corresponds to the BD de-
picted in Fig. 6(b), where interspersed regions of periodic and
chaotic behavior are observable, quasiperiodicity is inferred
in the boundaries of regular dynamics and chaotic windows.
For elevated values of F , the dynamics in this region con-
verge toward a limit cycle-1. However, identifying periodic
windows with more than 6 isospikes becomes cumbersome.
An amplified view of the BD within the demarcated region in
Fig. 6(b) reveals additional regions of periodic behavior (see
Fig. 6(c), where oscillatory domains with 17 isospikes are dis-
cernible). The presence of points below certain regions of the
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Table I. Summary of phase space manifolds discussed in the article. All figures were generated using the parameters and initial conditions
specified in Fig. 2, namely: k0 = 260, kc = ku = k1 = 1, k2 = 200, k3 = 50, and (A0, B0, C0) = (1, 1, 1).

P T F Manifold without forcing Manifold with forcing Manifold shown in
7.83 - - limit cycle-1 (1 isospike) - Fig. 2(d)

0.075 0.03 chaotic attractor Fig. 4(d)
0.001 0.117 limit cycle-1 Fig. 5(c)-1

0.016743 Fig. 5(c)-2
0.038943 Fig. 5(c)-3
0.038973 Fig. 5(c)-4

0.2 Fig. 5(c)-9
0.066645 limit cycle-2 Fig. 5(d)-5
0.08253 Fig. 5(d)-6
0.0975 limit cycle-3 Fig. 5(d)-7

0.13 Fig. 5(d)-8
7.78 - - limit cycle-4 (4 isospikes) - Fig. 2(e)

0.075 0.03 limit cycle-8 Fig. 4(e)
0.035 0.006764 limit cycle-2 Fig. 6(d)-2

0.053168 limit cycle-20 Fig. 6(d)-20
0.13 limit cycle-1 Fig. 6(d)-1

7.70 - - chaotic attractor - Fig. 2(f)
0.075 0.03 limit cycle-3 Fig. 4(f)

0.099171 0.023128 limit cycle-2 Fig. 7(d)-2
0.103665 0.025591 limit cycle-4 Fig. 7(d)-4
0.105619 0.026823 limit cycle-8 Fig. 7(d)-8

BDs may suggest the occurrence of boundary crises, as elab-
orated in31,49. For the purpose of illustrating the manifolds in
phase space, Fig. 6(d) depicts the stable manifold obtained for
3 different values of the forcing amplitude F, showing the gen-
eration of limit cycle-2, o̧mplex oscillation with 20 isospikes,
limit cycle-1. It is noteworthy to indicate that the choice of
an oscillation with 20 isospikes is made deliberately because
such an oscillation is located in a narrow window embedded
in a predominantly chaotic region in the BD of Fig. 6(c) and
with shorter amplitude oscillations compared to the those giv-
ing rise to low order limit cycles.

Figure 7(a) provides a magnified view of the selected rect-
angular region delineated in Fig. 4(i). The primary features
of the FPD resemble those observed in previous examples;
however, distinctive nuances are noteworthy: for low T val-
ues, in addition to the left segment of the primary AT, the
sequence of regions delineating oscillations with increasing
isospikes becomes more pronounced. Furthermore, the ATs,
aside from being larger compared to previous cases, exhibit
regions suggestive of period-doubling. The chaotic holes
within the tongues persist even for secondary and tertiary
structures. To discern diverse dynamical regimes within the
FPD, we delineate the trajectory F = 0.001 + 0.5013T
within the intervals T ∈ [0.06, 0.2] and F ∈ [0.004, 0.08],
and build the BD depicted in Fig. 7(b), where regions cor-
responding to the primary ATs are distinctly discernible. To
emphasize the existence of period-doubling, we concentrate
on the BD within the intervals T ∈ [0.0991, 0.1071] and
F ∈ [0.0230064, 0.027578], encompassing the segment de-
lineating the AT predominantly featuring two isospikes, as de-
picted in Fig. 7(c). Here, the period-doubling cascade route to
chaos is evident, followed by a return to a periodic regime fea-
turing 8 isospikes. Analogous to Figs. 6(b)–(c), some features

are indicative of boundary interior crises that are observable,
particularly at the terminus of the BDs in Figs. 7(b)–(c). Fi-
nally, Fig. 7(d) portrays three limit cycles extracted from the
BD in Fig. 7(c). A summary of phase space manifolds dis-
cussed above is given in Table I.

Based on the results obtained from the analysis of forcing
in the three examined cases (Figs. 4–7), we observe that peri-
odic forcing applied to the system exhibiting a limit cycle-
1 primarily induces chaotic behavior for F values below a
threshold associated with strong coupling, leading to peri-
odic behavior resembling the forcing signal across all cases.
Conversely, when the forcing is applied to the system with
complex limit cycles, chaotic behavior remains predominant,
albeit with larger ATs. Arnold’s tongues exhibit further en-
largement when the forcing is applied to a chaotic regime.
Consequently, these observations suggest the manifestation of
phenomena such as chaos control6 and chaotification69.

Another observation can be made when looking at the ef-
fect of periodic forcing on limit cycle-4 and chaotic attrac-
tors (Figs. 4(h) and (i)). In the first row of Fig. 8, magnified
regions of Fig. 4(h) (Fig. 8(a)) and Fig. 4(i) (Fig. 8(b)) are
shown. Figure 8(a) shows the “chaotic holes,” which corre-
spond to specified primary ATs with, in this case, 6 and 7
isospikes as the main periodicity. The AT-like structure ex-
hibits a kind of “hole” with predominant chaotic behavior
emerging, but inside, there are some structures whose num-
bers of isospikes correspond to 24 and 30 for the case of the
AT with 6 isospikes, and 28 and 35 for the AT with 7 isospikes.
Figure 8(b) further shows the “eye of chaos” in the primary
AT featured by 3 isospikes as its main periodicity. We also ob-
serve that secondary structures display the “eyes of chaos” and
tertiary structures exhibit diverse shapes reminiscent of the so-
called “shrimps” and “ring structures.” Moreover, inside the
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Figure 8. Magnified views of forcing phase diagrams (FPD) showing interesting dynamical structures (a) and (c) when P = 7.78 where
the region of “chaos holes” are distinguished in the primary Arnold’s tongues (ATs)-like structures with 6 and 7 isospikes. (b) and (d) when
P = 7.70 where the “eye(s) of chaos” structures are identified in the secondary AT-like structures with the main number of isospikes of 5 and
7. Note that ring structures are present inside the “eye(s) of chaos” and also found in some of the tertiary AT-like structures. Figures in the first
row are featured by the color bar indicating the number of isospikes of the oscillations. As the number of isospikes per cycle might be greater
than 35, we alternatively characterize the figures in the second row using a color code based on the higher prime number factor, which allows
us to notice the presence of additional higher-order and also the period-doubling bifurcation scenario in most of those structures.

“eye(s) of chaos” are also present the “ring structures.” As
stated in the FPD from Figs. 5(e) and especially in the dia-
gram of Fig. 1(f), there are number of high-order structures
whose number of isospikes are greater than 34 that is the limit
of clear visualization of the number of isospikes according to
the color code shown in Figs. 3–7 and under the first row of
Fig. 8. To extend the detection of higher–order structures, we
introduce a color code based on the maximum prime factor of
the number of isospikes as in58, where each color represents
the maximum prime factor of the number of isospikes. For in-
stance, the color representing an oscillation with 91 isospikes
is 13, as 13 is the maximum prime factor of 91 (7 and 13).
This color can also represent 26, 39, 52, 65, 78, 104, 117, 130,

143, 156, 169, 182, 195, 208, 221, and so forth. Prime factors
larger than 139 are represented in dark gray. This convention
ensures that each color represents the multiples of each prime
number from 2 to 139. Chaos is depicted in black in this color
code. In the second row of Fig. 8, we use the above-mentioned
color code for a new representation of Figs. 8(a)–(b).

With the aim of obtaining a global overview of the forc-
ing effects on the system, we generated a sequence of PPs to
see how the dynamical landscapes change due to the forcing
(Fig. 9), Figure 9(a) is the same PP shown in Fig. 3(b) but in
terms of the new color code. It describes the unforced situ-
ation. We start by fixing the forcing period T = 0.15 and
varying the amplitude forcing F . For a quite small amplitude
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Figure 9. Changing the landscape of the parameter planes by forcing. Parameter planes P vs. ku corresponding to Fig. 3(b) represented in
terms of the color code based on the maximum prime factor of the number of isospikes as in Figs. 8(c)–(d). The used representation allows us
to distinguish oscillations with large numbers of isospikes. (a) No forcing. Forcing cases with (b) T = 0.15 and F = 0.000025, (c) T = 0.15
and F = 0.00025, (d) T = 0.15 and F = 0.0025, (e) T = 0.15 and F = 0.025, (f) T = 0.15 and F = 0.25, (g) T = 0.05 and F = 0.045,
(h) T = 0.1 and F = 0.045, (i) T = 0.2 and F = 0.045.

F = 0.000025, the changes in the PP (Fig. 9(b)). Most of
the structures of the unforced PP are preserved, albeit with
changes in the dynamic that they represent, notably by the
increasing number of isospikes and the pervading chaotic re-
gions. By increasing the forcing tenfold (F = 0.00025), the
PP exhibits more changes with a more important tendency of
chaos (Fig. 9(c)). By another tenfold increase in the forcing
(F = 0.0025), chaos is largely predominant, and only some
vestiges keep the original PP. A further tenfold increase of
the forcing (F = 0.025) enhances the periodic behavior that
becomes dominant in the PP (Fig. 9(e)). Another increase by
tenfold (F = 0.25) implies an intensive forcing that drives the
system to a regular periodic behavior with the same period as
the forcing signal for all the situations (Fig. 9(f)). Maintain-
ing fixed the forcing to F = 0.045 and varying the period also
induce changes in the PP; thus, when T = 0.05, the original
landscape of the PP has totally changed, and the main visible
feature is a sequence of lines going diagonally from the bot-

tom left part indicating periodic behavior with 10, 9, 8, and 7
isospikes (Fig. 9(g)). When T = 0.1, there is a wide region
displaying a periodic behavior with 7 isospikes and two thin
lines related to 12 and 18 isospikes (Fig. 9(h)). Finally, when
T = 0.2, the landscape is completely different from that of
the unforced PP, with the emergence of new regions charac-
terized by a large number of isospikes (Fig. 9(i)). To com-
plement the observations mentioned above, Fig. 10 shows ex-
ample attractors obtained when a periodic forcing is applied
for various periods (columns) and amplitudes (rows). As a
reference, the gray trajectory corresponds to the chaotic at-
tractor obtained without forcing. This figure illustrates abrupt
changes in the attractor in terms of nature and size that can oc-
cur when the period or amplitude is modified, consistent with
an abrupt change of the landscape shown in Fig. 9.
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Figure 10. Effects of the period and amplitude forcing on the shape of attractors. The parameter values are k0 = 260, kc = ku = k1 = 1,
k2 = 200, k3 = 50, ku = 0.6 and P = 7.845. First row: T = 0.05 (a) F = 0.00025, (b) F = 0.0025, (c) F = 0.025 and (d) F = 0.25.
Second row: T = 0.10 (e) F = 0.00025, (f) F = 0.0025, (g) F = 0.025 and (h) F = 0.25. Third row: T = 0.15 (i) F = 0.00025, (j)
F = 0.0025, (k) F = 0.025 and (l) F = 0.25. Fourth row: T = 0.20 (m) F = 0.00025, (n) F = 0.0025, (o) F = 0.025 and (p) F = 0.25.
Note that the gray and black attractors correspond to the unforced and forced cases, respectively.

IV. CONCLUSIONS AND PERSPECTIVES

Our analysis of the autocatalator provides an exhaustive
overview of the dynamic behavior of this system, both in un-
forced and forced cases. The use of the isospikes and LLEs
allowed us to identify the scarce chaotic regions in the sys-
tem. Those chaotic regions exhibit interesting dynamic fea-
tures, such as the presence of shrimp sequences going towards
accumulation points and the period-doubling route to chaos.
The sinusoidal forcing gives rise to a myriad of possibilities
to change the dynamic behavior of the system, as shown in
the forcing phase diagrams (period vs amplitude). We exem-
plified the forcing effects with three specific transitions: limit
cycle → chaos, limit cycle → higher order limit cycle, and
chaos → limit cycle. In all cases, we observed an increase
in the number of isospikes with the period. On the contrary,
when the forcing amplitude increases above a certain thresh-
old, the entrained signal adopts a regular limit cycle with the
same period as the forcing, regardless of the forcing period. In

most cases, the contour shapes of unforced and forced attrac-
tors are similar, even though the sizes might be quite different.

In the forcing phase diagram, the abundance and diversity
of the entrained regions are more evident when the original
signal is more complex; thus, an original chaotic signal can
give rise to a forcing phase diagram with much more dynamic
richness than a limit cycle.

Finally, we observed the changes experienced in the PP
when forcing acts with different amplitudes and periods. For a
fixed forcing period, the increase in the forcing amplitude de-
stroys the structures of regular behavior, even for small values
of the amplitude forcing, for which chaos becomes predomi-
nant. Intermediate values of the amplitude forcing favor the
apparition of large regions of periodic behavior. When the
forcing amplitude is sufficiently high, simple oscillation with
a limit cycle-1 is obtained regardless of the parameter values.
On the other hand, when keeping the forcing amplitude con-
stant to an intermediate value, increasing the forcing period
gives rise to a region of complex oscillations in the PP char-
acterized by a large number of isospikes per oscillation cycle
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and probably to quasiperiodic behavior.
As perspectives of this work, it will be interesting to study

other models, especially in biological contexts, and to apply
different types of forcing, as those pulsatile used in radiother-
apy treatments60, or quasiperiodic10,23. Other interesting as-
pects, such as the multistability, the existence of crises, and
the emergence of extreme events, may also deserve special
attention in further works.
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