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A�=9? R J�BNk�M>IK[�O�?�J�LX435�Ê�;>[�[�\gMt��AhIY;2?gJ*G�5�ÌSIKA�B�AhIKA�¾*A�B�i}? R J�IKM�L�J�G

mk
AhB�=@A�L�J�? R Jl?g\�O�=z?�\gJ*i>A�M>B

Bk
8SU R J

?�\gA�;>G�[�MeAhBV?
xk + sk

A�=9? R J*BN;>k�k�J�[�?�JrL�;e=�? R J�B�J*�3?~A�?gJ*\�;2?�J
xk+1

Ah� ;>B�L�M>B�G�5�Ah�
ρk

C ? R J�\g;H?�A�M

ρk
def
=

f(xk) − f(xk + sk)

mk(xk) −mk(xk + sk)

MH�0;ek R AhJ�p>JrL \gJ�L�O�k�?gAhMeB�Ê A�B$? R J7M>4�ÍzJ�k�?gAhpeJY� O�B�k�?�A�M>BNÌ�?�M [�\�JrL�A�k�?�JrL \gJ�L�O�k�?�A�M>B�Ê�AhB A�?�=�G�M�k*;HG�IKM3L�J*G
mk

Ì C
A�=lG�;H\gi>J�\�? R ;>B ; =�IY;HG�GS[�MV=@Ah?�A�p>JYk*M>B�=@?g;>Be?

η1
Ê�A�?gJ*\�;2?gAhMeB

k
A�=l? R J�B k*;HG�G�J�LNHOGQPOP�Ò�H)H'ROG Ô Ì�8Y �B ? R J�k�G�;>=g=�A�k*;>G

� \g;>IKJ*�9M>\�É C ? R J�?�\gO�=z?�ux\gJ*ieAhMeB \g;eL�AhO�=~A�=0O�[
L�;H?�J�L�;2?0? R J�J�B�LNM>� Jr;>k R Ah?�J�\g;H?�A�M>B-w<Ah?nA�=~G�J��,?lO�B�k R ;>B�i>JrL M>\
AhB�k�\gJ�;>=�J�L)Ah��? R J�?�\gA�;HG�[�M>A�Be?SA�=S;ek*k�J�[�?�JrLvÊ,? R ;2?SA�=yA��

ρk > η1
Ì C ;HB�LKL�Jrk�\gJ�;>=�J�L)MH? R J*\g��A�=@Je8� �B}? R A�=Sk�;>=�J C ? R J

B�J*� p2;HG�O�J
∆k+1

A�=yk R MV=@J�B�A�B�? R J<AhBV?gJ*\gpt;>G
[γ0‖sk‖, γ1‖sk‖]

� M>\y=�M>IKJ9k*M>B�=@?g;>BV?g=
0 < γ0 < γ1 < 1

891 R J�B
ρk

A�=nB�J*iV;2?�A�p>J C ;7�VO�;eL�\�;2?�A�k���?�MH� ? R J)IKM3L�J*G�A�=0O�=@JrL Ê�;e=~A�B f M>B�BNJ�?�;>G|8 C d>]>]e] C [�8n^2`>�SÌ C ?�MXL�J�?�J�\�IKA�B�J
;K?�J�BV?g;2?gAhpeJ�B�J�� \g;eL�AhO�=�� R Me=�J�[�O�\�[�Me=�J�A�=�?�MXJ*B�=�O�\gJ�? R ;2?~? R J�B�J*�3?nAh?�J*\�;2?gAhMeBNA�=0p>J�\�5 =@O�k*k�Jr=�=@� O�G�AhB ? R J
=@J�B�=�Jn? R ;2?

ρk+1 > η2
� Me\~=@MeI}J

η2 ∈ (η1, 1)
8SU R A�=<p2;HG�O�J�A�=<i>A�p>J�BX435

θk∆k
C � R J*\gJ

θk
def
=

(1 − η2)〈∇xf(xk), sk〉

(1 − η2)[f(xk) + 〈∇xf(xk), sk〉] + η2mk(xk + sk) − f(xk + sk)
.

Êxd�8�d�Ì

mnO�\�B�J*� ;HG�i>Me\�Ah? R I L�A�P
J*\�=�A�B7? R ;2?�? R J�?�\gO�=z?�ux\gJ*ieAhMeB7\�;>L�A�O�=9A�=�O�[
L�;2?gJ�L�;2�,?�J�\�J�;ek R =�O�k*k*J�=g=z� O�G�A�?gJ*\�;2u
?�A�M>B

k
Ê,? R ;2?~A�=�;2?�? R J�4�J�i>A�B�B�A�B�iKMH� A�?gJ*\�;2?�A�M>B

k + 1
Ì�MeBX? R J�4�;e=@A�=9MH��? R JSF«Ò Ó�FTL�H�U¢Ò)P Ó�K+V¤Ò�\g;H?�A�M

ρ̃k+1
def
=

f(xk+1) − f(xk+1 − sk)

mk+1(xk+1) −mk+1(xk+1 − sk)
=

f(xk) − f(xk + sk)

mk+1(xk) −mk+1(xk + sk)

MH�n;ek R A�J*p>JrL ?gM [�\gJ�L�A�k�?�J�L�k R ;>B�i>Jr= C � R A�G�J k*M>BV?�A�B3O�A�B�i�?gM O�=@J
ρk

?�M L�Jrk�A�L�J � R J�? R J*\}? R JX?g\�A�;HG<Ah?�J�\g;H?�J
IY;t5N4�J�;ek*k�J�[�?�JrL�87mnO�\�IKJ�? R M�L�? R J*\gJ�� Me\�JKL�A�=z?gAhB�i>O�A�= R J�=�? R JK?z��M \gM>G�J�=�[�G�;t5>J�L�435

ρk
A�B�? R J�k�G�;>=g=�A�k�;HG

;HG�i>Me\�Ah? R I w
? R ;2? MH��L�Jrk�A�L�A�B�in;ek*k�J�[�?g;>B�k�J�MH��? R J�?g\�A�;HGVAh?�J*\�;2?gJ�;>B�Ll? R ;2?�M>��L�J*?�J*\gIKAhB�AhB�i0? R J9\�;>L�A�O�=-O�[�L�;H?�Je8
  ?�;>G�=�M7J*�3[�GhA�k�Ah?�J�Gh5�?g;�É>Jr=~A�Be?gMX;ek*k�MeO�BV?0? R ;2?

mk+1
C B�M>?

mk
C A�=nO�=�J�LN��Ah? R AhB�? R J)?�\gO�=@?n\gJ*i>A�M>BNM>��\�;>L�A�O�=

∆k+1

8�U R O�= C � R J�BK? R J�Ah?�J�\g;H?�J R ;e= ��\�=z?S4�J*J�B�;>k�k�J*[�?�J�L C ? R ;H?�A�=y� R J*B
ρk > η1

C �9J~k�MeIK[�O�?�J<? R A�=S\�;>L�A�O�=
4357J*Ah? R J*\0A�B�k*\�Jr;>=�AhB�i}? R J�k�O�\�\gJ*BV?~\�;>L�A�O�=<M>\0GhJr;tpVA�B�iKAh?nO�B�k R ;HB�ieJ�LXA��

ρ̃k > η̃1
Me\~L�J�k*\�Jr;>=�J�A�?0M>? R J�\���A�=�J>8

 �B�? R A�=�G�;>=@?0k*;>=�J C Ah?~A�=~;HiV;HA�B�k R MV=@J�BXA�B�? R J�A�BV?�J�\�p2;HG
[γ0‖sk‖, γ1‖sk‖]

8�ENM>\gJ*M2peJ*\ C � R J�B
ρ̃k

A�=�B�J*iV;2?gAhpeJ C;Y�VO�;>L�\�;2?gA�k���?0MH� ? R J�IKM3L�J*G�A�=~O�=@JrL�;e=0;>4�M2peJn?gM7L�J*?�J*\gIKAhB�J�;K?�J�Be?�;2?gAhpeJ�B�J*� \�;>L�A�O�=�� R A�k R ��A�GhG�IK;�É>J
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? R J}B�J*�V?lAh?�J*\�;2?gAhMeBFp>J�\�5 =�O�k*k*J�=g=z� O�G�A�BF? R J}=�J*B�=�J)? R ;H?
ρ̃k+1 > η̃2

� M>\l=@MeIKJ
η̃2 ∈ (η̃1, 1)

8�U R A�=0p2;>GhO�J}A�=
i>A�p>J�BX435

θ̃k+1∆k
C � R J�\�J

θ̃k+1
def
=

−(1 − η̃2)〈∇xf(xk+1), sk〉

(1 − η̃2)[f(xk+1) − 〈∇xf(xk+1), sk〉] + η̃2mk+1(xk) − f(xk)
.

Êxd�8 �,Ì

� M>?�A�k�J�? R ;H?
θ̃k+1

O�=�J�=9? R J�i>\�;>L�AhJ�Be?�;2?�? R J�B�J�� [�M>A�Be? C \�;2? R J*\9? R ;>B�? R J�MeG�LXM>B�J�;e=9AhB�Ê|d�8 d,Ì�8
U R A�=}G�J�;eL�=�?gMF? R JX\gJ�?g\�MV=@[�J�k�?�A�p>JY?g\�O�=z?�ux\gJ*ieAhMeB I}J*? R M�L L�J�=gk�\gAh4�J�L ;>=}�~G�i>M>\gAh? R I d�8�a C A�B � R A�k R �9J

GhJr;tp>J)? R JY[�\�Jrk�A�=@JKL�J���B�A�?gAhMeB�=�M>��? R JYI}M�L�J�GxÊ�;H?)jV?�J�[�a¤Ì�;HB�L MH�>Î@=�O���k�A�J*BV?�\gJ�L�O�k�?�A�M>BsÏ�Ê�;H?�j3?�J*[ �SÌ~� Me\
? R J�B�J��3?~=@Jrk�?�A�M>B�8

����� ¹¢º���	�

�������N½��Ë¶�	 º�¹A¼���¶���	����N¶�	 º��&¼�	��«º�¶ � �`¹ �"! ��� ¹Nº��#	$
%�'&(��)*�,+
- 	C¶��/.	½10��%��	���! � �­¼$!�	$�­¹2�3� �~BNA�B�A�?gA�;>G�[�M>A�BV?

x0

;HB�L A�B�Ah?�A�;HG-?g\�O�=z?�ux\gJ*ieAhMeBX\�;>L�A�O�=
∆0 > 0

;H\gJ�i>A�p>J*B�8
U R J�k*M>B�=@?g;>BV?g=

η1
C η̃1 C η̃2 C γ0

C γ1

;>B�L
γ2

;H\gJ�;HG�=�M�i>A�p>J�B ;>B�LF=g;2?gA�=@� 5
0 < η1 < 1 C 0 < η̃1 6

η̃2 < 1
;>B�L

0 < γ0 < γ1 6 1 6 γ2

8 f MeI}[�O�?�J
f(x0)

;>B�L�=@J*?
k = 0

8
- 	C¶��4�A½15 ¹�»
¶ � »
¶�67�%��	��­¹2�8� j3J�GhJrk�? ; ?z��A�k*J�u�k�MeBe?gAhB3O�MeO�=�Gh5 L�AhP
J*\gJ*BV?�A�;H4�G�J IKM�L�J*G

mk
L�J���B�J�L

A�B
Bk

8
- 	C¶��9��½1��¶�	 º�¹N¼��V¶:�;	$�#�A¶�	 º��
¼�	<��º�¶ � �­¹2�cº�!�»%���
¼=�%�V»
!�	C¶2�   �

k = 0 C ieMn?gM�jV?�J�[K��8�  �
xk = xk−1

C
? R J*BNk R M3Me=�J

∆k =

{

γ1‖sk−1‖
A��
ρk−1 ∈ [0, η1)

C
min[γ1‖sk−1‖,max[γ0, θk−1]∆k−1]

A��
ρk−1 < 0 C

Êxd�8 � Ì

� R J�\�J
θk−1

A�=�L�J*��B�J�L�A�B�Ê|d�8�d�Ì�8 v G�=@J C L�J���B�J

ρ̃k =
f(xk−1) − f(xk)

mk(xk−1) −mk(xk)

Êxd�8���Ì

;HB�LXk R M3MV=@J

∆k =



















max[γ2‖sk−1‖,∆k−1]
A��
ρ̃k > η̃2

C
∆k−1

A��
ρ̃k ∈ [η̃1, η̃2)

C
γ1‖sk−1‖

A��
ρ̃k ∈ [0, η̃1)

C
min[γ1‖sk−1‖,max[γ0, θ̃k]∆k−1]

A��
ρ̃k < 0 C

Êxd�8 s Ì

� R J�\�J
θ̃k

A�=�L�J*��B�J�L�A�B�Ê|d�8 �,Ì�8
- 	C¶��/>	½ - 	C¶��?�@! � �@� � !�	��`¹ �8� f MeIK[�O�?�J�;K=@?�J*[

sk
? R ;2?VÎ�=@OA�Yk*AhJ�BV?�G�5Y\�JrL�O�k�Jr=9? R JlIKM�L�J*G�Ï

mk
;>B�L

=�O�k R ? R ;2?
xk + sk ∈ Bk

8
- 	C¶��?B
½ � �@��¶��%	$!A�
��¶b¹ CD	$

¶�	Cº���! � �V¹2���E	@� f MeI}[�O�?�J

f(xk + sk)
;>B�L�L�J���B�J

ρk =
f(xk) − f(xk + sk)

mk(xk) −mk(xk + sk)
.

Êxd�8 ^|Ì

  �
ρk > η1

C ? R J�B L�J*��B�J
xk+1 = xk + sk

;>B�L k*M>IK[�O�?gJ
∇xf(xk+1) F

M>? R J�\���A�=@J�L�J���B�J
xk+1 = xk

8y �B�k*\�J�IKJ*BV?
k

435�a�;>B�L7ieM}?�M�jV?�J�[ a>8
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� � Ä"Á ;"6�Ã�>"6�Á5Ç36 Â B,6�Ä2Ã��
1 J B�M2� AhB3peJ�=@?�A�ie;2?gJ�? R JFk�MeBVpeJ*\gi>J�B�k�JX[�\�Me[�J�\@?gAhJr=}MH�nMeO�\Y;HG�i>Me\�Ah? R I 8 j3AhB�k�JNAh?Yk�;HB�4�JNk*M>B�=�A�L�J*\gJ�L ;e=
;�pt;>\�A�;HBV?KMH�n? R JN4�;e=@A�k7?�\gO�=z?�ux\gJ*ieAhMeB IKJ�? R M�L M>� f MeB�B�J�?�;HGx8xÊ|d>]>]>]SÌ C ��J�J���[�J�k�?7=�A�I}A�G�;H\K\�Jr=@O�G�?�=Y;HB�L
=@A�i>B�A���k�;HBV?)=�AhIKA�G�;>\�Ah?�A�J�=�AhB ? R J*A�\}[�\�M3M>��=*8N �B � R ;H?�� MeGhG�M2�~= C �9J R ;tp>JX;2?@?gJ*IK[�?gJ�L ?gMF4�JXJ���[�G�A�k*A�?}M>B ? R J
;>=g=@O�I}[�?�A�M>B�=�;>B�L7[�\�Me[�J�\@?gAhJr= C 4�O�?�?�MK\�J*� J*\<?gM f R ;H[�?gJ*\ s MH��? R A�=�\gJ�� J�\�J�B�k�Jl� R J�B�J*peJ*\<[�MV=�=�A�4�GhJe8

mnO�\~;>=g=@O�I}[�?�A�M>B�=�;>\�J�A�L�J*BV?�A�k*;>G�?�M}? R Me=�J�O�=@JrL7� Me\<? R J�4�;>=�A�kn?�\gO�=@?@u \�J�i>A�M>BXI}J*? R M�L�8
� ��� U R J��~J�=g=�A�;>B�M>��? R J�Me4fÍzJ�k�?�A�p>Jl� O�B�k�?�A�M>B

∇xxf
A�=~O�B�A�� Me\�IKG�574�M>O�B�L�J�L C A|8 J>8�? R J�\�J�J*��A�=@?g=~;K[�Me=�Ah?�A�p>J

k*M>B�=@?g;>Be?
κ ���
	 =�O�k R ? R ;H? C � Me\~;HG�G

x ∈
  Z n C

‖∇xxf(x)‖ 6 κ ���
	 .
� � � U R J0IKM�L�J*G

mk
A�=S��\g=@?@u M>\�L�J�\�k�M R J*\gJ*BV?���Ah? R ? R J0� O�B�k�?gAhMeB

f
;2?9J�;ek R A�?gJ*\�;2?�A�M>B

xk
C A|8 J>8�? R J*A�\�p2;>GhO�Jr=

;>B�L�i>\�;>L�A�J*BV?g=<;>\�J�J��VO�;>G-;2?
xk

� Me\~;HG�G
k

w

mk(xk) = f(xk)
;>B�L

gk
def
= ∇xmk(xk) = ∇xf(xk).

� � > U R J��~J�=g=�A�;>B�M>��? R J�IKM�L�J*G
∇xxmk

A�=0O�B�Ah� M>\gI}G�574�M>O�B�L�J�L C A|8 J>8�? R J�\�J�J*��A�=@?g=~;Yk*M>B�=@?g;>BV?
κ ���
	 > 1=�O�k R ? R ;H? C � Me\~;HG�G

x ∈
  Z n ;HB�L�� Me\~;HG�G

k C

‖∇xxmk(x)‖ 6 κ ����	 − 1.

� � B U R J0L�J�k*\�Jr;>=�J<M>BK? R J~IKM3L�J*G
mk

A�=S;2?�G�J�;e=z?9;>=yI)O�k R ;>=S;�� \�;>k�?�A�M>BKMH�
? R ;2?�Me4�?g;>AhB�J�LY;2?�? R J f ;>O�k R 5
[�M>A�BV? F Ax8 Je8 ? R J�\�JlJ*�3A�=@?g=~;Kk�MeB�=@?g;HBV?

κ ����� ∈ (0, 1)
=�O�k R ? R ;2? C � M>\~;>GhG

k C

mk(xk) −mk(xk + sk) > κ ����� ‖gk‖min

[

‖gk‖

βk
,∆k

]

��Ah? R
βk

def
= 1 + max

x∈Bk

‖∇xxmk(x)‖
8

� M>?�J)? R ;H?���8 � =�[�Jrk�Ah��J�=�? R JKB�MH?gAhMeB�MH��Î@=�O���k�A�J*BV?l\�JrL�O�k�?gAhMeBsÏ)O�=�J�L�AhB jV?gJ*[ �7M>��M>O�\�;>GhieM>\gA�? R I C � R AhG�J
? R JKk R MeA�k*J�MH�

mk
A�B�jV?gJ*[$a)A�=�G�AhIKAh?�JrLF435N��8�d�;HB�L���8 ��8 1�J};>G�=�M�B�M>?�J�? R ;2?

sk 6= 0
� R J�B�J*peJ*\

gk 6= 04�Jrk*;>O�=@JlM>����8 � 8

����� ������������ !�"�$#%�'&(�*),+���-.&0/213��4$���5�6��+7&8+�#%9;:=<>��+?��&(-
 �B ? R A�=�=@Jrk�?gAhMeB C �9J [�\gM2p>JX? R ;H?}? R JN\gJ�?�\gMe=�[�J�k�?gAhpeJ7?g\�O�=z?�ux\gJ*ieAhMeB ;HG�i>Me\�Ah? R I A�=YieGhMe4�;HG�G�5$k�M>B3peJ*\gi>J*BV?)?�M
��\�=z?�uxMe\gL�J�\�k�\gAh?�A�k*;HG9[�M>A�Be?�= C AhB ? R J =@J�B�=�J�? R ;2?)J�p>J�\�5 G�AhIKAh?}[�M>A�BV?

x∗
M>�~? R JX=�J��VO�J*B�k�J7M>�0Ah?�J*\�;2?gJ�=

(xk)[�\gM3L�O�k�JrL7435Y? R J�;HG�i>Me\�Ah? R I d�8�a�=g;2?gA�=@��J�=

∇xf(x∗) = 0

Ah\g\gJ�=�[�Jrk�?�A�p>J�MH��? R J�k R M>A�k�J�MH��? R J�=@?g;>\@?gAhB�i)[�M>A�BV?
x0

;HB�LXA�B�Ah?�A�;HG�?g\�O�=z?�ux\gJ*ieAhMeB�\g;eL�A�O�=
∆0

8
1 Jl��\�=@?<ieAhpeJ�;)4�M>O�B�L�M>BX? R J�J�\�\gM>\94�J*?z��J�J*BX? R Jl?g\�O�J�M>4fÍzJrk�?�A�p>Jn� O�B�k�?�A�M>B

f
;>B�L�A�?�=�k�O�\g\gJ*BV?�I}M�L�J�G

mk
;2?�? R J�[�\gJ*p3A�M>O�=9Ah?�J*\�;2?gJ

xk−1

8
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)*
&¶S¹Nº�¶:� > ��� j3O�[�[�Me=�Jl? R ;H?~��8�a��3��8 � R MeG�L-8SU R J*B �9J R ;tp>Jn? R ;H?

|f(xk) −mk−1(xk)| 6 κubh∆
2
k−1

Ê���8�aEÌ
;HB�L C A�� Ah?�J*\�;2?gAhMeB

k − 1
A�=~=�O�k*k*J�=g=z� O�G C ? R ;2?

|f(xk−1) −mk(xk−1)| 6 κubh∆
2
k−1

Ê���8�d�Ì
� R J*\gJ

κ ����	 def
= max[κ �7� 	 , κ ���
	 ]. Ê���8 �,Ì

�¨º¤¹	¹ C � U R J�4�M>O�B�LJÊ���8�aEÌ<L�Ah\gJ�k�?�G�57\gJ�=�O�G�?�=<� \gM>I U R J*M>\gJ*I s 8 � 8�a�A�B f M>B�B�J*?n;HGx8	ÊxdH]>]e],Ì�8 1 J�? R O�=
M>B�G�5)[�\�M2peJ�Ê���8 d,Ì�8 :�Jrk*;>O�=@J~? R JnM>4fÍzJrk�?�A�p>J~� O�B�k�?gAhMeB7;HB�LK? R JnIKM3L�J*G
;H\gJ

C2
� O�B�k�?�A�M>B�= C �9J~IY;t5};>[�[�G�5

? R JXI}Jr;HB p2;HG�O�JY? R J*Me\�J�I MeB ? R J7Me4fÍzJ�k�?�A�p>JK� O�B�k�?�A�M>B
f

;>B�L M>B ? R J�IKM�L�J*G
mk

C ;>B�L M>4�?�;HA�B � \�MeI
xk−1 = xk − sk−1

? R ;H?

f(xk−1) = f(xk) − 〈sk−1,∇xf(xk)〉 + 1

2
〈sk−1,∇xxf(ξk)sk−1〉

Ê|��8 � Ì
mk(xk−1) = mk(xk) − 〈sk−1, gk〉 + 1

2
〈sk−1,∇xxmk(ζk)sk−1〉

Ê|��8���Ì
� M>\~=�M>IKJ

ξk
C ζk

A�B�? R J�=�J*ieI}J�BV?
[xk−1, xk]

8
:�Jrk*;>O�=@J�MH����8�d C ? R J)Me4fÍzJ�k�?�A�p>J�� O�B�k�?gAhMeB

f
;HB�L ? R J}IKM�L�J*G

mk
R ;tp>J�? R JK=�;>I}J�pt;>GhO�J);HB�LNi>\�;>L�A�J*BV?

;2?
xk

8SU R O�= C =�O�4�?g\g;ek�?�A�B�i�Ê���8 �,Ì�� \�MeI Ê���8 � Ì<;HB�L7?g;�ÉVA�B�iY;H4�=@MeGhO�?gJlpt;>GhO�J�=<53AhJ�G�L�=9? R ;H?

|f(xk−1) −mk(xk−1)| = 1

2
|〈sk−1,∇xxf(ξk)sk−1〉 − 〈sk−1,∇xxmk(ζk)sk−1〉|

6
1

2
[|〈sk−1,∇xxf(ξk)sk−1〉| + |〈sk−1,∇xxmk(ζk)sk−1〉|]

6
1

2
(κufh + κumh − 1)‖sk−1‖

2

6 1

2
(κufh + κumh − 1)∆2

k−1,
Ê|��8 s Ì

� R J*\gJl��J�=�O�k*k*J�=g=@A�p>J�Gh5�O�=@JrL�? R Jl?�\gA�;>B�i>G�JlAhB�J��VO�;HG�Ah?z5 C ? R J f ;HO�k R 5Vu�j�k R �<;H\�¾~A�B�J��VO�;>GhAh?z5 C ? R J�A�B�L�O�k*J�L
IK;H?�\gA��YB�Me\�I [�\gM>[�J*\�?�A�J�= C ��8�a C ��8 � C ;HB�L�? R J0��;>k�?�? R ;2?

xk ∈ Bk−1

AhIK[�G�A�J�=�? R ;H?
‖sk−1‖ 6 ∆k−1

8Sj3M
Ê���8�d�Ì9k*GhJr;H\gGh5 R M>G�L�=*8

2

U R O�=9? R J�;HB�;HG�M>i�M>��U R J�M>\gJ*I s 8 � 8�a0M>� f MeB�B7J*?�;>G|8´ÊxdH]>]e],Ì R M>G�L�=9A�BXMeO�\�k*;>=�J C � R J�\�J��9Jn\gJ*[�G�;>k*J~? R J
� M>\g�9;>\gLXL�AhP�J�\�J�B�k�J

f(xk+1) −mk(xk+1)
4357Ah?g=<\gJ�?g\�MV=@[�J�k�?�A�p>J�p2;H\gA�;>Be?

f(xk−1) −mk(xk−1)
8

�0=yMeO�\SB�J�� \�;2?�A�M
ρ̃k

O�=�J�=y? R J�\gJ�L�O�k�?�A�M>B}A�B
mk

AhB�=z?gJ�;>L}M>��? R J�\�JrL�O�k�?�A�M>BKAhB
mk−1

C �9J�;H\gJ<AhBV?�J�\�Jr=z?gJ�L
AhBN;}4�M>O�B�L�MeB7? R J*A�\0L�AhP�J�\�J�B�k�J C � R A�k R A�=�[�\gM2p3A�L�JrL�435�? R A�=�B�J��3?�\gJ�=�O�G�?r8

�V¶:� � ! > � � j3O�[�[�MV=@J�? R ;H?)��8�a�����8 � R M>G�L�8 U R J*B �9J R ;tp>JK? R ;2? C � Me\�J�p>J*\g5�=�O�k*k*J�=g=z� O�GSA�?gJ*\�;2?gAhMeB
k − 1 C

| [mk−1(xk−1) −mk−1(xk)] − [mk(xk−1) −mk(xk)] | 6 2κ ����	 ∆2
k−1.

Ê���8 ^|Ì

�¨º¤¹	¹ C � o =@A�B�iN? R J�IKM�L�J*G<L�AhP�J�\�J�Be?gA�;>4�A�GhAh?z5 C ��JX;H[�[�G�5 ? R JXI}Jr;HB p2;HG�O�JY? R J*Me\�J�I MeB ? R JXI}M�L�J�G
mk−1

C ;HB�LX��JlMe4�?g;>AhBX? R ;H?

mk−1(xk) = mk−1(xk−1) + 〈sk−1, gk−1〉 + 1

2
〈sk−1,∇xxmk−1(ψk−1)sk−1〉

Ê|��8 `,Ì
� M>\~=�M>IKJ

ψk−1

AhB�? R J�=@J�i>IKJ*BV?
[xk−1, xk]

8 Z J*IKJ*I)4�J�\<? R ;H?�Ê���8 �,Ì�A�BX? R Jl[�\gJ*p3A�M>O�=9[�\gM3MH��ieAhpeJ�=�? R ;2?

mk(xk−1) = mk(xk) − 〈sk−1, gk〉 + 1

2
〈sk−1,∇xxmk(ζk)sk−1〉

Ê|��8 b,Ì
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� M>\n=�M>IKJ
ζk

AhBF? R J}=@J�i>IKJ*BV?
[xk−1, xk]

8nj�O�4�=@?�Ah?�O�?gAhB�iJÊ���8 `SÌ�;HB�L Ê���8 bSÌ<AhB�=@A�L�J�? R J�G�J��,?�u R ;HB�LF=�A�L�J�MH�
Ê���8 ^|Ì C ;>B�L�O�=@A�B�iN��8 � C ? R JK?g\�A�;HB�ieGhJKA�B�J��VO�;>GhAh?z5 C ? R J f ;>O�k R 5euzj�k R �<;H\�¾�AhB�J��VO�;HG�Ah?z5 C ;>B�L ? R JYA�B�L�O�k*J�L
IK;H?�\gA��XB�M>\gI [�\gM>[�J*\�?�A�J�=<53A�J*G�L�? R ;2?

| [mk−1(xk−1) −mk−1(xk)] − [mk(xk−1) −mk(xk)] |

=
∣

∣−〈sk−1, gk−1 − gk〉 −
1

2
(〈sk−1,∇xxmk−1(ψk−1)sk−1〉 + 〈sk−1,∇xxmk(ζk)sk−1〉)

∣

∣

6 ‖sk−1‖ · ‖gk−1 − gk‖ + κ ����	 ‖sk−1‖
2
.

Ê���8har],Ì
� M2� Me4�=�J*\gp>Jn? R ;H? C 4�J�k�;HO�=�JlMH����8 d C ‖gk−1 − gk‖ = ‖∇xf(xk−1) −∇xf(xk)‖

8 1�Jl? R J�BN;H[�[�G�5Y? R J
I}Jr;HB�p2;HG�O�Jl? R J�M>\gJ*I MeB

∇xf
;HB�LXMe4�?g;>AhBX? R ;2?

∇xf(xk) = ∇xf(xk−1) +

∫ 1

0

∇xxf(xk−1 + αsk−1)sk−1 dα.
Ê���8haeaEÌ

U R O�=9? R J f ;>O�k R 5euzj�k R �<;H\�¾~AhB�J��VO�;HG�Ah?z5 C ;>B�LX��8halieAhpeJn? R ;2?

‖gk−1 − gk‖ 6

∫ 1

0

‖∇xxf(xk−1 +αsk−1)‖ · ‖sk−1‖ dα 6

∫ 1

0

κ �7� 	 ‖sk−1‖ dα = κ ��� 	 ‖sk−1‖.
Ê���8hatd�Ì

j3O�4�=@?�Ah?�O�?gAhB�iY? R A�=<4�M>O�B�L�A�B�Ê���8�a�]SÌ C �9JlM>4�?�;HA�B7? R ;2?

| [mk−1(xk−1) −mk−1(xk)] − [mk(xk−1) −mk(xk)] | 6 (κ ��� 	 + κ ����	 )‖sk−1‖
2

= 2κ ����	 ∆2
k−1

� R J*\gJl��J���B�;>GhG�57O�=@J�Ê���8 �SÌ C ;>B�LX? R Jl��;ek�?<? R ;H?
xk ∈ Bk−1

8
2

1 J}k�M>B�k�G�O�L�J�� \gM>I ? R A�=n\�Jr=@O�Gh?~? R ;2?n? R J�L�J*B�MeI}A�B�;H?�M>\�=�A�BN? R J�J���[�\gJ�=g=�AhMeB�M>�
ρ̃k

;>B�L
ρk−1

L�A�P
J*\n435
;7�VO�;>Be?gA�?z5 � R A�k R A�=nMH�S? R J}=g;HIKJ)M>\�L�J*\�;>=0? R J}J*\g\�Me\04�J�?z�9J*J�BN? R J}IKM�L�J*Gy;HB�L ? R J}M>4�ÍzJ�k�?gAhpeJ�� O�B�k�?�A�M>B�8
o =�AhB�iY? R A�=~Me4�=�J*\gpt;H?�A�M>B C ��J�;>\�J�B�M2� k*;>[�;H4�GhJ�M>� = R M2��A�B�iK? R ;2?~? R J�Ah?�J�\g;H?�A�M>B I�O�=@?04�J�=�O�k*k*J�=g=z� O�G�A�� ? R J
\g;eL�A�O�=0A�=�=�O���k�A�J*BV?�G�5F=@IY;>GhGSk*M>IK[�;H\gJ�LN?�MX? R JKi>\�;>L�AhJ�Be? C ;HB�L ;HG�=@MX? R ;2?�? R J}?�\gO�=@?@u \�J�i>A�M>BF\�;>L�AhO�= R ;e=n?�M
AhB�k�\gJ�;>=�J�AhB�? R A�=~k�;>=�J>8

)*
&¶S¹Nº�¶:� > � > j3O�[�[�Me=�Jl? R ;H?~��8�a��3��8 � R MeG�L-8�j3O�[�[�Me=�Jl� O�\�? R J�\�IKM>\gJn? R ;H?
gk 6= 0

;>B�LX? R ;H?

∆k−1 6 min

[

1 − η1,
(1 − η̃2)

(3 − 2η̃2)

]

κ �����
κ ����	 ‖gk−1‖.

Ê|��8�a��,Ì

U R J*B Ah?�J�\g;H?�A�M>B
k − 1

A�=~=�O�k�k�J�=g=@� O�G-;HB�L

∆k > ∆k−1.
Ê|��8�a � Ì

�¨º¤¹	¹ C � 1 J���\g=@?0;H[�[�Gh5 U R J*Me\�J�I s 8 � 8 d)MH� f MeB�BNJ�?n;>G|8
Ê|dH]e]>]SÌS?gM7L�JrL�O�k�J�? R ;H?0A�?gJ*\�;2?gAhMeB
k − 1

A�=
=@O�k�k�Jr=�=@� O�G�;>B�L}? R O�=�? R ;2?

xk = xk−1 + sk−1 6= xk−1

8Smn4�=�J*\gp>J�B�M2��? R ;2?�? R J0k*M>B�=@?g;>BV?g=
η̃2

;HB�L
κ �
���GhA�J�AhB�? R J�AhBV?gJ*\gpt;>G

(0, 1) C � R A�k R A�I}[�GhA�J�=<? R ;2?

(1 − η̃2)

(3 − 2η̃2)
<

1

2
< 1

;HB�L�? R O�=
κmdc

(1 − η̃2)

(3 − 2η̃2)
< 1.

Ê���8hat��Ì

U R Jnk*M>B�L�Ah?�A�M>B�=:Ê���8har�,Ì C Ê|��8�ar��Ì C ;>B�L'Ê���8 �SÌ C k�MeI�4�A�B�J�LK��Ah? R ? R J�L�J���B�A�?gAhMeB�MH�
βk−1

AhBX��8 � A�I}[�Gh5}? R ;2?

∆k−1 <
‖gk−1‖

κ ����	 <
‖gk−1‖

βk−1

.
Ê���8ha s Ì
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�0=~;Kk�MeB�=�J��VO�J*B�k�J C ��8 � A�IKI}JrL�A�;2?�J�Gh5Xi>A�p>Jr=�? R ;2?

mk−1(xk−1) −mk−1(xk) > κ �
��� ‖gk−1‖min

[

‖gk−1‖

βk−1

,∆k−1

]

= κ ����� ‖gk−1‖∆k−1.
Ê���8ha2^|Ì

mnB7? R J�MH? R J*\ R ;>B�L C �9JlIY;t57;H[�[�Gh57T�J*IKIY;K��8�d);>B�L�O�=�Jn? R Jl?�\gA�;HB�ieGhJlA�B�J��VO�;>GhAh?z5Y?�MKMe4�?g;>AhBX? R ;H?
∣

∣mk−1(xk−1) −mk−1(xk)
∣

∣ −
∣

∣mk(xk−1) −mk(xk)
∣

∣

6
∣

∣

[

mk−1(xk−1) −mk−1(xk)
]

−
[

mk(xk−1) −mk(xk)
]∣

∣

6 2κ ����	 ∆2
k−1

;HB�L7? R J�\�J*� M>\gJ C ��Ah? R Ê���8ha2^|Ì C ? R ;H?

|mk(xk−1) −mk(xk)| > |mk−1(xk−1) −mk−1(xk)| − 2κ ����	 ∆2
k−1

> κ ����� ‖gk−1‖∆k−1 − 2κ ����	 ∆2
k−1.

Ê���8har`,Ì
� M2�UÊ|��8�a��SÌ�A�IK[�G�AhJr=<? R ;H?

(3 − 2η̃2)κ ����	 ∆k−1 6 (1 − η̃2)κ �
��� ‖gk−1‖
;HB�LX? R O�=9? R ;2?

(1 − η̃2)(κ �
��� ‖gk−1‖ − 2κ ����	 ∆k−1) > κ ����	 ∆k−1 > 0.
Ê���8harb,Ì

1 Jl��B�;HG�Gh5�IY;t57;>[�[�G�57U R J�M>\gJ*I ��8ha�;HB�LXL�JrL�O�k*Jl� \�MeI ��8�d C Ê|��8�d�Ì C Ê���8�a�`SÌ9;HB�LbÊ���8harb,Ì�? R ;H?

|ρ̃k − 1| =

∣

∣

∣

∣

f(xk−1) −mk(xk−1)

mk(xk−1) −mk(xk)

∣

∣

∣

∣

6
κ ����	 ∆k−1

κ ����� ‖gk−1‖ − 2κ ����	 ∆k−1

6 1 − η̃2.
Ê���8 d>],Ì

U R J*\gJ�� Me\�J C ρ̃k > η̃2
;HB�LbÊ|d�8 s Ì�? R J�B�J�B�=�O�\�Jr=�? R ;H?�Ê���8�a � Ì R M>G�L�=�8

2

  ?�A�=�? R J*\gJ�� Me\�J}i>O�;>\g;>BV?�J*JrLN? R ;2?l? R JK?�\gO�=z?�ux\gJ*ieAhMeBF\�;>L�A�O�=lk*;>B B�M>?�4�J�L�Jrk�\gJ�;e=@JrLFA�B�L�J���B�A�?gJ*G�5�Ah��? R J
k�O�\g\gJ*BV?9Ah?�J�\g;H?�J�A�=<B�MH?~B�J�;H\�k*\�Ah?�A�k*;>GhG�5>8yU R A�=�A�=<J*B�=�O�\gJ�LX4V57? R J�B�J��3?<? R J�M>\gJ*I 8

)*
&¶S¹Nº�¶:� > � B j3O�[�[�Me=�J�? R ;H?0��8�a��3��8 � R MeG�L-8yj�O�[�[�Me=�Jl� O�\@? R J*\gIKM>\gJ0? R ;2?<? R J*\gJ�J���A�=z?�=�;)k*M>B�=@?g;>Be?
κ � ���

=�O�k R ? R ;2?
‖gk‖ > κ � ���

� Me\~;HG�G
k

8SU R J�BX? R J*\gJlA�=0;}k*M>B�=@?g;>BV?
κ � �?� =�O�k R ? R ;H?

∆k > κ � �?� Ê|��8�d�aEÌ
� M>\~;>GhG

k
8

�¨º¤¹	¹ C � U R Jl[�\gM3MH��A�=<? R J�=g;HIKJ�;>=9� M>\~U R J*M>\gJ*I s 8 � 8 �}A�B f MeB�B J�?0;>G|8�ÊxdH]>]e],Ì�J���k�J�[�?�? R ;2?

κ � ��� = min

[

1 − η1,
(1 − η̃2)

(3 − 2η̃2)

]

γ1κ ����� κ � ���

κ ����	 .

2

6�\gM>I R J*\gJ�M>B C ? R J�[�\�M3M>��� Me\�? R J)4�;>=�A�k�?�\gO�=z?n\�J�i>A�M>B ;H[�[�G�A�J�=���Ah? R MeO�?�k R ;HB�ieJ>8�1�J���\�=@?nL�J�L�O�k�Jl? R J
i>G�M>4�;>GVk*M>B3p>J�\�ieJ*B�k*JSMH��? R J�;HG�i>Me\�Ah? R I ?gM0��\g=@?@u M>\�L�J*\ k�\gAh?�A�k*;HGV[�M>A�Be?�= � R J*B)A�?yieJ*B�J�\g;H?�J�=�M>B�Gh5l��B�A�?gJ*G�5�IK;>B35
=@O�k*k�Jr=�=@� O�G�Ah?�J�\g;H?�A�M>B�=�8

)*
&¶S¹Nº�¶:� > ��� j3O�[�[�Me=�J�? R ;2?���8�a�����8 � R M>G�L�8�j3O�[�[�Me=�J�� O�\@? R J*\gIKM>\gJ�? R ;H?0? R J*\gJ);>\�J�MeB�G�5X��B�A�?gJ*G�5
IY;HB35�=@O�k�k�Jr=�=@� O�GVA�?gJ*\�;2?�A�M>B�=*8�U R J*B

xk = x∗
� M>\ ;HG�GV=�O���k�A�J*BV?�G�5�G�;H\gi>J

k
;HB�L

x∗
A�=���\�=z?�uxMe\gL�J*\�k*\�Ah?�A�k*;>G|8
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�¨º¤¹	¹ C � U R J�=g;HIKJ�;H\gi>O�IKJ�Be?0;e=�A�BFU R J*Me\�J�I s 8 � 8 � A�B f M>B�B J�?�;HGx8
Ê|d>]>]e],Ì�IY;t574�J);H[�[�GhA�J�L =�AhB�k�J
? R J<\�;>L�A�O�=�O�[�L�;2?�J<A�=�A�L�J�BV?�A�k*;HGV?gMn? R ;2? MH��? R J<4�;e=@A�kS?g\�O�=z? \�J�i>A�M>B�IKJ*? R M�L�� M>\ O�B�=�O�k*k*J�=g=z� O�GVAh?�J�\g;H?�A�M>B�=�8
2

6�A�B�;>GhG�5 C ? R J~B�J��3?y?z��M�\gJ�=�O�Gh?g= J�B�=@O�\�J<? R J�i>G�M>4�;>G�k�MeBVpeJ*\gi>J�B�k�J9MH��? R J~;>GhieM>\gA�? R I ?gMl��\g=@?@u M>\�L�J�\ k*\�Ah?�A�k*;>G
[�MeAhBV?�= C 435�= R M2��A�B�i7A�B�;7��\�=z?�=@?�J*[ ? R ;2?�;2?lGhJr;>=@?�MeB�JK;>k*k*O�I�O�G�;H?�A�M>B�[�M>A�BV?�MH�S? R JKA�?gJ*\�;2?�Jr=l=@Jr�eO�J*B�k*J)A�=
��\�=z?�uxMe\gL�J�\9k*\�Ah?�A�k*;>G|8

)*
&¶S¹Nº�¶:� > ��� j3O�[�[�Me=�Jl? R ;H?~��8�a��3��8 � R MeG�L-8SU R J*B M>B�J R ;>=9? R ;2?

lim inf
k→∞

‖∇xf(xk)‖ = 0.
Ê���8 ded�Ì

�¨º¤¹	¹ C � j3J�J�U R J*Me\�J�I s 8 � 8���A�B f M>B�B�J�?0;>G|8�ÊxdH]e]>],Ì�8
2

�0=)� M>\)? R J�4�;e=@A�kY?g\�O�=@?@u \gJ*i>A�M>B IKJ*? R M�L C ? R A�=)k�;HB$4�JXJ*�3?�J*B�L�J�L$?�M = R M2� ? R ;2?Y;HG�G�G�A�I}Ah?K[�MeAhBV?g=K;>\�J
��\�=z?�uxMe\gL�J�\9k*\�Ah?�A�k*;>G|8

)*
&¶S¹Nº�¶:� > ��� j3O�[�[�Me=�Jl? R ;H?~��8�a��3��8 � R MeG�L-8SU R J*B M>B�J R ;>=9? R ;2?

lim
k→∞

‖∇xf(xk)‖ = 0.
Ê���8 d>�,Ì

�¨º¤¹	¹ C � j3J�J�U R J*Me\�J�I s 8 � 8 s A�B f M>B�B�J�?0;>G|8�ÊxdH]e]>],Ì�8
2

����� ������������ !�"�$#%�'&(��� �"#%��� 4�/.1 �
4 ��� ����+�&8+�#%9;:=<>��+���&8-
1 JYB�M2� A�BVpeJ�=@?�A�ie;H?�J}? R JY[�Me=g=�Ah4�A�G�A�?z5N?gMNJ���[�G�M>Ah?�=@Jrk�MeB�L3u M>\�L�J*\�AhB�� M>\gIK;H?�A�M>B�M>B�? R JYM>4fÍzJrk�?�A�p>J}� O�B�k�?�A�M>B C
��A�? R ? R J�;>AhI M>��J�B�=�O�\�A�B�iKk�MeBVpeJ*\gi>J�B�k�J0?�M�=�J�k�MeB�L3u M>\�L�J*\<k�\gAh?�A�k*;HG�[�M>A�BV?g= C A|8 J>8y[�M>A�BV?g=

x∗
=�O�k R ? R ;2?

∇xf(x∗) = 0
;HB�L

∇xxf(x∗)
A�=�[�Me=�A�?gAhpeJ�=@J�I}A�L�J*��B�Ah?�J

.

m0� k*M>O�\�=�J C �9J�B�J*JrLX?�M7k*G�;>\�Ah� 5�� R ;H?0��J�[�\�Jrk�A�=@J�Gh5�IKJr;HBN435�Î�=@Jrk�MeB�L3u M>\�L�J*\<A�B�� M>\gIY;2?�A�M>BfÏ�8�1�J�? R J*\gJ�� Me\�J
AhBV?g\�M�L�O�k*J�? R Jl� MeGhG�M2��AhB�i};eL�L�Ah?�A�M>B�;>G-;>=g=@O�IK[�?gAhMeB�=�w
� � � U R J�I}M�L�J�G�A�=S;>=�53I}[�?�MH?gA�k�;HG�Gh5)=@Jrk�M>B�L3uxMe\gL�J*\yk�M R J*\gJ*BV?y��A�? R ? R J~Me4fÍzJ�k�?�A�p>J9� O�B�k�?�A�M>BYB�Jr;H\ ��\�=@?@u M>\�L�J*\

k*\�Ah?�A�k*;>G�[�MeAhBV?g= C Ax8 Je8

lim
k→∞

‖∇xxf(xk) −∇xxmk(xk)‖ = 0
� R J*B�J*p>J�\

lim
k→∞

‖gk‖ = 0.

� ��� U R J �0J�=g=@A�;HB�MH�<J*peJ*\g5NIKM3L�J*G
mk

A�=�T�Ah[�=gk R Ah?«¾Yk�MeBV?�A�BVO�M>O�= C ? R ;2?�A�= C ? R J*\gJYJ���A�=z?�=�; k�M>B�=z?�;HBV?
κ � � 	=�O�k R ? R ;H? C � Me\~;HG�G

k C
‖∇xxmk(x) −∇xxmk(y)‖ 6 κ � � 	 ‖x− y‖

� Me\~;HG�G
x, y ∈ Bk

8
� ���   ��? R J�=@IY;HG�G�J�=@?<J�AhieJ*B3p2;HG�O�J

τk
MH��? R J��0J�=g=@A�;HB�MH��? R J�IKM�L�J*G

mk
;2?
xk

A�=<B�J�ie;2?gAhpeJ C ? R J*B

mk(xk) −mk(xk + sk) > κ 	�
7� |τk|min(τ2
k ,∆

2
k)

� Me\~=@MeI}J�k*M>B�=@?g;>Be?
κ 	�
7� ∈ (0, 1

2
)
8
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U R J�=�J�;>=g=@O�I}[�?�A�M>B�=�;>\�JlA�L�J*BV?�A�k*;>G
?�MK? R Me=�JlO�=@JrL�AhBFj3Jrk�?�A�M>B�= s 8��);>B�L s 8 s M>� f MeB�B J�?~;HGx8	ÊxdH]>]e],ÌS� M>\<? R J
4�;>=�A�kY?�\gO�=@?@u \�J�i>A�M>B IKJ�? R M�L�8  �B ��;ek�? C ? R J =@Jrk�MeB�L3u M>\�L�J*\}k�M>B3peJ*\gi>J*B�k�JY[�\gM>[�J*\�?�A�J�=)MH��? R JX\gJ�?g\�MV=@[�J�k�?�A�p>J
?�\gO�=@?@u \�J�i>A�M>BKIKJ�? R M3L7;HG�=@Ml?gO�\�B7M>O�?�?�M�4�J0J*��;ek�?gGh5)? R J�=�;>IKJ0;>=S? R MV=@JnMH�
? R Jn4�;>=�A�k<?�\gO�=@?@u \�J�i>A�M>BKIKJ�? R M3L C
;HB�LX? R J*A�\~[�\gM3MH��=~k�;HB�J�=g=@J�Be?gA�;>GhG�574�J*J�B 4�Me\�\gM2��JrLY� \gM>I ? R A�=0k�;>=�J C ��Ah? R ? R J�J���k�J�[�?�A�M>B M>� T�J*IKIY; s 8���8 ��8
1 J�? R J�\�J*� M>\gJ�B�J*J�L�?gMY[�\gJ�=�J*BV?0;K[�\gMVM>��M>��? R ;2?n[�;H\�?�A�k�O�G�;H\�\gJ�=�O�Gh?�� M>\�? R J�B�J�� IKJ*? R M�L�8<�0=0��J�A�B�L�A�k*;H?�J
4�J�GhM2� C ;HG�G�MH? R J*\9\�Jr=@O�Gh?g=�i>J�B�J*\�;HG�A©¾�J~��Ah? R MeO�?9k R ;>B�i>Jn;HB�LY�9J0MeB�G�5}IKJ�Be?gAhMeBY? R J*I � M>\�? R Jl=g;|É>J0MH��k�G�;H\gAh?z5>8

 �BFM>O�\�;HB�;>GhMeiYMH�ST-J�IKIK; s 8���8 � C �9J�;e=�=�O�IKJ�? R ;2?0? R J�IKM�L�J�G�\gJ�L�O�k�?�A�M>BNA�=~J�p>J�Be?gO�;HG�G�5�=�AhieB�Ah��k*;>Be?nAhB
? R JX=@J�B�=@J�? R ;H?�A�?}A�=);2?�G�J�;e=z?)MH�<? R JX=�;>I}J7M>\�L�J*\�;e=�? R J�J*\g\�Me\�4�J*?z��J�J*B ? R J7IKM�L�J*G9;HB�L�? R J7Me4fÍzJ�k�?�A�p>J
� O�B�k�?�A�M>B-8 1�Jl? R J�B�= R M2�#? R ;2?�? R J�?�\gO�=@?@u \�J�i>A�M>B7\�;>L�AhO�=94�J�k*M>IKJ�=�;e=@53IK[�?�M>?�A�k*;>GhG�5YAh\g\gJ*G�J*p2;HBV?<A���? R J�=@?�J�[�=
?�J�B�LX?�M�¾*J�\�M�8

�V¶:� � ! > ��� j3O�[�[�MV=@Jl? R ;2?���8�a��3��8 � C ;HB�L���8 � R M>G�L�89j3O�[�[�MV=@J�;>G�=�M}? R ;H?~? R J*\gJ�J���A�=@?g=�;Y=�J��VO�J�B�k�J
(ki)

;>B�L ;Kk�M>B�=z?�;HBV?
κ ���7� > 0

=�O�k R ? R ;2?

mki
(xki

) −mki
(xki

+ ski
) > κ ���7� ‖ski

‖2
> 0

Ê���8 d � Ì
� M>\~;>GhG

i
=@O���k*AhJ�Be?gGh57G�;>\�ieJ>8y6�AhB�;>GhG�5 C =�O�[�[�Me=�Jl? R ;2?

lim
i→∞

‖ski
‖ = 0.

U R J*B Ah?�J�\g;H?�A�M>B
ki

A�=~=�O�k*k*J�=g=z� O�G-;>B�L

ρ̃ki+1 > η̃2
;HB�L

∆ki+1 > ∆ki

Ê|��8�d>��Ì
� M>\

i
=@O���k*AhJ�Be?gGh57G�;>\�ieJ>8

�¨º¤¹	¹ C � 1�Jn��\g=@?<;>[�[�G�5�T-J�I}IY; s 8���8 ��M>� f M>B�BXJ�?~;HGx8´Ê|d>]>]>]SÌ ?gM}L�JrL�O�k*Jn? R ;2?<J*peJ*\g5KA�?gJ*\�;2?�A�M>B
ki

A�=
=@O�k�k�Jr=�=@� O�G�� Me\

i
=�O���k�A�J*BV?�G�57G�;H\gi>Je8 � M2� C k*M>B�=�A�L�J*\

ki
M>B�Jl=�O�k R Ah?�J*\�;2?gAhMeB-8�U R J�Jr�VO�;2?gAhMeB�=2Ê���8 � Ì<;HB�L

Ê���8���Ì�A�IK[�Gh57? R ;H?�� M>\~=�M>IKJ
ξki+1

;HB�L
ζki+1

AhB�? R J�=@J�i>IKJ*BV?
[xki

, xki+1]
C

|ρ̃ki+1 − 1| =

∣

∣

∣

∣

f(xki
) −mki+1(xki

)

mki+1(xki
) −mki+1(xki+1)

∣

∣

∣

∣

=

∣

∣

∣

∣

〈ski
,∇xxf(ξki+1)ski

〉 − 〈ski
,∇xxmki+1(ζki+1)ski

〉

− 〈ski
, gki+1〉 + 1

2
〈ski

,∇xxmki+1(ζki+1)ski
〉

∣

∣

∣

∣

6
‖ski

‖2 · ‖∇xxf(ξki+1) −∇xxmki+1(ζki+1)‖
∣

∣−〈ski
, gki+1〉 + 1

2
〈ski

,∇xxmki+1(ζki+1)ski
〉
∣

∣

Ê���8 d s Ì

� R J*\gJ)�9JK;HG�=@M�O�=�J�LN? R J f ;HO�k R 5Vuzj�k R �9;>\«¾�A�B�J��VO�;>GhAh?z5>8}:95F=@O�4�=z?gA�?gO�?�A�B�i
gki+1 = ∇xf(xki+1)

Ê�4�J*u
k*;HO�=@JXMH�n��8 d,Ì���Ah? R A�?�=}J���[�\gJ�=g=@A�M>B$A�BXÊ|��8�a>a¤Ì C ? R J L�J*B�MeI}A�B�;H?�M>\

D
M>�~? R JXG�;2?�?�J*\}� \�;>k�?�A�M>B k�;HB 4�J

\�J���\�Ah?@?gJ*B ;>=

D =

∣

∣

∣

∣

−

〈

ski
, gki

+

∫ 1

0

∇xxf(xki
+ αski

)ski
dα

〉

+ 1

2
〈ski

,∇xxmki+1(ζki+1)ski
〉

∣

∣

∣

∣

.

U R J*B C \�J�[�G�;ek�A�B�i
−〈ski

, gki
〉

435�Ah?g=�J*��[�\�Jr=�=�A�M>B7A�B�Ê���8 `SÌ C �9J�Me4�?g;>AhB

D =

∣

∣

∣

∣

mki
(xki

) −mki
(xki+1) + 1

2
〈ski

,∇xxmki
(ψki

)ski
〉

+ 1

2
〈ski

,∇xxmki+1(ζki+1)ski
〉 −

〈

ski
,

∫ 1

0

∇xxf(xki
+ αski

)ski
dα

〉
∣

∣

∣

∣
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� M>\Y=@MeIKJ
ψki

AhB ? R JN=�J*ieI}J�BV?
[xki

, xki+1]
8 U R J7?g\�A�;HB�i>G�JXA�B�J��VO�;>GhAh?z5 C [�\gM>[�J*\�?�A�J�=}MH�~? R J AhBV?gJ*i>\�;HG CÊ���8�d � Ì C ;>B�L f ;>O�k R 5Vu�j�k R �<;H\�¾~A�B�J��VO�;>GhAh?z5�i>A�p>J�? R J*\gJ�� Me\�J�? R Jl� M>G�GhM2��A�B�i}GhM2�9J*\<4�M>O�B�L�MeB

D
w

D > |mki
(xki

) −mki
(xki+1)|

− 1

2

∣

∣

∣

∣

〈

ski
,

∫ 1

0

[∇xxf(xki
+ αski

) −∇xxmki
(ψki

)]ski
dα

〉

+

〈

ski
,

∫ 1

0

[∇xxf(xki
+ αski

) −∇xxmki+1(ζki+1)]ski
dα

〉 ∣

∣

∣

∣

> κ � �7� ‖ski
‖2 − 1

2
‖ski

‖

∫ 1

0

‖∇xxf(xki
+ αski

) −∇xxmki
(ψki

)‖ · ‖ski
‖ dα

− 1

2
‖ski

‖

∫ 1

0

‖∇xxf(xki
+ αski

) −∇xxmki+1(ζki+1)‖ · ‖ski
‖ dα

> ‖ski
‖2(κ ���7� − 1

2
εi)

Ê���8 dV^|Ì
� R J*\gJ

εi
def
=

∫ 1

0

‖∇xxf(xki
+αski

)−∇xxmki
(ψki

)‖ dα+

∫ 1

0

‖∇xxf(xki
+αski

)−∇xxmki+1(ζki+1)‖ dα.

U R Jl?�\gA�;>B�i>G�J�AhB�Jr�VO�;HG�A�?z57B�M2� A�IK[�GhA�J�=�? R ;H?

‖∇xxf(xki
+ αski

) −∇xxmki
(ψki

)‖ 6 ‖∇xxf(xki
+ αski

) −∇xxf(xki
)‖

+ ‖∇xxf(xki
) −∇xxmki

(xki
)‖ + ‖∇xxmki

(xki
) −∇xxmki

(ψki
)‖

Ê���8 d>`,Ì

;HB�L C =@A�IKAhG�;H\gGh5 C ? R ;H?

‖∇xxf(xki
+ αski

) −∇xxmki+1(ζki+1)‖ 6 ‖∇xxf(xki
+ αski

) −∇xxf(xki+1)‖

+ ‖∇xxf(xki+1) −∇xxmki+1(xki+1)‖ + ‖∇xxmki+1(xki+1) −∇xxmki+1(ζki+1)‖.

Ê���8 d>b,Ì

j3AhB�k�J��9J�B�M2� M>4�=@J�\�peJ0? R ;2?

‖(xki
+ αski

) − xki
‖ 6 ‖ski

‖, ‖ψki
− xki

‖ 6 ‖ski
‖,

‖(xki
+ αski

) − xki+1‖ 6 ‖ski
‖, ‖ζki+1 − xki+1‖ 6 ‖ski

‖,

��JlIY;t57L�JrL�O�k�Jl? R ;2?~4�MH? R

‖∇xxf(xki
+ αski

) −∇xxmki
(ψki

)‖
;HB�L

‖∇xxf(xki
+ αski

) −∇xxmki+1(ζki+1)‖

k�M>B3peJ*\gi>JS?gM2¾*J�\�M���A�? R
‖ski

‖
4�Jrk*;>O�=@J9? R J<��\�=z?�;>B�L�? R A�\gL)?�J�\�IY= M>��? R J�\�A�i R ?�u R ;>B�L�=�A�L�J�MH��Ê���8�dH`SÌ�;HB�L

Ê���8�dHbSÌy?gJ*B�LX?gM�¾�J*\gM�4357k*M>BV?�A�B3O�A�?z5YM>��? R J�M>4fÍzJrk�?gAhpeJ0� O�B�k�?�A�M>B�� =�;>B�L7IKM�L�J�G|� = �~Jr=�=�A�;>B�= C ;>B�LX4�Jrk*;HO�=@J
? R JYIKA�L�L�G�JY?�J�\�I A�B�? R J7\�A�i R ?@u R ;>B�L�=�A�L�JYMH��? R J�=�JYA�B�J��VO�;>GhAh?�A�J�=�;>G�=�M k�M>B3peJ*\gi>J�=n?gM5¾�J*\gM 4�Jrk*;HO�=@JKMH�
��8��7;>B�LFU R J�M>\gJ*I ��8 ^38l�0=l;7k*M>B�=�J��VO�J�B�k�J C εi 6 κ � �7� � R J*B

i
A�=l=�O���k�A�J*BV?�G�5NG�;>\�ieJ C ;HB�LN? R J�\�J*� M>\gJ C

k�M>I)4�A�B�AhB�ivÊ|��8�d s Ì�;>B�LbÊ���8�de^�Ì C ;>B�L7O�=@A�B�iK? R Jl?�\gA�;>B�i>G�JnA�B�Jr�eO�;HG�A�?z5 C ��JlM>4�?g;HA�B

|ρ̃ki+1 − 1| 6
2

κ ���7� ‖∇xxf(ξki+1) −∇xxmki+1(ζki+1)‖

6
2

κ ���7�
[

‖∇xxf(ξki+1) −∇xxf(xki+1)‖

+ ‖∇xxf(xki+1) −∇xxmki+1(xki+1)‖

+ ‖∇xxmki+1(xki+1) −∇xxmki+1(ζki+1)‖

] Ê���8 �e],Ì
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:�5 ? R JX=g;HIKJ�\gJ�;>=�M>B�AhB�iN;e=�� M>\�Ê���8�dH`SÌx�´Ê���8�dHbSÌ C ? R JX\�A�i R ?@u R ;>B�L =@A�L�J�M>��Ê���8 �>]SÌn?�J�B�L�=�?�M'¾�J*\gMN� R J*B
i

ieMVJr=9?�M�A�B���B�A�?z5 C ;HB�L
ρ̃ki+1

? R J�\�J*� M>\gJl?�J�B�L�=�?gMFa>8�  ?nA�=<? R O�=0G�;>\�ieJ*\<? R ;HB
η̃2 < 1

� M>\
i

=@O���k*AhJ�Be?gGh5
G�;>\�ieJ�;>B�LJÊ���8�d>�,Ìy� MeGhG�M2�~=�8

2

�0=�A�B$T-J�IKIK; s 8���8 � M>� f M>B�B J*?);HGx8VÊ|d>]>]e],Ì C ��JYIY;t5 ;H[�[�Gh5�? R A�=�\gJ�=�O�Gh?�?�M ? R J�J*BV?gAh\gJ7=�J��VO�J*B�k�JYMH�
A�?gJ*\�;2?gJ�=y;HB�L}L�J�L�O�k*J�? R ;2?�;HG�G�Ah?�J�\g;H?�A�M>B�=y;>\�J�J�p>J*BV?gO�;HG�Gh5)=@O�k�k�Jr=�=@� O�G�;>B�L)? R J�?g\�O�=z?�ux\gJ*ieAhMeB�\�;>L�A�O�= 4�M>O�B�L�J�L
;t�9;t5}� \gM>I0¾*J*\gM�8

6�\gM>I R J*\gJ�M>B C ? R J�? R J�M>\g5XA�B f M>B�B J*?�;HGx8	ÊxdH]>]e],Ì9ieJ*B�J�\g;>GhA�¾*Jr=<��A�? R M>O�?�=@A�i>B�Ah��k�;HBV?0k R ;HB�i>J C 5VA�J*G�L�A�B�i
? R Jl� MeGhG�M2��A�B�i)\gJ�=�O�Gh?g=�8

)*
&¶S¹Nº�¶:� > � � j3O�[�[�Me=�J�? R ;2?���8ha��3��8 � R M>G�LN;HB�L�? R ;2?
xki

A�=0;�=�O�4�=�J��VO�J�B�k�J�MH� ? R J)A�?gJ*\�;2?gJ�=�ieJ*B�u
J*\�;2?gJ�L 435 �0GhieM>\gA�? R I Z U Z k*M>B3p>J�\�ieAhB�i7?gM�; ��\�=z?�uxMe\gL�J*\�k�\gAh?�A�k*;HG�[�MeAhBV?

x∗
� R J�\�J�? R J �0J�=g=@A�;HB M>�

? R J}M>4�ÍzJ�k�?gAhpeJ�� O�B�k�?�A�M>B
∇xxf(x∗)

A�=0[�Me=�A�?gAhpeJ)L�J*��B�Ah?�Je8�j3O�[�[�MV=@J�� O�\@? R J*\gIKM>\gJ�? R ;2?
sk 6= 0

� Me\n;HG�G
k

=@OA�Yk*AhJ�BV?�G�5XG�;H\gi>Je8�U R J�B ? R J�k*M>IK[�G�J�?gJ�=@Jr�VO�J*B�k*J�MH�yAh?�J*\�;2?gJ�=~k*M>B3p>J�\�ieJ�=�?�M
x∗

C ;HG�G�Ah?�J�\g;H?�A�M>B�=0;H\gJ
J*peJ*BV?�O�;>GhG�5�peJ*\g5�=@O�k�k�Jr=�=@� O�G C ;HB�LX? R Jl?�\gO�=z?�ux\gJ*ieAhMeB7\�;>L�A�O�=

∆k
A�=�4�M>O�B�L�J�L�;t�<;t5K� \�MeI�¾*J�\�M�8

�¨º¤¹	¹ C � j3J�J�U R J*Me\�J�I s 8���8���A�B f M>B�B�J�?0;>G|8�ÊxdH]e]>],Ì�8
2

1 JlB�M2�#[�\gM3MH��? R ;2?<A���? R Jl=@Jr�VO�J*B�k*JnM>�-A�?gJ*\�;2?gJ�=�\�J�IK;>AhB�=�A�BX;}k�MeI}[�;>k�?<=@J*? C ? R J*BX? R J�J���A�=z?gJ*B�k*J0MH��;2?
GhJr;>=@?�M>B�J�=�J�k�MeB�L3u M>\�L�J*\<k�\gAh?�A�k*;HG-;ek*k*O�I�O�G�;2?gAhMeBX[�M>A�BV?�A�=�ieO�;H\�;HBV?gJ*J�L-8

)*
&¶S¹Nº�¶:� > ����. j3O�[�[�MV=@JF? R ;H?X��8�a�����8 ^ R M>G�L#;HB�L ? R ;2? ;HG�G0Ah?�J�\g;H?�J�=�\�J�IK;>AhB A�B =�M>IKJFk�MeI}[�;>k�?
=@J*?�8�U R J�BF? R J*\gJ�J*�3A�=@?g=l;2?�GhJr;>=@?nM>B�J)G�AhIKAh?�[�M>A�BV?

x∗
MH�y? R JY=@Jr�eO�J*B�k*J�MH�SAh?�J�\g;H?�Jr=

xk
[�\gM�L�O�k*J�LN435

�~G�i>Me\�Ah? R I Z U Z C � R A�k R A�=�=�J�k�MeB�L3u M>\�L�J*\<k�\gAh?�A�k*;HGx8

�¨º¤¹	¹ C � j3J�J�U R J*Me\�J�I s 8 s 8���A�B f M>B�B�J�?0;>G|8�ÊxdH]e]>],Ì�8
2

:�5�ÍzO�=@?0=z?g\�J�B�iH? R J*B�A�B�i}? R J�\�;>L�AhO�=<O�[�L�;H?�J�\gO�G�J�435X\�Jr�eO�Ah\gAhB�i�? R ;2?

A��
ρ̃k > η̃2

;>B�L
∆k 6 ∆max,

? R J*B
∆k+1 ∈ [γ3∆k, γ4∆k]

Ê���8 ��aEÌ
� M>\�=@MeI}J

γ4 > γ3 > 1
;>B�LN=�M>IKJ

∆max > 0 C �9J�IKM>\gJ*M2peJ*\�M>4�?g;HA�BN? R J)=�J�k*M>B�L3u M>\�L�J�\0k�\gA�?gA�k�;HG�A�?z5�MH��;>B35
GhA�IKA�?~[�M>A�BV?~MH��? R J�=�J��VO�J�B�k�JlMH� Ah?�J*\�;2?gJ�=<ieJ*B�J�\g;H?�J�L74357�~G�i>Me\�Ah? R I Z U Z 8

)*
&¶S¹Nº�¶:� > ���2� j3O�[�[�MV=@J)? R ;2?���8�a��3��8�^ C ;HB�L�Ê���8 ��aEÌ R M>G�L�;HB�LFG�J�?
x∗

4�J};>B35NGhA�IKA�?�[�M>A�Be?lMH��? R J
=@Jr�VO�J*B�k*JlMH� A�?gJ*\�;2?�Jr=*8yU R J�B

x∗
A�=�;Y=@Jrk�MeB�L3u M>\�L�J*\<k�\gA�?gA�k�;HG�[�M>A�BV?�8

�¨º¤¹	¹ C � j3J*J�U R J�M>\gJ*I s 8 s 8 `)A�B f MeB�B�J�?0;HGx8	ÊxdH]>]e],Ì�8
2

U R O�=y? R J0\gJ�?�\gMe=�[�J�k�?gAhpeJ<?�\gO�=@?@u \�J�i>A�M>BY;HG�i>Me\�Ah? R I = R ;H\gJ�=S;>GhG�? R J�Ê A�Be?gJ*\gJ�=@?�A�B�iSÌSk�M>B3peJ*\gi>J*B�k�J<[�\gM>[�J*\�?�A�J�=
MH��? R J�4�;>=�A�kn?g\�O�=@?@u \gJ*i>A�M>B�IKJ�? R M�LXO�B�L�J*\0? R J�=g;HIKJ�;e=�=�O�IK[�?�A�M>B�=*8�1�J�k�MeB�k�G�O�L�Jl? R A�=�? R J*M>\g57=�J�k�?�A�M>B 435
B�MH?gAhB�i)? R ;2?�? R J�;H4�M2p>Jlk�MeB3p>J*\gi>J�B�k�J�\gJ�=�O�G�?�=�;H\gJ�=@?�A�G�G-p2;HG�A�L�Ah��MeB�J�\�J�[�G�;>k�Jr=�? R J v O�k�G�A�L�Jr;HB B�Me\�I 435�;HB35
Ê [�Me=g=@A�4�G�5 A�?gJ*\�;2?�A�M>B L�J*[�J*B�L�J*BV?�Ì)O�B�Ah� M>\gIKGh5 Jr�VO�Ahp2;>GhJ�Be?}B�M>\gI C ? R J*\gJ*435 ;HG�GhM2��A�B�iF[�\gM>4�GhJ�I =gk*;>GhA�B�i�;HB�L
[�\gJ�k�MeB�L�Ah?�A�M>B�A�B�i�8
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� � Ã�6�A3È%C È3Á,?2Ã�� Á�Æ C 6�Ã�È3Ç3? AN6��S8:6�Ã�È�6�Á5Ç36
1 J�B�M2��k*M>B�=�A�L�J*\ ? R J~B3O�IKJ*\gA�k�;HG�4�J R ;tp3A�M>O�\yM>��? R J~B�J���;>GhieM>\gA�? R I C AhB�k*M>IK[�;>\�A�=@MeB���Ah? R ? R J�4�;>=�A�k9?�\gO�=z?�u
\�J�i>A�M>B ;>GhieM>\gA�? R I :<U Z Ê�=�J*J�[�;>i>J�a>a s MH� f MeB�B J*?K;>G|8�ÊxdH]>]e],Ì«Ì�8 1�JX?gJ�=@?}4�MH? R ;>GhieM>\gA�? R IY=�MeB ;>GhG<MH�
? R J7a � s O�B�k�MeB�=z?g\g;>AhB�J�L�[�\gM>4�G�J*IY=�M>��? R J����	��

�Sk*M>G�GhJrk�?�A�M>B Ê|=@J�J���M>O�G�L C mn\�4�;HBN;HB�LNU�M>A�BV? C dH]>]e�,Ì�8�6�Me\
? R J�[�\�Me4�GhJ�IY=�� R Me=�J�L�A�I}J�B�=�AhMeB�IY;t5�4�J�k R ;>B�i>JrL C �9J�k R Me=�J�;K\�Jr;>=�M>B�;>4�Gh5�=�IY;HG�G-p2;HG�O�J�A�B�Me\gL�J*\�B�M>?�?�M
M2p>J�\�G�Me;eL�? R J����	��

�9AhBV?gJ*\���;>k�J}��Ah? R " +3���>+	� 8KU R JY=z?�;H\�?�A�B�i�[�MeAhBV?g=�;>\�J)? R JK=@?g;>B�L�;>\gL�M>B�Jr=l[�\�M2p3A�L�J�L
435Y? R J����	��

��G�Ah4�\�;H\g5>8

6�M>\7? R J 4�;>=�A�kF;HG�i>Me\�Ah? R I C ? R JF?�\gO�=@?@u \�J�i>A�M>B \�;>L�A�O�=�O�[�L�;H?�JF�<;>=7AhIK[�G�J*IKJ�Be?gJ�L#435�O�=�AhB�i$? R J \�O�G�J
[�\gM>[�Me=�J�L�A�B f M>B�B�J�?0;>G|8
Ê|dH]e]>]SÌ C [-8�^H`>��w

∆k+1 =



















max[γ2‖sk‖,∆k]
A��
ρk > η2

C
∆k

A��
ρk ∈ [η1, η2)

C
γ1‖sk‖

A��
ρk ∈ [0, η1)

C
min[γ1‖sk‖,max[γ0, θk]∆k]

A��
ρk < 0 C

� R J*\gJ
γ0

A�=�����J�L ;H?�]�8 ] s de� C γ1

;H?
0.25 C γ2

;H?
2.5 C η1

;H?
0.05

;>B�L
η2

;2?
0.9

;HB�L�� R J�\�J
θk

A�=�i>A�p>J*B
435�Ê|d�8 d,Ì�8SU�M};tp>MeA�LY4�A�;e=@A�B�i�? R Jlk�M>IK[�;>\�A�=�M>B C ��J R ;tp>J�L�J�k*A�L�J�LY?gM)IY;�É>Jn;e=�� J*� ;eL�;H[�?�;2?gAhMeB�=�;e=�[�Me=g=�Ah4�G�J
?�M�? R ;2?Y\�O�GhJ A�B�MeO�\K\�J*?�\gMe=�[�Jrk�?gAhpeJXp2;H\gA�;HBV?vÊ�A|8 J>8 jV?gJ*[#d AhB#�~G�i>Me\�Ah? R I d�8�aEÌ�8 U R O�= C Ah�nAh?�J�\g;H?�A�M>B

k
A�=

O�B�=�O�k*k*J�=g=z� O�G C Ax8 J>8
ρk < η1

;>B�L k�MeB�=@Jr�VO�J*BV?�G�5
xk = xk+1

C �9J�;HG�=�MKL�J�k�\gJ�;e=@J�? R J�?�\gO�=@?@u \�J�i>A�M>BXO�=@A�B�iK? R J
;H4�M2p>J)\�O�G�J>8�  � C M>B�? R JKk�MeBe?g\g;>\�5 C A�?gJ*\�;2?�A�M>B

k
A�=l=@O�k�k�Jr=�=@� O�G C Ax8 J>8

ρk > η1
C ? R J)?�\gO�=@?@u \�J�i>A�M>BFA�=�O�[
L�;2?gJ�L

O�=�AhB�i�? R J~[�\�M�k�JrL�O�\gJ0L�Jr=�k*\�A�4�JrLKAhB7j3?�J*[�dlMH�-�~G�i>Me\�Ah? R I d�8ha~� R J*\gJ���J0k R MVMV=@J<? R Jn=g;HIKJ~p2;>GhO�Jr=�;e=S;H4�M2p>J
� M>\

γ0
C γ1

;>B�L
γ2

C ;>B�L}?g;�É>J
η̃1 = η1 = 0.05

;HB�L
η̃2 = η2 = 0.9

8�U R J0IKM�L�J*G��9;e=�k R MV=@J�B C A�BY4�M>? R k�;>=�J�= C
?�MN4�JK? R J7J���;>k�?�U�;t53G�M>\r� =l=�J*\gAhJr=�?�\gO�B�k*;H?�JrL�?gMF=@Jrk�MeB�L3u M>\�L�J*\ C ;HB�L ? R J�IKAhB�AhIKA�¾*J*\�MH�9? R JYIKM�L�J*G�AhB�=@A�L�J
? R J�?�\gO�=z?�ux\gJ*ieAhMeB C �<;>=�k*M>IK[�O�?gJ�L J�A�? R J*\)J���;>k�?�G�5�O�=�AhB�i ? R J�ENM>\gq�uzj3M>\gJ*B�=@J�B ;HG�i>Me\�Ah? R I Ê�=�J*J7EFM>\gq�;HB�L
j3M>\gJ*B�=@J�B C a�be`>�SÌ0Me\�;H[�[�\�Mt��A�IK;H?�J�Gh5NO�=�A�B�i�? R JXj3?�J*A R ;>O�iHu�U�MeAhBV?�;HG�i>Me\�Ah? R I Ê�=�J*J�jV?gJ*A R ;HO�i C arb>`>� C U�M>A�Be? C
a�be`�aEÌ�8K �B ? R A�=�k*;e=@J C ? R J�k*M>B�ÍzO�ie;2?gJKi>\�;>L�A�J*BV?�A�?gJ*\�;2?gAhMeB�=�;H\gJ}=@?�Me[�[�J�L�A��<? R JK?�\gO�=@?@u \�J�i>A�M>B�4�M>O�B�L�;H\g5FA�=
IKJ�?~M>\�;e=�=@M3M>B ;>=9? R J�IKM�L�J*G�=*��i>\�;>L�A�J*BV?�=�;H?�A�=z��Jr=9? R J�k*M>B�L�A�?gAhMeB

‖∇xmk(xk + s)‖ 6 min[0.1, ‖∇xmk(xk)‖1/2]‖∇xmk(xk)‖.

1 J<k�MeB�=�A�L�J�\�JrLl? R ;2?�? R J9A�?gJ*\�;2?gAhpeJ�[�\gM�k�J�=g=�k*M>B3p>J�\�ieJ�Ll� R J�B�? R J v O�k�G�A�L�J�;HB)B�M>\gI MH��? R J9i>\�;>L�A�J*BV?�4�J�k�;HIKJ
=@IY;>GhG�J*\�? R ;HB

10−5
8F6�;>AhG�O�\gJ��<;>=�L�Jrk�G�;H\gJ�L�Ah��? R J�;HG�i>M>\gAh? R I L�A�L B�MH?}k*M>B3p>J�\�ieJ)��Ah? R AhB ? R J7IY;H�3A�I�O�I

B3O�I�4�J*\�M>�y�>]�]e]>])A�?gJ*\�;2?gAhMeB�=*8
1 J�k R MV=@J�?gM�k�M>IK[�;>\�Jn? R J�BVO�I�4�J*\~M>��Ah?�J*\�;2?gAhMeB�=9?�M�;ek R A�J*p>Jlk�MeB3p>J*\gi>J�B�k�JnAhB�=z?gJ�;>L�M>��? R J f Q�o ?�A�IKJ

M>\�B3O�I�4�J*\�MH�S� O�B�k�?gAhMeB�J*p2;>GhO�;H?�A�M>B�=�8l �B�L�J�J�L C ? R J}k*Me=@?n[�J*\lAh?�J*\�;2?gAhMeBFA�=~? R JY=�;>I}J�� M>\�4�M>? R ;HG�i>M>\gAh? R IY=
;HB�L)? R J*5}4�M>? R J�p2;HG�O�;2?gJ<? R J~Me4fÍzJ�k�?�A�p>J<� O�B�k�?�A�M>BYMeB�k�J�[�J*\�A�?gJ*\�;2?gAhMeBK;>B�LYk�MeIK[�O�?�J0M>B�J�ie\g;eL�AhJ�BV?y;H?�J*peJ*\g5
=@O�k*k�Jr=�=@� O�G�Ah?�J�\g;H?�A�M>B-8yENMe\�J�M2p>J*\ C ?�A�I}A�B�iV=�AhB " +3���e+�� ;H\gJlMH�,?�J�BNL�A ��k*O�G�?�?gMYAhBV?gJ*\g[�\�J*?�8

�~G�G�\gO�B�=��9J*\gJl[�J�\@� Me\�IKJ�LXA�B E�;2?�G�;H4 p
8V^�8hae8 ]�8har`>�ËÊ Z a � Ì�j3J*\gp3A�k*J Q ;>k�É7�KMeB�;Y��8 dK� R ¾� �BV?gJ*G�=�AhB�i>G�J�u
k�Me\�J�[�\�M�k*J�=g=@Me\�k*M>IK[�O�?gJ*\ ��A�? R d��l: M>� Z �0E$8H6�A�i>O�\�J � 8�a�\gJ*[�\�Jr=@J�Be?�=-? R J�k�MeI}[�;H\gA�=�M>B�435�;n[�J�\@� Me\�IY;>B�k�J
[�\gMH��G�J�MH��? R J0BVO�I�4�J*\�M>��Ah?�J�\g;H?�A�M>B�=SMH��? R J�?z�9M�;HG�i>Me\�Ah? R IK=�8 Q J�\@� Me\�IY;HB�k�J<[�\gMH��G�J�=yieAhpeJ C � M>\SJ�p>J*\g5

σ > 1 C
? R J�[�\gM>[�M>\�?�A�M>B

p(σ)
MH�3?gJ�=@?�[�\gM>4�G�J*IY=�M>B�� R A�k R J�;ek R k�MeB�=@A�L�J�\�JrL�;HG�i>M>\gAh? R IKA�k pt;>\�A�;HBV? R ;>=�;~[�J�\@� Me\�IY;HB�k�J

��A�? R A�B ;���;ek�?gM>\
σ

MH��? R J�4�Jr=z?�Ê|=@J�JFW0MeG�;>B ;>B�L ENM>\gq C dH]e]ed C � M>\7; IKMe\�JNk�MeIK[�GhJ*?�JFL�A�=gk�O�=g=@A�M>BAÌ�8  �B
? R A�=X��i>O�\�J C ��J R ;tp>J�M>B�G�5 É>J*[�?7? R J [�\gM>4�GhJ�IK=7� M>\�� R A�k R 4�MH? R ;HG�i>Me\�Ah? R IY=Xk�M>B3peJ*\gi>J�L ?gM ? R J =g;HIKJ
GhM�k�;HG�=�M>G�O�?gAhMeB'Ê �9J~J���k�G�O�L�JrL������������ C ���! #"�$�%'&($ C�)�*�+ �,%�-. � C�/�0�1�2�)�* ��3 C�0  4� *�+ �5��" C56�1 " 1 �'7 C %! 4% ) 3�8(9.: C
%! #% ) 3�8(9�% C � 1 %'�� 4��� C;2  '�5% 2 ����� ;HB�L<3=�,���(� 1�+�6 Ì�8�  ��? R JF=@O�4�[�\�Me4�G�J*I A�=Y=@MeGhpeJ�L ;H[�[�\gMt��AhIY;H?�J*G�5 C 4�M>? R
;HG�i>Me\�Ah? R IY=���;HA�G�J�L M>B?> +�0(6�1 �A@ )�C �4����"���%�$ C � )  ��!�5% 1
C � ) 9'� 0 "�@5B C � ) 9'� 0 "�:�B};HB�L?� ) 9'� 0 "'7�B�8 EFM>\gJ*M2p>J�\ C
Z U Z ��;HA�GhJrLKM>B /�0(1�2�) ��3�7 C � R A�k R �<;>=y=�M>G�p>J�L}435K:9U Z 83mnB}? R J0MH? R J*\ R ;HB�L C A���? R J0=�O�4�[�\gM>4�GhJ�I A�=�=�M>G�p>J�L
J���;>k�?�G�5 C 4�MH? R ;HG�i>M>\gAh? R IY=���;HA�GhJrL�MeB /�0�1�2�) ��3'7�;HB�L}:<U Z ��;>AhG�J�L}MeB�� )  ��!�5% 1
C � R A�k R �9;e=y=@MeGhpeJ�L�4V5 Z U Z 8
� M>?�J7;>G�=�M ? R J7BVO�I�4�J*\�M>��A�?gJ*\�;2?�A�M>B�=�B�J*JrL�J�L�?gMF\gJ�;>k R k�MeB3p>J*\gi>J�B�k�JK��Ah? R ? R J Z U Z ;HG�i>Me\�Ah? R I M>B�? R J
R A�i R G�5�B�MeB�k�MeBVpeJ�� * 9 6 >'�};HB�L 0  (� *�+ �5��")[�\�Me4�GhJ�IY=�A�=<I�O�k RXR A�i R J*\9? R ;>B7� Me\<? R J�:<U Z ;HG�i>M>\gAh? R I 8yU R J
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