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We present a class of models aiming to describeergerprotocells hypotheses,
improving a model introduced elsewh€réThese models, inspired by the “Los Alamos
bug” hypothesis, are composed by two coupled stdsis a self-replicating molecule-
SRM- and a lipid container. The latter grows thatdkghe replication of the former,
which in turn can produce copies of itself thank&sthe very existence of the lipid
container, as it is assumed that SRMs are prefatignfound in the lipid phase.
Nevertheless, due to abstraction level of our mndeky can be applied to a wider set of
detailed protocell hypotheses. It can thus be shibat under fairly general assumptions
of generic non-linear growth law for the contaiaed replication for the SRM, the two
growth rates synchronize, so that the lipid corgaboubles its size when the quantity of
self-replicating molecules has also doubled — tiiugg rise to exponential growth of
the population of protocells. Such synchronizatieed been postulated a priori in
previous models of protocells, while it is here emergent property. Our technique,
combining a continuous-time formalism, for the gtowbetween two successive
protocell divisions, and a discrete map, relatimg quantity of self-replicating molecules
in successive generations, allows one to deriveraéproperties in an analytical way.

Keywords: protocell, self-replication, dynamical model, sfironization

1. Introduction

The study of primitive cell-like structures, capabbf self-replication and
endowed with rudimentary metabolism and genetgsmportant both for the
studies about the origin of life and for possilbiidistrial applicatiorfs? These
so-called protocells have not yet been built, alfoseveral efforts are under

T This author will present the work at the confeeeif accepted.



way, hence the study of generic protocell modefmisicularly relevant.

Different modeling levels address different issuetated to protocell
behavior; here we concentrate on a class of mabtatsallows us to study the
evolution problem of apopulationsof protocells Indeed, the evolvability of
such populations is a key issue both in the originlife problem and for
application purposes, where by applying a suitablection pressure one tries to
develop populations specialized in a desirable tagk drug design).

In order to be manageable, such models need toaabftom many details
providing the further advantage that their conansican be relevant for many
specific protocells that can be developed in theréu

We analyze and improve here a protocell model,ipusly introduced and
studied %, loosely inspired by the so-called “Los Alamos b(luriefly Labug
in the following) hypothes?s, which however abstracts from many details of
Labug and can therefore be compatible also witeraspecific protocell models.
The level of details can be compared to that of adeh by Kanekd who
however considered the interaction of two molectypes, which catalyze each
other’s formation, in a way similar to that of neicl acids and proteins. In the
Labug hypothesis and also in our model, on theraontone deals with a single
kind of Self-Replicating Molecufe- briefly SRM in the following - and a lipid
micelle container, which in our model can be eithenicelle or a vesicle. On the
one hand, the presence of the SRM affects the proate of the container, e.g.
by favoring the formation of amphiphiles from presars, which exist in the
neighborhood of the protocell outer surface (amiplés are supposed to be
quickly incorporated in the lipid membrane). On tbther hand, the very
existence of the lipid container is a necessanditiom for the working of the
protocell, as it is assumed that SRM are prefaatiypfiound in the lipid phase.

So SRM catalytic activity favors the growth of thgid container, which
provides in turn the physical conditions approgritdr the replication of SRM,
without being however a catalyst. The relationdgpween container and SRM
is different from the one considered by Kaneko tnedefore requires a different
analysis. One of the main assumptions of our moiethat all the reactions
occur close to the surface of the protocell, thatsy we called thensurface
reaction models

In our model the SRM replication rate can be linearsublinear, as
suggested by the Labug paperand others™ coupled with the container
growth, which also can be non-linear. The modeloistinuous in time, and the
dynamics is smooth during the growth of a protqdait it is assumed that once
the membrane size reaches a critical threshold,ptbéocell splits into two

§ Actually, PNA: but here we will not make any spfiechypothesis about the chemical identity of
the self-replicating molecules, and we will onlyppose that they can be found in the lipid phase.



daughters units, as in the Chemoton mbdel

We will then consider the evolution of a populatiminprotocells, ignoring
for the time being mutations in the SRM. In paréecithe concentration of SRM
affects the growth rate of the protocell itselfdaherefore the doubling time of
the population. Starting from the first protoceilhich is born with a certain
amount of SRM, the rate of replication of SRM viillgeneral be different from
that of the growth of the container. A consequenadbat the amount of SRM at
the protocell division time may be different fromice its initial value, so each
daughter protocell could start with a quantity &N\ different from that of the
parent protocell. Therefore the duplication timetleé second generation will
also be different from that of the first one. Auvail question is how will these
two quantities change in time, under the combingttba of continuous growth
and sudden division, hence the occurrence of ailgessynchronization
mechanism.

The synchronization phenomenon is a key ingrediergnsure a possible
Darwinian evolutioh’®. In fact if the two subsystems do synchronize ttieath
by dilutior is avoided and moreover the population size grewsonentially,
independently of the actual replication rate of 8®Ms and/or the container, if
Nno exogenous events arise. But exponential grasviecessary condition to
have survival of the fittest in a competitive eoviment, hence selection among
protocells.

Our main result is that, under very general assiompt the container
growth and the duplication of genetic material gmchronize in successive
generations. Note that the problem of assuring istaxecy between the
replication rates of the different protocell compots is present in every
Chemoton-like model, where protocell division iswsed to take place at a
certain critical size. In the original Chemoton reBdhe issue is handled by
assuming a priori a stoichiometric coupling betweka different processes,
while here synchronizationis an emergent propertyof the model, derived
without assuming ad hoc stoichiometric ratios.

In order to prove this result we introduce a mathmlatechnique which is
well suited for this kind of problems: the contimsogrowth between two
successive divisions allows conserved quantitidsctware used to derive an
iteration map for the value of the SRM quantitysirccessive generations. The
map tends to a fixed point (thus proving synchratian) and provides
guantitative information about the kinetics of mall replication.

2. Thebasic model

Let us start by recalling the main model introdu@dwhich will be the starting
point for the successive investigations.



Let C be the total quantity of “container”, e.gitl membrane in vesicles or
bulk of the micelle (since we assume constant tigrisdoes not matter whether
we measure C as mass or volume). Let us denotethy Surface area, which is
a function of C: typically, S is approximately payfional to C for a large
vesicle with a very thin surface (a condition whigifi be referred to as the “thin
vesicle case”), and to’€ for a micelle. Let X to denote the total quantity
genetic material in the protocell lipid phase.

We assume that only the fraction of the total Xjolthis near the external
surface, is effective in catalyzing amphiphiles nfation, that's because
precursors are found outside the protocell. Forsdrae reason this applies also
to the replication of X itself, here the precursars nucleotides. Let us denote
volume concentrations with square brackets, thesefte total fraction of active
X is proportional todS[X]s, where [X} is the volume concentration of X in a
layer of widthd below the external surface.

Let [P] be the concentration, in the external gofutnear the protocell
surface, of precursors of amphiphiles: assuming lite buffered, then it is just a
constant. If the growth of the lipid membrane ahd teplication of SRM take
both places near the surface, we have:

‘ij—f= o' SIXI[P] + £SIP] - 74(C)
ix , 2.1)
E: ' S[X]s = Ap(X)

for some positive constants, denoted by Greekréette

The first term of equation (2.1a) is the growth doehe transformation of
precursors into amphiphile P — A, catalyzed by the X-SRM, assuming the
amphiphile A to be quickly incorporated in the meanie once produced. The
second term is a spontaneous growth, due to spemuanformation of
amphiphiles, while the third term accounts for jussrelease of amphiphiles
previously incorporated in the membrane (note thatexact form for the decay
term has not been specified).

The second equation of (2.1) describes autocatagytwth of the X-SRM
(with a possible non first order kinetics descril®dthe exponent > 0) with
degradation, because of the last taipgX).

We now neglect the term of spontaneous amphipbilmdtion, which is
assumed to be smaller than the catalyzed termssumne [P]= constant, and we
suppose that S is proportional t8 (B ranging between 2/3 and 1). By slightly
redefining the constants we obtain:



dC
dt
dX _
dt
But [X]s is proportional to the concentration of X in thboke lipid phase,

which is~ X/C. Therefore, again incorporating constant terimsthe rate
constants:

a"C’[X]s —y¢(C)

7" C X ¢ —/h//(X)

dC _
E: (XXC/} t- y¢(C)

2.2
ax Ny (2.2)
ot =»yX"C —/h;/(X)

To get a feeling for the behavior of equations )2l&t us consider the
growth of a vesicle container with a very thin mearte $11) in the case where
X is constant ang(C)=C. Then the first equation rewrites:

dcC _
dt

where k =nXq is a constant, gbeing the initial concentration of SRM. This
equation can be explicitly solved and thus we cascdbe the growth of the
lipid container up to its asymptotic valuey kprovided that the initial value Gs
smaller than Kj).

We will assume that the protocell breaks into taentical daughters units
when its size reaches a certain threstbl®ioreover, we will assume that the
growth is essentially exponential, i.e. that thee rimiting steps in Eq. (2.2)
above do not play a significant role when @€<Therefore the growth of a
protocell up to its critical size is approximateljed by the following equations
(coming back to a generic container and non coh3tan

=k-yC,

dt . (2.3)
dX xVCﬂ—V
dt

This system of equations (2.3) will be the startjmgjnt for our further

8 We assume here that transport in the lipid phasextremely fast, leading to homogeneous
concentrations of SRM in the whole vesicle memb@maicelle.



analysis in the next sections.
Let just observe that in the case two differenf-imderacting SRMs were
present in the same protocell, the model (2.3)beageneralized into:

d—CZ o C" X +a"'CPY

dt

O(|3|_>t<: y CP XY , (2.4)
d_Y= i otandAd

dt

assuming the general growth rate of the contaiapedding on both the SRMs.

These two models, (2.3) and (2.4) have been intedlirt® and extensively
analyzed there, we thus invite an interested reamleefer to them for further
details. Nevertheless, for the sake of completenesswill report in the next
paragraph some relevant results obtainétl in

2.1. Summary of some known facts concerning the basic model

One main feature of our model is that is it abl@tovide a unified treatment of
both micelle and vesicle cases. More preciselya# been proved that, up to an
appropriate non-linear rescaling of time, the bévawf the micelle model and
the thin vesicle case are asymptotically qualigdyivthe same. Thus all our
computations we will be explicitly ruled out in thhin vesicle casep=1,
because computationally simpler.

Let us sketch this proof here for sake of complketsnindeed let us observe
that C(t) is positive for any finite t, so one adgfine a new time by:

t
T= 15+ IC(SdeS,
0

note that /dt=C(tf™. Let noww(t) be a quantity which satisfies a differential
equation of the form
delt _
9eb)_ iy of).

dt
for an arbitrary function F. Defing(1)=w(t(1)), i.e. the same quantitybut read
in the new time variable, then its evolution isegivy:



dr dr dt

Let us now apply this idea to equation (2.3) byirdefy c@)=C(t(1)),
X(1)=X(t(1)) : in terms of the new variables, using the prasi remarks, these
equations become:

dc
—=0oX
dr
dr T

which can be considered as the equations descrthingontainer growth and
SRM replication in a vesicle protocell.

To summarize the known results let us considerragglst the case where
the growth of the self-replicating molecules iselin, from the one where it is
sublinear. In the former case it has been proved th

i) When only one kind of SRM is present, then tlmulging time
depends only upon the rate constant for self-raptio (so if there
are two kinds of protocells, one with higleeand lowem than the
other, the former will eventually be outperformedtbe latter);

i) If there are two different SRMs in the same tpaell, the one,
which is slower in replicating itself, vanishestiire long time limit,
even if it can provide a faster growth rate for tleatainer (and in
the case of fast parasites these will dominateleami to halting the
growth).

In the case where the growth of the self-replicatimlecules is sublinear, it
has been shown that:

iii) The synchronization still occurs in the caseomly one kind of
SRM;

iv) When two different SRMs exist in the same poatg the ultimate
fate of the system is coexistence of both SRMschieg fixed
ratios.

3. Non-linear growthsfor the container

The main hypothesis used to derive the model (8.8)at the container growth
is linear in the concentration of X-SRM. This cam @onsidered true in first
approximation if the involved concentrations areayron the other hand some
non-linear phenomena can occur when concentraitiensase. The main goal of
this section is to prove that our analysis caniensled as to consider generic



growth rates for the container, in particular asoauto inhibitory effect can be
taken into account: large concentration of SRM stap the container growth.
Let the container growth be described by squuositive function i(s) of a
real positive variable s, and assume the following:
a) Y(0)=0, namely the container doesn't grow if there mo SRM at all;
b) There exists a positive constant L, such thatfios > 0, we havel(s)
< L, namely the instantaneous growth rate of thetainar is always
finite.
Assuming a linear reproduction law for the SRM, lo(®.3) can thus be
generalized into:

dC X
ot
dt c . 3.1
d_x = XC/’?_l
dt

The main result of this section is that synchrommiwais a emergent property of
our model once non-linear growth for the lipid @nér is take into account, as
stated by the following

Theorem

Let us denote by, he initial amount of X-SRM, inside the contairedrthe g
division and let7 > 0 and 2/3< < 1 be assigned positive constants. Then
under the previous assumptions of the functignwe have the following
mutually exclusive results:

(1) Ifn> Y for all £ther X, — o when k increases.

(2) There exist N> 1 positive values§ such that¢(&) = n, assume
moreover such roots to be transvef$aind ordered in increasing
magnitude, & <..< § <...&. Then there are N'\_(N +1)/2J
possible asymptotic values fog: X=,., = 6&,.4/2 for I=1,...,N'. More
precisely the actual value is fixed by the inigahdition: if X belongs
to (Z212,=2), for some I=1,...,N’, the X, — =, ;.

The proof of this result will be given in the ngaragraph.

3.1. Synchronization for generic non-linear growth of lipid
containers.

To analyze model (3.1) let us introduce an auxiliariableg (t)=X(t)/C(t),

™ This means that the functiop-((€) changes signs §t=&;.



which allows to rewrite it as follows:

dC

o= Cly(¢)
:; . (3.2)
o= €l -€))

Let us distinguish to cases, accordingntas larger thanp(§) for all & or
there exists at least one positive valgegsuch thatp(§,) =n.

In the first case, equation (3.2b) implies th@) is an increasing function,
except the trivial cas&;(0) = 0, which means complete absence of SRM at the
beginning, and thus it can be discarded. Hencealfopositive t, we havé(t)
> £(0). On the other hand equation (3.2a) implies #istd C(t) is an increasing
function, and thus starting from C(0)822, there always exists a positive time T,
such that C(T)#. An estimate for T can be obtained using assumgt)oony,
in fact (3.2a) gives:
dC

v s p
= Clulé)sLe

thus by simple integration we obtain:

s 1
L<1=T2 L(l—,[a’)[l_ 21—,3)

L=1=T2 %IogZ
Back in the original variables, X and C, we get:
X(0) = C(0)é(0) = 2 £(0) ana X(T) = C{T)e(T) = 6¢(T)

and recalling the halving hypothesis at the divisieach offspring will start with
an initial concentration of SRM equal ta=%(T)/2, we thus obtain:

6 6
X, ==£&(0) and X, == &(T).
2 2
Hence we can conclude thatnf > (&) for all & then for any initial

concentration of SRM Kthe successive generation will start with a larger
amount of SRM:



- 0¢(r)> 2 £(0) =
X =2 &(1)>2.£(0)= X,

This of course holds true for any division and tiugsconclude that in this case
the number of SRM grows unbounded.

Still using the new auxiliary variableg, and C, let us now consider the
remaining case: there exist N positive val§esuch thatp(§;) = n. This means
that the function ) = & (n - Y(§)) has N+1 roots, the N ones @fand&,=0.
Each root of f corresponds to a steady solutioii3dtb) while discarding the
division mechanism. By assumption each root isstrarsal and they are ordered
by increasing magnitude, thus performing a locahbity analysis in
neighborhoods of each root, we can prove éwatn indexedoots areunstable
equilibria, while odd indexedarestablée™.

A simple analysis of the one-dimensional systeni| discarding the
division mechanism, tell us that for a@{0) in 1,=(§,.,, &»), for some I=1,...,N’,
theng(t) will asymptotically converge t§,.1, observe the minus sign in front of
P(&) which reverses the usual stability condition tesflato the sign of the first
derivative. Moreoveg(t)- &,.; has the same sign th&(0)— &,.; and §(t)- &,
1|<E(0)- &,.4], namely the orbit never leaves the interyal |
Let us now introduce the division mechanism andbgek to the original
variables. The equation (3.2a) still implies ag#imat C(t) is an increasing
function of time and thus there always exists aisiim time T, C(T)#® if
C(0)=06/2. To each root§, we associate the valués= 6¢,/2 and the intervals
b= (2211 Z211)-

The behavior in th€ variables can be translated for the X variables, a
follows. For X belonging to some,Jthen, calling T the division time, we have:

x(r)_c(r)e(r) e

_ _0 _
X =C(0)¢(0) =7 ¢(0) and X, == =4,
moreover:
_ 6 7] 7] 6 _
|X1—:2,|=‘55(T)—552| <‘E<{(O)_Ele =|X0—:2||

and X, — =, has the same sign t X, —=,, . Namely X still belongs to 5

and it is closer ta=, than X. The same considerations hold for the second
generation, which start with an initial amount ofSRM of X;; we can thus
construct in this way a sequence of initial amamX-SRM at each generation

# gettingU = & — & we get from (3.2bU = —C’H(u + gzl )(ﬂ'(fl )U +..., and the

I
stability claim is thus obtained.
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Xk, converging ta=,. Once % converges to a fixed value, the same holds true
for the division time and thus synchronization ltained asmergent property

of the model, moreover the asymptotic value forahmunt of X-SRM depends
onn but also on the growth rate of the container.

Let us observe that the transversality assumptean if it is generically
verified - if for some value off we have a non-transversal root, just by slightly
changingn the root is preserved and it becomes a transversal- can be
relaxed without changing the analysis of the moebetept the rate at which now
the synchronization is reached, which will be slpimethis case.

4. Non-linear replication rate for the SRM

In this section we relax the second hypothesishef basic model (2.3) by
allowing general non-linear rates for the replioatof SRM. The linear (or the
sublinear) rates analyzed™irrepresenting particular cases, while the analysis
described here is definitely more general and lgripelependent from specific
hypotheses.

Let the replication rate be described by some pesitinctiong(s) of a real
positive variable s, and assume the following:

c) @0)=0, namely the SRM doesn'’t replicate if there aBo SRM at
all. More precisely there exists 0 < p < 2 such foas sufficiently
small we havey(s) ~ $.

d) There exists a positive constant M, such thagafios > 0, we have:
¢(s) < M, namely the instantaneous replication rate oMSR
always finite.

Observe that if we introduce the hypothesis th@) goes to 0 when s
becomes unbounded, this model can describe anirhibitory mechanism for
the template replication: too many SRMs preventtirgainer growth.

Assuming a linear container growth with respedhm amount of X and the
previous assumptions on the replication rate of SRillen model (2.3) can be
rewritten as follows:

dC

== qCPX
dt

d_X: Cﬁ4£j
dt C

The main result of this section is that synchromiais a emergent property of
our model once self-replication has a generic mozar, as stated by the
following theorem which will be proved in the ngpdragraph.

(4.1)

11



Theorem

Let us denote by Xhe initial amount of X-SRM, inside the contairedrthe g
division and leta > 0, 7 > 0 and 2/3< <1 be assigned positive constants.
Under the previous assumptions of the funcgiplet us call/ the set of roots of
the equationa(d) = @) - a Z?> and assume they are all transversal. Then
X, - &, /2 whered is an element ofl such thatg({) -2 a ¢ i< 0; toward
which element actually,Xloes converge depend on the initial concentra¥gn

4.1. Synchronization for generic non-linear growth of self-replicating
molecules.

Once again to analyze this model let us introduceaaxiliary variable
(H)=X(t)/C(t), which allows to rewrite (4.1) as fols:

d_C = aCﬁZ
:t . (4.2)
o= d)-ac?)

Let us analyze this model by starting with the ialiviixed point ¢ = 0.
Assumption c) implies that &f is sufficiently small, but positive, thep(?)-a
~ P, hence positive, namely the origin is an unstabjglibrium point.

Assumptions c¢) and d) imply that the functiapig) anda Z* have at least a
non-zero intersection point; moreover all the inggtion points are contained in
the bounded interval [A], where A :1/M/a. We can also assume these
intersection points to be transversal ones.

Let us call; the Q distinct (Q = 1 is allowed) positive interens points
of the functionsp() anda Z?, namely the roots of the functionZy(= @) -
a Z2. Once again let us divide these points into twaugs: a first group denoted
by A% is formed by those for whiclp(Z;) - 2a ¢ < 0, and a second group,
denoted by\” for which@(Z) - 2a ; > 0 together witlf = 0. Moreover to each
¢ in A° we can uniauely associate two elemed; <, <, inA” and an
intervaf® 1, = Zf,(;j

Discarding for the time being the division mechamis simple analysis of
the one-dimensional system (4.2b), tell us thataioy (0) in I;, then{(t) will
converge ta; as t increases. Moreovéft)— {; has the same sign thg(0)- ¢;
and {(t)- ¢|<K(0)- ¢;|, namely the orbit never leaves the interval |

Let us now consider the division mechanism and gckkto the original
variables. The equation (4.2a) implies again th#&t i€ an increasing function of

% |n the case there exists only one root, we;sé ).

12



time and thus there always exists a division tim€{T)=0 if C(0)=6/2. To each
root {; we can associate a val@=6zi/2, hence an interveJ, = (Zf,Z; ,
where for I=1,2Z; = HZf/Z, and {;” have been defined previously.

The behavior of thé€ variables can be straightforwardly translated ih
following one for the X variables. ForgXelonging to some then, calling T the
division time, we have:

xO:c(o)Z(o):g((o) and X, = 5T =27(1),
maoreover.

19 V-7 <l sV -G 7= -7
le—zil—‘zz(T) Zzi‘<‘25(0) 25.‘ %o =2

and X, —Z, has the same sign X, — Z,. Namely X still belongs to Jand it
is closer to Zthan X. Thus can repeat the same consideration for tbenge
generation which start with an initial amount ofSRM of X;, thus we construct
in this way a sequence of initial amount of X-SRMeach generation X
converging toz;.

Hence we can conclude that synchronization is &edieand it is an
emergent property of the model; moreover the asgtigptalue for the amount
of X-SRM depends, of course, on the functignbut also ona, namely the
“speed” of growth rate of the container.

Let us observe that the transversality assumpterm lme relaxed without
changing the analysis of the model, the only chaagde the rate at which now
the synchronization is reached, which will be slpimethis second case.

A “simple” function which verify our assumptions is

As)=——>

~a% +b%"
for some positive p <2 and g > 0.

5. Conclusions

In this paper we have improved a basic model intced irt® to describe a class
of abstract protocells hypotheses, calldface reaction modebecause the
mechanisms responsible for the growth of the lip@htainer and the self-
replicating molecules are assumed to take placetheacell surface. Although
the inspiration was drawn from the Los Alamos bugpdthesis, the high
abstraction level of our models may allow their laggtion to a broader set of

13



detailed models.

We also introduced a powerful analytical technitustudy the behavior of
this class of protocell models, which combines icantm methods, used to
describe the growth between two successive prdtdaglications, and discrete
maps which relate the initial value of the relevgoantities of two successive
generations. This technique also allows us to dm@elusions on the asymptotic
properties of a micelle or a thin vesicle, by amsiyg the “thin vesicle” case
only, i.e.p=1.

It has been shown that, under general non-lineawttyrfor the container or
the replication rate of SRM, the replication ratcdmes constant in the long
time limit, which in turn implies exponential grdwtof the population of
protocells, unless there are other limitations towgh. Synchronization of
container and SRM duplication is here an emergeopgrty, while in earlier
models, like the Chemoton, it was imposed a pribrough a stoichiometric
coupling. This phenomenon of exponential growthtfer population size, could
eventually produce a Darwinian selection in theugro

We recently became aware of the fact that a sinsijgachronization has
been demonstrated by Rasmussen and co-workersothesinprotocell model,
using a different approattassuming linear growth for the container and a
sublinear one for the SRM replication. This suggékat such synchronization
phenomena may be “generic”, i.e. common to seygmbcell models

In the case where the growth of the self-repligatimlecules is fully non-
linear, it has been shown here that several passifymptotic values for the
amount of SRM in the protocell, can be present,ahe which will be chosen
depend on the initial amount of SRM and on a pacuiglation between the
function describing the growth rate of the SRM #émel “speed” of the container
growth. A similar result is obtained when considgra non-linear growth for the
container.

The models we studied are quite general and theypeapplied to describe
several specific systems.
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