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ABSTRACT: Cellulose nanocrystals (CNCs) have attracted considerable interest due to their optical properties, though their nonlinear optical behavior remains largely unexplored. In this paper, we investigate the second-order nonlinear optical (SONLO) response of CNCs through both experimental and theoretical investigations. Hyper-Rayleigh scattering (HRS) experiments revealed values comparable to well-known nonlinear optical biomaterials, such as collagen, and on par with inorganic reference materials like KDP. The strong response in CNCs can be attributed to the well-ordered structure of the cellulose chains, which enhances the overall susceptibility of the nanoparticles. Quantum chemical modeling using density functional theory (DFT) was employed to simulate the molecular hyperpolarizability of CNCs. The study reduced the complex first hyperpolarizability tensor of the CNCs to two key components,  and . An electrostatic model was applied to account for the CNCs' shape and dielectric properties, leading to strong agreement with the experimental data. Our findings highlight the potential of CNCs for optoelectronic applications and provide valuable insights for characterizing CNC-based mesomaterials through two-photon microscopy.




Part I : Introduction
Non centrosymmetric (NCS) materials are the subject of extensive research in the development of second-order nonlinear optical (SONLO) applications including electro-optical switching, laser technologies and bioimaging.1–5 Commonly used materials in these applications involve nonlinear optical inorganic crystals such as LiNbO3 and BaTiO3 for electro-optical modulators or KNbO3 for frequency locking in laser devices, amongst others.6,7 Another route for developing functional CNC-based NLO organics is through the use of liquid crystalline material.8–10 Through extensive research, organic compounds, typically based on D-π-A motifs, have surpassed their inorganic counterparts, showing higher nonlinearities and faster responses.11,12 These compounds can be processed into highly performant SONLO films compatible with commercial photonic platforms more easily than their inorganic counterparts through electric field poling, although they generally exhibit lower optical and thermal stability.13,14 
Cellulose nanocrystals (CNCs) are highly crystalline ribbon-like nanoparticles extracted from naturally occurring cellulose. As the crystal structure of naturally occurring cellulose (Ia and/or Ib depending on the source material) is non-centrosymmetric (NCS), CNCs are active in SONLO processes. However, these NLO properties have not yet been thoroughly studied.
CNCs can be aligned through external field poling thanks to their high dipole moment. Magnetic and electric fields have been found to align the crystals in parallel alignment.15–17 These could then be encapsulated within a transparent polymer matrix providing a material with strong and coherent NLO responses.16 CNC-based SONLO materials would occupy a unique position in the field, bridging the gap between molecular organics and crystalline inorganics. Strong mechanical properties, thermal stability, low cost (relative to other nanoparticles) and wide availability are among the benefits of CNC.18  Another route for developing functional CNC-based NLO organics is through the use of liquid crystalline materials.19–21 In order to engineer organic liquid crystalline materials three requirements must be met and these include (1) a large molecular first hyperpolarizability (), (2) liquid-crystalline behavior and, (3) a supramolecular NCS organization. CNC nanoparticles with NCS bulk can self-align into chiral nematic phases above a certain critical concentration in water suspension. These mesophases can moreover be processed into films with photonic structures, as demonstrated in numerous papers and research studies.22 Such films are potential candidates for the creation of organic SHG active films, since their alignment can be preserved through kinetic arrest upon drying. 
Besides their potential for applications, SONLO techniques are also commonly used to characterize the structure of biomaterials. Recent SHG imaging studies have shown that the CNC chiral nematic phase exhibits a strong SONLO response. These studies have provided valuable insights into the three-dimensional microstructure of these phases.23 Despite the strong contrasting mechanism generated by SHG microscopy, the origin of the signal intensity is not well understood. A more precise determination of the magnitude and tensorial nature of the SONLO response is needed to relate the macroscopic SHG signal to the local concentration and organization of the CNCs. This will aid in interpreting SHG images of the chiral nematic mesophases in terms of local concentration or alignment, which will aid researchers in the field to further optimize the fabrication of CNC-based photonic structures.
Therefore, the first aim of this study is to evaluate the magnitude of the first hyperpolarizability of CNC, the key figure of merit for SONLO applications. The second aim is to provide insight into the tensorial nature of their SONLO response. We set out to achieve this experimentally through depolarized HRS and corroborate our results by quantum chemical modeling. The first part of the paper details the measurement of low concentration CNC suspensions using HRS.24 HRS has been widely adopted for the determination of the first hyperpolarizability of SONLO chromophores, and is also frequently applied to nanocrystalline materials such as collagen, which is structurally similar to CNC.25–28   
The second part of the paper concerns quantum chemical modeling which determines values for the first hyperpolarizability tensor components. The values obtained are then compared with the HRS data. More precisely, the full tensor of a  cellulose crystalline unit cell is computed at the Density Functional Theory level of approximation, employing Periodic Boundary Conditions, and a classical electrostatic model is subsequently used to get the  and depolarization ratio of single nanocrystals, taking into account their shape.
The paper is organized as follows. It begins with a description of the structure of cellulose nanocrystals, detailing their geometrical dimensions and crystal structure, which will be referenced throughout the study. In the following sections, theoretical background, results, materials and methods of both parts (HRS and quantum chemical modeling) are detailed one after the other. Finally, a comparison is made between the experimental and theoretical results to arrive at a conclusion. Additional material characterization and complementary calculations are provided in the supporting information (ESI).


Part II : Theory
The structure of Cellulose Nanocrystals
CNC are highly crystalline ribbon-like nanoparticles. These nanoparticles can be obtained through an acid hydrolysis of naturally occurring cellulose from a wide variety of natural sources e.g. wood, cotton, linen, tunicates, and algae. The acid hydrolysis process preferentially hydrolyses the dislocated regions thereby releasing the crystalline regions, resulting in the CNCs. Using sulfuric acid results in sulfate groups being grafted to the surface of the CNCs which provides them with colloidal stability in aqueous suspension. 
In order to characterize the SONLO response, described by the first hyperpolarizability tensor of CNC, it is crucial to understand their chemical composition, crystal structure, and their geometric shape. Due to the NCS structure of the crystal lattice, the response can be approximated as originating from the contributions of a well-defined crystal point group in the bulk of the cellulose, while interface effects can be neglected. 
Cellulose is a linear homopolysaccharide composed of β-D-anhydro-glucose units (AGU) linked by β(1-4) ether bonds called glycosidic links. The β-AGU consists of a six-membered heterocycle with an anomeric carbon labelled C1 and with all hydroxyl groups located in the equatorial position. A representation of the cellulose chain is given in Fig. 1A. The heterocycle is usually found in the chair conformation and due to equatorial-plane hydrogen bonding, axial Van der Waals interactions, cellulose in its solid state can adopt seven distinct allomorphs. These are labelled  29,30 Only Ia and Ib occur naturally with the other allomorphs formed by either dissolving and recrystallizing (II), treating with gaseous or liquid ammonia (IIII and IIIII), or heating in glycerol (IVI and IVII). 
Cellulose synthesized by nature are formed in bundles of microfibrils containing crystalline and dislocated region and consist primarily of a mixture of the allomorphs  and . A triclinic lattice with two anhydro-glucose chains per unit cell is assigned to the form and a monoclinic lattice with four anhydro-glucose chains per unit cell is assigned to the  form.31  Both these allomorphs can coexist within the same microfibril, alternating in their arrangement with the ratio  /  being source dependent.32 In higher order plants, the allomorph  is the dominant structure with the ratio  / typically being less than 0.25. The ratio between both these allomorphs remains controversial and the  /  appears not to be a fixed value for a given CNC type. The  is in a metastable state and can be converted to .18  We focus on the  structure since it is the most dominant one in cotton-sourced cellulose nanocrystals.33  Specifically, the  point group is monoclinic . 
Using the reference crystal structure determined by X-ray and neutron diffraction study carried out by Nishiyama et al. the lattice parameters are defined as a=7.78 Å, b=8.20 Å and c=10.38 Å with c being the fiber axis.34  The exact coordinates of the crystalline phase have been expressed in detail by Zugenmaier et al.33 The cross section of CNCs also seems to depend on the source material and is still under intense investigation. As the SONLO response is based on the bulk crystal structure and interface effects are neglected, the exact cross section is not important for our analysis and a rectangular cross section is assumed for simplicity. 
Using a rectangular cross-section, the  crystalline CNC ribbons have their shorts edges along the faces  and . Therefore, the plane spacing distances  and  are also employed to count the number of cellulose chains within a specific rod.  and  are equal to 5.32 Å and 5.96 Å respectively. In Fig 1D, the brown boxes show the end of individual cellulose chains, with the variables  and  representing the height, width, and length of the nanocrystal respectively.  
Furthermore, it is also possible to calculate the number of repeating units within a nanorod. For the crystal point group of the number of anhydro-glucose units can be derived from the dimensions of the rod, the plane spacing distances and the cell parameter c. This is expressed through eqn (1) below:
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Figure 1:  Cellulose molecule and cellulose nanocrystals structure. (A) Representation of a cellulose chain showing the anhydro-glucose units in the chair conformation. (B) YZ view of the  cellulose crystal. (C) XY view of the  cellulose crystal. (D) Model representation of the packing of cellulose chains in a cellulose nanocrystal. The unit cell is described with the lattice parameters a and b and the exposed facets at the edge of the crystal correspond to the planes and (). The distances  and  are used to calculate the number of cellulose chains in the CNC with known physical dimensions L1, L2, and L3.
Considering that the nanorods have been modified with sulfate half-ester groups, these should in principle also be taken into account. However, since the contribution to the SONLO signal of well-aligned NCS bulk cellulose chains increases quadratically with their number, the contribution of individual grafted moieties at the surface is not expected to influence the overall second order response greatly.  A more detailed calculation for the characterization of the surface sulfate moieties is provided in the ESI.1-3.30,35

Symmetry considerations for the first hyperpolarizability of  Cellulose Nanocrystals
HRS is the technique of choice for measuring the SONLO response of ionic and colloidal species, as it avoids the use of external electric fields like EFISHG measurements.24 It relies on orientational fluctuations to measure light scattering at the second harmonic, providing info about the magnitude of the first hyperpolarizability in a straightforward manner. A more in depth explanation of the theory governing the HRS and the equations to relate the macroscopic measurements to the molecular components of the harmophores is described in ESI.7.24,36
In order to gain insight into the tensorial nature of , an appropriate experimental quantity corresponds to the depolarization ratio, which is determined by taking the ratio of the scattered light intensity in the Y direction, polarized along X and Z. If the fundamental laser light is polarized along Z, this corresponds to the ratio of the hyperpolarizability,  and :
	
	
	


The depolarization ratio provides information about the symmetry and structure of the material being studied by HRS. 
When describing the first hyperpolarizability of an ensemble of molecules in a periodic crystal, the effective hyperpolarizability of the crystal, , is used. We have demonstrated that due to the relatively small size of the CNC that the angular dependence could be neglected. (ESI.10) 27,37 In our case, we use the notation as  which corresponds to a CNC of a specific dimension. This can then be described simply as follows:
	
	
	


where  is the hyperpolarizability tensor of the unit cell and is the number of unit cells in a CNC. It is important to highlight that the relationship between the measured HRS intensity and the number of scatterers becomes quadratically dependent ( as per eqn (S5).
Since the  allomorph is associated to a  point group the general form of the first hyperpolarizability can be expressed by the following (see ESI.17):
	
	


In view of exploiting the results from the quantum chemistry calculations with periodic boundary conditions (PBC) through an electrostatic model post-treatment, a particularly useful approximation consists in simplifying the first hyperpolarizability tensor and in reducing it to its dominant components. In the case of cellulose, the dominant components are  and  (see an example treated by Clays et al.38). This corresponds to an effective  symmetry along with . We can then express the depolarization ratio only as a function of the ratio of those two independent components, and a  index was added to distinguish the formula from the general case. Denoting the ratio of the two  independent components by
	
	


where the first hyperpolarizability from eqn (4) can be expressed as:
	
	


the depolarization ratio is expressed as:
	
	


and the  expression is rewritten as:
	
	


In practice, from the originally computed full tensor, the depolarization ratio and  are computed. Then, from eqn (7), an effective  ratio is obtained (two solutions appear, since the equation has degree two, we select the closest  to the one of the original tensor). The new ratio is then plugged in eqn (8) together with  from the original tensor in order to obtain a new , i.e. the one of the effective  symmetry. From this quantity and the effective  ratio, a new  is also obtained.

Theoretical chemistry calculations 
Computational aspects related to geometry optimization of the crystal unit cell at the DFT level with Periodic Boundary Conditions
All the quantum chemistry calculations have been performed with the CRYSTAL17 suite software.39,40 Geometry optimizations started from the single crystal neutron diffraction structure obtained by Nishiyami et al.34 In this neutron diffraction structure, each of the four deuterium atoms partially occupy two sites, with abundance: 1.00.2/0.00.2, 0.850.18/0.150.18, 0.570.14/0.430.14, and 0.680.16/0.320.16. For every calculation involving this structure, the deuterium atoms have been replaced by hydrogens put in their site of highest occupancy. From this, a full geometry optimization of the crystal was carried out, that is, both the unit cell parameters and the atomic positions are relaxed. The selected level of approximation was i) the B97X 41 exchange correlation functional (XCF), and ii) the 6-311G** 42 basis set.  The choice of the XCF and the PBC-related parameters were made considering the results of Mairesse et al.43 These are detailed in ESI.11.39,43–46
Theoretical and computational aspects of the calculations of the unit cell first hyperpolarizability at the DFT level with Periodic Boundary Conditions
The unit cell first hyperpolarizability tensors of both the neutron diffraction and optimized structure of  cellulose were computed using CRYSTAL17. The selected levels of approximation are i) the 6-311G** basis set, with ii) the CAM-B3LYP 47,  B97X, and LC-BLYP 48 XCFs. The calculation parameters were: TOLINTEG 9 9 9 30 70, SHRINK 6 6. These choices were made in line with the results of Mairesse et al.49  When using the LC-BLYP XCF, the percentage of Hartree-Fock exchange at long-range (for an infinite inter-electronic distance) was tuned, with the objective of reproducing the experimental optical band gap, which amounts to 4.5 eV50 and references therein . From literature, other PBC calculations have reported electronic band gaps: 5.5 eV50(PBE-D2, def2-TZVP), 8.1 eV50 (PBE0-D2, def2-TZVP), and 5.4 eV51 (plane-wave based Car-Parrinello, BLYP), which are in qualitative good agreement with experimental observations since the optical gap is smaller than the electronic one (a value of ~6 eV is considered as the reference). So, the “LC-BLYPXX” notation means that there is XX % of Hartree-Fock exchange at infinite inter-electronic distance (starting from 0% for a zero inter-electronic distance).
The relative permittivity tensor of the cellulose crystals was calculated from the unit cell polarizability , according to
	

	


where  is the linear electric susceptibility tensor,  is the identity tensor and  is the unit cell volume. Note that, from a methodological and computational viewpoint, the same intermediate matrices are needed to evaluate the polarizability as well as the first hyperpolarizability, that is, the first-order derivatives of the wavefunction (LCAO coefficients) with respect to the incident electric field, thanks to the Wigner 2n+1 rule, so that all the optical quantities are obtained from the same set of calculations.52,53 More details about the PBC computation of the unit cell first hyperpolarizability at the DFT level are available in ESI.1247–49,54,55 and the works of Dovesi et al.39,45,46,56 

Electrostatic model to take into account the shape and dielectric properties of nanocrystals in solution
The nanocrystals in solution have prism/needle shapes, and their dielectric properties are different from the solvent (water) one, so that the electric field actually acting within the cellulose bulk is different from the one in the solvent. The local field factors needed to describe this effect can be tricky to compute, so in order to improve the comparison of the theoretical results to the experimental ones, the first hyperpolarizability tensor can be altered according to a simple electrostatic model. The nanocrystals are thus approximated as ellipsoids of homogeneous material with anisotropic relative permittivity, see Fig. 2, embedded into a homogeneous dielectric (the solvent). Also, to maintain the workability of this idea, one assumes that the ellipsoid representing the nanocrystals has a diagonal relative permittivity and that the L1 and L2 principal axes have the same length.
[image: ]
Figure 2:  Electrostatic Model Representation of CNC. The geometrical dimensions of the CNCs is approximated by an ellipsoid with the principal axis   having the same length.
In such a case, the ratio between the electric field amplitude in the solvent, called the Maxwell field, and the electric field amplitude in the ellipsoid, can be computed from an equation from the work of Böttcher et al. (equation 2.79). 57 
	
	


where  is a cartesian direction along one of the principal axes of the ellipsoid, and  is a geometrical parameter defined as
	
	


where  is the length along the  direction and  the integration variable. The electric field amplitude ratios along each direction can be used to scale the components of the first hyperpolarizbility tensor according to
	
	


And
	
	


from which the rescaled , , and  can then be calculated. 
Part III: Results 
HRS of CNC – Internal Reference method and depolarization ratio
The SONLO response of the CNC correlates directly to their physical dimensions. For a fixed wt. % of cellulose, a higher number of cellulose chain packing within a CNC will lead to a higher SONLO signal. This is due to the inherent coherent scattering of ensembles as described by eqn (3). The first hyperpolarizability of CNC is obtained from a linear regression fit to the HRS on a rod/L basis. The concentration is initially characterized by weight percent, but this is then transformed to an expression in rods.
As a simplified approximation, we consider the response of identical rods with the average dimensions of the distribution. These dimensions were determined by AFM provided in Fig. 5. A hypothetical 1 L of suspension at 0.1 wt.% will contain 1 gram of cellulose material.  Using the molar mass of one AGU ( = 180.145 g/mol) we calculate a total number of AGU units,  = 3.342 × 1021 in this suspension. The average dimensions of the CNC obtained by AFM yielded and . With these dimensions, the average amount of AGU per rod was calculated using eqn (1) to give (AGU/rod). Using the total number of AGU units, , we obtained an average value for the total number of rods in 1 L of 0.1 wt.%,  5.725 × 1016 rods. Since the dimension and distribution of the rods remains constant in each concentration sample, the total number of rods varies linearly with weight concentration. Given these values were derived for a hypothetical 1-liter volume, we can also use them as a concentration per liter basis. The HRS response plotted against rods/L is provided in Fig. 3A. The first hyperpolarizability corresponding to that of the average rod is denoted .
For the internal method (see ESI.8), we have for the solvent (S = water), a molarity = 55.56 mol/L and the static hyperpolarizabiliy  esu.  By using the two state model we can calculate  at a specific wavelength. Using the values obtained by Campo et al. we obtain esu at an excitation wavelength of 1030 nm.58  Finally, we get  esu from eqn (S13). 
From the slope and y-intercept obtained from the linear regression in Fig. 3A, we get for the 
:


If the value of interest corresponds to the first hyperpolarizability of a unit cell we can use the 
and the amount of unit cells per average rod ( = 14579) to obtain:

By using the undamped two state model from eqn (S12)59, we can also report the static first hyperpolarizability of CNC and the unit cell as follows:


The calculations for the propagation of the errors are reported in ESI.9. 
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Figure 3: Hyper-Rayleigh Scattering and Depolarization Ratio of CNC. (A)  The linear regression fit to the CNC rod concentration with fit parameters including slope and y-intercept. The concentrations for the CNCs are from samples prepared at 0, 0.1, 0.2, 0.6, 0.8, 0.9 and 1 wt.% and converted to an average rod concentration. The conversion is based on the average rod size L1=L2=7.5 nm and L3=170.6 nm. The error bars in the scatter plot correspond to the standard deviation of five acquisitions. The errors reported for the linear regression is based on the weighted sum of least squares. (B) The depolarization ratio for CNC of up to 2.0 wt.%, which remains constant as expected. The constant DR also serves as an indicator for no additional onset of aggregation of CNC rods up to 2.0 wt.%. The error bars correspond to the propagation of errors of a quotient from five acquisitions.
By rotating the analyzer and measuring the intensities in the X-polarization and Z-polarization states we can plot the ratio of these intensities to give the depolarization ratio. The depolarization ratio is independent of the concentration and therefore remains constant across the concentration series. Seven DRs obtained for CNC concentrations from 0.8 wt.% to 2.0 wt.% were plotted leading to an average value for According to eqn (8) this corresponds to two possible values for R. Namely, R = 3.57 or R = -0.22. Considering the polar nature of the CNC, -0.22 is the chosen value, i.e. a dominant  component is found.
The error for each individual point was obtained by the propagation of errors in a quotient ( ) while the error for the averaging of all depolarization ratios is obtained by the averaging formula .  

Geometry optimization of  cellulose crystal
In comparison to the neutron diffraction data, minor differences in the PBC optimized structures are observed. The differences in cell parameters are small (Table 1). 
Table 1: Neutron diffraction and DFT-optimized cell parameters of the  cellulose crystal
	Cell parameter
	a (Å)
	b (Å)
	c (Å)
	 (°)
	V (Å3)

	Experimental
	7.784(8)
	8.201(8)
	10.380(10)
	96.55(5)
	658.3(11)

	Optimized
	7.454
	8.202
	10.397
	96.31
	631.8

	Difference (%)
	-4.24
	0.01
	0.17
	-0.25
	-4.03



Quantum chemical modeling: Linear and nonlinear optical results
Since the band gap value strongly depends on the amount of long-range Hartree-Fock exchange, a few altered versions of the LC-BLYP XCF have been tested to obtain a band gap of ~6 eV, where the maximum percentage of HF exchange at infinite distance has been changed from 100% to 20%, 30%, and 40% (ESI.13 and Table S1). Employing the neutron diffraction structure, using 20-30% HF exchange at long range appears to be a reliable choice to match the ~6 eV value. DFT-geometry optimization does not change much the band gap (from 5.6 to 6.0 eV, with LC-BLYP20). Thus, the LC-BLYP20 XCF could be considered as a good choice.  
The unit cell first hyperpolarizability tensor of  cellulose has then been calculated with LC-BLYP20, LC-BLYP30, LC-BLYP40, B97X, and CAM-B3LYP considering the neutron diffraction structure, and LC-BLYP20 considering the geometrically optimized structure. The calculated linear and nonlinear optical properties computed for incident fields of  nm are summarized in ESI.13 and Table S2 and S4, respectively (and S3 for linear properties at  nm). This wavelength has been selected since it is a well-known standard, and the difference in the results of the hyper-Rayleigh scattering measurement done with a 1030 nm wavelength will be quite negligible since we are far from resonance. In Table 2, we have gathered the first hyperpolarizability tensor quantities , , ,  and DR, for each of the employed XCFs. These were calculated from eqn (S6) – (S8). Experimental values are provided as a comparison. The (HOMO-LUMO) electronic band gap is also reported.

Table 2.  quantities of  cellulose bulk per unit cell computed with several exchange correlation functionals (in  esu, B convention) considering the Nishiyama neutron diffraction geometry, except for LC-BLYP20-optimized where the structure has been optimized with B97X, and where the number next to LC-BLYP is the tuned maximum percentage of Hartree-Fock exchange at infinite distance. All  components are provided in ESI.13 and Table S4.
	
	LC-BLYP20-optimized
	LC-BLYP20
	LC-BLYP30
	LC-BLYP40
	B97X
	CAM-B3LYP
	Experimental

	
	0.459
	0.391
	0.277
	0.206
	0.097
	0.114
	

	
	0.240
	0.211
	0.153
	0.117
	0.061
	0.066
	

	
	0.699
	0.603
	0.429
	0.322
	0.159
	0.180
	

	
	0.836
	0.776
	0.655
	0.568
	0.398
	0.425
	0.193 ± 0.011

	
	1.916
	1.851
	1.816
	1.767
	1.587
	1.729
	3.111  ± 0.668

	Band Gap (eV)
	6.04
	5.63
	6.53
	7.44
	12.07
	10.38
	



Examining the tensor components obtained from the quantum chemical modeling confirms that Kleinman symmetry, which was assumed within the theoretical framework, is valid.

Reducing the tensor complexity
The first hyperpolarizability of  cellulose is dominated by  and  components in every case, particularly for the B97X and CAM-B3LYP calculations. Those tensors are therefore suitable for the approximation scheme discussed in the theoretical part involving the  symmetry and  assumptions, in view of applying the electrostatic scheme. While the LC-BLYP calculations present other non-negligible tensor components (typically of the  type) this simplification can still be done because the  and DR quantities account for all tensor components. From these the effective  and  values are determined.  The two solutions at the issue of the treatment are shown in ESI.14. The selected new  and  as well as their ratio are given in Table 3.

Table 3. Effective first hyperpolarizability components of cellulose nanocrystals (10-30 esu, B convention) computed from the depolarization ratio and  obtained from DFT-PBC calculations at 1064 nm, assuming  and   are the only nonzero independent components
	
	
	
	

	LC-BLYP20-opt
	1.953
	-0.954
	-0.489

	LC-BLYP20
	1.784
	-0.922
	-0.517

	LC-BLYP30
	1.490
	-0.797
	-0.534

	LC-BLYP40
	1.270
	-0.713
	-0.561

	B97X
	0.803
	-0.571
	-0.712

	CAM-B3LYP
	0.936
	-0.547
	-0.584



Electric field inside a Cavity in a continuous medium
The distribution of L3/ L1 ratios obtained from the AFM is illustrated in Fig. S8. The data is used to compute the Maxwell electric field/cellulose electric field ratios, using eqn (10), along with the relative permittivity of water εr = 1.7583 at 1064 nm, and the relative permittivity’s of  cellulose obtained from the quantum chemistry calculations from eqn (6). In these, the L1, L2, and L3 axes of the CNC’s are associated with the x, y, and z directions, respectively. The electric field ratios are then used to scale the two first hyperpolarizability components of Table 3 for each XCF (and structure), from which scaled depolarization ratios and  are obtained. All the results are weight averaged according to the distribution of Fig. S8. From the weighted distribution, standard deviations are also obtained. The details are shown in ESI.15.50,57
The results listed in Tables S8 and S9 show that i) the field inside the cavity and the Maxwell field are almost identical when the field is polarized along the z direction but that ii) the field inside the cavity is 10 to 20% smaller than the Maxwell field when the field is polarized perpendicularly to the nanocrystal long axis. As a matter of fact, the scaled  tensor components are smaller than the unit cell values, and subsequently the R ratio is also reduced (Table 4). On this basis, the  and  quantities have been recomputed. It is noticeable that these scaled first hyperpolarizability components allow to get  closer to the experimental value (3.1 ± 0.7). Specifically in the case of LC-BLYP20 (optimized structure), the results fall within the experimental uncertainty range of one standard deviation. The  are also slightly lower after the scaling, bringing them closer to the experimental value. However, in all case, we are still above the experimental value ().

Table 4: Averaged nonlinear optical quantities computed from the scaled  and  for various XCFs, in 10-30 esu (B convention)
	
	LC-BLYP20 (optimized)
	LC-BLYP20
	LC-BLYP30
	LC-BLYP40
	B97X
	CAM-B3LYP

	
	1.9360.131
	1.7710.120
	1.4800.100
	1.2620.085
	0.7990.054
	0.9310.063

	
	-0.6110.041
	-0.6580.045
	-0.5860.040
	-0.5390.036
	-0.4710.032
	-0.4530.031

	
	-0.3150.021
	-0.3710.025
	-0.3960.027
	-0.4270.029
	-0.5900.040
	-0.4870.033

	
	2.541±0.172
	2.2890.155
	2.1950.149
	2.0890.141
	1.7200.116
	1.9200.130

	
	0.7730.052
	0.7190.049
	0.6060.041
	0.5240.035
	0.3640.025
	0.3980.027




Part IV: Discussion
We demonstrated HRS as a suitable technique for probing the first hyperpolarizability of CNC rods. We obtained values for  at 1030 nm which equates to a static value of  for the average dimension of the CNC. This value is comparable to other biopolymers, notably collagen, for which HRS experiments yielded a value of esu at 790 nm excitation.25 When comparing to organic chromophores, these values are in the same range as some of the best organic chromophores candidates known to date aimed at the design of electro-optical modulators (EOM), as reviewed by Robinson et al. 11 For CNCs however, the high hyperpolarizability is intrinsically related to the large dimensions of the CNCs. Their periodic structure leads to a coherent SONLO response which scales quadratically with the number of unit cells within the CNC. Rescaling the first hyperpolarizability to the response per unit cell yields a much smaller value of 
. In ESI.16 we calculated their corresponding second-order nonlinear susceptibility, yielding values around 1 pm/V. This response falls in line with values expected for inorganic crystals, higher than the inorganic reference material KDP = 0.78 pm/V.49,60
In order to gain insight into the tensorial nature of the SONLO response, we undertook depolarized HRS measurements, measuring a depolarization ratio of 3.1 ± 0.7. Such high values are expected for compounds with a strong polar contribution, but due to the large number of tensor components associated with the C2 point group of CNCs it is impossible to determine their relative contributions based on the depolarization ratio alone. In order to benchmark the values obtained from HRS experiments and gain more insight into the relative magnitude of the different tensor elements , quantum chemical modeling was performed. We first considered an infinite crystal whereby five different XCFs were used to determine the first hyperpolarizability molecular tensor components, one being used considering a geometrically optimized structure of the crystal lattice. From this first set of data, it was found that the first hyperpolarizability tensor could be reduced to two independent dominant tensor components ( and ). This reduction of tensor complexity allows taking into account the shape of the nanocrystals and their dielectric properties to obtain scaled tensor components via a simple electrostatic model. The scaled quantities resulted in a better match to the experimental data for both the DR and the . This semi-quantitative agreement between the HRS measurements and the quantum chemistry simulations supports the choice of methods and the various physical interpretations, i.e. the HRS signal being primarily due to the bulk response of the crystals, while impacted by their size, shape, and dielectric properties. 
Although the  values were consistently lower than the experimental ones, the results can be considered in good agreement with experiment. One of the XCF results involving the optimized structure fell within the range of the experimental uncertainty. i.e LC-BLYP20 which yielded a value of . 
For the   the values were consistently higher than the experimental ones. Here, the differences were more significant than for the DR, with the values for all models being higher by a factor of 1.9 - 4.0. The best approximation came from B97X with a value for . Nonetheless the experimental and molecular modeling results are of the same order of magnitude, showing that the enacted approximations were reasonable. The remaining discrepancy between the HRS measurement and the simulation results could have different origins, including the approximations of the electrostatic model, the approximations of the XCFs, the use of Lorentz factors when analyzing the HRS data, as well the two-state model approximation employed to get the internal reference values. Moreover, the presence of  phase, having no second-order NLO response owing to its symmetry, can also partly explain the smaller experimental value.  
According to the simplified model for C2v, the experimental measurement of the DR provides an elegant way to probe the contributions of the complex material to two independent components i.e  and . Based on experimental results, we get two solutions for  from eqn (8), but due to the polar nature of CNCs the value of -0.222 is retained. This value is also more in line with what is expected from the simulations. From the experimental measurements the dominance of the  is established, given a value of five times higher than the  component. This is generally in line with a simplified approach we adopted in a previous publication, where we employed two-photon microscopy and assumed a dominant  to derive local alignment deviations of CNCs forming a cholesteric liquid crystal. In future studies, additional contributions of the  component should be taken into account as well to fine tune the analysis. In evaluating alignment in poled CNC phases or films, knowledge of the tensorial nature of  is also crucial.

Part V: Conclusion

We report findings for the first hyperpolarizability of CNCs though experimental HRS and quantum chemical modeling. This combination proved especially helpful for establishing the relative contribution of the different tensor components of the nanocrystals. Quantum chemical modeling allowed to simplify the  tensor of the CNCs to two independent components ( and ). Then, using the experimental depolarization ratio, the  component was shown to be dominant, i.e. about five times larger than the  component. This presents an elegant simplification, and these findings are expected to provide a better understanding of local alignment of CNCs in self-aligned cholesteric liquid crystals and films through SHG microscopy. The comparison of the experimental and theoretical values of the DR, notoriously difficult to simulate, provided an opportunity to benchmark the ability of the different models to predict the DR. The comparison highlighted the importance of adjusting the bulk response to account for the shape of the crystals. This scaling improved the match between the model and experimental data for the DR. The method used proposes an effective strategy to solving the cross correlated functions of finite sized nanoparticles. 
Also concerning the magnitude of the first hyperpolarizability of CNC rods, an excellent match between theory and experiment was found. On a per-rod basis, a large value for the first hyperpolarizability was found on the order of high-performing organic harmonophores. However, these high values are mainly due to the coherent build-up effected by the highly ordered crystalline structure of the nanoparticle. After scaling, the results reveal the second-order NLO susceptibilities comparable to those of inorganic crystals such as KDP. CNCs represent an interesting intersection between organic chromophores and inorganic crystalline materials. They exhibit high thermal and mechanical stability associated with inorganic materials, and are expected to be optically stable as well since they do not absorb in the visible range. At the same time, techniques such as electric field poling and polymer encapsulation of CNCs, typically applied to organic chromophores, have already been successfully demonstrated, which could pave the way for their integration into commercial photonic circuits.16,61 Recent experiments moreover showed that dense liquid crystalline mesophases of CNCs can be poled directly. We therefore anticipate further scientific exploration into the nonlinear optical effects of these materials.

Part VI: Materials and Method
Chemicals – Acid hydrolysis and concentration series
Cotton wool was purchased from Hartmann AG (Germany). Sulfuric acid (95 %), Dowex Marathon H-form ion exchange resins were obtained from Fisher Chemicals. Spectra/Por type 3 (molecular weight cut-off = MWCO 3-5 kDa) and type 4 (MWCO 16-18 kDa) dialysis tubing membranes were obtained from SpectrumLabs. Standard solutions for conductometric titration (0.01 M sodium hydroxide, 1413 µS/cm conductivity standard) were obtained from ChemLab NV. All products were used as received. The CNC were prepared according to a standard procedure for the hydrolysis of raw cellulose using 64 wt. % sulfuric acid.29 Cotton wool was hydrolyzed at elevated temperature (45 °C, 45 min, cotton: acid ratio = 1:9), centrifuged at 8000 rpm for 20 min at 4 °C until the pH of the supernatant reached 1, and dialyzed against deionized water until neutrality of the effluent water. The suspension of the sulfated cotton CNCs was sonicated on a Bandelin high-performance sonifier, filtered through a glass pore filter (pore size 2) and treated with Dowex Marathon resin in an ion exchange column. An H-form resin was used or preparation of an acidic suspension. The suspension was then concentrated with osmotic compression in a 20 % PEG-2000 solution. Thermo gravimetric analysis was used to characterize the weight percentage of the CNC suspension.  A concentration series was made by redispersing with MilliQ water to different target wt. % concentrations. The final products contains sulfate groups grafted onto the surface of the cellulose nanocrystals.
CNC dimensions – AFM
On a freshly by scotch-tape cleaved mica surface (NanoAndMore GMBH) 20 µL poly-L-lysine solution (Sigma Aldrich, 0.1% w/v in water) was deposited for 3 minutes, subsequently rinsed with deionized water and dried with compressed air. Following, 20 µL of a CNC dispersion (0.1 wt. %) was placed on the treated surface for 3 minutes, then rinsed with deionized water and dried with compressed air. The sample were left in a vacuum oven at 40°C overnight. A Multi-mode V AFM (Digital instruments Nanoscope Veeco) was used in tapping mode and AFM probes from Budget Sensors (Tap300 Al-G, resonance frequency 300 kHz and force constant 40 N/M) were used to image the samples.
One thousand particles were measured using manually selected ROIs using imageJ. The mean lengths were taken by elliptically fitting the rectangular ROIs and taking the long length of the ellipse. The width of the rods were taken by taking the mean average of the ROIs against the topography scale of the instrument.  Both the width and the lengths were plotted as a log-normal distribution fit and the mean length of the rods was reported as 171 nm ± 62 nm and the width as 7.5 ± 2.6 nm with the error margin defined as the standard deviation of all analyzed rods. The AFM imaging and size distribution are shown in Fig. 4.
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Figure 4: Size characterization of CNCs (A) AFM imaging of a dried 0.1 wt.% suspension with one thousand rods analyzed with ImageJ. (B) Length L3 distribution fitted to log normal. (C) Width L1=L2 fitted to log normal.
The log normal distribution can be expressed as the following functions:
	PDF1 = PDF2 =  with µ = 1.960 and  = 0.336
	

	PDF3 =  with µ = 5.076 and  = 0.357
	


PDF1 and PDF2 are equivalent and correspond to the probability density functions of L1 and L2 while PDF3 corresponds to the probability density function of L3.

Optical setup
The optical setup was configured for 90° HRS experiments and a schematic is provided in Fig. 5. Linearly polarized femtosecond pulses were generated from a PHAROS PH1-SP-1mJ laser operating at λ= 1030 nm ± 10 nm, 500 kHz repetition rate and 220 fs pulses. The laser's output power was initially configured at 0.9 Watts but underwent additional attenuation through the rotation of a half-wave retardation plate (HWP) positioned before a fixed Glann-Taylor prism polarizer. The resulting power reaching the sample in the HRS experiment was 42.6 mW. To remove high-angle components and spatial irregularities from the gaussian intensity distribution, the beam is guided through a pinhole via an input lens, followed by realignment into parallel rays through a collimating lens. The polarization state of the incident beam is controlled by a half wave plate before being focused onto the sample. The focusing lens used had a focal length of 10 cm and was focused at the edge of a 10 mm optical length silica quartz cuvette containing the liquid sample. The polarization state of the scattered light is then measured through a series of acquisitions, in which an analyzer is rotated to permit either vertically or horizontally polarized light in between acquisitions. The scattered hyper-Rayleigh light is obtained by a collection lens (f = 50.00 mm, PAC13AR.15, Newport) and refocused by direct coupling through the manual slit of a Kymera 328i spectrograph. The numerical aperture of our collection lens corresponds to 0.165 in water. The grating of 600 l/mm provided a resolution of 0.47 nm and bandpass of 64.45 nm.
To enhance signal-to-noise (S/N) of the low-intensity HRS , the laser sends out a trigger signal that synchronizes the gating of the intensified charge-coupled device (ICCD) with the precise timing of the optical pulses. The ICCD's built-in nanosecond electronic gating enables it to match these rapid optical processes, preventing measurement of blank signals between pulses. Since Rayleigh scattering is an instantaneous process, the electronic shutter of the collection camera opens simultaneously with this event. In a way, ultrafast spectroscopy can be compared to old fashioned strobe photography whereby rapid cyclic processes are frozen in time through precisely timed sequences of frames.
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Figure 5. Schematic overview of the spectral 90° HRS setup. The laser pulses are delivered at a 600 kHz repetition rate at an excitation wavelength of 1030 nm. Through a series of optical components in the attenuator the final power delivered to the sample was 42.6 mW for the HRS experiments. The incoming polarization of the beam is in the Z-direction. The HRS intensity is measured in the X and Z directions successively by rotating the analyzer. An example of the measured spectra is provided, denoted as <ZZZ> and <XZZ>.
Data Acquisition and Analysis
CNC suspension of varying concentration was transferred to 10 mm path length quartz cuvettes. Samples were vortexed and sonicated to break agglomerates before each measurement and concentrations were kept low to avoid self-assembly. Over successive measurement days, several concentration series were prepared. The lowest concentration series ranged from 0 to 0.1 wt.% with increments of 0.02 wt% between samples. This was followed by an intermediate series ranging from 0 to 1 wt. % with increments of 0.2 wt. %. And finally a high concentration series between 1 wt.% and 2 wt.% with increments of 0.2 wt.%. A blank at 0 wt.% was always prepared and measured. We observed a clear linear correlation in the total detected HRS signal across all concentrations, suggesting the absence of concentration-dependent agglomerate formation or chiral nematic alignment.
The data acquired was fitted to the gaussian function expressed below:
	
	


The HRS signal registered corresponds to parameter A – the area under the gaussian.62 Each sample was acquired five times consecutively and fitted independently with the reported error being the standard deviations of A. As different concentrations were acquired with different exposure times, all of the values and errors were linearly normalized to one-second exposure. Notably, the solvent measurement was usually much longer than the high solute concentration samples due to the lower HRS signal.
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