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A strategy to control synchronized dynamics in swarmalator systems

Gourab Kumar Sar,! * Md Sayeed Anwar,'>* Martin Moriamé,? Dibakar Ghosh,! and Timoteo Carletti?
! Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B. T. Road, Kolkata 700108, India

2Department of Mathematics and Namur Institute for Complex Systems,
naXys, University of Namur, 2 rue Grafé, Namur B5000, Belgium

Synchronization forms the basis of many coordination phenomena in natural systems, enabling
them to function cohesively and support their fundamental operations. However, there are sce-
narios where synchronization disrupts a system’s proper functioning, necessitating mechanisms to
control or suppress it. While several methods exist for controlling synchronization in non-spatially
embedded oscillators, to the best of our knowledge, no such strategies have been developed for swar-
malators (oscillators that simultaneously move in space and synchronize in time). In this work, we
address this gap by introducing a control strategy based on Hamiltonian control theory to suppress
synchronization in a system of swarmalators confined to a one-dimensional space. The numerical
investigations we performed demonstrate that the proposed control strategy effectively suppresses
synchronized dynamics within the swarmalator population. We studied the impact of the number
of controlled swarmalators as well as the strength of the control term, in its original form and in a

simplified one.

I. INTRODUCTION

Swarmalators, a portmanteau of “swarm” and “oscil-
lators”, represent a fascinating class of dynamical sys-
tems where agents exhibit both swarming behaviors and
oscillatory synchronization [1]. These systems extend
the conventional framework of swarming by incorporat-
ing (internal) phase dynamics, resulting in complex be-
haviors where spatial interactions are coupled with the
synchronization of internal states [2, 3]. This hybrid na-
ture makes swarmalators a rich subject of study, as they
offer a bridge between traditional swarm systems, such
as those found in biological or robotic swarms, and syn-
chronization phenomena seen in networks of oscillators.

In recent years, swarmalators have garnered signifi-
cant attention for their ability to exhibit collective syn-
chronized phenomena [4-10] in systems where swarming
and synchronization co-occur, with applications span-
ning biological microswimmers [11-14], robotic swarms
[15-17], magnetic domain walls [18, 19], and beyond [20—
23]. In swarmalator systems, while synchronized states
— where, i.e., all units try to move and act in unison
— are often desirable as phase and spatial interaction
strengths increase, asynchronous behaviors, where units
act differently simultaneously, can also play an equally
important role in certain contexts. For example, in na-
ture, flocks of birds or schools of fish often need flexi-
bility to respond to predators or environmental changes.
If they were too synchronized, their collective behavior
might become rigid and less adaptable. Similarly, in tech-
nology, groups of robots might need to perform differ-
ent tasks simultaneously instead of all doing the same
thing. Asynchronous behavior allows these systems to
stay flexible, adapt to changing conditions, explore the
environment and possibly more effectively solve complex
problems.

* These authors contributed equally to this work

In this paper, we therefore focus on controlling the syn-
chronization dynamics of swarmalators with the goal of
reducing it. By introducing external inputs or modifying
interaction rules, we aim to steer the collective behav-
ior towards desired (de)synchronized states, allowing for
enhanced control over both the spatial arrangement and
the phase coupling. Let us emphasize that, because of the
very nature of swarmalators where spatial and internal
dynamics are coupled, we decided to develop a control
strategy acting only on internal phases. The proposed
method is however general enough to be modified as to
include also a direct control of the spatial variables, nev-
ertheless the control term will result in more involved
computation and possibly less easily implementable in
applications.

The control of collective synchronization to mitigate
undesired effects has been extensively studied for non-
spatial oscillator systems [24-26]. For instance, re-
searchers have proposed desynchronization strategies for
Kuramoto oscillators (a prototype oscillator model for
phase synchronization) by using Hamiltonian control the-
ory [27, 28]. Despite the dissipative nature of the Ku-
ramoto model, Witthaut and Timme [29] demonstrated
that it can be embedded within a Hamiltonian system
possessing an invariant torus, upon which the dynamics
mirror those of the Kuramoto model. Phase synchro-
nization occurs only when this torus becomes unstable,
making the control of its stability the core strategy for
regulating synchronized dynamics [24, 29)].

Here, we aim to extend the Hamiltonian control strat-
egy to spatially embedded oscillator systems (swarmala-
tors) to regulate their synchronized behavior. In this
effort, we focus on a population of swarmalators whose
movements are confined to a one-dimensional (1D) peri-
odic domain. This simplified 1D swarmalator model is
considered because it shares structural similarities with
the coupled Kuramoto model and can also replicate the
dynamics of more complex swarmalator systems [30, 31].
Building on the approach proposed in Ref. [29], we there-



fore introduce a Hamiltonian system that embeds the 1D
swarmalator model within an invariant torus. Using this
Hamiltonian framework, we propose a theoretical con-
trol term designed to suppress synchronized dynamics
in the swarmalator population, by acting on the phases
only. This approach generalizes the method presented in
Ref. [24, 25] to spatially embedded systems. We demon-
strate that the proposed control term is highly effective
in preventing the formation of synchronized collective
states among the swarmalators. Notably, this control
mechanism operates only when necessary: even if always
present, it remains ineffective, i.e., its strength is small,
when the swarmalators are in a desynchronized state, al-
lowing the controlled and uncontrolled systems to exhibit
similar dynamics. However, the control term becomes
effective, i.e., its strength is large, precisely when the
swarmalators attempt to synchronize their motion. Fur-
thermore, we show that the synchronized dynamics can
be effectively suppressed even when the control term is
applied to only a fraction of the swarmalator population.

The remainder of the paper is organized as follows.
Section II provides a brief review of the dynamics of
the 1D swarmalator model. In Sec. III, we introduce
the Hamiltonian system for the swarmalator model. The
derivation of the necessary control term is presented in
Sec. IV. Finally, in Sec. V, we present numerical investi-
gations demonstrating the effectiveness of the proposed
control strategy.

II. 1D SWARMALATOR MODEL
The swarmalator model defined on a ring is given by
i’i = u; +

N
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where (z;,0;) € S! x S! are the positions and phases of
the i-th swarmalator, u;,w; are the intrinsic velocities
and natural frequencies of the uncoupled swarmalators,
respectively, both chosen from Lorentzian distributions
with half-widths A, and A,,. (J, K) represent the spatial
and phase coupling strengths, N is the total number of
swarmalators. The model looks like a pair of Kuramoto
models where the spatial dynamics is modulated by the
phases and the other way around. To measure the cor-
relation between the spatial positions and phases, the
following order parameters are defined

N

Z i(x;£60;) (3)
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They have been introduced in [30] and are called rain-
bow order parameters, indeed one among S, and S_ is

maximal in the rainbow-like phase wave state that we
will discuss later. Their definition has been inspired by
the Kuramoto order parameter and, as the latter, they
can be used to rewrite Eqgs.(1)-(2) in a closed form by
including the rainbow order parameters, i.e., the model
(1)-(2) can be rewritten as
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This model exhibits three different collective states and
the behaviors of the order parameters allow to distin-
guish them. When the coupling strengths J and K are
small, swarmalators’ positions and phases remain inco-
herent and the asynchronous (async) state is observed
(see Figs. 1(a) and (d)) where both Sy lie near 0, corre-
sponding thus to x; and 6; (almost) uniformly distributes
in the phase space. As one of the coupling strengths
goes beyond the critical value J + K = 4(A, + Ay),
the positions and phases remain distributed, but they
get correlated to each other, giving a nonzero value of
Sy or S_. This state, known as the phase wave, is
shown in Figs. 1(b) and (e), and one can appreciate the
emergence of an (almost) ordered state. Swarmalators
completely overcome the disordering effects of their dis-
tributed velocities and frequencies and lock their posi-
tions and phases when the coupling strengths satisfy the
condition A, /J+A,, /K < 1/2. Now, both the order pa-
rameters exhibit equal nonzero values, the resulting state
is called the synchronous state (sync) and it is presented
in Figs. 1(c) and (f). Other than these three states, an
intermediate mixed state is also observed where the order
parameters attain nonzero unequal values. We refer the
readers to Ref. [32] for a detailed description and analysis
of this model.

III. HAMILTONIAN FORMULATION OF THE
SWARMALATOR MODEL

The control term that we hereby develop relies on the
use of Hamiltonian control theory [27] and thus it is
rooted on the existence of an Hamiltonian function that
embeds the swarmalators dynamics. Let us thus define
the N-dimensional Hamiltonian system given by

N
K
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x cos(xj — x;)sin(f; — 6;), (6)
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Figure 1. Collective states of the 1D swarmalator model.
(a) and (d) async state: (J,K) = (1,1). (b) and (e)
phase wave state: (J,K) = (10,1). (c) and (f) sync state:
(J,K) = (10,10). Simulation parameters are (t,dt,N) =
(100,0.01,2500). In the top row, the snapshots of the swar-
malators are depicted in the x-0 plane. In the bottom row,
blue and red curves stand for the time evolution of Si and
S_, respectively.

where I = (Iy,...,Ix)" denotes the action variables
associated to the phases of the swarmalators 6 =
(61,...,0n). It is important to note here that the po-
sitions of the swarmalators, x;, are considered as param-
eters in this setting, it thus results that the interactions
among the phases are weighted by the positions. More
explicitly, let us consider the phase of the i-th swarmala-
tor, 0;, located at x;, then the phase interaction among
the i-th and the j-th swarmalator is given by sin(6; — 6;)
which is weighted by a quantity that depends on their
respective positions, i.e., cos(xz; — x;) = W;;. Observe
that W;; is symmetric in its indices. We can thus rewrite
the Hamiltonian function (6) as

N
H(O,T) =Y wil
=1

K .
- N Z Vil (I — 1;) Wiy sin(0; — 6;)
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= Ho(Ip) + V(6,1), (7)

where H( denotes the integrable part representing the un-
coupled phase dynamics of the swarmalators. V' denotes
the nonlinear term arising from the interaction among the
swarmalators and can be considered as a perturbation to
Hj under the assumption that the coupling strength K
is small, i.e., the phases are weakly coupled. The model
defined by Eq. (7) is representative of a class of sys-
tems that can characterize the Bose-Einstein condensate
in a tilted optical lattice and the Lipkin-Meshkov-Glick
(LMG) model in the thermodynamic limit [33, 34].

The time evolution of the action and phase variables

can be obtained from the Hamiltonian equation as
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for i = 1,...,N. It is noticeable that I, = ¢, for all
i, are constants of motions for any fixed real ¢ > 0.
Stated differently, the invariant Kuramoto torus defined
by T5 :={(6,I) € SN x RY : I; = 1/2 Vi}, is such that
the Hamiltonian flow restricted on the latter coincides
with the swarmalators phase dynamics.

IV. HAMILTONIAN CONTROL OF THE
SWARMALATORS

One can prove the existence of an interesting link be-
tween the stability of the Kuramoto invariant torus and
the synchronization of the phase variables; more precisely
if the actions exhibit an unstable behavior close to the
Kuramoto invariant torus, then the oscillators achieve a
synchronized state [29]. Because our goal is to decrease
the synchronization of the swarmalators, we will look for
a control term to be added to the Hamiltonian function
H(6,1) capable to increase the stability of the Kuramoto
invariant torus. Let us observe that we require this term
to be small, i.e., smaller than the nonlinear term V(6,1)
in Eq. (7), and also to be always present in the system.
Indeed we are not considering a switched system but an
added control term whose intensity increases only when
needed; namely once the system is going toward synchro-
nization the control plays a relevant role and act so to
decrease the phases synchronization, that in turn reduce
the position synchronization.

Vittot and colleagues proposed a method to stabilize
the invariant torus by adding a small control term [27,
35], f(V) ~ O(V?), to the Hamiltonian H, resulting
in a controlled Hamiltonian: H.,.; = Ho +V + f(V).
This approach is less invasive than traditional control
techniques and allows for quick responses to abnormal
dynamics without requiring continuous system measure-
ments, making it a self-organized control strategy.

In a nutshell, Hamiltonian control theory looks for a
canonical change of coordinates that conjugates the new
controlled Hamiltonian system, H..;, to the integrable
part, Hy. The canonical change of coordinates can be re-
alized via a Hamiltonian flow, formally written as the ap-
plication of the Poisson bracket to any given function of



the canonical coordinates [27]. Starting from this ideas,
Vittot and collaborators proved[27, 35] that the control
term f(V) can be derived by using the operator {Hy}
whose action on the vector space of C*° real functions de-
fined on the phase space is given by {Ho}f := {Ho, [},
where {-,-} denotes the Poisson bracket. The control
term is then formally written as

f(V)sz(nRVJrV):fﬁfﬁ..., (10)

where I' and RV denote the pseudoinverse operator of
Hy, and the resonant part of V', respectively. The se-
ries converges under specific conditions, requiring in par-
ticular non-resonant frequencies w;. By simplifying the
resonant part RV, and by assuming a Diophantine con-
dition on w, the control term ensures the stability of the
invariant torus. Even though the full series might not be

J

K2

4

needed, truncating it to the first term, f(V) ~ f1(V),
can still effectively preserve the Kuramoto torus [24-
26]. Moreover the use of the first order term does not
require the smallness of f(V') necessary for the conver-
gence of the whole series, and the Diophantine condition
on the frequencies w; is no longer required, dealing with
non-resonant frequencies is sufficient to our scope. This
method embeds the Kuramoto model into the Hamilto-
nian system, enabling control of both through the sta-
bilization of the invariant torus. We refer the interested
readers to Ref. [24] for a detailed description of the con-
trol mechanism that we hereby adopt.

Through a series of straightforward but lengthy calcu-
lations, one can transform the phase evolution by incor-
porating the computed control term to obtain

: K N
92‘ =w; + — Z sin(ﬁj — 97) COS(Ij — Ii) + OZC,
szl

(11)

where the control term 6 is given by
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By visual inspection of the latter expression, one can re-
alize that it is smaller than V once K < 1, indeed the
control term is of order K2 while V ~ O(K). We can also
observe the presence of denominators of the form w; —wy,
that are well defined because of the non-resonance con-
dition.

By introducing two local order parameters that depend

J

K2
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! 16
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on the swarmalator index:
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and by using the global order parameters, the control
term (12) can be rewritten as
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where P; is defined by
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V. NUMERICAL RESULTS

The goal of this section is to present the results of ded-
icated numerical simulations we performed on the con-
trolled swarmalator system given by Egs. (1) and (11) to
prove the efficiency of first order control term, Hic , in re-
ducing synchronization both in space and phases. Let us
observe that in the following we slightly modify Eq. (11)
by considering as control term, 765, where the real pos-
itive parameter v can be used to tune the strength of
control: a zero value indicates no control and nonzero
value characterizes a controlled system.

A. Effectiveness of the control mechanism

Let us recall that our goal is to reduce, or even sup-
press, the synchronization among the swarmalators both
in the spatial and phase components or in any of them
by controlling only the phases. So, we start by tak-
ing values of the coupling strengths J and K for which
the uncontrolled system exhibits the sync state. By as-
suming that the half-widths of the Lorentzian distribu-
tions for the velocity and the frequency are given by
A, = A, =1, the condition of the stability of the sync
state is (J + K)/JK < 1/2. Based on this bound, we
take J = 9 and K = 5 to ensure the uncontrolled swar-
malators display the sync state with nonzero values of
Si. See the scatter plot in the x-0 plane in Fig. 2(a).
When the control term (14) is considered, we observe that
the spatial and phase synchronization are suppressed and
swarmalators’ positions and phases become desynchro-
nized, as clearly shown in Fig. 2(b). This fact is also
testified by the values of the two order parameters that
now lie near zero. Let us describe the scenario with the
help of Fig. 3 where the coupling parameters are fixed
at (J,K) = (9,5) (see also the movies in the Supple-
mentary Material [36]). In Fig. 3(a) we show the time
series behavior of Sy for the uncontrolled (red) and con-
trolled (black) populations. The evolution of S_ is plot-
ted in Fig. 3(b) where blue and green curves correspond
to the uncontrolled and controlled populations, respec-
tively. Starting from the initial time ¢ = 0 the system
is effectively uncontrolled (by choosing v = 0 for the
controlled system) up to time ¢ = 50 and both order pa-
rameters correctly lie near 1. At time ¢ = 50, the control

(sin ((mi—l-ei)—(xl-l-ﬁl)) —sin ((xi—t%)—(xl—el))> (S+ sin (¢+—(xl+91)) —S_sin (z/J, —(xl—91)>>] .
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Figure 2. Scatter plot in (z,6) plane for (J, K) = (9,5). (a)
For the uncontrolled system (v = 0), swarmalators organize
themselves to form the sync state, while in (b) for the con-
trolled system (y = 1) they remain in the async state. The
results are obtained by integrating the uncontrolled and con-
trolled systems over a time period ¢t = 200, with the scatter
plots displayed at the final time instance.

term is turned on (by making v = 1) and its effect is re-
alized instantly as the order parameters of the controlled
system (S$) go to zero. The control is kept activated
till ¢ = 150 and it is observed that in the time interval
[50,150] the order parameters of the controlled system
stay near zero indicating the async state. Then control
is turned off at ¢ = 150 (by making v = 0) and the system
returns to the sync state as the order parameters reac-
quire their values close to 1. This observation reveals that
the control term successfully tackles the synchronization
among swarmalators’ positions and phases and it is able
to bring incoherence in the system that we aimed for.
We also show the effectiveness of the control by vary-
ing the coupling parameter after starting from the sync
state. In Fig. 4, we start by choosing coupling parame-
ters from the sync region by taking (J, K) = (9,5). The
order parameters of the uncontrolled system (red and
blue curves) lie near 1 and signify the sync state. The
controlled system’s order parameters (black and green
curves) lie near zero that highlights the async state. At
time ¢ = 50, phase coupling parameter is changed to
K = —6 which now belongs to the async region. One
can find that the order parameters of both the controlled
and the uncontrolled systems remain close to zero, i.e.,
both the systems exhibit the async state. This pattern
exists till ¢ = 150 where K is brought back to its starting
value K = 5. The uncontrolled system spontaneously



(a) — 5. — s¢ (a) — 5 — ¢
[ 1
(K..’Y):(S,O) (K,Y):(S- ) (K.,Y):(S.O) (K7)=(5.1) (K57)=(-6,1) (K7)=(5,1)
() Al L‘-':‘,"":.:"‘ T s Th e e v
0 0 25 50 75 100 125 150 175 200
0 25 50 75 100 125 150 175 200 ¢
t
— Ss. — s¢
(b) — s — = =
(KY)=(5.1) (KY)=(-6,1) &)=(5.1)
K.y)=(5,0) (Ky)=(5.1) K.y)=(5,0)
0 4 N el et I'L P N PR WPy ey AL oo e L Iy Meitn
0 ) 0 25 50 75 100 125 150 175 200
0 25 50 75 100 125 150 175 200 t
t

Figure 3. Order parameters Sy (top panel, red curve for the
uncontrolled population and black curve for the controlled
population) and S— (bottom panel, blue curve corresponding
to the uncontrolled population while green curve is used for
the controlled one) as a function of time for N = 1000 swar-
malators. Panel (a) displays Sy, while panel (b) shows the
behavior of S_. Here, we start the simulation with coupling
parameters (J, K,v) = (9,5,0) for which the population of
swarmalators exhibit sync state. After ¢ = 50, we introduce
the control term through v = 1 for up to ¢ = 150. Beyond
this, we again make the system uncontrolled. It can be ob-
served that for the controlled system, the swarmalators ex-
hibit an async state, whereas for the uncontrolled one, it is in
the usual sync state.

goes back to the sync state, whereas the controlled one
remains in the async state. See the caption of Fig. 4
for more details. The interested reader can find in the
Supplementary Material [36] a movie showing the time
evolution of the system behavior.

Let now consider a complementary case where, i.e., the
system is initialized in the async state, then after some
time we modify the coupling parameters to let the un-
controlled system to move to the sync state while the
controlled one will remain in the async state. To achieve
this goal we choose J =9 and K = —6 that satisfy the
condition, J+ K < 4, for the uncontrolled system to lie in
the async state. By looking at Fig. 5(a,b) we can realize
that the rainbow order parameters for the uncontrolled
(v = 0) and the controlled (y = 1) swarmalators, are
small, certifying thus the async state, and moreover very
similar each other. Let us indeed observe that because
the control term is designed to reduce the synchroniza-
tion, when the system is already in the async state, the
dynamics is not modified by the control term. At time
t = 50, we increase the phase coupling strength to K =5
which now correspond to the sync region. As anticipated,
we can see that Sy promptly deviate from zero and go
close to 1, i.e., the uncontrolled swarmalators now exhibit

Figure 4. Panel (a) displays Si, while panel (b) corre-
sponds to S—. At time t = 0 we set the coupling parame-
ters (J, K) = (9,5) for which the population of swarmalators
exhibits the sync state for uncontrolled (y = 0) system and
async for controlled (v = 1) systems. In the time interval
[50, 150], we decrease the coupling parameter K to —6, value
for which both the uncontrolled and controlled swarmalators
remain in the async state. After ¢ = 150 we increase the cou-
pling parameter back to K = 5, for which the controlled sys-
tem remains in the async state while the uncontrolled system
achieves the sync state. Let us also observe that in the async
region, the controlled and the original system show similar
behavior, because the control term does not affect the system
much while it is only effective for the region of interest, i.e.,
the region of sync state.

the sync state. On the other hand, the controlled system
can subdue the effect of the change in K and it remains
in the async state as one can appreciate by the fact that
S¢ stay close to 0. This behavior holds true in the time
interval [50,150], then at t = 150 we set K back to the
initial value —6, starting from this point both the sys-
tems find themselves in the async state. The takeaway
of this analysis is that the proposed control strategy is
capable of inhibiting the change of the coupling strength
and holds the system to the async state (see also the
movies in the Supplementary Material [36]).

B. Robustness to variations of the coupling
strength

Let us now study the robustness of the control strategy
by varying the phase coupling strength K over a range
[—7,7], the spatial coupling strength J being fixed to
9. The uncontrolled swarmalators go through multiple
phase transitions as K is varied (see the red and blue
curves in Fig. 6). Starting at K = —7 the async state
is found with Sy = 0, this state loses its stability and
the phase wave state is observed when K is increased to
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Figure 5. Panel (a) displays S+ and panel (b) corresponds to
S_. At time ¢t = 0 we set the coupling parameters (J, K) =
(9, —6) for which the population of swarmalators exhibits the
async state for both uncontrolled (v = 0) and controlled (y =
1) systems. In the time interval [50,150], we increase the
coupling parameter K to 5, value for which the uncontrolled
swarmalators move into the sync state, on the other hand the
controlled system remains in the async state. After ¢ = 150
we decrease the coupling parameter back to K = —6 and both
systems lie again in the async state.

—5. Here, S} deviates from zero while S_ remains at
zero. Around K = 2 both S, and S_ acquire nonzero
equal values that denote the emergence of the sync state.
In between, i.e., K € [1,2], we also observe the presence
of the mixed state in a small interval where S, and S_
are both nonzero but S_ < S;. In conclusion, we find
that the uncontrolled swarmalators go through a series
of phase transitions and all the collective states are re-
alized by varying K. We now consider the controlled
system where we set v = 1. The order parameters for
the controlled system (SY) are plotted with black and
green curves in Fig. 6 and we can realize that they al-
ways stay close to 0 which indicates that the controlled
swarmalators always facilitate the async state as we have
claimed. The only exception takes place at the particu-
lar value K = 0 where the controlled system goes to the
phase wave state (S¢ ~ 1,S¢ ~ 0). The reason behind
this phenomenon is that the control term Gic given by
Eq. (14) depends on the coupling strength K and when
K = 0 we effectively cancel out the control term; the
dynamics of the uncontrolled swarmalators are observed,
which is the phase wave in this case.
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Figure 6. Order parameters S+ (colored as before) as a func-
tion of phase coupling strength K for N = 1000 swarmalators.
The spatial coupling strength J is kept fixed at J = 9. For the
controlled system we set v = 1. At each value of K, we plot
the time-averaged order parameters after discarding a suffi-
cient transient period. Precisely, we integrate the controlled
and uncontrolled systems over a time period t = 200 and com-
pute the time average of the order parameters using the final
10% of the data. We observe that for the uncontrolled sys-
tem (v = 0), the system goes through the transitions “async
— phase wave — mixed state — sync” with increasing K.
However, for the controlled system, the population of swar-
malators remains in the async state for all the values except
K = 0, where the controlled term is ineffective. Thus, the
proposed controlled term shows a significant impact not only
in the region of sync state but also in all other states.

C. Minimally invasive strategy

In the previous sections we have shown that the control
strategy is very efficient in reducing, or even suppressing,
the synchronization of the swarmalators. In this section
we will prove that the strategy is also minimally invasive,
namely we do not need to control all the swarmalators
to desynchronize them, one can achieve a similar result
by acting on a fraction of them. Let us thus assume to
control M swarmalators out of the total population N,
namely the function 6 is added only to M indexes i
(that we assume to be {1,...,M}), while the dynamics
of remaining ones is ruled by the original swarmalator
system (2). Under this assumption, the local order pa-
rameters become

1 M ei(fjie]‘)

Wh=gGket = — 52— 16
£ =8t Yo
for k = 1,2,...,M. The restricted control term is now

achieved by substituting S by S% in Eq. (14). To check
the capability of the simplified control to reduce the syn-
chronization, we perform a series of numerical experi-
ments by varying M and the strength of the control, ~,
and we compute the values of the order parameters Si.
As previously done, we choose the coupling strengths en-
suring the original model to lie in the sync region, i.e.,
(J,K) = (9,5). The results are shown in Fig. 7 where
we report the order parameters St in the case of a sys-
tem made of N = 250 swarmalator. One can observe



that once the control strength « is larger than a criti-
cal threshold (= 0.2), controlling a fraction of the whole
population (M =2 125) is sufficient for successfully bring-
ing the swarmalators to the async state, corresponding
to the blue regions where Sy is close to 0. Let us ob-
serve that this fraction corresponds to (almost) half of
the total population and thus support the claim that the
control strategy is not very invasive. Beyond v = 0.2,
the behavior remains independent of the strength of the
control.
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Figure 7. The swarmalator order parameters St is shown
as a function of number of controlled swarmalators M and
the strength of the control 7. The order parameters at each
(M, ) are determined by averaging over an extended period,
excluding initial transients. Panel (a) shows the variations of
S5, while panel (b) corresponds to S—. For each pair (M, ~) €
[1,250] x [0,30], we numerically integrate the system with
N = 250 and coupling strengths (J, K) = (9,5). It is observed
that it is sufficient to only control a fraction of swarmalators
to achieve a required state and moreover the result is not
dependent on the control strength ~ after a critical value v =~
0.2.
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D. Truncated control term

The aim of this section is to propose a simplified con-
trol term still capable of reducing the synchronization.
The starting point is the full control term (14) and we
focus on the term denoted by P;. The latter is computa-
tionally much more expensive compared to the remaining
terms in the expression of §¢. As a result we define the
truncated control term 6" = 9? — P;, where, i.e., we
neglected the contribution from P;. Our aim is now to
show that this new control term is still able to reduce
synchronization. What we observe here is very inter-
esting and different from the previously studied scenar-
ios. Indeed, by starting from the sync state, the addition
of the truncated control term with a small value of the
control strength ably makes the swarmalators desynchro-
nized both in their positions and phase, but the positions
and phases remain correlated to each other. Saying dif-
ferently, from the sync state one reaches the phase wave
state where one of Sy and S_ is greater than 0 while
the other is almost 0. With a larger value of the control
strength ~, the correlation between the phases and po-
sitions also perishes and both Sy and S_ go to 0. We
infer that the control strength also plays a role here in
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Figure 8. Order parameters S+ as a function of time for
N = 1000 swarmalators. Panel (a) displays Sy, while panel
(b) corresponds to S_. Here, we start the simulation with
coupling parameters (J, K) = (9,5) and control strength v =
1 for the controlled population of swarmalators. At ¢t = 50,
we increase the control strength to v = 10 until £ = 150. For
t € [150, 250], v remains at 10 while K is reduced to —2. From
t = 250 to t = 350, v is lowered back to 1. Beyond this, K
is increased again to 5 while keeping v fixed at 1. It can be
observed that the synchronized population exhibits a phase
wave state at lower control strengths, while a higher control
strength leads to an asynchronous state.

desynchronizing the swarmalators.

Figure 8 demonstrates this scenario (see also the
movies in the Supplementary Material [36]). The cou-
pling strengths are chosen from the sync region of the
uncontrolled system as (J, K) = (9,5). The time series of
the order parameters S; and S_ are plotted in Figs. 8(a)
and (b), respectively for both the uncontrolled and con-
trolled populations with the same color scheme used in
the previous figures. Initially, S; and S_ lie near 1 as
the system exhibits the sync state. For the controlled
system, -y is fixed to 1 from ¢ = 0 till time ¢ = 50, and in
this interval S¢ goes to zero but Sf remain nonzero, i.e.,
the controlled swarmalators exhibit the phase wave state
(first segment from left in Figs. 8(a,b)). At ¢t = 50 we
increase the control strength to v = 10 and observe that
Sf also goes to zero. The controlled population is now
fully desynchronized in both their positions and phases
and are void of any correlation between them (second seg-
ment). Then at ¢ = 150 we make a change in the phase
coupling strength by reducing it to —2 from the initial
value K = 5. This value of K belongs to the phase wave
region, and as expected one of Sy and S_ drops to zero
from 1 while the other remains nonzero. The controlled
system continues to stay at the async state as the control
strength is still kept at 4 = 10 (third segment). Next at
t = 250, we reduce the control strength to 1 from 10. This



value of the control strength is no longer sufficient to keep
the swarmalators at the desynchronized state and we see
that Sf increases from zero to some nonnegative value,
i.e., the controlled population also goes to the phase wave
state (fourth segment). Finally at ¢t = 350, the coupling
strength is increased back to 5 from —2. We regain the
behavior that we observed in the first segment for both
the controlled and uncontrolled populations.
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Figure 9. Order parameters S+ as a function of time for
N = 1000 swarmalators. Panel (a) displays Sy, while panel
(b) corresponds to S—. Here, we start the simulation with cou-
pling parameters (J, K) = (9, —6) for which the population
of swarmalators exhibits an async state for both uncontrolled
(v = 0) and controlled (y = 1) systems. After ¢ = 50, we
increase the coupling parameter K to 5 for up to ¢t = 150. We
increase 7 to 10, keeping K fixed at K =5 for ¢ € [150, 250].
Thereafter, we decrease the strength of control back to v = 1.
Beyond this, we again decrease it back to K = —6, while « is
kept fixed at v = 1. It can be observed that for the controlled
system, the swarmalators exhibit the phase wave and async
state depending on the strength of control, whereas, for the
uncontrolled one, it goes to the sync state when the coupling
strength is increased. It is also observable that in the region
of the async state, the control term does not affect the system
much and is only effective for the region of interest, i.e., the
region of the sync state.

Next, we perform the complementary analysis by start-
ing from the async region of the uncontrolled system by
choosing (J, K) = (9,—6). The controlled system also
belongs to the async state in that case (first segment in
Figs. 9(a,b)). Once we increase the coupling strength to
K =5, the uncontrolled system goes to the sync state.
But, we find that a comparatively smaller value of the
control strength (7 = 1) is unable to curb the effect of
the increase in K and the controlled system goes to the
phase wave state from the async state (second segment).
With a larger value of v = 10, full desynchronization
is achieved (third segment). It is not possible to sus-

tain this complete asynchrony by reducing + which can
be seen from the fourth segment where the controlled
system goes to the phase wave state from the preceding
async state once we decrease v from 10 to 1. When we re-
duce K to —6 both systems, controlled and uncontrolled
one, go to the async state (last segment) (see the movies
in the Supplementary Material [36]).

The main observation is that here we can also reach a
phase wave by tuning on v and M, which was not pos-
sible with the full control term. We can make the con-
trol strategy minimally invasive by not only controlling
a fraction of the entire population but also by tuning the
control strength. In Fig. 10 we show the results obtained
by varying these quantities and investigate the change
in the order parameters St when the coupling strengths
are fixed in such a way the uncontrolled system lies in
the sync region. The main observation is that only a
fraction of the population is needed to be controlled to
achieve desynchrony (S1 = 0), moreover the fraction de-
pends on the control strength: the larger v the smaller
is the number of required controllers. Let us also ob-
serve the presence of a minimal number of controllers,
say M ~ N/2, required to substantially reduce the syn-
chronization even for very large ~.

0 50 100 150 200 250 0 50 100 150 200 250
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Figure 10. The swarmalator order parameters S+ as a
function of number of controlled swarmalators (M) and the
strength of the control . Panel (a) shows the variations
of S4, while panel (b) corresponds to S—. For each pair
(M, ) € [1,250] x [0, 30], we numerically integrate the system
with N = 250 and coupling strengths (J, K) = (9,5). It is
observed that only a sufficient number of swarmalators can
be controlled to achieve a required state, and it is dependent
on the control strength ~.

VI. DISCUSSIONS

In this paper, we have introduced a Hamiltonian con-
trol strategy allowing to tackle the synchronization in a
1D swarmalator model. The latter are agents that self-
organize their positions and synchronize their (internal)
phases. For the 1D swarmalator model, both positions
and phases are periodic variables that belong to S! and
the dynamics look like a pair of entangled Kuramoto
models. With large spatial and phase coupling strengths,
both the positions and phases get synchronized; our goal
is to reduce, or even suppress, the synchronized phe-
nomenon. To achieve this goal, we first introduced a



suitable Hamiltonian function whose dynamics reduce to
the one of the swarmalator of a given invariant torus.
Then, relying on the link between stability of the invari-
ant torus and synchronization, we build a Hamiltonian
control term capable to increase the stability of the in-
variant torus [29]. We observe that the control term curbs
synchronization irrespective of the value of the control
strength, provided it is nonzero. Also, only a fraction
of swarmalators is needed to be controlled to achieve a
reduction of synchronization. When the smaller ampli-
tude terms are neglected and removed from the control
term, we find that the control strength becomes relevant.
A smaller control strength, although desynchronizes the
swarmalators, cannot overcome the correlation between
the positions and phases. A larger value of the control
strength is required to establish complete desynchrony
among swarmalators where the correlation between the
positions and phases also vanishes. Let us emphasize
that in this work we borrowed the term control from pre-
vious works dealing with Hamiltonian control; however,
strictly speaking we cannot control, i.e., to set to an a
priori chosen value the synchronization level of the sys-
tem — a behavior that could also named reachability — we
can only act on the system to desynchronize it. One can
nevertheless act a posteriori; indeed by using the results
presented in Fig. 7 we can choose M and ~ such that the
system will have any given values of S..

In this study, we have obtained and studied a control
strategy based on a Hamiltonian function where only the
phases have been taken into account, while the positions
have been considered “as parameters”, and thus we have
only controlled phases of the swarmalators. Let us em-
phasize that the desynchronization of spatial variables
induced by solely action on the phases is not trivial and
result for the nonlinear interplay existing among the vari-
ables. Indeed completely synchronized angles would de-
termine the positions to evolve according to the classical
Kuramoto model, whose synchronization is determined
by the size of the coupling and by the distribution of the
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natural velocities. On the other hand, for finite size sys-
tems as considered in this work, completely desynchro-
nized phases, independently from spatial positions, would
introduce a small contribution from the term cos(6; —6;)
determining an effective small coupling .J, that in princi-
ple should induce synchronization in the spatial variables.

The control term we obtained by using the Hamilto-
nian theory (12), or (14) rewritten by using the order pa-
rameters, could not very easily implemented in an exper-
iment, for this reason we introduced a simplified version,
i.e., the one where we remove the term P; given by (15).
The numerical results we obtained clearly show that the
latter simplified control is still able to reduce synchro-
nization in swarmalators. Depending on the application
at hand, one could work on the simplified control term
and, as done in [25], and rewrite it in a more “transpar-
ent” way, e.g., depending on the difference between the
phases and the period and thus be implementable.

We remark here that one could have used a Hamil-
tonian function depending on both phases and spatial
positions and thus build a complete control term where
both variables are controlled. However, the control terms
become very large and also computationally expensive;
moreover the possibility to control the system only act-
ing on the internal phases, seems to be more easily realiz-
able in real-world applications, by using some long-range
interactions, such as WiFi or infrared. Let us also ob-
serve that we have worked with a 1D model, that results
a simplified version of the two-dimensional swarmalator
model [30]. Future works could explore the control sce-
nario in the more general setting of a two-dimensional
setup.

The proposed control strategy results efficient in re-
ducing synchronization and thus we can conclude that
our theoretical results could be implemented in real-
world applications, such as sensor networks, coordinated
robotics, and autonomous vehicles, with the goal of op-
timize energy consumption, improve communication ef-
ficiency, and enhance task performance in multi-agent
systems.
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Appendix A: A complete Hamiltonian

In Eq. (6), we consider the Hamiltonian of the swar-
malator depending only through only the phases. How-
ever, a complete description of the system can be ob-
tained when both the positions and the phases are con-
sidered. In that case, the required Hamiltonian reads

N N
H((B, 01 I:Ev 10) = Zuzjml + ZWiIGi
=1 =1

_ % Z LIy, (I, — I,) cos(0; — 6;) sin(x; — x;)
(2%

K .
-5 Z /Lo, 1o, (1o, — Ip,) cos(x; — x;) sin(f; — 0;)
.7
(A1)

where Iw = (Ix17]x27 . 7IwN) and Ia = (191,192, ey IgN)
are the action variables corresponding to the positions
x = (x1,...,2x) and phases 8 = (6y,...,0y) of the
swarmalators, respectively.

The time evolution of the phase action variables can
be obtained from the Hamiltonian equation as

N
. 0H J
Iy, = _ami = _2N Z \V Ixilxj (Ixj B I‘£1)

= HO(IJ:) + HO(IG) + Vl(waIa:; 0) + ‘/2(0710a 13),

j=1
cos(x; —x;)cos(f; —0;), (A2a)
: OH K &
I, = —55- = —QN; Io, 1o, (Ig, — Io,)
cos(xz; —x;)cos(d; —0;), (A2b)

) J .
T = oL uit ; [24/ 11, I, sin(x;—;) cos(6;—6;)

(In, — I;,) sin(z; — ;) cos(0; — 60;)], (A2c)

. OH K
0, = o0y, = wH—N ; [21/1p, 19, sin(6;—0;) cos(z;—x;)

Iy,
- %(Iej — Io,) cos(w; —wi)sin(9; —6,)].  (A2d)

It is noticeable that Iy, = c1, I, = co for all i, are
constants of motions for any fixed real ¢, co > 0. One can
then recover the governing equations of the swarmalators
Egs. (1)-(2) by incorporating the restriction I, = 3 and
Iy, = 5.

i
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In our study, we have considered a truncated version of  of the swarmalators are controlled. One can work with
the complete Hamiltonian by focusing on the phases and  this complete Hamiltonian and try to control both the
then proposed a control scheme where only the phases positions and phases.
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