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Unfolding the distribution of periodicity regions and diversity of chaotic
attractors in the Chialvo neuron map

Gonzalo Marcelo Ramírez-Ávila,1, 2, 3, a) Sishu Shankar Muni,4 and Tomasz Kapitaniak2
1)Namur Institute for Complex Systems (naXys), Université de Namur, Rue de Bruxelles 61, B-5000 Namur,
Belgium
2)Division of Dynamics, Lodz University of Technology, Stefanowskiego 1/15, 90-924 Lodz,
Poland
3)Instituto de Investigaciones Fisicas, and Planetario Max Schreier, Universidad Mayor de San Andres, Campus Universitario,
C. 27 s/n Cota-Cota, 0000 La Paz, Bolivia
4)School of Digital Sciences, Digital University Kerala, Technopark Phase IV, Thiruvananthapuram, Kerala 695317,
India

We performed an exhaustive numerical analysis of the two-dimensional Chialvo map by obtaining the parameter planes
based on the computation of periodicities and Lyapunov exponents. Our results allowed us to determine the different
regions of dynamical behavior, identify regularities in the distribution of periodicities in regions indicating regular
behavior, find some pseudofractal structures, identify regions such as the “eyes of chaos” similar to those obtained in
parameter planes of continuous systems, and finally, characterize the statistical properties of chaotic attractors leading
to possible hyperchaotic behavior.

Keywords: Nonlinear dynamics, chaos, maps, neuron models, Lyapunov exponents, periodicities,self-similarity

Even though there are many tools for analyzing dynamic
systems, periodicities and Lyapunov exponents are among
the most important due to their capacity to distinguish
between periodic and chaotic dynamic behavior. On the
other hand, combining these techniques permits obtain-
ing detailed parameter planes that describe the system’s
fine dynamic features. Thus, when studying the Chialvo
map, we identified the well-known shrimp structures indi-
cating the regular behavior of the system; these shrimps
follow remarkable sequences, and other structures related
to the shrimps are also present following nested arithmetic
sequences. The kind of intersection of the shrimps’ legs
gives rise to a vast grid exhibiting some self-similar prop-
erties; nevertheless, the knowledge of the periodicities en-
ables us to discard the fractal scale-free property; con-
sequently, the grids and the elements therein constitute
pseudofractals. Other structures, such as the novel “eyes
of the chaos,” have been found. Another critical concern is
the identification of scenarios leading to hyperchaotic be-
havior that we can estimate from the statistical features of
the second Lyapunov exponent and the shape of the con-
cerned attractors.

I. INTRODUCTION

Despite notable advancements in neuroscience in recent
years, many unresolved questions about the brain’s function-
ality persist. With millions of neurons serving as the funda-
mental components of the intricate neural network within the
human brain, various types of neurons exist. Since Hodgkin
and Huxley conducted their groundbreaking research, numer-

a)gonzalo-marcelo.ramirezavila@unamur.be

ous models have emerged with the aim of clarifying how neu-
rons function. Neurons exhibit dynamic behavior, firing and
bursting, categorizing them as dynamical systems. Examples
of continuous neuron systems include the Hindmarsh-Rose19,
Hodgkin-Huxley20, and FitzHugh-Nagumo models11, while
discrete neuron maps include the Rulkov35,43, Nekorkin49, dis-
crete Izhikevich neuron map22, discrete Hindmarsh-Rose neu-
ron map28 and Chialvo maps5,30,34,46,51. Research has directed
significant attention to continuous neuron systems, while dis-
crete mappings have received comparatively less focus. How-
ever, in recent years, there has been a notable increase in ex-
tensive studies on discrete neuron maps, as referenced in7,21.
Exploring discrete maps offers numerous advantages, includ-
ing simplicity, computational efficiency, and applicability in
understanding synchronization phenomena. Moreover, they
contribute to developing control strategies to modulate neu-
ronal activity, which can help explore therapeutic methods in
brain disorders. In summary, including discrete neuron maps
in neurodynamics improves our results of neuronal dynamics
and their relevance to normal brain function and dysfunction.

One-parameter bifurcation diagrams have turned out to be
very useful in finding period-doubling routes to chaos and
many other important phenomena. Two-parameter scans are
most efficient in detecting various bifurcation scenarios. They
are much more powerful than one-parameter bifurcation dia-
grams as they convey essential information on the dynamics
when two parameters simultaneously vary. They have proven
useful in detecting various routes of bifurcation of periodic29,
detecting routes to chaos and hyperchaos10. Even in higher
dimensional systems, the two-parameter scans are very effec-
tive, as they have proven to successfully detect many novel
bifurcations in them, which are absent in lower dimensional
systems.

In these two-parameter scans of nonlinear systems, the
prevalence of stability regions indicating regular dynamical
behavior is much more common and adopt a variety of shapes
other than the usual Arnold tongues, as shrimp-like13 and
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ring-like38 shapes, representing the periodicity regions and
their boundaries indicate various types of route to chaos.
The structure of these regions carries a lot of information
about various codimension-one bifurcation curves like the
saddle-node bifurcation curve, period-doubling curve, and
Neimark-Sacker curve. Moreover, they depict the bound-
aries of these resonance regions, marking the transition be-
tween different dynamical regimes and serve as indicators of
various codimension-one bifurcations53. Arnold tongues are
signatures of stability and predictability of a dynamical sys-
tem8. They are not affected by the dimension of the sys-
tem and always manifest themselves in two-parameter scans.
Boundaries of these structures give an idea of various bifur-
cation curves as a function of the specified parameters, and
they help to identify transitions from periodic to quasiperi-
odic and chaotic behavior based on color coding according to
their largest Lyapunov exponents (LLEs) or their periodici-
ties. They are useful in applications ranging from ecological
models41 to electronic circuits23 and engineering3,16,26. On the
other hand, such structures help understand the phenomenon
of mode-locking and synchronization in coupled nonlinear os-
cillators45, and in particular for the Chialvo map2,4,52. The pa-
rameter values inside these structures specify where the dy-
namics of oscillators are mode-locked, leading to synchro-
nization. This aspect is of particular interest in the synchro-
nization of neuronal networks and normal functioning of the
brain6. In systems characterized by spatial patterns, such as
reaction-diffusion systems25, the concept of stable structures
in the parameter space can be extended to study the formation
and stability of spatially localized patterns.

Recently, two-dimensional scans were used to understand
the distribution of periodicity regions in the Rulkov neuron
map36 and that motivated analysis based on Poincaré maps
of this system54. Following the same line of a deep analysis
based on parameter planes, we have performed in this work a
detailed two-parameter study on the two-dimensional discrete
Chialvo neuron map, where we show throughout the paper a
detailed grid structure that allows us to derive a simple rela-
tionship in identifying the periodicity of periodic structures
surrounded by four other periodic regions.

Farey rules are helpful in understanding how bifurcations
manifest in parameter space, facilitating the identification of
critical parameter values where bifurcation points occur44. By
analyzing the distribution of Farey fractions, researchers can
uncover hidden symmetries12, periodic structures, and topo-
logical features within parameter space. In the field of control
theory, understanding the distribution of Farey fractions can
aid in designing control strategies that stabilize chaotic sys-
tems or exploit bifurcations for desired functionality1.

In 1990, Rössler coined the term hyperchaos to denote
chaotic behavior in systems with at least two positive Lya-
punov exponents42. Since then, hyperchaos has been found in
many theoretical dynamical systems as well in many experi-
mental systems like shallow water systems50, Sommerfeld ef-
fect31, inductorless motor9. Various routes and mechanisms to
hyperchaos were also studied48. We are unaware of the pres-
ence of hyperchaos in the two-dimensional Chialvo neuron
mapping, although several works refer to this aspect on the

Chialvo map53,56. Motivated, we approached finding the ex-
istence of hyperchaos in the Chialvo map in a heuristic way,
analyzing the shape of the chaotic attractor and their simple
statistical features concerning the second Lyapunov exponent
in several points of a section of the parameter space, where we
estimate possible hyperchaotic behavior with all two positive
Lyapunov exponents.

Moreover, we also point out that, in line with previous stud-
ies on the Chialvo map, see53, which indicated the presence
of self-similarity of a two-parameter scan. In this study, af-
ter extensive research, we confirm the self-similarity only in
the inner part of the cell-like structures but discard the scale-
free fractal property, indicating the pseudofractality of these
structures.

The paper is organized as follows. In Sect. II, we present
the model and give indications about the Lyapunov exponents
and periodicities computation. In Sect. III, we show our re-
sults and discuss them, emphasizing the identification of dy-
namical behavior using LLEs, periodicities, and a combina-
tion of both; we also refer to some pseudofractal structures
appearing in the parameter planes, and we also point out the
chaotic attractor’s shapes and the possible existence of hyper-
chaos. Finally, we outline the conclusions and discuss future
directions of the work.

II. MODEL AND METHOD

We focus our analysis on the discrete two-dimensional
Chialvo’s neuron model given by the map:

xn+1 = x2
ne

yn−xn + k,

yn+1 = ayn − bxn + c , (1)

where the variables x and y stand for the activation and re-
covery of the neuron respectively; whereas the parameters are
considered as constants, being a, the time recovery factor, b,
the activation dependence factor of the recovery process, c,
the offset, and k0, a constant bias30.

We iterate Eqs. (1) for 106 steps with a transient of 9×105.
The importance of choosing such huge values is related to a
situation in which the number of iterations is not enough to
achieve the final regime of the system, as stated in54. With
these iterative features, we can compute the Lyapunov expo-
nents, but for the first part of this work, we focus on the LLE,
which is computed using the definition47:

λ1 = lim
N→∞

1

N

N−1∑
n=0

ln

∣∣∣∣∆Sn+1

∆Sn

∣∣∣∣ , (2)

with

(∆S1)
2 = (j11∆x0 + j12∆y0)

2 + (j21∆x0 + j22∆y0)
2 ,

where jik are the components of the monodromy matrix,
which, in our case, is given by

J =

(
x(2− x)e(y−x) x2e(y−x)

−b a

)
. (3)
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Consequently, the LLE can be written as:

λ1 = lim
N→∞

1

2N

N−1∑
n=0

ln

[
(j11 + j12y

′
n)

2 + (j21 + j22y
′
n)

2

1 + y′n
2

]
,

where

y′n+1 =
j21 + j22y

′
n

j11 + j12y′n
.

In this manner, it is possible to compute the LLE and to pro-
ceed to characterize the details of the parameter planes for
unveiling the shape of the stability phases, as shown in Fig. 1.
On the other hand, the second LE can be obtained by aver-
aging ln |j11j22 − j12j21| that varies along the orbit. Conse-
quently, the second LE might be written as:

λ2 = ⟨ln |j11j22 − j12j21|⟩ − λ1 .

The other method to come out with the dynamic details of
the parameter planes is the computation of periodicities going
up to 104. In most cases, we considered the total number of
iterations to be 106 with a transient of 9×105 and the distinc-
tion between the values that repeat in a cycle with a precision
of 10−10. The resolution of most of the parameter planes is
1000×1000 pixels, except those shown in Figs. 1(d), 3 and 5
which have a resolution of 2000×2000 pixels.

III. RESULTS AND DISCUSSION

Using the methods stated in Sect. II allows computing
LLEs and periodicities to characterize the dynamic behavior
of Chialvo’s neuron, devoting special attention to the parame-
ter planes b vs. a.

A. Distinguishing dynamic behavior

In order to characterize the dynamical behavior of Chialvo’s
neuron model, we describe its inherent dynamic in different
sections of the parameter plane by considering the compu-
tation of the largest Lyapunov exponents (LLEs). As stated
above, some recent works30,53 have characterized important
dynamical aspects of the Chialvo’s neuron. Here, we utilize
some of these works as the basis for an in-depth analysis of the
dynamics of this system. We firstly obtain a parameter plane
b vs. a for a vast region, in which it is possible to distinguish
fixed point, quasiperiodic, periodic, chaotic and unbounded
solutions as shown in Fig. 1, where we note that the region
exhibiting periodic behavior has a comb-shape like structure
with the teeth oriented to the left or to the right as zoomed
in Fig. 1(b) and (c) respectively. In both Figs. 1(b) and (c),
we observe in the right part a grid with rhomboids showing
a self-similar structure, and also, it is possible to identify the
so-called shrimp structures whose “legs” give rise to the rhom-
boid. On the other hand, inside the rhomboids, a pattern of
shrimp distribution is present, an aspect that we discuss in
Sect. III C. In Fig. 1(d), we depict a parameter plane k0 vs

a where several dynamic regimes are distinguished. Among
them are noted fixed points attained by a fast process or by
damped oscillations, quasiperiodic, periodic, and chaotic.

Figure 2 shows some examples of time series (first row)
and attractors (second row) obtained in the parameter plane
k0 vs. a of Fig. 1(d). Thus, in Fig. 2(a1), when we con-
sider a point located in the lower left part of the parameter
plane (a = 0.8725 and k0 = 0.03252), we observe a short
transient to attain the fixed point, which is represented in the
phase space of Fig. 1(a2); in Fig. 2(b1), the time series shows
a damped oscillation to attain the fixed point taken from the
upper right part of the parameter plane (a = 0.8996 and
k0 = 0.09892) that in the phase space is represented by a spi-
ral trajectory as depicted in Fig. 2(b2); on the boundary sepa-
rating the regions of damped oscillations and quasiperiodicity
(a = 0.8964 and k0 = 0.06198), the time series shown in
Fig. 2(c1) manifests the coexistence of at least two frequencies
on the damped oscillations, which in the phase space gives
rise to a comb-shape attractor typical of a Neimark-Sacker bi-
furcation represented in Fig. 2(c2); inside the quasiperiodic
region (a = 0.8959 and k0 = 0.05331), we observe in the
time series of Fig. 2(d1) the oscillatory behavior when there
are two or more coexisting frequencies, which result in a torus
manifold in the phase space of Fig. 2(d2); finally, Figs. 2(e1)–
(e2) (a = 0.8975 and k0 = 0.03026) display chaotic time
series and the corresponding chaotic attractor respectively.

B. Pseudofractals

Since the seminal work of Mandelbrot27 to the recently
published literature17, there is a common agreement that
fractals exhibit self-similarities and a scale-free feature. In
Figs. 1(b) and (c), we stated the self-similarity in the grid
structure. This feature is exacerbated when we only con-
sider the difference between regular and chaotic behavior in
a part of the grid, as shown in the first column of Fig. 3,
where in Fig. 3(a) there is a grid formed with the “legs” of
the main periodic structures. In each cell, a primary “shrimp”
and sequences of secondary shrimps are present, as shown in
Fig. 3(b). The grid exhibits self-similarity, and it is clear that
in the absence of the coordinates when focusing on a cell, it
is impossible to detect where such a cell is located in the grid;
the latter drives to the scale-free property. The properties men-
tioned above lead us to the main features of a fractal structure.

Nevertheless, when one observes the same Figs., but de-
scribed in terms of the LLEs as shown in Figs. 3(c)–(d), the
self-similarity property seems to be preserved, but the scale-
free property vanishes because of the information given by
the LLEs. The loss of the scale-free property is still more ev-
ident when we represent the same parameter planes in terms
of periodicities, as shown in Figs. 3(e)–(f). Consequently, it
is possible to refer to the grid and cells appearing in the pa-
rameter planes of Fig. 3 as pseudofractals. It is interesting to
note that similar structures have been found and described in
a continuous system, namely the Chua’s circuit in its original
form with a piecewise linear function and also with the cu-
bic approximation form37,39; in the works mentioned above,
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Figure 1. (a) Parameter plane b vs a in terms of the LLEs, keeping constant c = 0.28 and k0 = 0.04 with initial conditions x0 = 0.1 and
y0 = 0.12. (b) and (c) Zoom of the rectangular regions shown in (a). (d) Parameter plane k0 vs a in terms of the LLEs, keeping constant
b = 0.18 and c = 0.28 with the same initial conditions as in (a)–(c). The color bar indicates the LLE values.

Figure 2. Time series (first row) and attractors (second row) representing the dynamical behavior of different parameter sets of the plane k0 vs.
a of Fig. 1(d) with b = 0.18 and c = 0.28 and initial conditions x0 = 0.1 and y0 = 0.12. (a) Fixed point with a = 0.8725 and k0 = 0.03252.
(b) Damped oscillations towards a fixed point with a = 0.8996 and k0 = 0.09892. (c) Damped oscillations towards a closed invariant curve
with a = 0.8964 and k0 = 0.06198. (d) Quasiperiodic regime with a = 0.8959 and k0 = 0.05331. (e) Chaotic behavior with a = 0.8975
and k0 = 0.03026.
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the description of the pseudofractal structures has been made
distinguishing the regular from the chaotic behavior as in the
first column of Fig. 3 and also using the LLEs as in the second
column of Fig. 3, and even the authors computed the fractal di-
mension considering only the geometrical self-similarities39.
The information given by the representation in terms of peri-
odicities combined with the LLEs offers exhaustive details on
the system’s dynamical behavior, and we present such repre-
sentations in Sect. III C. As a glimpse of the periodicity distri-
bution, Fig. 3(f) indicates the periodicity of the main shrimps
inside the cell. It is possible to find recurrent formulas for the
main periodicity of any shrimp contained in a cell, as pointed
out in Sect. III C and in particular in Fig. 5.

C. Distribution of periodicity regions

In the precedent Sect. III B, we introduced the description
of the parameter planes in terms of periodicities. These quan-
tities are computed as indicated in Sect. II. For the analysis,
we consider Figs. 1(b)–(c) but expressed in terms of periodic-
ities as shown in Figs. 4(a)–(b), where the different dynamical
behaviors (fixed point, quasiperiodic, periodic, and chaotic)
and also the shapes of the structures denoting regular oscilla-
tory behavior characterized by specific colors are distinguish-
able.

We note in Fig. 4(a) that the shrimps’ “head” are left-
downward oriented and the main periodicity diminishes in the
downward direction; we also observe in the bottom part that
there is a strong shrimps’ deformation, giving rise to some
structures observed already in the parameter planes of con-
tinuous systems as the so-called “eye of the chaos”14,15,40,55.
In our case, a zoom of the rectangular region of Fig. 4(a)
shown in Fig. 4(c) allows one to observe that there are two
“eyes of chaos” resulting from the deformed shrimp with a
periodicity of 27 and in an inner period-doubling bifurcation.
Interestingly, other “eyes of the chaos” are observed in the
secondary structure, whose main periodicity is 59, between
the deformed shrimps with main periodicities of 29 and 30,
respectively. On the other hand, a magnification of the rectan-
gular region shown in Fig. 4(d) permits one to perceive details
of the grid structure formed with the shrimps’ legs as depicted
in Fig. 4(d). It is important to note that inside each cell on
the grid, there is a primary shrimp, as it is labeled in sev-
eral of these cells. Focusing on the periodicity of the primary
shrimp in each cell, we note trends in the main periodicity
of the primary shrimps in contiguous cells. Thus, when con-
sidering the cell sequence directed to the bottom-right (yel-
low arrow), we note that the main periodicity of the primary
shrimp diminishes by one in this direction, and one also ob-
serves that the cell size decreases. The inspection of the cell
sequence directed to the right (green arrow) indicates the in-
crease of the main periodicity of the primary shrimp by one,
and the cell sizes decrease in this direction; a similar situa-
tion occurs when we examine the cell sequence directed to
the upper-right part (cyan arrow), where the main periodicity
of the primary shrimp increases by two between contiguous
cells and as in the precedent case, the cell sizes decrease in

this direction. The sequence between two cells that are not
nearest neighbors (magenta arrow) remains invariable in the
main shrimps’ periodicities with decreasing cell sizes when
going toward the lower-right part. The abovementioned ob-
servations are not surprising because they are concordant with
Fig. 1(a), where the sequences of the latter cases will eventu-
ally tend to a fixed point or infinity, and the cell sizes become
smaller. Finally, Fig 4(f) represents a sketch of an arbitrary
region of the grid where we consider a reference cell with the
primary shrimp’s main periodicity given by p. The main pe-
riodicity of the shrimps of the nearest neighbor cell increases
by one whether the cell is located at the right or the upper part
with respect to the reference cell; on the contrary, this peri-
odicity decreases by one when the nearest neighbor cell is at
the left or the lower part. The primary shrimp’s periodicity of
the next (second) neighbor cells in the direction of the shorter
diagonal increases (decreases) by two, whether the cells are
located in the right-upper (left-lower) part with respect to the
reference cell; on the other hand, when the next neighbor cell
is located in any of the longer diagonal direction, the primary
shrimp’s periodicity remains invariable.

As mentioned before, the colored parts of a cell on the grid
represent regions in which the system behaves in a regular
way as opposed to the black regions indicating chaotic be-
havior. Moreover, it was also stated that inside a cell on the
grid, there are well-defined inner substructures; for instance,
it is noticeable that inside each cell, there is a primary shrimp,
and around it, sequences of other shrimps appear. Now, we
heed the periodicity distribution exhibited by such shrimps.
In order to enhance the visualization, we change the chaotic
regions from black to white, and we maintain the colorful rep-
resentation for the structures indicating periodic behavior as it
is shown in Fig. 5, which serves to exemplify how to compute
the main periodicity of any of the inner structures of a cell.
Firstly, let us consider Fig. 5(a), for which we are supposed
to know the main periodicity of the shrimp legs delimiting the
cell, which have a “curved parallelogram” shape; we identify
the main periodicity of each side by l, t, r, and b, indicating
the left, top, right, and bottom sides, respectively. Thus, it is
possible to determine the main periodicity of inner shrimp in
terms of l, t, r, and b as shown in Fig. 5(a) where we can see
that (i) the sides exhibit a period-doubling bifurcation in the
direction of concavity. (ii) The primary shrimp has a period-
icity of l+ t and its head is oriented to the vertex formed by l
and t. (iii) Between the left antenna of the primary shrimp and
the leg, there is a sequence of secondary shrimps directed to
the bottom, whose main periodicity for each of them is given
by l + r + b, t + r + b and l + t + b respectively. (iv) Sim-
ilarly, between the right antenna of the primary shrimp and
the leg, there is a sequence of secondary shrimps directed to
the right, whose main periodicity for each of them is given
by t + r + b, l + r + b and l + t + r, respectively. (v) In
the direction of the main shrimp’s head, there are two sec-
ondary shrimps, one closer to the left side and the other closer
to the top side, whose periodicities are given respectively by
t+r+b and l+r+b. (vi) In the same direction as the primary
shrimp’s head, there is a tertiary shrimp whose main periodic-
ity is given by l + t+ r + b. (vii) the precedent relationships
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6

Figure 3. Parameter planes b vs a showing the distinction between regular and chaotic behavior using a binary relation (first column), largest
Lyapunov exponents represented by LLE or λ1 (second column), and periodicities (third column) when c = 0.28 and k0 = 0.04, and with
initial conditions x0 = 0.1 and y0 = 0.12. For (a), (c), and (e) (first row), we consider the region defined in the intervals: a ∈ [0.94, 0.99] and
b ∈ [1.03, 1.9]. For (b), (d), and (f) (second row), we consider the region defined in the intervals: a ∈ [0.9744, 0.978] and b ∈ [1.398, 1.595].
Note that regular and chaotic behaviors are characterized respectively by black and white (first column), by a black and white scale with
λ1 ≤ 0, and a color scale with λ1 > 0 (second column), and by colors indicating periodicity {p : p ∈ N+ \ {1}} and black (third column).

are valid for any other cell considering the respective period-
icity values l′, t′, r′, and b′. Figure 5(b) shows the periodicity
values when l = n, t = n−1, r = n+1 and b = n−2, where
the primary shrimp has a periodicity of 2n− 1, the secondary
shrimps are characterized by periodicities from 3n − 3 to 3n
and the observed tertiary shrimps with 4n − 2 and 4n − 3.
With the aim of having more details, we represent in Fig. 5(c)
a magnified sight of the primary shrimp of the cell, and in
Fig. 5(d), the upper-left part of the cell. We indicate the pe-
riodicity of the more visible structures using both notations,
i.e., based on the periodicities featuring the sides of the rhom-
boid (l, t, r, b) and on n. In these zoomed views, secondary,
tertiary, and even quaternary shrimps are identified. The lat-
ter relationships can be applied and validated using the cell
shown in Fig. 3(f), where n = 40.

D. Diversity of chaotic attractors

As observed before, chaotic behavior is one of the most
predominant in the parameter planes shown before. Never-
theless, in the representation using periodicities, there are no
indications of how chaotic the system is because chaos is de-
termined by default when the periodicity cannot be detected
after a large number of iterations. Conversely, when com-
puting the Lyapunov exponents, we have a more precise in-
dication of whether the system displays chaotic dynamics or
not. A detailed description of Lyapunov exponents is pre-
sented in33. Alternatively, there are other methods to “quan-

tify” chaos, such as fractal dimensions, correlation dimen-
sions, Kolmogorov-Sinai entropy, and invariant probability
measures, among others18. With the aim of unveiling the latter
question, we choose five different time series (in the interval
[9.998, 10]×106) with their respective chaotic attractors (con-
sidering the last 104 iterations) as depicted in Fig. 6; each case
is characterized by its coordinates in the parameter plane and
its LLE. In Figs. 6(a)–(e), five different chaotic time series
with their respective attractors into the phase space are rep-
resented. We note that for the first case when a = 0.9742
and b = 1.42718519 being λ1 = 0.0335602068, the vari-
able y has the particularity to have almost equal maxima and
can also take negative values as shown in Fig. 6(a1); the dis-
tribution of points in the chaotic attractor is rather simple
(Fig. 6(a2)). When a = 0.90135135 and b = 0.22567167
the LLE is λ1 = 0.0168390550 generates the time series
shown in Fig. 6(b1), where we observe that the variable y
now takes only positive values, but with almost equal max-
ima values as in the precedent case; In what concerns the at-
tractor, its distribution points leave some gaps, and also there
is some reminiscence of comb-shaped structures in the left-
lower part, as seen in Fig. 6(b2). When a = 0.90135135 and
b = 0.23505405 with LLE λ1 = 0.0295812540, the time
series and the attractor in Fig. 6(c1)-(c2) are quite similar to
the precedent case, but there some differences, namely, in the
left lower part of the attractor that mutates its comb-shaped
structure by some loops that look like petals and the other dif-
ference is that there are no distinguishable gaps in the dis-
tribution of points in the attractor. When a = 0.90135135
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7

Figure 4. Parameter plane b vs a in terms of the periodicities keeping constant c = 0.28 and k0 = 0.04 with initial conditions x0 = 0.1 and
y0 = 0.12. (a) and (b) correspond to the same parameter planes shown in Figs. 1(b) and (c) respectively. (c) and (d) zoom of the rectangular
regions shown in (a) and (b), respectively. (e) Magnification of the region in which shrimps with main periodicities of 38 and 39 and the
subtended grid. As mentioned before, the colored parts of a cell on the grid represent regions in which the system behaves in a regular way as
opposed to the black regions indicating chaotic behavior. (f) Sketch of how the main periodicity of the principal shrimp in each cell evolves.
Conversely to the five precedent cases, in (f), the regular and chaotic behaviors are represented by black and white, respectively.

and b = 0.22144444 with a LLE λ1 = 0.0223690857, the
time series in Fig. 6(d1) exhibits more variability in both dy-
namical variables; in what concerns the attractor, its distri-
bution of points depicts more complexity and also the emer-

gence of some self-similar structures observable in the up-
per part of Fig. 6(d2). Finally, when a = 0.90491892 and
b = 0.21051552 with LLE λ1 = 0.0685757018, gives rise to
a high variability on the time series of x and y as noticed in

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t.

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I: 

10
.10

63
/5.

02
14

90
3



8

Figure 5. Representation of the periodicity’s distribution in a cell of the grid shown in Fig. 3 considering the sides’ periodicity (a) Being the
main periodicity of the left, top, right and bottom sides, l, t, r and b respectively. (b) For the particular case in which the main periodicity of
each side is: l = n, t = n − 1, r = n + 1 and b = n − 2. Magnification of (c) the primary shrimp of the cell and (d) the left-upper part of
the cell; the main periodicities of selected structures in (c)–(d) are indicated using both notations: based on (l, t, r, b and on n. In all cases, the
white region represents chaotic behavior.

Fig. 6(e1); whereas the attractor depicts a high complexity in
its distribution of points as depicted in Fig. 6(e1). Notice that
for the computation of LEs, we considered a total of 107 and
a transient of 9 × 106 and also that time series and attractors
have been ordered in an apparent increasing complexity; the
latter might be supported or not by the values of LLEs and the
statistical values of second LE.

With the aim of characterizing the chaotic behavior for each
of the five considered cases, we obtain the boxplots for the
LLE (Fig. 6(f)) and the second LE (Fig. 6(g)), where we con-
sidered a Gaussian distribution with ±6σ; thus, the outliers
might be taken as extreme events24. From Fig. 6(g), we note
that the LLEs attain stability as expected with the coincidence
of mean and median values. Considering only the value of the
LLEs, we can infer that the intuitive ordering of the attrac-
tors is not the most appropriate; nevertheless, when comple-
menting with the computation of the second LE shown in the
boxplot of Fig. 6(g), we observe that according to the statis-
tical indicators, the attractors seem to be ordered in increas-
ing chaoticity; note the magenta horizontal line at λ2 = 0

for facilitating the comparison. Comparing the attractors, we
note that statistically (a) has a strictly negative second LE
because the median (m) and the first Q1 and third Q3 quar-
tiles are negatives, and consequently the interquartile range
(IQR = (Q3 − Q1)/2) lies entirely in the negative part,
and also there are no outliers. For all other attractors, IQR
contains negative and positive values of λ2, and the median
(m) tends to be closer to zero, especially for the attractor (e).
Another observation is that the percentage of outliers is cor-
related with m and IQR. With the observations mentioned
above and also taking into account λ1, we propose a simple
indicator of the chaoticity for each attractor in terms of the
statistical measures obtained from the boxplot and λ1 as

η = λ1 +
Q3 −Q1

2
×m ∝ λ2 , (4)

indicating that it is proportional to λ2. Although we point out
the percentage of outliers (in our case, the extreme events be-
cause we work considering ±6σ in the distribution), we did
not include it in Eq. (4). The statistical values and the chaotic-
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ity indicator for each attractor are summarized in Table I. Ac-
cording to the values of η, the ordering of attractors results in:
(a) → (c) → (d) → (e). Moreover, in the case of the attrac-
tor (e), η > 0, it makes us think that this attractor could be
statistically related to a hyperchaotic behavior.

IV. CONCLUSIONS AND PERSPECTIVES

Using parameter planes based on Lyapunov exponents and
periodicities, we have unveiled several aspects of the dynam-
ics of Chialvo’s neuron model, such as the determination of
clearly defined regions of regular, quasiperiodic, and chaotic
behavior. We also determined the pseudofractal character
of some regions of the parameter plane where the scale-free
property is absent; however, self-similarity is present and de-
scribed their regularities in terms of their periodicities. The
description of the parameter plane in terms of the periodic-
ities allowed us to identify the interesting structure that we
called “eyes of chaos” in relationship to the structure “eye of
chaos” (in singular) previously described in continuous dy-
namical systems. To our knowledge, it is the first time that
“eyes of chaos” are reported, and with the particularity that
the finding has been made in a discrete system. In the end, we
described the chaoticity of some attractors considering the sta-
tistical aspects of the second Lyapunov exponent; our results
open the possibility of determining the hyperchaotic features
of some chaotic attractors. We expect to go in-depth into the
characterization of hyperchaotic scenarios and, in this manner,
complete the dynamical description of the system in terms of
the parameter planes. We note that the technique of the two-
parameter scan presented in the study can be applied to other
neuron map models such as Rulkov map43, Nekorkin map32,
discrete Izhikevich neuron map22, discrete Hindmarsh-Rose
neuron map28. This approach can reveal striking dynamical
behaviors in map-based neuron models.
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