Institutional Repository - Research Portal

Dépébt Institutionnel - Portail de la Recherche

UNIVERSITE researchportal.unamur.be
DE NAMUK

RESEARCH OUTPUTS / RESULTATS DE RECHERCHE

Synchronization phenomena in surface-reaction models of protocells
Serra, Roberto; Carletti, Timoteo; Poli, Irene

Published in:
Artificial Life

Publication date:
2007

Document Version
Early version, also known as pre-print

Link to publication

Citation for pulished version (HARVARD):
Serra, R, Carletti, T & Poli, | 2007, 'Synchronization phenomena in surface-reaction models of protocells’,
Artificial Life, vol. 13, no. 2, pp. 123-138.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal ?

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 02. May. 2026


https://researchportal.unamur.be/en/publications/e6accbfe-71e5-467a-b678-3463a49c065c

Synchronization phenomena in surface-reaction
models of protocells

Roberto Serra *°$, Timoteo Carletti #O, Irene Poli °

° Dipartimento di Statistica, Universita Ca’ Foscari, San Giobbe - Cannaregio 873, 30121 Venezia,
Italy;
) Dipartimento di Scienze Sociali, Cognitive e Quantitative, Universita di Modena e Reggio
Emilia, via Allegri 9, 42100 Reggio Emilia, Italy
* Département de mathématique, Université Notre Dame de la Paix Namur, Rempart de la Vierge 8,
B 5000 Namur, Belgium

5 corresponding author ; e-mail rserra@unimore.it

Abstract

A class of generic models of protocells is introduced, which are inspired by the “Los Alamos bug”
hypothesis but which, due to their abstraction level, can be applied to a wider set of detailed
protocell hypotheses. These models describe the coupled growth of the lipid container and of the
self-replicating molecules.

A technique to analyze the dynamics of populations of such protocells is described, which couples a
continuous-time formalism for the growth between two successive cell divisions, and a discrete map
which relates the quantity of self-replicating molecules in successive generations. This technique
allows one to derive several properties in an analytical way.

It is shown that, under fairly general assumptions, the two growth rates synchronize, so that the
lipid container doubles its size when the quantity of self-replicating molecules has also doubled —
thus giving rise to exponential growth of the population of protocells. Such synchronization had
been postulated a priori in previous models of protocells, while it is here an emergent property.

We also compare the rate of duplication of two populations generated by two different protocells
with different kinds of self-replicating molecules, considering the interesting case where the rate of
self-replication of one kind is higher than that of the other, but its contribution to the container
growth rate is smaller. It is shown that in this case the population of offsprings of the protocell with
the faster replicating molecule will eventually grow faster than the other.

The case where two different types of self-replicating monomers are present in the same protocell is
also analyzed, and it is shown that, if the replication follows a first order kinetic equation, then the
faster replicator eventually displaces the slower one, while if the growth is sublinear the two

coexist.

It is also proven by an appropriate rescaling of time that the results which concern the system
asymptotic dynamics hold both for micelles and vesicles.
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1. Introduction

While present day cells are endowed with highly sophisticated mechanisms, which represent the
outcome of almost four billion-years of evolution, it is generally believed that the first life-forms
were much simpler. Such protocells [11, 14] should have had an embodiment structure (micelle or
vesicle), a simplified metabolism and a way to give rise to new protocells. Moreover, there should

have been a rudimentary genetics, so that the offspring of a cell was “similar” to its parent.

Besides their interest for the origin of life problem, protocells may be of much practical interest
[11]: it is possible to envisage populations of such entities which grow and reproduce, specialized

for useful tasks like e.g. drug synthesis.

While protocells have not yet been built, it is extremely interesting to understand under which
conditions these systems can actually evolve. Models are required to address this issue and, due to

the uncertainties about the details, high-level abstract models are particularly relevant.

We present here a protocell model loosely inspired by the so-called “Los Alamos bug” (briefly
Labug in the following) hypothesis [9, 10]; however it abstracts from many details and can
therefore be compatible also with other specific protocell models. This choice has been motivated
by the quest for a model to describe how an initial population of protocells might evolve, rather than

to present a detailed account of the working of a single exemplar.

The level of detail can somehow be compared to that of a model by Kaneko [5], who however
considered the interaction of two molecular types, which catalyze each other’s formation, having in

mind a relationship similar to that of nucleic acids and proteins. In the Labug hypothesis, on the



contrary, one deals with a single kind of self-replicating molecule' - briefly SRM in the following -
and a lipid container, which can be either a micelle or a vesicle. On the one hand, the presence of
the SRM affects the growth rate of the container, e.g. by favoring the formation of amphiphiles
from precursors, which exist in the neighborhood of the protocell outer surface (amphiphiles are
supposed to be quickly incorporated in the lipid membrane). On the other hand, the very existence
of the lipid container is a necessary condition for the working of the protocell, as it is assumed that

SRMs are preferentially found in the lipid phase.

So SRM catalytic activity favors the growth of the lipid container, which provides in turn the
physical conditions appropriate for the replication of SRMs, without being however a catalyst. The
relationship between containers and SRMs is different from the one considered by Kaneko and
therefore requires the use of different equations. As we will show in the next sections, one of the
main features of our models is that all the reactions occur close to the surface of the protocell, that’s

why we called them “surface reaction models”.

In section 2 we will introduce the basic features of a model with only one kind of SRM involved
and we consider some slightly different versions depending on the growth rate for the SRM: a linear
one and a sublinear one as suggested by the LA bug papers [9,10] and others [7, 13]. The model is
continuous in time, and the dynamics is smooth during the growth of a protocell, but it is assumed
that once the membrane size reaches a threshold, the protocell splits into two daughters units, as in

the Chemoton model [4].

We will then consider the evolution of a population of protocells, ignoring for the time being
mutations in the SRM. In particular, it must be appreciated that the concentration of SRMs affects

the growth rate of the protocell itself, and therefore the doubling time of the population. Starting

! Actually, the self-replicating molecules in the Labug hypothesis are PNA; here however we will not make any specific
hypothesis, and we will only suppose that the self-replicating molecules can be found in the lipid phase



from the first protocell, which is born with a certain amount of SRMs, the rate of replication of
SRMs will in general be different from that of the growth of the container. A consequence is that
the amount of SRMs at the protocell division time may be different from twice its initial value, so
each daughter protocell could start with a quantity of SRMs different from that of the parent
protocell. Therefore the duplication time of the second generation will also be different from that of
the first one. A natural question is how will these two quantities change in time, under the combined
action of continuous growth and sudden division. Our main result is that, under very general
assumptions, the initial quantity of SRMs in successive generations tends to a fixed point, and

therefore the doubling time of the SRMs and that of the lipid container converge to the same value.

Note that the problem of assuring consistency between the replication rates of the different protocell
components is present in every Chemoton-like model, where protocell division is assumed to take
place at a certain critical size. In the original Chemoton model [2, 4] the issue is handled by
assuming a priori a stoichiometric coupling between the different processes, while here
synchronization of protocell and SRM duplication times is an emergent property of the model,

derived without assuming ad hoc stoichiometric ratios.

In order to prove this result we introduce a mathematical technique which is well suited for this
kind of problems: the continuous growth between two successive divisions allows conserved
quantities, which are used to derive an iteration map for the value of the SRM quantity in successive
generations. The map tends to a fixed point (thus proving synchronization) and provides

quantitative information about the kinetics of protocell replication.

We also compare the rate of duplication of two populations generated by two different protocells.
Assume that the lipid container is made of the same molecules for both protocells, and that the two

parent protocells differ only for the kind of SRM - let us call them type X and type Y. It is obvious



that, if both the rate of self-replication and the increase in container growth rate due to X are higher
than Y, then the population of offsprings of the X-containing protocells will grow faster than that of
the Y-containing ones. A more interesting case is the one where the rate of self-replication of X is
higher than that of Y, but its contribution to the container growth rate is smaller than that of Y. It
will be shown that in this case the population of offsprings of the protocell with the faster

replicating molecule will eventually grow faster than the other.

In section 3 we address another important issue, namely the effects of the presence of different
kinds of SRMs in a single protocell. They may be for example the outcome of random mutations
from an initial single molecule, or may have a different origin. We will analyze the case where the
two different types, X and Y, are present in the same protocell, supposing that there are no direct
interactions between them, although of course the two are coupled by their co-inhabiting the same
protocell. It will be shown that, if the replication kinetics is linear, the faster replicator eventually
displaces the slower one. Also the extreme case of parasitic self-replicating molecules, which do not

contribute at all to the growth of the protocell, will be analyzed.

In section 4 we introduce a model where the replication of the two SRMs in the same protocell is
non-linear, a hypothesis which is supported by detailed studies on template replication [1, 13]. Then
the questions of the previous sections will be again analyzed with this new model and, as we will
see, some different answers will appear due to non-linearity, in particular it will be shown that
different species of SRMs can coexist. While this is the usual behavior with parabolic growth laws
[6], the coupling with the growth of the container makes a precise analysis necessary in the case of

protocells.

In the final section, we will summarize the main results and discuss possible further improvements

of our models.



2. A basic model

Let C be the total quantity of “container” (e.g. lipid membrane in vesicles or bulk of the micelle)
and V its volume, which is equal to C/p (where p is the density, which will be assumed constant). S
will denote the surface area, which is a function of V: typically, S is approximately proportional to
V for a large vesicle with a very thin surface (a condition which will be referred to as the “thin
vesicle case”), and to V?? for a micelle. Let X denote the total quantity (mass) of genetic material in
the protocell lipid phase. Note that the model presented below is invariant with respect to the choice
of the way in which either C or X is measured; for example, if they were measured as number of
molecules the equations would retain exacty the same form (of course, the units of the kinetic

constants would be different).

We assume, according to the Labug hypothesis, that only the fraction of the total X, which is near
the external surface, is effective in catalyzing amphiphiles formation. That is because precursors are
found outside the protocell. For the same reason this applies also to the replication of X itself, here
the precursors are nucleotides. Let us denote volume concentrations with square brackets. The total

fraction of active X is proportional to dS[X]s, where [X]s is the volume concentration of X in a

layer of width & below the external surface.

Let [P] be the concentration of precursors of amphiphiles in the external solution near the protocell
surface; assuming it to be buffered, then it is just a constant. If the growth of the lipid membrane

and the replication of SRM both take place near the surface, we have:



‘;_f = a’ S[X][P] + xS[P] —y9(C)

[2.1]

5

1704 ;
e n'S[X]s — 2w(X)

for some positive constants, denoted by Greek letters.

The first term of the first equation is the growth due to the transformation of precursors into
amphiphiles, P — A, catalyzed by the X-SRM, assuming the amphiphile A to be quickly
incorporated in the membrane once produced. The second term is a spontaneous growth, due to
spontaneous formation of amphiphiles, while the third term accounts for possible release of
amphiphiles previously incorporated in the membrane (note that the exact form for the decay term
has not been specified).

The second equation describes autocatalytic growth of the X-SRM (with a possible non first order

kinetics described by the exponent v > 0). Possible degradation is taken into account by the last

term Ay (X).

We now neglect the term of spontaneous amphiphile formation, which is assumed to be smaller
than the catalyzed term. We assume [P]= constant and we suppose that S is proportional to VP, and
therefore also to CP (B ranging between 2/3 and 1). In this section and the following we will also
assume v=1 (linear self-replication kinetics), an assumption which will be released in section 2.3

and in the whole section 4. By slightly redefining the constants we obtain:

dC
o a"C’ [X]s = yo(C)

dx '
e n"C’ [X] s — Ap(X)

[2.2]



But [X]; is proportional to the concentration of X in the whole lipid phase, which is* X/V = pX/C.

Therefore, again incorporating constant terms in the rate constants:

dC _

e aXC' —yp(C)

< . [2.3]
o XC™ = Jy(X)

To get a feeling for the behavior of equations [2.3], let us consider the growth of a vesicle container
with a very thin membrane (B=1) in the case where X is constant and @(C)=C. Then the first

equation becomes:

dC
= =k—yC 2.4
7 Y [2.4]

where k = nXj is a constant, X, being the initial concentration of SRMs. Eq. 2.4 describes the
growth of the lipid container up to its asymptotic value k/y (provided that the initial value Cy is

smaller than k/y).

We will assume that the protocell breaks into two identical daughters units when it reaches a certain
threshold 6. Moreover, we will assume that the growth is essentially exponential, i.e. that the rate
limiting steps in Eq. [2.3] above do not play a significant role when C< 0. Therefore the growth of a
protocell up to its critical size is approximately ruled by the following equations (coming back to a

generic container and non constant X):

dC

—=aC"'X

dt . [2.5]
d_X = I’]Cﬂ_IX

di

This system of equations [2.5] will be the starting point for further analysis.

*We assume here that transport in the lipid phase is extremely fast, leading to homogeneous concentrations of SRM in
the whole vesicle membrane or micelle.



2.1 Analysis of the model

Starting with an initial quantity of container C at time Ty equal to’ 6/2, we assume that once C
reaches critical value 0 it will divide into two equal protocells of size 0/2. Let AT, be the time
interval needed to double C from this initial condition, and let T; = T¢+AT, be the time when the
critical mass 0 is reached. Since the initial value for C is fixed, AT, is a function of the initial
quantity of SRMs, X,. The final value of X, just before the division is then X(T;). Because we
assume perfect halving at the division, each offspring will start with an initial concentration of SRM
equal to X;=X(T;)/2. The successive doubling time will be denoted by T, = T;+AT), and the third

generation will start with an initial value X,=X(T>,)/2, a.s.o.

We generalize the preceding discussion with the following equations, which refer to the k™ cell

division cycle that starts at time Tk and ends at time Ty, :

Tk+1
= [Cwdr, and X, =%X(Tk+l ) [2.6]
T

4
2
Note that in general X(Ty1)#2X(Tx), although we will prove that this condition is asymptotically
approached. Note also that the time needed to double the value of C is not constant between two
successive generations, although we will also prove that constancy is also asymptotically

approached.

’If the protocell which had been produced first had a different size, the initial C of each of its daughter cells would be
exactly 6/2 , so we would take one of these daughters as our initial point.



We observe that the function Q(t) = nC(t)-aX(t) is a first integral for system [2.5], namely it is a
constant quantity during each division cycle. Hence evaluating it at the beginning and at the end of

the k-th generation we get:
NC(T, ) - aX(T )= nC(T, ) - aX(T, ).
Using the halving hypothesis and the doubling size threshold to divide as in Eq. 2.6 we obtain:

0
20X, —aX, =’75-

This relation can be solved with respect to Xk+1’ leading to:

X, +D

Xin= )

where D = 0n/2a. This can be iterated leading to

k+1 m k+1
1 D& (1 1 1
X, == X, +=>|=| 9= X,+|1- D. 2.7
“ @ ‘ 22@ @ ‘ [ 2) 271

The interesting result is that, in the limit of large £, the initial quantity of SRMs converges to a fixed

value:
X,—>D, [2.8]
no matter how large the initial value of Xo was and independently of the type of the protocell

container: micelle or vesicle, i.e. f=2/3 or B=1.

This result tells us also that, after sufficiently many generations, the division period converges to a
fixed value, therefore leading to exponential growth of the protocell population. In the thin vesicle
case the doubling time can be computed explicitly using the second relation of system [2.5] for f=1.

In fact in this case we can solve the equation for X to get at the k-th generation:



X(l) = Xkem >
which at the end of the division cycle gives:
r[ATk

2X = Xye

Thus in the limit of large £, recalling [2.8], we get:

AT, > Ly [2.9]
n

No matter what the initial value of X is, the population tends to a condition where the doubling time

is ruled by n only.

In order to treat more general cases, for instance with =2/3, we observe that [2.5] becomes:

4C _ycix

dt . [2.10]
d_X — 77C_1/3X

di

Using once again the first integral Q to eliminate the dependence on X, we get:

cz_f:(nc_Q)Cl/3 — nc2/3 _chl/f

which could be explicitly solved, providing however a cumbersome relationship f(C)=t, which
would be very hard to invert in order to get an explicit expression for AT,. On the other hand, we
can find a good estimate for the limit of the division period for arbitrary <1 because during each
division cycle we have 6/2 < C(t) < 0. From the second equation of [2.10] we then get, for the k-th

division cycle:

war, [O'F 21PyAT, 10

X,e <2X,,<X,e ,

thus in the limit of large k and recalling that X, — D, we obtain the bound for 7, :



1-8 1-8
In2<7, <
n n

2 p10 In2.

Note that also in this case the doubling time bounds estimates are based on n only. The fact that the
behavior of the protocell is qualitatively the same for the vesicle case or the micelle case, is a

general result of our model that we will prove in the next section.

To conclude this first analysis let us indeed compare two different initial protocells, which may
have different parameter values. It is intuitive (and could be proven) that if both a and n are greater
for one protocell than the other, that one will replicate faster. But what happens if we compare two
different protocells, one better at replicating nucleic acid, the other more efficient in generating new
membrane material? For the B=1 case the answer is clear from the above equations [2.8] and [2.9]:
the doubling time depends upon the rate of replication of the SRM only, and the population with the
higher n will become the fastest growing one. Numerical simulations confirm that the same holds

also for the f=2/3 case.

Finally, it is important to remark that the results given above also hold in cases which are far more
general than [2.5]. To derive them we have used only the constancy of the quantity Q, which can be
straightforwardly proven for all the systems of the form

dc
E—af(C,X)

o [2.11]
E=ﬂf(C,X)

for arbitrary functions f(C,X).



2.2 Micelle or vesicle doesn’t matter.

We will now show that our model can give a unified qualitative description for both the micelle (i.e.
=2/3) and “thin vesicle” (i.e. f=1) cases. Once having done this, we will work only directly with
the B=1 case as it is computationally simpler. By the arguments given in this section, the
conclusions thus obtained can then be straightforwardly applied also to the asymptotic behavior of

micelles, as well as to vesicles of intermediate size, where 1>3>2/3.

Let us observe that C(t) is positive for any finite t, so one can define a new time:
t
r=1,+ j C(s)"'ds, [2.12]
0

note that dt/dtZC(t)B_l. Now let w(t) be a quantity which satisfies a differential equation of the form

‘%@ = " F(olr)). [2.13]

for an arbitrary function F. Define y(1)=w(t(1)), i.e. the same quantity o but read in the new time

variable, then its evolution is given by:

d‘gﬁ”) =%d‘;ft) - Fy(2)). [2.14]

Let us now apply this idea to equation [2.5]

dC

—=aC"'Xx
dt
d_X — nCﬁ_IX
dt

and define c(t)=C(t(1)), x(t)=X(t(t)). In terms of the new variables, using [2.14], the above

equations become:



_— ax
dr

@ = x ,
dr 1

which have exactly the form of the model in the thin vesicle case. Therefore the analysis of the
general case can be reduced to that of the B=1 case (taking into due account the fact that the new
time t is a function of t, the real time). Thus the asymptotic qualitative behavior is the same
irrespective of the choice of the exponent, B-1. This implies that the evolution of a population of

micelles or vesicles will be qualitatively the same: both will converge to a fixed point, but with

different time scales.

2.3 A non-linear model

The methods used to study the linear model in section 2.1 can be easily adapted to the case where

the SRMs follow a non-linear growth law, as suggested for the Labug model [9,10]. Starting from

equation [2.1] and recalling that [X], is proportional to X/C and S is proportional to C?, we get:

— =oxc’!
dt

di =pX'CF
dt

where 0 <v <1, and once again all constant terms have been incorporated in the rate constants. We
could perform the analysis in the general case, but thanks to our previous remark, it will be enough

to consider only the case = 1, which simplifies the system to:

ac _

dt

d_X — 7’]XVC1_V
dt

[2.15]



It can be directly verified that the following quantity is conserved during each division cycle:
0=CO -ZX(1".
n

Evaluating Q at the beginning and at the end of the k-th period one gets (recalling the earlier results
that follow from Eq. 2.6, namely that C doubles from 6/2 to 0 at each division cycle and that Xy,

=X(Tk+1)/2) the following relation involving Xy+; and X:

2-v 2-v
LR 1 1 N
X. = e (1—&) ]J{E X7, [2.16]

which can be rewritten as follows:

Son = H +pS [2.17]

once we define the auxiliary quantities:

:(ljzv

P=13

H="p1-p)o>. [2.18]
o

&, EX/fiv

The relation [2.17] for & can be explicitly solved to give:

k+1

k
+ m + 1-
Een =p"E +HY p=p"E +H lpp : [2.19]
m=0 -

In the limit of large k, since p<l1, we get:

¢ —<E, = L [2.20]

l-p

thus &, and therefore Xy, tends to a constant asymptotic value and in this limit the division time
becomes in this limit constant as well. Once again we have exponential growth of the population

size even though the replication rate of SRMs is parabolic (see also [7, 12])



3. More SRMs in the same protocell

Let us now introduce a second model where two different, non-interacting SRMs are present in the
same protocell. This model of course generalises the previous one and moreover will allow us to
consider new kinds of problems, for instance the coexistence of SRMs (section 4) or the presence of

parasites (§ 3.1).

Starting again by considering a linear replication law for SRMs, the model can be described with

equations analogous to [2.5], namely:

‘;—f =a'CM'X +a'C"Y

dX

= —pchly . 3.1
o " [3.1]
d_Y:nvvcﬂ—lY

dt

It is easy to guess that, if one of the two SRM outperforms the other both in replication rate and in
contributing to the growth of the lipid container, it will be present in a higher proportion than the
other in successive generations. So let us consider the more interesting case where X is better than

Y to catalyze lipid production, while replication of Y is faster than that of X:
o'>a" and n''>n'.

As previously discussed we will only analyze the thin vesicle case, f=1. Hence we study the

system:



d—CZa'X+a"Y
dt
ax
dt
dy _
dt

X o [3.2]

There are two first integrals:

0,11-C- % x(0)- % 1() and 0,0~ KO [3.3]
U 1 (Y ()

as a direct computation easily shows. Imposing the constancy of these two functions over one
duplication cycle we get two relations involving X and Yy, that can be analyzed to fully describe

the dynamics of the model.

Recalling the halving hypothesis for both SRMs, the constancy of Q, at the k-th division cycle gives

us:
(Xa) _ (lJ_(""_”" (X))
(Yo )" \2 (v,)"

which allows us to relate the relative quantities of X and Y for the k™ division cycle with the same

ratio at the initial time:

(Xk )77' — [lj(hl)( e (Xo)”' ) [34]
)y A2 (%)
Since we assume that #''> %', we get from [3.4], in the limit of large k:
n
(Xk), —0. [3.5]

Therefore the relative proportion of X-type molecules with respect to those of Y-type vanishes

through successive generations.



The constancy of Q; at the k-th division cycle determines a second relation between Xy and Yy:

1 1
o (X =X )+ (Y Y ) =1 [3.6]
where
D'= ei and D' = —6’7 .
20 20

There are four possible different options compatible with [3.6] namely:

(1) X tends to 0 while Yy tends to a finite non-zero limit Y;
(2) Yk tends to infinity while Xy stays bounded;
(3) both Xy and Y diverge in a way compatible with [3.4];

(4) both Xy and Y vanish in a way compatible with [3.4];

However, only the first one is also compatible with the relation [3.5], thus in this case we have:
X, >0 and Y, oY, =D". [3.7]
Hence the division time reaches a constant value that can be determined as follows. By [3.2c] we

get:

”I'ATI{

2Y = Ye

then in the limit of large k we have, AT, — AT, =In2/75 , exactly as in the case of section 2,

equations [2.8] and [2.9].

All the other possibilities must be rejected because the relation [3.6] cannot be satisfied when at

least one between X and Y is unbounded or when both are equal to zero.



We are therefore led to the following result: if two different SRMs are present, the one with slowest

replication rate asymptotically disappears in the future generations, in the case of linear replication.

3.1 Fast replicating parasite

Let us now consider the case of a parasitic fast replicating SRM, say Y, which gives no contribution

to the growth of the lipid container, o”=0 and #''> 5'. Then system [3.2] still admits Q, as a first

integral, so that, reasoning as before, we get:

-0, [3.8]

and again four possibilities as before have to be discussed. There is a second first integral that now

reads Q,(t) =C(t) - a—,X (t), from which we get a new relation for X at the beginning and at the end
n

of any division cycle:

|=.

(X, - X,). [3.9]

(NSRS

’

=

This equation cannot be verified if X, - 0 or X, — oo, thus the only case leftis X, - X, with

X finite positive value which must be equal to D’ = 6n’/2a to satisfy [3.9]. The constancy of X,
implies the constancy of the division time which approaches the asymptotic value AT, = In2/n’.
Then [3.8] can hold if and only if ¥, — co. Perhaps this pathological behavior is fragile with

respect to a small change in the system of equations. Indeed it disappears in the non-linear model

considered in section 4.1.



We observe that thanks to our remark of section 2.2, these results also hold in the case of a micelle
container, except that we cannot derive an explicit formula for the asymptotic doubling time, but
again we can obtain upper and lower bounds following the same lines that we showed at the end of

section 2.1 (detailed calculations are omitted here).

4. Non-linear SRM Kkinetics

We will now consider a model where the replication kinetics of the two SRMs replication is non-
linear in their concentrations, while that for the growth of the lipids is still linear. Assume moreover

that the two SRMs are non-interacting. The starting model, in the case =1 as usual, is:

gy

dt

dx

Z=yxc 4.1
" [4.1]
dy

i HYVCI—V

a

where the exponent is the same for both X and Y, but the kinetic coefficients differ. There are now

two conserved quantities:

. o' N o N
0, =C@)’ —?X(f)2 —?Y(t)2

X 1-v Y 1-v ) [42]
0,20 10
n n

the conservation of Q; implies, between two consecutive divisions:

"
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while the conservation of Q, implies :

%((2Xk+l )l - X/i_v ): %((ZYIHI )l_v - Ykl N ) [4.4]

From [4.3] it turns out that X and Y cannot both vanish, or both become unbounded. However from
[4.4] one can infer that the vanishing (or diverging) of X implies that of Y and vice versa. Therefore

neither X nor Y tends to 0 or diverges. Thus both X, and Y, tend to finite values X, and Y.

From [4.4] it then turns out that:

ylor =1y [4.5]

12 o0

n

which when inserted into [4.3] determines the value of X..

Thus both SRMs will reach a finite asymptotic value and the same is true for the duplication time,
namely there is synchronization of both SRMs and container growth, with coexistence of two kinds

of SRM.

4.1 Non-linear fast replicating parasite

In section 3.1 we already studied the case of a fast replicating SRM parasite in the case of the linear
model. Let us now analyze the non-linear model, where the SRM growth follows a non-linear law.
Let Y be the fast, " > n’, parasite, which doesn’t contribute to the growth of the container, so the

model to study is given by:



dt

ax -

—=q'X"'C™. 4.6
! [4.6]
d_Y= nyvcl—v

ar

There are still two conserved quantities (cfr. [4.2] with a’’=0):

0, = Cty™ - x>
n

NI [4.7]
0,201 10
n n

As in the single-SRM case, conservation of Q; during a division period, leads to:

2-y 2-y
L e 1 1 .
X. = P [1 - (Ej j + (5 X7,

which can be solved as we did in § 2.3, to give:

1

X, = (ijz -V, [4.8]
l-p

while conservation of Q; leads to (cfr [4.5]):

1

sz(n—,jl_va.
n

Thus in this case, both SRMs, the useful SRM and the parasite one, will survive, reaching an

asymptotic constant value. Also in this case there is synchronization with the division cycle.



5. Conclusions

In this paper we have introduced a class of abstract models of protocells, called surface reaction
models because the growth of the lipid container and that of the self-replicating molecules take
place near the cell surface. Although the inspiration was drawn from the Los Alamos bug
hypothesis, the high abstraction level of our models may allow their application to a broader set of
detailed models. Moreover, while our methods have been devised for models where growth and
replication take place at the protocell outer surface, it may be worthwhile to explore their
application to different approaches, like those where replication is supposed to take place in the

inner compartment (see e.g. [8]).

We also introduced a powerful analytical technique to study the behavior of this class of protocell
models, which combines continuum methods, used to describe the growth between two successive
protocell duplications, and discrete maps which relate the initial value of the relevant quantities of
two successive generations. This technique also allows us to draw conclusions on the asymptotic

properties of a micelle or a thick vesicle, by analyzing the “thin vesicle” case only, i.e. f=1.

It has been shown that, under very general conditions, the replication rate becomes constant in the
long time limit, which in turn implies exponential growth of the population of protocells, unless
there are other limitations to growth. Synchronization of container and SRM duplication is here an
emergent property, while in earlier models, like the Chemoton, it was imposed a priori through a

stoichiometric coupling.

We recently became aware of the fact that a similar synchronization has been demonstrated by

Rasmussen and co-workers in another protocell model, using a different approach [12]. This



suggests that such synchronization phenomena may be “generic”, i.e. common to several protocell

models

In the case where the growth of the self-replicating molecules is linear, it has been shown here that
the doubling time depends only upon the rate constant for self-replication (so if there are two kinds
of protocells, one with higher o and lower m than the other, the former will eventually be
outperformed by the latter) and that, if there are two different SRMs in the same protocell, the one
which is slower in replicating itself vanishes in the long time limit, even if it can provide a faster
growth rate for the container. In the case of fast parasites these will dominate and lead to halting the

growth.

However, in the case where the growth of the self-replicating molecules is sublinear, it has been
shown that two different SRMs coexist, reaching fixed ratios. While this could be expected in
parabolic growth laws [6], the peculiar features of this protocell model, which couples self-

replication with container growth, require a precise analysis.

This coexistence of different self-replicating molecules opens the interesting possibility of the
existence of “optimal” mixtures of different SRM (with different kinetic parameters) able to lead to

a high growth rate for the population of protocells.

The models we studied are quite general and they can be applied to describe several specific
systems. Some possible future directions of research include the following ones. Our models are
fully deterministic and we can introduce and discuss the effects of random fluctuations in the
division threshold and halving property. In our description each protocell “doesn’t feel” the other
ones because it produces all what it needs by itself, thus it could be interesting to consider

interactions between different protocells, as for instance exchange of genetic material. Finally, as



already mentioned, we neglected the inner dynamics, assumed to be fast and in equilibrium;
therefore one could improve the model by introducing a more realistic kinetics which, for instance,
takes into account finite diffusion rates and limitations to the supply of building blocks or more

detailed information about the protocell growth process (see e.g. [3]).
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