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Exploring weak measurements within the Einstein-Dirac
cosmological framework

Williams Dhelonga-Biarufu * and Dominique Lambert †

Namur Insitute for Complex Systems (naXys), Department of Mathematics, University of Namur,
Rue de Bruxelles 61, B-5000 Namur, Belgium

(Received 14 July 2024; accepted 28 August 2024; published 1 October 2024)

Our study applies the two-state formalism alongside weak measurements within a spatially homo-
geneous and isotropic cosmological framework, wherein Dirac spinors are intricately coupled to classical
gravity. We compute the weak values of the energy-momentum tensors, the Z component of spin, and the
pure states. Weak measurements are a generalization and extension of the computation already made
by Finster and Hainzl [A spatially homogeneous and isotropic Einstein–Dirac cosmology, J. Math. Phys.
(N.Y.) 52, 042501 (2011)] in a spatially homogeneous and isotropic Einstein-Dirac cosmology. Our
analysis reveals that the acceleration of the Universe expansion can be understood as an outcome of
postselection, underscoring the effectiveness of weak measurement as a discerning approach for gauging
cosmic acceleration.

DOI: 10.1103/PhysRevD.110.083503

I. INTRODUCTION

Measuring involves assigning numerical values to the
attributes or characteristics of a phenomenon. The impact
of the observer on measurement results is a complex
consideration in scientific research. In quantum mechanics,
the alteration of a quantum state after its measurement is
well known, but its interpretation is not obvious. For
example, the famous double-slit experiment demonstrates
that entities like electrons can behave as particles and
waves and measurement prescribes their behavior [1,2].
Weak measurements offer a procedure for measuring the

system state through a weak coupling between the meas-
urement apparatus and the system state, leaving the
measured system almost undisturbed [3]. The paid cost
is that the pointer variable is not sharp but instead has a
broad spread. Weak measurements have enabled, for
instance, the characterization of a particle’s average tra-
jectory in the double-slit experiment without disrupting the
interference pattern [2,4–6]. Unlike classical or ideal
measurements, which result in the stochastic collapse of
the system state into one of the eigenstates of the measured
observable [7], weak measurements do not induce a
collapse of the state vector. Instead, they introduce a small
bias to the state vector, and the measurement device
exhibits a superposition of multiple values rather than a
clear eigenvalue [4]. Consequently, weak measurements
unveil unconventional weak values, including complex
numbers.

In the literature, a few authors have explored weak
measurements and the two-state vector formalism within
the theoretical framework of cosmology and ontology.
George Ellis and Rotman [8] proposed a paradigm that
challenges conventional notions of time and reality, termed
the crystallizing block Universe (CBU), an extension of the
emergent block Universe. According to their perspective,
past, present, and future coalesce, amalgamating spacetime
into a singular entity. The future is conceptualized as a
superposition of a myriad of possibilities, while the past
remains immutable. The transition between these temporal
states predominantly unfolds in the present, albeit in a
nonuniform manner. Within the CBU framework, certain
discrete patches of quantum indeterminacy endure and
are resolved later on. Furthermore, CBU models integrate
the two-time interpretation [3] of quantum mechanics.
Nevertheless, this theoretical and ontological paradigm lies
beyond the purview of our current study.
Davies [9] was the first to propose applying the weak

measurements theory, combined with pre- and postselec-
tion, to quantum cosmology and to explore the potential
large-scale cosmological effects arising from this new
sector of quantum mechanics. He illustrated the theory
with a two-dimensional spacetime toy model of a scalar
field with mass m propagating in an expanding Universe
with the scale factor aðtÞ and metric ds2 ¼ dt2 − aðtÞdx2.
He resolved a debate regarding the coupling of pre-
and postselected quantum fields to gravity and proposed
an experimental test for weak values in cosmology.
He observed that, in the literature, the equation

Gμν þ higher order terms in curvature ¼ h0finjTμνj0ini
h0finj0ini ,
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originally derived by DeWitt, who adapted the Schwinger
effective action theory of quantum electrodynamics to
the gravitational case, the source term is nothing else than
the weak value of the stress-energy-momentum tensor
Tμν, [10]. This equation was widespread in 1970 [11–13].
After Davies’s paper [9], no research papers have been

pursued in the direction of the theory of weak measure-
ments in cosmology until now. The subject seems to arouse
interest. Charis Anastopoulos has just published on arXiv a
paper on Final States in Quantum Cosmology: Cosmic
Acceleration as a Quantum Post-selection Effect [14],
wherein he argues that there is no compelling physical
reason to preclude a probability assignment with a final
quantum state at the cosmological level and analyzes its
implications in quantum cosmology. One significant result
is that cosmic acceleration emerges as a quantum post-
selection effect.
We aim to examine weak measurements of Dirac

particles within the framework of time symmetry as
applied to the Einstein-Dirac system in a homogeneous
and isotropic space such as the Friedman-Lemaître-
Robertson-Walker (FLRW) space. To our knowledge, no
prior research has explored this direction. Drawing upon
insights from the paper of Finster and Hainzl, titled A
Spatially Homogeneous and Isotropic Einstein-Dirac
Cosmology [15], we endeavor to extend specific findings
to the domain of weak measurements. Among the out-
comes of our investigation are the computations of weak
values, including those about energy-momentum, pure
states, and the Z component of spin. Additionally, we
demonstrate that cosmic acceleration in the Universe
may be regarded as a consequence of postselection.
This corroborates earlier studies that have explored the
potential of spinor fields to elucidate phenomena such
as the inflationary period in the early Universe and,
subsequently, the concept of dark energy. Notably,
Anastopoulos arrived at a similar conclusion without
invoking a spinor field or dark energy, thus emphasizing
alternative avenues for understanding the observed cos-
mological acceleration. Ribas reached the same conclu-
sion without resorting to weak measurements or
postselection techniques. References to relevant literature
supporting these assertions include [16–21].
In the time-symmetric formulation of quantum mechan-

ics [22], a quantum system is characterized by two state
vectors at a specific time instead of a single one. The
preselected state is determined by measurements conducted
on the system prior to t0, while the postselected state is by
measurements at times t > t0. The postselected state is
conceptualized as a quantum state evolving backward in
time. Weak measurements occur in the interval between
these conventional measurements through a weak coupling
between the measurement apparatus and the system [4].
Formally, if Â is a Hermitian operator on the system S,

jψ ini and jψouti (or jψ fini) are the preselected and

postselected state vectors in the Hilbert space of S, and
jϕðqÞi is the state vector of the needle of the measurement
device, gðtÞ a weak coupling impulse such thatR
T
0 gðtÞdt ¼ g0T, T the coupling time, and P̂d the momen-
tum operator conjugated to the position operator Q̂d, then
weakly measuring an ensemble of preselected vectors states
jψ ini with the interaction Hamiltonian Ĥ ¼ gðtÞÂ ⊗ P̂d
will yield

jψwi ¼ eð−iĤTÞjψ ini ⊗ jϕðxÞi
¼
X
i

αijaii ⊗ jϕðq − g0TaiÞi;

wherein jψ ini ¼
P

i αijaii is expressed in vector basis
of the observable Â. Making strong measurement on
the device pointer state will yield hqjψwi ¼P

i αiϕðq − g0TaiÞjaii.
Weak measurement with postselection is obtained by

making a projection with the postselected state hψ finj.
In detail, let P̂ ¼ jψ finihψ finj ⊗ I be an operator which
projects onto the postselected state jψ fini, and jψwi ¼
eð−iĤTÞjψ ini ⊗ jϕðxÞi, the entangled state of the system
with the state of the measurement device [4,23], then we get

P̂jψwi ¼ jψ finihψ finjeð−iĤTÞjψ ini ⊗ jϕðxÞi:

Hence, weak coupling between the system and the device
will yield

P̂jψwi ≈ jψ finihψ finjð1 − iÂ ⊗ P̂d · g0TÞjψ ini ⊗ jϕðqÞi
¼ jψ finihψ finjψ inie−iðhÂiwP̂dTÞ ⊗ jϕðqÞi;

where hÂiw ¼ hψ finjÂjψ ini
hψ finjψ ini is the so-called weak value of

the observable Â. The probabilities to get this result are
jhψ finjψ inij2.
Weak values are weak measurement results and must be

understood as statistical averages. They are also members
of a decomposition of eigenvalues weighted by the relative
amplitudes of finding the out-states among the ensemble
of state vectors identically prepared in jψ ini. A weak
value should then be understood as a conditional proba-
bility where one of the events undergoes a perturbation.
Dressel [24] clarifies this probabilistic understanding of
weak values. He shows that weak values characterize the
relative correction to a detection probability jhψ finjψ inij2,
due to a small intermediate perturbation ÛðϵÞ, that results
in a modified detection probability jhψ finjÛðϵÞjψ inij2.
Alternatively, in a simple way, he defines weak values
as complex numbers that one can assign to the powers of a
quantum observable operator Â using two states: an initial
state jψ ini and a final state jψ fini. Weak values might lie
outside the spectrum of eigenvalues and can be complex
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numbers. One interesting phenomenon is the amplification
obtained when the preselected state and the postselected
one are almost orthogonal [4,9].
In cosmology [9], all observations and measurements are

considered weak in the quantum sense, due to the nature of
the processes involved. For instance, when observing the
redshift of a galaxy, the measurement is conducted by
observing the light emitted from a large number of photons
originating from numerous sources within the Galaxy.
While the emission of a single photon from an atom
may not be considered weak from the atom’s perspective,
the use of a large ensemble of photons to measure a
property of the entire Galaxy constitutes a weak measure-
ment in the quantum sense. This is because the quantum
backreaction of the photons on the relevant physical
variable of the entire Galaxy, such as its momentum, is
negligible. Therefore, the large-scale nature of cosmologi-
cal observations and measurements, involving statistical
averages over a large ensemble of photons, results in weak
values in the quantum sense.
This idea of weakness of all observations and measure-

ments in cosmology is rooted in classical field. Dressel, in
his paper [25], has shown that, given two spacetime
hypersurfaces σI and σF on which field states jIi and
hFj are defined as boundary conditions, the classical
background field ϕ has the form of a weak value of the

quantum field operator ϕ ¼ hFjϕ̂jIi
hFjIi . Any weak interaction,

that is any weak measurement that does not appreciably
perturb the classical background field or its boundary
conditions, will result in a quantum weak measurement
whether or not the measurement coupling is weak for every
field excitation.
In the laboratory, the two-state vectors require human

interventions. In quantum cosmology, there are many
proposals, as noticed by Davies: Hartle and Hawking came
up with the no-boundary wave function, which is the state
of the Universe before the Planck epoch [26]. In a semi-
classical approach, in the framework of the theory of
quantum fields, the initial state is taken to be a vacuum
state. As for the final state, this can be anything. In weak
measurement, one will ensure that the final state is not
orthogonal to the in-state.
For the Einstein-Dirac in FLRW context, the preselected

state will be the spinor solution of the Einstein-Dirac
equation in the limit of the massless Universe, that is,
the radiation Universe, whereas the final state will be the
spinor solution of the Einstein-Dirac equation for the dust
Universe. The implementation of a weak measurement in
this specific context is intended to acquire geometrical
information about the Universe. The subsequent computa-
tional analysis is made feasible by the association between
weak measurement and the Berry phase [7]. This has never
been explored before, as far as we know.
Regarding the Einstein-Dirac system, it investigates the

interaction between particles with a spin of 1=2 and the

gravitational field. The Einstein field equations essentially
relate the geometry of spacetime to the distribution of
matter and energy within that spacetime. In simpler terms,
they describe how matter and energy, represented here by
the stress tensor applied on spinors, influence the curvature
of spacetime and how the curvature of spacetime influences
the motion of matter and energy. Finster [15] investigated
the nonlinear coupling of gravity to matter in a time-
dependent spherically symmetric Einstein-Dirac system.
He showed that quantum oscillations of the Dirac wave
functions can prevent the formation of a big bang or big
crunch singularity.
Weak measurements present numerous advantages, fore-

most among them being the capability to detect exceed-
ingly subtle effects while minimizing disturbance to the
system state. Onur Hosten and Paul Kwiat [27] exemplified
the utility of weak measurement techniques in amplifying
the spin Hall effect of light, Meng-Jun Hu [28] discussed
in his paper the proposal for weak measurements ampli-
fication based Laser Interferometer Gravitational Wave
Observatory to detect gravitational waves using weak
measurements to amplify ultrasmall phase signals, while
Dixon et al. [29] applied these methods to enhance the
detection of minute transverse deflections in an optical
beam. This facet of weak measurements proves highly
advantageous in cosmology, enabling the amplification and
measurement of wave functions originating in the remote
past, close to singularities.
This paper is organized as follows: after the Introduction,

we give a summary of the Einstein-Dirac system and then
find the spinor solutions for the radiation Universe and
the dust one. In Sec. III, we give the results of our main
computations on weak measurements on the Einstein-Dirac
solutions. In Sec. IV, we give a conclusion. The appendixes
provide more details of our computations.

II. THE EINSTEIN-DIRAC SOLUTION
IN FRIEDMANN-LEMAÎTRE-ROBERTSON-

WALKER SPACE

In this section, we provide an overview of the
Einstein-Dirac solution within the Friedmann-Lemaître-
Robertson-Walker (FLRW) space framework. For a more
comprehensive treatment, readers are encouraged to refer
to [15] and [30].
The Einstein-Dirac equations are given by

Ri
j −

1

2
Rδij ¼ 8πκTi

j; ðD −mÞΨ ¼ 0; ð1Þ

where κ represents the gravitational constant, Ri
j the Ricci

tensor, R the scalar curvature, Ti
j the energy-momentum

tensor of the Dirac particles, fi; jg the indices representing
the coordinates ft; r; θ;ϕg, D the Dirac operator, m the
mass of the Dirac particles, and Ψ the Dirac wave function.
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Our Einstein-Dirac equations are formulated within the
FLRW space, a spacetime manifold with a (1, 3) signature.
This simple cosmological model is characterized by a metric
described by the homogeneous and isotropic line element

ds2 ¼ dt2 − R2ðtÞ
�

dr2

1 − kr2
þ r2dΩ2

�
; ð2Þ

where t∈Rþ represents time, ðθ;ϕÞ∈ ð0; πÞ × ½0; 2πÞ are
angular coordinates, r is the radial coordinate, RðtÞ the scale
function, dΩ2 the line element on S2, and k can take values
of −1, 0, or 1, corresponding to open, flat, and closed
universes, respectively. We adopt “Planck units” where
c ¼ ℏ ¼ G ¼ 1.
The derivation of the Dirac equation in this homogeneous

and isotropic spacetime is conducted in Appendix A. The
further analysis of the system is made possible by separating
the spatial from time dependence via the ansatz

Ψ ¼ 1

RðtÞ32
�
αðtÞψλðr; θ;ϕÞ
βðtÞψλðr; θ;ϕÞ

�
: ð3Þ

This ansatz enables the construction of a coupled system
of ordinary differential equations (ODEs) for the complex-
valued functions αðtÞ and βðtÞ:

i
d
dt

 
αðtÞ
βðtÞ

!
¼
0
@ m − λ

RðtÞ
− λ

RðtÞ −m

1
A αðtÞ

βðtÞ

!
: ð4Þ

The spinors are normalized according to

jαj2 þ jβj2 ¼ λ2 −
1

4
: ð5Þ

These spinors enter the Einstein equation via the energy-
momentum tensor of the wave function, ensuring a
coupling with the Dirac equation. The nonvanishing
components of the energy-momentum tensor are computed
in Appendix B of [15] and are given by

T0
0 ¼ R−3

�
mðjαj2 − jβj2Þ − 2λ

R
Reðαβ̄Þ

�
; ð6Þ

Tr
r ¼ Tθ

θ ¼ Tϕ
ϕ ¼ R−3 2λ

3R
Reðαβ̄Þ: ð7Þ

A short calculation for the Einstein tensor Gj
k, given

in [15], yields

G0
0 ¼ 3

�
Ṙ2 þ 1

R2

�
; ð8Þ

Gr
r ¼ Gθ

θ ¼ Gϕ
ϕ ¼ 2

R̈
R
þ R

: 2 þ 1

R2
: ð9Þ

Knowing that

Gi
j ¼ 8πκTi

j; where Gi
j ¼ Ri

j −
1

2
Rδij;

we set κ ¼ 3
8π for a convenient computation as in [15]. This

yields the following expression, the Einstein equation,

Ṙ2 þ 1 ¼ R2T0
0; ð10Þ

which in terms of the two-level system is given as

Ṙ2 þ 1 ¼ m
R
ðjαj2 − jβj2Þ − 2λ

R2
Reðαβ̄Þ: ð11Þ

We derive also the acceleration of the Universe repre-
sented here by the second derivative with respect to time
of the scale function given firstly in terms of the energy-
momentum tensors as

R̈ ¼ R
2
ð3Tj

j − T0
0Þ: ð12Þ

Then in terms of spinors we shall have

R̈ ¼ −
m
2R2

ðjαj2 − jβj2Þ þ 2λ

R3
Reðαβ̄Þ: ð13Þ

One sees immediately that the acceleration of the
Universe is caused by the spinor field, and this is consistent
along the lines of [16–21]. We will later on show some
behaviors of the acceleration of the scale function.
At this stage, we are left with two differential equations,

Eqs. (4) and (11), in which the spinor ðαβÞ is considered as a
two-level quantum state.
As suggested by Finster and Hainzl in [15], the Einstein-

Dirac equation can be rewritten in terms of a Bloch
vector v⃗, where

v⃗ ¼

0
B@

hξjσ1jξi
hξjσ2jξi
hξjσ3jξi

1
CA; ð14Þ

b⃗ ¼ 2
λ

R
e⃗1 − 2me⃗3: ð15Þ

Here, ξ represents the spinor ðαβÞ, σi the Pauli matrices, and

e⃗i the standard basis vectors in R3 (i∈ f1; 2; 3g).
The Einstein-Dirac equations can then be expressed as

˙v⃗ ¼ b⃗ ∧ v⃗; Ṙ2 þ 1 ¼ −
1

2R
b⃗ · v⃗: ð16Þ

Here, “∧” and “·” denote the cross and scalar product
in Euclidean space R3, respectively. We rewrite also
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the scale acceleration in terms of the Bloch vector
components as

R̈ ¼ −
m
2R2

v3 þ λ

R3
v1: ð17Þ

To simplify the analysis, a rotation“U” around the e⃗2 axis
is applied to b⃗, making b⃗ parallel to e⃗1. This results in a
transformed vector w⃗,

w⃗ ¼ Uv⃗ ¼

0
B@

w1

w2

w3

1
CA; ð18Þ

where the components of w⃗ are given by

w1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þm2R2

p ð2λReðαβ̄Þ −mRðjαj2 − jβj2ÞÞ; ð19Þ

w2 ¼ 2Imðαβ̄Þ; ð20Þ

w3 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þm2R2

p ð2mReðαβ̄Þ þ λðjαj2 − jβj2ÞÞ: ð21Þ

At this stage, the Einstein-Dirac equations reduce to a
system of ODEs involving the scale function RðtÞ and the
complex functions αðtÞ and βðtÞ,

˙w⃗ ¼ d⃗ ∧ w⃗; Ṙ2 þ 1 ¼ −
1

R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þm2R2

p
w1; ð22Þ

where d⃗ is defined as

d⃗ ≔
2

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þm2R2

p
e⃗1 −

λmR
λ2 þm2R2

Ṙ
R
e⃗2: ð23Þ

The length of the Bloch vector is constant, and the
normalization convention is

jw⃗j ¼ λ2 −
1

4
¼ N: ð24Þ

Within weak measurement and the two vectors state
formalism, this research primarily explores solutions to the
Einstein-Dirac equation under specific conditions. These
conditions involve either the mass parameter (m ¼ 0), in
which case the solution of (22) is the preselected state,
or the eigenvalue (λ ¼ 0), in which case the solution of the
same equation is the postselected state.
In the case where m ¼ 0, the Einstein-Dirac equation

simplifies to the well-known FLRW equation describing
the Universe’s behavior in the radiation-dominated phase.
Conversely, in the second scenario, λ ¼ 0 corresponds
to a dust-dominated Universe. Notably, for sufficiently
large-scale factor R, the Universe exhibits classical

behavior similar to the dust-dominated case. Figure 1 gives
a pictorial description of weak measurement or weak value
computation in the Einstein-Dirac cosmological context,
which we aim to explore in this article.
The classical Friedmann general equation with k ¼

1; 0;−1 corresponding to closed, flat, and opened
Universe, respectively, is given by

Ṙ2 þ k ¼ −
�
ρm
R

þ ρr
R2

− ΛR2

�
; ð25Þ

where ρm is the density of matter, ρr is the density of
radiation, and Λ is the vacuum energy. For R ≪ 1, in the
right side of expression (25), the radiative term dominates
in the evolution of the Universe. The expression becomes

Ṙ2 þ k ¼ −
�
ρr
R2

�
: ð26Þ

While ignoring the vacuum energy, if R ≫ 1, then the
matter term dominates and expression (25) becomes

Ṙ2 þ k ¼ −
�
ρm
R

�
: ð27Þ

This equation describes a dust-dominated Universe.
It is essential to note that the radiation-dominated

Universe pertains to a brief period near the initial singu-
larity. Our work considers the radiation-dominated period
beginning at the end of the reheating phase, which comes

FIG. 1. Preselection and postselection à tin and tout.
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after the cosmic inflation. During reheating, the Universe is
repopulated with particles, and the energy density of the
Universe becomes dominated by radiation (photons and
relativistic particles) (see [31] on page 388 and [32] on page
335). From that moment, the phenomena of the creation of
particles become negligible. During this period, the rate
of cosmological expansion slows down compared to the
inflationary period, and the dynamics of the Universe
become much more gradual (see [33,34]). In contrast,
the dust-dominated Universe extends over a much longer
time frame, including the present day.

A. jΨini: Solution of the Einstein-Dirac equation
for m= 0

When m ¼ 0, the ODEs in (22) become8>><
>>:

ẇ1 ¼ 0

ẇ2 ¼ − 2λ
R w3

ẇ3 ¼ 2λ
Rw

2;

ð28Þ

�
dR
dt

�
2

þ 1 ¼ −
1

R2
λw1: ð29Þ

We set the following conditions. The expression (29)
must verify that at time t¼ tB;dRdt jtB ¼0 and RðtBÞ ¼ R0.

This implies that w1 ¼ − R2
0

λ is a constant. The solution to
the differential scale function equation is

RðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðt − R0Þ2 þ R2

0

q
: ð30Þ

The form of this solution is confirmed by scale function
for the radiation dominated Universe proposed by
Plebanski and Krasinski in [35] on page 289. It reads as

RðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−k
�
t − tB −

1

k

ffiffiffiffiffi
ϵ0
3

r �
2

þ ϵ0
3k

s
; when k ≠ 0;

RðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ0
3
ðt − tBÞ

r
; when k ¼ 0;

where ϵ0 is the radiation density, k takes values 1 or −1.
Having the initial condition to the Bloch vector differ-

ential equation,

w⃗ðtBÞ ¼
0
@−

R2
0

λ
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s
sinðϕ0Þ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s
cosðϕ0Þ

1
A;

ð31Þ

and substituting RðtÞ into (28), and based on the relation-
ship between spherical and hyperbolic trigonometry, we
can find the subsequent solutions:

8>>>>><
>>>>>:

w1 ¼ − R2
0

λ

w2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R4

0

λ2

q
sin ðΦinðtÞÞ

w3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R4

0

λ2

q
cos ðΦinðtÞÞ;

ð32Þ

where

ΦinðtÞ ¼ 4λGðtÞ − λπ − ϕ0; ð33Þ

GðtÞ ¼ tan−1ð t
RðtÞÞ, and ϕ0, a phase. We can notice that the

Bloch vector is a function of the scale function RðtÞ.
Substituting m ¼ 0 into the components of w⃗

in (19)–(21), we obtain

8>><
>>:

w1 ¼ 2Reðαβ̄Þ
w2 ¼ 2Imðαβ̄Þ
w3 ¼ jαj2 − jβj2:

ð34Þ

Replacing α by ρin1e
iηin1 and β by ρin2e

iηin2 into (34), where
ρ is the modulus of α and η its argument, we differentiate
modulus and argument from preselected and postselected
states with indices. We obtain

8>><
>>:

w1 ¼ 2ρin1ρin2 cosðηin1 − ηin2Þ
w2 ¼ 2ρin1ρin2 sinðηin1 − ηin2Þ
w3 ¼ ρ2in1 − ρ2in2 :

ð35Þ

These results constitute additional constraints for the
solutions (32). Consequently, w1, w2, w3 must be real
numbers. GðtÞ is real for t ≠ 0.

FIG. 2. dRðtÞ
dt from time t ¼ 0 to t ¼ R0. If one considers the

today scale function is set at R ¼ 1, the scale function being
without unity, we may calibrate time so that, when the radiative
forces cease to be the driving one, then the corresponding time
would be t ¼ R0. In the literature we know that the radiation
dominated Universe epoch elapsed ≈72000 years [36], page 331.
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From expression (35) we obtain

ηin1 − ηin2 ¼ − arctan

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2N2 − R4

0

p
sin ðΦinðtÞÞ

R2
0

�
: ð36Þ

Also from (35) and using the normalization condition
from (24), we obtain

ρin1 ¼
ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s
cos ðΦinðtÞÞ

vuut
; ð37Þ

ρin2 ¼
ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s
cos ðΦinðtÞÞ

vuut
: ð38Þ

To sum up, jΨini is represented by the knowledge of
the components of the three-vector w⃗ or αin ¼ ρin1e

iηin1 and
βin ¼ ρin2e

iηin2 at a certain tin chosen such that the scale
function is real.
The time in the scale function is defined within the

interval ½0; R0�, but we will consider tin in the interval
�0; R0� for the Bloch vector to be well defined. It is worth
noting that, the radiation-dominated Universe starts after
the reheating phase; this is around 10−12 s. Within this
period the scale function increases and stops at t ¼ R0. But
in the general picture, the driving force due to matter takes
over, and the Universe continues to expand. Let us point
out also that the period within the radiation-dominated
Universe is very short compared to the lifespan of the
Universe. This period is approximated as 72000 years,
compared to the current age of 13,9 Gyrs today [36]. We
also remind that within this period, the scale function is
very small. The radiative period ceases where the scale
function R approximately attains the value R ≈ 3.10−4.
Finster in [15] shows a bouncing behavior of the scale
function around singularity. Figures 2 and 3 represent the
velocity of the scale factor and the scale factor itself over
that short period, respectively.

B. jΨouti: Solution of the Einstein-Dirac equation
for λ= 0

When λ ¼ 0, the ODEs in (22) become

8>><
>>:

ẇ1 ¼ 0;

ẇ2 ¼ − 2mw3;

ẇ3 ¼ 2mw2;

ð39Þ

�
dR
dt

�
2

þ 1 ¼ −
1

R
mw1: ð40Þ

We differ from Finster in [15], and we set that at
tmax; dRdt jtmax

¼ 0, and RðtmaxÞ ¼ Rmax. This implies that

w1 ¼ − Rmax
m . One easily sees that the two differential

equations decouple. The Bloch vector solution will not
depend on the scale function. These equations yield the
following solutions:

RðτÞ ¼ Rmax

2
ð1 − cosðτÞÞ; ð41Þ

tðτÞ ¼ Rmax

2
ðτ − sinðτÞÞ; ð42Þ

where τ is a parameter varying between 0 and 2π. The
above parametric equations, represented by Fig. 4, describe
a cycloid. Figure 5 represents its rate of change. The
parametric equations represent a cycloid.
The solution to the Bloch vector differential equation for

the following conditions,

w⃗ðtmaxÞ ¼ ðw1
max; ρ cosðϕmaxÞ; ρ sinðϕmaxÞÞ; ð43Þ

gives the following solution:

8>>>><
>>>>:

w1 ¼ − Rmax
m

w2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R2

max
m2

q
cos ðΦoutðtÞÞ

w3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R2

max
m2

q
sin ðΦoutðtÞÞ;

ð44Þ

FIG. 3. RðtÞ increasing from time t ¼ 0 to t ¼ R0.

FIG. 4. This parametric solution is set for Rmax ¼ 10. This
value is taken from Finster in [15]. The time is derived from the
formula tðτÞ ¼ Rmax

2
ðτ − sinððτÞÞ.
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where

ΦoutðtÞ ¼ 2mtþ ϕmax − 2mtmax; ð45Þ

m is the mass of Dirac particle, and ϕmax, a phase.
Substituting λ ¼ 0 into the components of w⃗

in (19)–(21), we obtain

8>><
>>:

w1 ¼ − ðjαj2 − jβj2Þ
w2 ¼ 2Imðαβ̄Þ
w3 ¼ 2Reðαβ̄Þ:

ð46Þ

Replacing α by ρout1e
iηout1 and β by ρout2e

iηout2 into (47),
we obtain

8>><
>>:

w1 ¼ − ðρ2out1 − ρ2out2Þ;
w2 ¼ 2ρout1ρout2 sinðηout1 − ηout2Þ;
w3 ¼ 2ρout1ρout2 cosðηout1 − ηout2Þ:

ð47Þ

These results constitute additional constraints for the
solutions (32). Consequently, w1, w2, w3 must be real
numbers.
From expression (47) we obtain

ηout1 − ηout2 ¼
π

2
−ΦoutðtÞ: ð48Þ

We also obtain from (47) and the norm (24),

ρout1 ¼
ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ Rmax

m

r
; ð49Þ

ρout2 ¼
ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N −

Rmax

m

r
: ð50Þ

To sum up, jΨouti is represented by the knowledge of the
components of the three-vector w⃗ or αout ¼ ρout1e

iηout1 and

βout ¼ ρout2e
ηout2 at a certain tout, chosen such that the scale

function is real.

III. WEAK MEASUREMENT ON THE
EINSTEIN-DIRAC SOLUTIONS

A weak value of any observable is given by

hÂiw ¼ hψoutðtÞjÂjψ inðtÞi
hψoutðtÞjψ inðtÞi

; ð51Þ

wherein hψoutðtÞj ¼ hψoutðtoutÞjU†ðt; toutÞ, and jψ inðtÞi ¼
Uðt; tinÞjψ inðtinÞi.
Weak values are results of weak measurements. They

are also derivable independently from weak measurements
based on classical expectation values [37]. For instance,
if Â is an observable, then its expectation value is

hÂi ¼
Z

hÂiwPϕψdϕ;

wherein hÂi ¼ hψ jÂjψi, hÂiw ¼ hψ jÂjϕi
hψ jϕi is the so-called

weak value of the observable Â, and Pϕψ ¼ jhϕjψij2 is
the detection probability of event ϕ out of the prepared
initial state ψ . This probability is that of measuring hÂiw.
Alternatively, if one sees jψi as a sum or difference of

two other state vectors, let us say jψi ¼ jψ1i � jψ2i, then
we will have

hÂi ¼ hÂ1i þ hÂ2i � 2RehÂ1;2iwhψ2jψ1i;

wherein hÂ1i ¼ hψ1jÂjψ1i, hÂ2i ¼ hψ2jÂjψ2i, and

hÂ1;2iw ¼ hψ1jÂjψ2i
hψ1jψ2i .

In (51), state vectors are multiplied by evolutionary
operators. A pictorial description of weak measurement in
our context is represented in Fig. 6.
The solutions of Einstein-Dirac equations jψ inðtinÞi and

jψoutðtoutÞi are defined at the respective times tin and tout.
We must construct the evolutionary operator to allow the
weak measurement to occur at time t between tin and tout.
Because of the complexity involving the construction of

the exact evolutionary operator due to the time dependency
of the Dirac Hamiltonian, we are going to approximate it
by using the Wentzel-Kramers-Brillouin (WKB) method.
Also, following Finster [30], the smallness of the
Compton wavelength compared to the lifetime of the
Universe justifies the use of WKB-type approximation.
The approximated unitary evolutionary operator will be
expressed as

Uðt; t0Þ ¼ U−1ðtÞ
�
e−iFðt;t0Þ 0

0 eiFðt;t0Þ

�
Uðt0Þ; ð52Þ

FIG. 5. Rate of change: the scale function in a universe
dominated by matter.
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wherein Fðt; t0Þ ¼ −Fðt0; tÞ ¼
R
t
t0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2ðt0Þm2þλ2

p
Rðt0Þ dt0. UðtÞ is

defined such that

UðtÞ
0
@ m − λ

RðtÞ
− λ

RðtÞ −m

1
AUðtÞ−1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2ðtÞm2 þ λ2

p
RðtÞ

�
1 0

0 −1

�
: ð53Þ

Equation (53) yields gðtÞ ¼ 1
2
arctanð λ

mRðtÞÞ for the unitary
matrix given by

UðtÞ ¼
 
cosðgðtÞÞ − sinðgðtÞÞ
sinðgðtÞÞ cosðgðtÞÞ

!
: ð54Þ

The computation of ðe−iFðt;t0Þ
0

0
eiFðt;t0ÞÞ follows Finster

in [30].
The unitary operator applied to the preselected state

Uðt; tinÞ is given as

U−1ðtÞ
�
e−iFðt;tinÞ 0

0 eiFðt;tinÞ

�
UðtinÞ: ð55Þ

Since the preselected state is taken from the radiation-
dominated Universe, where m ¼ 0, this will yield
gðtinÞ ¼ π

4
þ kπ. For k ¼ 0,

gðtinÞ ¼
π

4
; ð56Þ

and the matrix will be given by

UðtinÞ ¼
ffiffiffi
2

p

2

�
1 −1
1 1

�
; ð57Þ

whereas the postselected state is taken from the dust-
dominated Universe wherein λ ¼ 0. This will yield
gðtoutÞ ¼ 0þ kπ for λ ¼ 0, for k ¼ 0,

gðtinÞ ¼ 0; ð58Þ

and the unitary matrix UðtoutÞ is the identity matrix

UðtoutÞ ¼
�
1 0

0 1

�
: ð59Þ

Knowing that U†ðt; toutÞ ¼ Uðtout; tÞ, this later is given
by

U−1ðtoutÞ
�
e−iFðtout;tÞ 0

0 eiFðtout;tÞ

�
UðtÞ: ð60Þ

The unitary operator approximated, we can now compute
the weak value of some observables starting with the
energy-momentum tensor.

A. Weak measurement of the energy-momentum tensor

The computation of the weak value of the energy-
momentum tensor (see Appendix B) given as

hTμνiw ¼ hψoutðtÞjTμνjψ inðtÞi
hψoutðtÞjψ inðtÞi

; ð61Þ

yields that its nonvanishing components, because of the
homogeneity and the isotropy of the FLRW space, are

hT0
0iw ¼

h
mRðtÞðαinðtÞαoutðtÞ − βinðtÞβoutðtÞÞ − λðαinðtÞβoutðtÞ þ βinðtÞαoutðtÞÞ

i
RðtÞðαoutðtÞαinðtÞ þ βoutðtÞβinðtÞÞ

; ð62Þ

FIG. 6. Weak measurement at time t.
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and

hTj
jiw ¼ λðαinðtÞβoutðtÞ þ βinðtÞαoutðtÞÞ

3RðtÞðαoutðtÞαinðtÞ þ βoutðtÞβinðtÞÞ
; ð63Þ

where j represents r; θ;ϕ. The space diagonal energy
momentum tensors are all equal, that is Tr

r ¼ Tθ
θ ¼ Tϕ

ϕ.
One sees here that if jψ inðtÞi ¼ jψoutðtÞi, then the weak

value of the energy-momentum tensor will coincide
with the one computed in [15]. In this regard, weak
values or measurements generalize classical averages or
measurements.
Another quick observation is the amplification phenome-

non. The occurrence of the almost orthogonality condition
occurs in a practical way if

αoutðtÞαinðtÞ þ βoutðtÞβinðtÞ ≈ 0:

This is realized when αoutðtÞ ≈ −kβinðtÞ and βoutðtÞ≈
kαinðtÞ, where k is a factor or a phase.
It might be interesting to have an explicit expression of

the orthogonality condition for measurement and better
analysis. To this end, let us construct a complex Bloch
vector in relation to the density operator, as introduced
by Aharonov and Gruss in their paper Two-Time
Interpretations [3]. One should note that if the preselected
state is equal to the postselected one, then we shall get the

same construction as in the paper of Finster and Hainzl on
page 16 in [15]. Our complex Bloch vector will be given as

v⃗f;i ¼

0
BB@

v1f;i

v2f;i

v3f;i

1
CCA ¼

0
BB@

hξoutðtÞjσ1jξinðtÞi
hξoutðtÞjσ2jξinðtÞi
hξoutðtÞjσ3jξinðtÞi

1
CCA; ð64Þ

wherein ξoutðtÞ ¼
�
αoutðtÞ
βoutðtÞ

�
and ξinðtÞ ¼

�
αinðtÞ
βinðtÞ

�
.

We also define v0f;i as hξoutðtÞjξinðtÞi. This will yield

αoutðtÞαinðtÞ þ βoutðtÞβinðtÞ. We can now redefine the weak
energy-momentum tensor as

hT0
0iw ¼

h
mRðtÞ

�
v3f;i
�
− λ
�
v1f;i
�i

RðtÞ
�
v0f;i
� ;

hTj
jiw ¼

λ
�
v1f;i
�

3RðtÞ
�
v0f;i
� : ð65Þ

Let us express the energy-momentum tensor weak
values in terms of αinðtinÞ and αoutðtoutÞ, wherein
A ¼ eiðFðtout;tinÞÞ, A ¼ e−iðFðtout;tinÞÞ, B ¼ eiðFðt;tinÞþFðt;toutÞÞ,
and B̄ ¼ e−iðFðt;tinÞþFðt;toutÞÞ. Because of the lengthiness of
the expression, we break it as follows:

v0f;i ¼
ffiffiffi
2

p

2
ðαoutðtoutÞαinðtinÞ − αoutðtoutÞβinðtinÞÞAþ

ffiffiffi
2

p

2
ðβoutðtoutÞβinðtinÞ þ βoutðtoutÞαinðtinÞÞA; ð66Þ

v3f;i ¼
ffiffiffi
2

p

2
αinðtinÞαoutðtoutÞ½sin ð2gðtÞÞBþ cos ð2gðtÞÞĀ� þ

ffiffiffi
2

p

2
βinðtinÞβoutðtoutÞ½− sin ð2gðtÞÞB̄ − cos ð2gðtÞÞA�

þ
ffiffiffi
2

p

2
αinðtinÞβoutðtoutÞ½sin ð2gðtÞÞB̄ − cos ð2gðtÞÞA� þ

ffiffiffi
2

p

2
βinðtinÞαoutðtoutÞ½sin ð2gðtÞÞB − cos ð2gðtÞÞĀ�; ð67Þ

v1f;i ¼
ffiffiffi
2

p

2
αinðtinÞαoutðtoutÞ½− sin ð2gðtÞÞĀþ cos ð2gðtÞÞB� þ

ffiffiffi
2

p

2
βinðtinÞβoutðtoutÞ½sin ð2gðtÞÞA − cos ð2gðtÞÞB̄�

þ
ffiffiffi
2

p

2
αinðtinÞβoutðtoutÞ½sin ð2gðtÞÞAþ cos ð2gðtÞÞB̄� þ

ffiffiffi
2

p

2
βinðtinÞαoutðtoutÞ½sin ð2gðtÞÞĀþ cos ð2gðtÞÞB�: ð68Þ

We can deduce the orthogonality condition from v0f;i ≈ 0. This is obtained if αoutðtoutÞ ≈

−
ffiffiffi
2

p

2
αinðtinÞ½− sin ðgðtoutÞÞe−iFðtout;tinÞ þ cos ðgðtoutÞÞeiFðtout;tinÞ�

−
ffiffiffi
2

p

2
βinðtinÞ½sin ðgðtoutÞÞe−iFðtout;tinÞ þ cos ðgðtoutÞÞeiFðtout;tinÞ�; ð69Þ

and βoutðtoutÞ ≈ ffiffiffi
2

p

2
αinðtinÞ½cos ðgðtoutÞÞe−iFðtout;tinÞ þ sin ðgðtoutÞÞeiFðtout;tinÞ�

þ
ffiffiffi
2

p

2
βinðtinÞ½− cos ðgðtoutÞÞe−iFðtout;tinÞ þ sin ðgðtoutÞÞeiFðtout;tinÞ�: ð70Þ
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As it is difficult to have a simple expression of the weak
value of the energy-momentum tensor to make an inter-
pretation, let us calculate a concrete example using values
that simplify the computation. For the preselected states, let
us have

8>>>>>><
>>>>>>:

λ ¼ 3=2; the eigenvalue ofDH

gðtinÞ ¼ π
4
; see ð56Þ

UðtinÞ ¼
ffiffi
2

p
2

�
1 −1
1 1

�
; see ð57Þ

R0 is of order 10−4 ;we setR4
0 ≈ 0:

ð71Þ

These values will yield8>>>>>>>>>>><
>>>>>>>>>>>:

ΦinðtÞ ¼ 3GðtÞ − π
4
− ϕ0; see ð33Þ

ηin1 − ηin2 ¼ − arctan

�
3 sin ðΦinðtÞÞ

R2
0

�
; see ð36Þ

we set ηin2 ¼ 0

ρin1 ¼
ffiffi
2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 2 cos ðΦinðtÞÞ

p
; see ð37Þ

ρin2 ¼
ffiffi
2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2 cos ðΦinðtÞÞ

p
; see ð38Þ:

ð72Þ

Therefore the preselected state at tin will be given by

8><
>: αinðtinÞ ¼

ffiffi
2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 2 cos ðΦinðtinÞÞ

p
e
−i arctan

	
3 sin ðΦinðtinÞÞ

R2
0



βinðtinÞ ¼

ffiffi
2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2 cos ðΦinðtinÞÞ

p
:

ð73Þ

As for the postselected state vector, the scale function
and the time expressed as RðτÞ ¼ Rmax

2
ð1 − cosðτÞÞ,

tðτÞ ¼ Rmax
2

ðτ − sinðτÞÞ, respectively, we have the following
observations:

(i) A maximal RðτÞ will be Rmax, and the maximal t,
that is tout, will be Rmaxk π

2
.

(ii) We shall have ρout1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ Rmax

m

q
, ρout2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − Rmax

m

q
and ηout1 − ηout2 ¼ π

2
− ϕmax.

We remind that the postselected state is taken from the
dust-dominated Universe wherein λ ¼ 0. This will yield
gðtoutÞ ¼ 1

2
arctanð λ

m�RðtoutÞÞ ¼ 0þ kπ. This will lead, for

k ¼ 0, to UðtoutÞ ¼ ð1
0
0
1
Þ, an identity matrix.

The postselected state tout will be

αoutðtoutÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ Rmax

m

r
eiðπ2−ϕmaxÞ;

βoutðtoutÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 −

Rmax

m

r
: ð74Þ

For simplicity, let us consider a weak measurement
taking place at time tout and Rmax ¼ 10 and m ¼ 21.5.
This implies that�

αinðtoutÞ
βinðtoutÞ

�
¼ Uðtout; tinÞ

�
αinðtinÞ
βinðtinÞ

�
;

where

Uðtout; tinÞ ¼
1ffiffiffi
2

p
�
e−iπmRmax −e−iπmRmax

eiπmRmax eiπmRmax

�
;

and Uðtout; toutÞ ¼ I. Note that Fðtout; tinÞ ¼ mtout. These
elements yield the following state vectors:

αinðtoutÞ ¼
ffiffiffi
2

p

2
ðαinðtinÞ − βinðtinÞÞe−iπmRmax ;

βinðtoutÞ ¼
ffiffiffi
2

p

2
ðαinðtinÞ þ βinðtinÞÞeiπmRmax : ð75Þ

Since the weak measurement is taking place at time tout,
the postselected state is fixed.
The values of the weak measurement of the energy-

momentum tensor in the expression (65) will be

v0f;i ¼ C

�
ðA − BÞ cos

�
Φin

2

�
Dþ ðAþ BÞ sin

�
Φin

2

��

v1f;i ¼ CðABþ 1Þ
�
cos

�
Φin

2

�
D − sin

�
Φin

2

��

v3f;i ¼ C

�
ðAþ BÞ cos

�
Φin

2

�
Dþ ðA − BÞ sin

�
Φin

2

��
;

ð76Þ

wherein we have set A ¼ e2iπmRmax , B ¼ eiϕmax , C ¼

e−iπmRmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rmax
m þ 2

q
and D ¼ e

itan−1ð3 sinð ϕinÞ
R2
0

Þ
.

If we set Φin such that Φin ¼ π, then we will have

v0f;i ¼ CðAþ BÞ
v1f;i ¼ −CðABþ 1Þ
v3f;i ¼ CðA − BÞ: ð77Þ

Such configuration happens if tin ¼ tB and ϕ0 ¼ π.
What we can conclude is that weak measurements reveal

unusual values, such as complex numbers. In our case, for
fixedm and Rmax, the numerical result will depend on ϕmax.
In (12), the acceleration of the Universe is given in terms

of the energy momentum tensor. In (17), it is given in terms
of the Bloch vector, but in the two-state formalism, the
Hopf transformation yields a complex Bloch vector. The
two-state formalism generalizes the one-state formalism
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since it suffices to consider the same state vector in the
two-state formalism to have the classical Bloch vector. We
propose to express the acceleration of the Universe in terms
of weak values of the energy-momentum tensors and derive
it in terms of a complex Bloch vector. The acceleration of
the Universe will then be given as

R̈ ¼ R
2
ð3hTj

jiw − hT0
0iwÞ;

R̈ ¼
h
−mR

�
v3f;i
�
þ 2λ

�
v1f;i
�i

2
�
v0f;i
� : ð78Þ

In this formula, one clearly sees that the acceleration of the
Universe may be comprehended from the two-state formal-
ism and weak measurement theories. Assuming a different
postselected state vector may change the shape of the
acceleration of the Universe. We remind here that the real
and the imaginary parts of a weak value can be measured.
The real part of a weak value may be interpreted as the best
estimation of the conditioned average associated with an
observable in two vector formalism [24,38], and they
represent the shift of the average detected position due to
postselection. The imaginary part of the weak value repre-
sents the shift of the average impulsion due to postselection.
The computation of the acceleration of the Universe with

the above condition yields

R̈ ¼ Re

0
BB@
h
−mR

�
v3f;i
�
þ 2λ

�
v1f;i
�i

2
�
v0f;i
�

1
CCA: ð79Þ

This example shows that the acceleration is not zero and
depends here on the postselection.
Figure 7 is about the weak measurement of the accel-

eration of the Universe as a function of time in a matter
dominated Universe.
The difference between Figs. 7 and 8 shows how the

acceleration of the Universe may change with a different
postselection. We have postselected a state vector with

ϕmax ¼ 0 in Fig. 7 and ϕmax ¼ π
4
in Fig. 8. It is clear that this

difference causes a greater amplitude of acceleration in
Fig. 8 than in Fig. 7.
In conclusion, we have shown how to compute the weak

value of the energy-momentum tensor. We derived how
to amplify weak values of the energy-momentum tensor
using an appropriate state vector almost orthogonal to the
preselected one. We have finally derived the weak values of
the acceleration of the Universe and have showed how
sensitive it is compared to classical acceleration.

B. Weak value of σz operator

In this section, we delve into the weak measurement of
the σz operator, which is given by the following expression:

σzw ¼ hψoutðtÞjσzjψ inðtÞi
hψoutðtÞjψ inðtÞi

: ð80Þ

Following Ferraz, Kofman, and Cormann in [7,39,40],
respectively, the weak value of the generator of SUð2Þ is
given by

σr;w ¼ f⃗:r⃗þ r⃗:⃗iþ if⃗:ðr⃗ ∧ ⃗iÞ
1
2
ð1þ f⃗:⃗iÞ

: ð81Þ

In our case, r⃗ ¼ ð0 0 1Þ.
The vectors f⃗ and ⃗i are real unit vectors on Bloch sphere

applied to the postselected state for f⃗ and to the preselected

state for ⃗i. The vector f⃗ is equal to w⃗f

jw⃗f j, and
⃗i ¼ w⃗i

jw⃗ij. The
length of both Bloch vectors are

jw⃗fj ¼ jw⃗ij ¼ λ2 −
1

4
:

The vector w⃗f is built as in (14) as follows:

w⃗f ¼

0
B@

hξoutðtÞjσ1jξoutðtÞi
hξoutðtÞjσ2jξoutðtÞi
hξoutðtÞjσ3jξoutðtÞi

1
CA ð82ÞFIG. 7. The real part of the weak values of the acceleration of

the Universe in function of time for m ¼ 21.5; Rmax ¼ 10;
ϕmax ¼ 0, and λ ¼ 3

2
.

FIG. 8. The real part of the weak values of the acceleration of
the Universe in function of time for m ¼ 21; Rmax ¼ 10;
ϕmax ¼ π

4
, and λ ¼ 3

2
.
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and

wi
!¼

0
B@

hξinðtÞjσ1jξinðtÞi
hξinðtÞjσ2jξinðtÞi
hξinðtÞjσ3jξinðtÞi

1
CA: ð83Þ

In terms of the components, the σz weak measurement is
given by

σr;w ¼ wf
3 þ wi

3 þ ið−wf
1wi

2 þ wf
2wi

1Þ
1
2
ð1þ wf

1wi
1 þ wf

2wi
2 þ wf

3wi
3Þ : ð84Þ

For more details in the computations, see Appendix C.
Choosing ΦinðtinÞ ¼ 0 made possible for tin ¼ tB

[see (29)] and ϕ0 ¼ 0; we find, respectively, the real part,
the imaginary part of the numerator, and the denominator of
the weak value of σz operator in terms of the preselected
and postselected vector components,

wf
3 þ wi

3 ¼ sin ð2gðtÞÞ
0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s
cos ð2Fðt; tinÞÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R2
max

m2

r
cos ðηout1 − ηout2 − 2Fðtout; tÞÞ

1
A

þ cos ð2gðtÞÞ
�
Rmax

m
−
R2
0

λ

�
; ð85Þ

−wf
1wi

2 þ wf
2wi

1 ¼ sin ð2gðtÞÞ
0
@−

Rmax

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s
sin ð2Fðt; tinÞÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R2
max

m2

r
R2
0

λ
sin ðηout1 − ηout2 − 2Fðtout; tÞ

1
A

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R2
max

m2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s
cos ð2gðtÞÞ sin ðηout1 − ηout2 þ 2Fðt; tinÞ þ 2Fðt; toutÞÞ; ð86Þ

and the denominator ð1þ wf
1wi

1 þ wf
2wi

2 þ wf
3wi

3Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R2
max

m2

r
cos ð2Fðt; tinÞ þ 2Fðt; toutÞ þ ηout1 − ηout2Þ −

R2
0Rmax

λm
þ 1: ð87Þ

One can see that the amplification phenomenon is
obtained in many ways. One way is

cosðaÞ ≈ −
1 − R2

0
Rmax

λmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R4

0

λ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R2

max
m2

q ; ð88Þ

wherein a ¼ 2Fðt; tinÞ þ 2Fðt; toutÞ þ ηout1 − ηout2 . By
adjusting adequately the parameters appearing in a, one
can amplify the weak values.
It is essential to note that any arbitrary observable in a

two-level system can be expressed as Â ¼ aIÎ2 þ aLα⃗: ˆσ⃗,
where aI and aL are constants, α⃗ is a unit vector in three
dimensions, and σ denotes the Pauli matrices.
In this subsection we have derived the computation of

the weak value of the Z component of the spin of fermions
in the context of cosmology. We have shown how it is
possible to amplify the signal by choosing adequate
parameters.

C. Berry phase from the weak value of a pure state

Let us now compute the weak value of a pure state which
is given as follows:

Π̂r;w ¼ hψoutðtÞjΠ̂rjψ inðtÞi
hψoutðtÞjψ inðtÞi

; ð89Þ

where Π̂r is a pure state given as 1
2
ðÎ þ r⃗ ⃗σ̂Þ. The complete

formula to compute the weak values of a pure state is found
in [39] or the Appendix of [40] and [7]. It reads as

Π̂r;w ¼ 1þ f⃗:r⃗þ r⃗:⃗iþ f⃗:⃗iþ if⃗:ðr⃗ ∧ ⃗iÞ
1
2
ð1þ f⃗:⃗iÞ

: ð90Þ

The vector r⃗ is defined as

0
B@

sinðθÞ cosðϕÞ
sinðθÞ sinðϕÞ

cosðθÞ

1
CA: ð91Þ
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We obtain the real part of the numerator computed for
ΦinðtinÞ ¼ 0 and θ ¼ φ ¼ π

2
,

1þ A sin ðηout1 − ηout2 − 2Fðtout; tÞ −
R2
0Rmax

λm

þ ðA cosðaÞ − sin ð2Fðtout; tÞÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s
; ð92Þ

wherein A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R2

max
m2

q
and a ¼ 2Fðt; tinÞ þ 2Fðt; toutÞþ

ηout1 − ηout2 .
The imaginary part of numerator of the Π̂r;w is given as

−
Rmax

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2−

R4
0

λ2

s
cosð2Fðt;tinÞÞ

−
R2
0

λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2−

R2
max

m2

r
cosð2Fðtout;tÞ−ðηout1 −ηout2ÞÞ: ð93Þ

The denominator, 1þ f⃗:⃗i, remains the same as computed
previously,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R4
0

λ2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

R2
max

m2

r
cosðaÞ − R2

0Rmax

λm
þ 1: ð94Þ

The amplification phenomenon is obtained as explained
in the case of the weak value of σz.
Let us compute now the argument of the weak value of

the pure state. It is given from [7] as

arg Π̂r;w ¼ arctan
f⃗:ðr⃗ ∧ ⃗iÞ

1þ f⃗:r⃗þ r⃗:⃗iþ f⃗:⃗i
: ð95Þ

The berry phase will be given by arg Π̂r;w ¼

arctan

0
BB@ − Rmax

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R4

0

λ2

q
cos ð2Fðt; tinÞÞ − R2

0

λ A cos ð2Fðtout; tÞ − ðηout1 − ηout2ÞÞ
1 − A sin ð2Fðtout; tÞ − ðηout1 − ηout2ÞÞ −

R2
0
Rmax

λm þ ðA cosðaÞ − sin ð2Fðtout; tÞÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − R4

0

λ2

q
1
CCA: ð96Þ

A detailed computation is found in Appendix D. As a
conclusion, this berry phase confirms the fact that the
Universe considered here is not flat since its argument is
not 0 or a multiple of 2π in all cases.

IV. CONCLUSION

Our objectives in this paper were to apply the theory of
weak measurement in the Einstein-Dirac system in the
Friedman-Lemaître-Robertson-Walker space. We began by
noticing, with the help of Davies [9], that all observations
and measurements are weak in the quantum sense due to
the nature of the processes involved. Then, after computing
the two asymptotic state vectors, solutions of the Einstein-
Dirac equations around the big bang and the Universe at its
maximal value of the scale factor and finding the evolu-
tionary operator, we computed the weak values of the
energy momentum tensor and two other operators.
In this work, we have elucidated numerous conclusions,

particularly regarding the enlarged scope of weak measure-
ments in contrast to classical measurement paradigms.
Notably, our analysis revealed that the weak value of the
energy-momentum tensor extends beyond what is described
by classical energy-momentum concepts, exhibiting unusual
values as complex numbers in certain instances.
We have also shown that it is possible to amplify

measurements with less expensive equipments through
the weak measurements process by strategically assuming

appropriate initial and final state vector. Furthermore, weak
measurements serve as a powerful tool for shedding some
light on the geometric characteristics of the underlying
space. By virtue of its association with the Berry phase,
weak measurements enabled us to ascertain that the under-
lying space exhibits nonflat geometry, as evidenced by the
weak measurement of fermion wave functions.
Our analytical framework also demonstrates the effec-

tiveness of weak measurements in detecting the acceler-
ation of the Universe, leveraging the two-state vector
formalism and weak measurement techniques. Notably,
we established that the scale function may be understood as
an outcome of the postselection process.
We end this paper by noticing that it is possible to use

this tool experimentally in cosmology. This should be the
next step for some future researches.
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APPENDIX A: THE DIRAC EQUATION
AND ITS SEPARATION

In this article, we specifically consider the case of a
closed universe with k ¼ 1, although similar computations
can be extended to other cases. In this scenario, the line
element simplifies to

ds2 ¼ dt2 − R2ðtÞ
�

dr2

1 − r2
þ r2dΩ2

�
: ðA1Þ

In this case, the coordinate r will vary in the interval
(0, 1).
We follow Finster in [15] and [30] to construct the Dirac

operator. Our Dirac matrices in FLRW spacetime are
expressed as

G0 ¼ γ0;

Gr ¼ fðrÞ
RðtÞ ðcos θγ

3 þ sin θ cosϕγ1 þ sin θ sinϕγ2Þ;

Gθ ¼ 1

rRðtÞ ð− sin θγ3 þ cos θ cosϕγ1 þ cos θ sinϕγ2Þ;

Gϕ ¼ 1

rRðtÞ sin θ ð− sinϕγ1 þ cosϕγ2Þ; ðA2Þ

wherein

fðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2

p
; r∈ ð0; 1Þ; ðA3Þ

and the Dirac matrices are given as

γ0 ¼
�
I 0

0 −I
�
; γα ¼

�
0 σα

−σα 0

�
:

I is the 2 × 2 identity matrix, and σα are the Pauli
matrices,

σ1¼
�
0 1

1 0

�
; σ2¼

�
0 −i
i 0

�
; σ3¼

�
1 0

0 −1

�
: ðA4Þ

The differential operatorD in ðD −mÞΨ ¼ 0 is given by
Dμ ¼ ∂μ − iEμ, and Gμ obeys to the anticommutation rule

fGμ; Gνg≡GμGν þ GνGμ ¼ 2gμν14:

The so-called spin coefficients are given by Eμ.
For an orthogonal metric, the combination GμEμ takes

the simple form (for more details see [15])

GμEμ ¼
i

2
ffiffiffiffiffijgjp ∂μ

� ffiffiffiffiffi
jgj

p
Gμ
�

with g ¼ det gij;

making it unnecessary to compute the spin connection
coefficients or even the Christoffel symbols. The con-
structed Dirac equation yields

�
iγ0
�
∂tþ

3

2

Ṙ
R

�
−RðtÞmþ

�
0 DH

−DH 0

��
Ψ¼0; ðA5Þ

where DH represents the purely spatial operator on S3,

DH ¼ iσr
�
∂r þ

f − 1

rf

�
þ iσθ∂θ þ σϕ∂ϕ: ðA6Þ

The Pauli matrices σr; σθ; and σϕ are linear combinations of
the Pauli matrices defined in (A4),8>><
>>:
σr≔fðrÞðcosθσ3þsinθcosϕσ1þsinθsinϕσ2Þ
σθ≔ 1

rð−sinθσ3þcosθcosϕσ1þcosθsinϕσ2Þ
σϕ≔ 1

rsinθð−sinϕσ1þcosϕσ2Þ;
ðA7Þ

and the function fðrÞ is given in (A3).
Note that Gμ ¼ gμνGν. This spatial operator DH has a

purely discrete spectrum

σðDHÞ ¼
�
� 3

2
;� 5

2
;� 7

2
;…

�
; ðA8Þ

and the dimension of the corresponding eigenspace is given
as follows:

dim ker ðDH − λÞ ¼ λ2 −
1

4
: ðA9Þ

An orthonormal eigenvector basis, in terms of spherical
harmonics and Jacobi polynomials, is provided in the
Appendix of [30] and is denoted by ψ�

njk, where n∈N0,
j∈N0 þ 1

2
, and k∈ f−j;−jþ 1;…; jg.

The spatial differential operator on the eigenvector can
be represented as follows:

DHψ
�
njk ¼ λψ�

njk; where λ ¼ �ðnþ jþ 1Þ: ðA10Þ

We represent the normalized eigenfunction ofDH related
to the eigenvalue λ by ψλ ∈L2ðS3Þ2.
For the separation of the Dirac equation

ðD −mÞΨ ¼ 0; ðA11Þ
one has to consider an eigenspinor ψλ of the spatial Dirac
operator

DHψλ ¼ λψλ;
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and use

Ψ ¼ 1

RðtÞ32
�
αðtÞψλðr; θ;ϕÞ
βðtÞψλðr; θ;ϕÞ

�
: ðA12Þ

APPENDIX B: WEAK MEASUREMENTS
OF THE ENERGY MOMENTUM

In this section, we compute the weak value of the
energy-momentum tensor given by

hTμνiw ¼ hψoutðtÞjTμνjψ inðtÞi
hψoutðtÞjψ inðtÞi

: ðB1Þ

More explicitly, we have

hTμνiw ¼ 1

2

hψoutðtÞjðiGμDν þ iGνDμÞjψ inðtÞi
hψoutðtÞjψ inðtÞi

; ðB2Þ

where Gμ are the linear combinations of the Dirac matrices
of Minkowski space given by (A2).
To compute the numerator part of the weak value of the

energy-momentum tensor, following Finster in [30], we

adapt the object Pðt; x⃗; t0; x0!Þ

¼ðRðtÞRðt0ÞÞ−3
2Eλðx⃗; x0

!Þ⊗
 
αinðtÞαoutðt0Þ−αinðtÞβoutðt0Þ
βinðtÞαoutðt0Þ−βinðtÞβoutðt0Þ

!

ðB3Þ

to our need, wherein Eλ denote the spectral projectors of

DS3 , given by E�jλj ¼
Pjλj−3

2

n¼0

Pj
k¼−j ψ

�
njkðxÞψ�

njkðx́Þ. Then,
the numerator part of weak value of the energy-momentum
tensor, hψoutjTμνjψ iniðt; x⃗Þ, can be expressed in terms
of P by

¼ 1

2
TrC4

n
ðiGμDν þ iGνDμÞPðt; x⃗; t0; x⃗0Þ

o



t0¼t;x⃗0¼x⃗

: ðB4Þ

Because of the homogeneity and the isotropy of the FLRW
space, only the diagonal energy-momentum tensor com-
ponents are different from 0. We get the following results
after computations and normalization,

hT0
0iw ¼ hψoutðtÞjT0

0jψ inðtÞi
hψoutðtÞjψ inðtÞi

¼
h
mRðtÞðαinðtÞαoutðtÞ − βinðtÞβoutðtÞÞ − λðαinðtÞβoutðtÞ þ βinðtÞαoutðtÞÞ

i
RðtÞðαoutðtÞαinðtÞ þ βoutðtÞβinðtÞÞ

; ðB5Þ

and

hTj
jiw ¼ hψoutðtÞjTj

jjψ inðtÞi
hψoutðtÞjψ inðtÞi

¼ λðαinðtÞβoutðtÞ þ βinðtÞαoutðtÞÞ
3RðtÞðαoutðtÞαinðtÞ þ βoutðtÞβinðtÞÞ

; ðB6Þ

where j represents r; θ;ϕ. The space diagonal energy
momentum tensors are all equal, that is Tr

r ¼ Tθ
θ ¼ Tϕ

ϕ.

1. Computation of the preselected state at time t

The spinor at time t is obtained by applying the evolu-
tionary operator on a spinor defined at a specific time.
The case of preselected state at time t is the preselected
state at time tin on which the unitary operator is applied. It is
given by

�
αinðtÞ
βinðtÞ

�
¼ Uðt; tinÞ

�
αinðtinÞ
βinðtinÞ

�
;

wherein Uðt; tinÞ is given in (55). This will lead to

αinðtÞ¼
ffiffiffi
2

p

2
αinðtinÞ

h
cosðgðtÞÞe−iFðt;tinÞ þsinðgðtÞÞeiFðt;tinÞ

i
þ

ffiffiffi
2

p

2
βinðtinÞ

h
−cosðgðtÞÞe−iFðt;tinÞ þsinðgðtÞÞeiFðt;tinÞ

i
; ðB7Þ

and

βinðtÞ¼
ffiffiffi
2

p

2
αinðtinÞ

h
−sinðgðtÞÞe−iFðt;tinÞ þcosðgðtÞÞeiFðt;tinÞ

i
þ

ffiffiffi
2

p

2
βinðtinÞ

h
sinðgðtÞÞe−iFðt;tinÞ þcosðgðtÞÞeiFðt;tinÞ

i
: ðB8Þ

We remind here that Fðt; tinÞ ¼
R
t
tin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2ðtÞm2þλ2

p
RðtÞ dt.
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2. Computation of the postselected state at time t

The postselected state is taken from the dust dominated
Universe, wherein λ ¼ 0. Knowing that U†ðt; toutÞ ¼
Uðtout; tÞ, wherein Uðtout; tÞ is specified in (60), we have

�
αoutðtÞ βoutðtÞ

�
¼
�
αoutðtoutÞ βoutðtoutÞ

�
Uðtout; tÞ.

This will lead to

αoutðtÞ ¼ αoutðtoutÞ cos ðgðtÞÞe−iFðtout;tÞ
þ βoutðtoutÞ sin ðgðtÞÞeiFðtout;tÞ; ðB9Þ

and

βoutðtÞ ¼ −αoutðtoutÞ sin ðgðtÞÞe−iFðtout;tÞ
þ βoutðtoutÞ cos ðgðtÞÞeiFðtout;tÞ: ðB10Þ

3. Computation of numerators and denominators
of the energy-momentum tensor

In terms of αinðtinÞ and αoutðtoutÞ, where

A ¼ eiðFðtout;tinÞÞ; A ¼ e−iðFðtout;tinÞÞ;

B ¼ eiðFðt;tinÞþFðt;toutÞÞ; B̄ ¼ e−iðFðt;tinÞþFðt;toutÞÞ;

(i) ðαoutðtÞαinðtÞ þ βoutðtÞβinðtÞÞ is equal to
ffiffiffi
2

p

2
ðαoutðtoutÞαinðtinÞ − αoutðtoutÞβinðtinÞÞĀ

þ
ffiffiffi
2

p

2

�
βoutðtoutÞβinðtinÞ þ βoutðtoutÞαinðtinÞ

�
A:

ðB11Þ

(ii) ðαinðtÞαoutðtÞ − βinðtÞβoutðtÞÞ is equal to
ffiffiffi
2

p

2
αinðtinÞαoutðtoutÞ½sinð2gðtÞÞBþcosð2gðtÞÞĀ�

þ
ffiffiffi
2

p

2
βinðtinÞβoutðtoutÞ½−sinð2gðtÞÞB̄−cosð2gðtÞÞA�

þ
ffiffiffi
2

p

2
αinðtinÞβoutðtoutÞ½sinð2gðtÞÞB̄−cosð2gðtÞÞA�

þ
ffiffiffi
2

p

2
βinðtinÞαoutðtoutÞ½sinð2gðtÞÞB−cosð2gðtÞÞĀ�:

ðB12Þ

(iii) ðαinðtÞβoutðtÞ þ βinðtÞαoutðtÞÞ is equal toffiffiffi
2

p

2
αinðtinÞαoutðtoutÞ½−sinð2gðtÞÞĀþcosð2gðtÞÞB�

þ
ffiffiffi
2

p

2
βinðtinÞβoutðtoutÞ½sinð2gðtÞÞA−cosð2gðtÞÞB̄�

þ
ffiffiffi
2

p

2
αinðtinÞβoutðtoutÞ½sinð2gðtÞÞAþcosð2gðtÞÞB̄�

þ
ffiffiffi
2

p

2
βinðtinÞαoutðtoutÞ½sinð2gðtÞÞĀþcosð2gðtÞÞB�:

ðB13Þ

APPENDIX C: WEAK MEASUREMENTS
OF σz OPERATOR

The weak measurement of the generator of SUð2Þ is
given by

σr;w ¼ f⃗:r⃗þ r⃗:⃗iþ if⃗:ðr⃗ ∧ ⃗iÞ
1
2
ð1þ f⃗:⃗iÞ

: ðC1Þ

In our case, r⃗ ¼ ð0 0 1ÞT to get σz. Following Kofman
in [39], the vectors f⃗ and ⃗i are computed as follows:

w⃗f ¼

0
BB@

hξoutðtÞjσ1jξoutðtÞi
hξoutðtÞjσ2jξoutðtÞi
hξoutðtÞjσ3jξoutðtÞi

1
CCA ¼

0
BB@

2ReðαoutðtÞβoutðtÞÞ
2ImðαoutðtÞβ̄outðtÞÞ
jαoutðtÞj2 − jβoutðtÞj2

1
CCA;

wherein ξoutðtÞ ¼
�

αoutðtÞ
βoutðtÞ

�
.

The postselected state components αoutðtÞ and βoutðtÞ are
given in (B9) and (B10).
The products αoutðtÞβ̄outðtÞ yield

αoutðtÞβ̄outðtÞ
¼ −ðjαoutðtoutÞj2 − jβoutðtoutÞj2Þ sinðgðtÞÞ cosðgðtÞÞ
þ αoutðtoutÞβoutðtoutÞcos2ðgðtÞÞe−2iFðtout;tÞ
− βoutðtoutÞαoutðtoutÞsin2ðgðtÞÞe2iFðtout;tÞ: ðC2Þ

The real part will be given in terms of αoutðtoutÞ ¼
ρout1e

iηout1 and βoutðtoutÞ ¼ ρout2e
iηout2 as

ReðαoutðtÞβ̄outðtÞÞ

¼ 1

2
ðρ2out2 − ρ2out1Þ sin ð2gðtÞÞ

þ ρout1ρout2 cos ð2gðtÞÞ cos ðηout2 − ηout1 − 2Fðtout; tÞÞ;
ðC3Þ
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and the imaginary part will be

ImðαoutðtÞβ̄outðtÞÞ ¼
1

2
ðρ2out2 − ρ2out1Þ sin ð2gðtÞÞ þ ρout1ρout2 sin ðηout2 − ηout1 − 2Fðtout; tÞÞ: ðC4Þ

We obtain the following vector w⃗f components:

8>><
>>:

wf
1 ¼ − Δρ2out sin ð2gðtÞÞ þ 2ρout1ρout2 cos ð2gðtÞÞ cosðΔoutÞ

wf
2 ¼ 2ρout1ρout2 sinðΔoutÞ

wf
3 ¼ Δρ2out cos ð2gðtÞÞ þ 2ρout1ρout2 sin ð2gðtÞÞ cosðΔoutÞ;

ðC5Þ

where ðηout1 − ηout2 þ 2Fðtout; tÞÞ ¼ Δout, ρ2out1 − ρ2out2 ¼ Δρ2out. Its norm is jw⃗fj ¼ λ2 − 1
4
.

This implies that the unit vector f⃗ would be given by

f⃗ ¼ 1

λ2 − 1
4

w⃗f:

In the same way, the preselected state vector is computed as follows:

wi
!¼

0
B@

hξinðtÞjσ1jξinðtÞi
hξinðtÞjσ2jξinðtÞi
hξinðtÞjσ3jξinðtÞi

1
CA ¼

0
B@

2ReðαinðtÞβinðtÞÞ
2ImðαinðtÞβ̄inðtÞÞ
jαinðtÞj2 − jβinðtÞj2

1
CA;

wherein ξinðtÞ ¼
�
αinðtÞ
βinðtÞ

�
,

αinðtÞβ̄inðtÞ ¼ ðjαinðtinÞj2 − jβinðtinÞj2Þ
�
cos2ðgðtÞÞe−2iFðt;tinÞ − sin2ðgðtÞÞe2iFðt;tinÞ

�
þ αinðtinÞβ̄inðtinÞ

�
sinð2gðtÞÞ þ sin2ðgðtÞÞe2iFðt;tinÞ þ cos2ðgðtÞÞe−2iFðt;tinÞ

�
þ βinðtinÞᾱinðtinÞ

�
sinð2gðtÞÞ − sin2ðgðtÞÞe2iFðt;tinÞ − cos2ðgðtÞÞe−2iFðt;tinÞ

�
: ðC6Þ

The real part of the above product in terms of αinðtinÞ ¼ ρin1e
iηin1 and βiinðtinÞ ¼ ρin2e

ηin2 will be

ReðαinðtÞβ̄inðtÞÞ ¼ ðρ2in1 − ρ2in2Þ cos ð2gðtÞÞ cos ð2Fðt; tinÞÞ þ 2ρin1ρin2 ½sin ð2gðtÞÞ cos ðηin1 − ηin2Þ
− cos ð2gðtÞÞ sin ðηin1 − ηin2Þ sin ð2Fðt; tinÞÞ�; ðC7Þ

and its imaginary part will be

ImðαinðtÞβ̄inðtÞÞ ¼ ðρ2in2 − ρ2in1Þ sin ð2Fðt; tinÞÞ þ 2ρin1ρin2 sin ðηin1 − ηin2Þ cos ð2Fðt; tinÞÞ: ðC8Þ

In the same way, the preselected state components are given as

8>><
>>:

wi
1 ¼ Δρ2in cos ð2gðtÞÞ cos ð2Fðt; tinÞÞ þ 2ρin1ρin2ðsin ð2gðtÞÞ cosðΔinÞ þ cosð2gÞ sinðΔinÞ sin ð2Fðt; tinÞÞÞ

wi
2 ¼ − Δρ2in sin ð2Fðt; tinÞÞ þ 2ρin1ρin2 sinðΔinÞ cos ð2Fðt; tinÞÞ

wi
3 ¼ Δρ2in sin ð2gðtÞÞ cos ð2Fðt; tinÞÞ þ 2ρin1ρin2ð− cos ð2gðtÞÞ cosðΔinÞ þ sin ð2gðtÞÞ sinðΔinÞ sin ð2Fðt; tinÞÞÞ;

ðC9Þ
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wherein ηin1 − ηin2 ¼ Δin, ρ2in1 − ρ2in2 ¼ Δρ2in. The vector ⃗i is equal to

⃗i ¼ 1

λ2 − 1
4

wi
!:

The vectors ⃗i and f⃗ represent the unit vectors on the Bloch sphere of preselected and postselected state and r⃗ ¼ ð0 0 1Þ.
In terms of the components, the σz weak value is given by

σr;w ¼ wf
3 þ wi

3 þ ið−wf
1wi

2 þ wf
2wi

1Þ
1
2
ð1þ wf

1wi
1 þ wf

2wi
2 þ wf

3wi
3Þ : ðC10Þ

The real and the imaginary parts of the numerator of the weak measurement of σz operator σr;w are given, respectively, by

wf
3 þ wi

3 ¼ Δρ2in cos ð2Fðt; tinÞÞ sinð2gðtÞÞ þ Δρ2out cosð2gðtÞÞ
þ 2ρin1ρin2 ½− cosð2gðtÞÞ cosðΔinÞ þ sin ð2Fðt; tinÞÞ sinð2gðtÞÞ sinðΔinÞ� þ 2ρout1ρout2 sinð2gðtÞÞ cosðΔoutÞ;

ðC11Þ

−wf
1wi

2 þ wf
2wi

1 ¼ 2ρin1ρin2fΔρ2out cos ð2Fðt; tinÞÞ sinð2gðtÞÞ sinðΔinÞ
þ 2ρout1ρout2 ½− cosð2gðtÞÞ cos ð2Fðt; tinÞ þ ΔoutÞ sinðΔinÞ
þ cosðΔinÞ sinð2gðtÞÞ sinðΔoutÞ�g þ Δρ2in½−Δρ2out sin ð2Fðt; tinÞÞ sinð2gðtÞÞ
þ 2ρout1ρout2 cosð2gðtÞÞ sin ð2Fðt; tinÞ þ ΔoutÞ�; ðC12Þ

and 1þ wf
1wi

1 þ wf
2wi

2 þ wf
3wi

3 is given by

1 − 2Δρ2outρin1ρin2 cosðΔinÞ þ 2ρout1ρout2 ½Δρ2in cos ð2Fðt; tinÞ þ ΔoutÞ þ 2ρin1ρin2 sinðΔinÞ sin ð2Fðt; tinÞ þ ΔoutÞ�: ðC13Þ

APPENDIX D: BERRY PHASE

The weak value of a pure state is given by

Π̂r;w ¼ 1þ f⃗:r⃗þ r⃗:⃗iþ f⃗:⃗iþ if⃗:ðr⃗ ∧ ⃗iÞ
1
2
ð1þ f⃗:⃗iÞ

: ðD1Þ

We obtain from f⃗ ¼ w⃗f

jw⃗f j and
⃗i ¼ w⃗i

jw⃗ij, already computed in general terms, the real part 1þ f⃗:r⃗þ r⃗:⃗iþ f⃗:⃗i ¼

1þcosðφÞsinðθÞfΔρ2in cosð2gðtÞÞcosð2Fðt;tinÞÞ−Δρ2out sinð2gðtÞÞ
þ2ρin1ρin2 ½cosð2gðtÞÞsinðΔinÞsinð2Fðt;tinÞÞþsinð2gðtÞÞcosðΔinÞ�þ2ρout1ρout2 cosð2gðtÞÞcosðΔoutÞg
þcosðθÞÞfΔρ2in sinð2gðtÞÞcosð2Fðt;tinÞÞþΔρ2out cosð2gðtÞÞþ2ρin1ρin2 ½−cosð2gðtÞÞsinð2gðtÞÞ
×cosðΔinÞsinðΔinÞþsinð2Fðt;tinÞÞ�þ2ρout1ρout2 sinð2gðtÞÞcosðΔoutÞg
þsinðθÞsinðφÞf2ρin1ρin2 sinðΔinÞcosð2Fðt;tinÞÞ−Δρ2in sinð2Fðt;tinÞÞþ2ρout1ρout2 sinðΔoutÞg: ðD2Þ
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The imaginary part f⃗:ðr⃗ ∧ ⃗iÞ is given by

sinðθÞ sinðφÞf−Δρ2inΔρ2out cos ð2Fðt; tinÞÞ− 2ρin1ρin2 ½Δρ2out sinðΔinÞ sin ð2Fðt; tinÞÞ þ 2ρout1ρout2 cosðΔinÞ cosðΔoutÞ�g
þ cosðθÞf2ρin1ρin2Δρ2out½sinð2gðtÞÞ sinðΔinÞ cos ð2Fðt; tinÞÞ þ 2ρout1ρout2 ½− cosð2gðtÞÞ sinðΔinÞ cos ð2Fðt; tinÞ þΔoutÞ
þ sin ð2gðtÞÞ cosðΔinÞ sinðΔoutÞ�� þΔρ2in½2ρout1ρout2 cosð2gðtÞÞ sin ð2Fðt; tinÞ þΔoutÞ−Δρ2out sinð2gðtÞÞ sin ð2Fðt; tinÞÞ�g
þ cosðφÞ sinðθÞf2ρin1ρin2Δρ2out½cosð2gðtÞÞ sinðΔinÞ cos ð2Fðt; tinÞÞ þ 2ρout1ρout2 ½sinð2gðtÞÞ sinðΔinÞcos ð2Fðt; tinÞ þΔoutÞ
þ cosð2gðtÞÞ cosðΔinÞ sinðΔoutÞ��−Δρ2in½2ρout1ρout2 sinð2gðtÞÞ sin ð2Fðt; tinÞ þΔoutÞ þΔρ2out cosð2gðtÞÞ sin ð2Fðt; tinÞÞ�g:

ðD3Þ

The denominator is the same as computed for the weak measurements of σz.
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