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Synchronization is a ubiquitous phenomenon in nature. Although it is necessary for the func-
tioning of many systems, too much synchronization can also be detrimental, e.g., (partially) syn-
chronized brain patterns support high-level cognitive processes and bodily control, but hypersyn-
chronization can lead to epileptic seizures and tremors, as in neurodegenerative conditions such as
Parkinson’s disease. Consequently, a critical research question is how to develop e!ective pinning
control methods capable to reduce or modulate synchronization as needed. Although such methods
exist to control pairwise-coupled oscillators, there are none for higher-order interactions, despite
the increasing evidence of their relevant role in brain dynamics. In this work, we fill this gap by
proposing a generalized control method designed to desynchronize Kuramoto oscillators connected
through higher-order interactions. Our method embeds a higher-order Kuramoto model into a suit-
able Hamiltonian flow, and builds up on previous work in Hamiltonian control theory to analytically
construct a feedback control mechanism. We numerically show that the proposed method e!ectively
prevents synchronization in synthetic and empirical higher-order networks. Although our findings
indicate that pairwise contributions in the feedback loop are often su”cient, the higher-order gener-
alization becomes crucial when pairwise coupling is weak. Finally, we explore the minimum number
of controlled nodes required to fully desynchronize oscillators coupled via an all-to-all hypergraphs.

Keywords: Feedback pinning control, Synchronization, Higher-order networks, Hamiltonian systems, Hamil-

tonian Control, Kuramoto model

I. INTRODUCTION

Synchronization, the emergence of order in the col-
lective dynamics of coupled oscillators, is key to many
natural and man-made systems [1, 2]. Synchronization
can be found in domains ranging from physics to biol-
ogy and neuroscience, with typical examples including
the clapping in unison of an audience after a concert,
or the (hyper)synchronized firing of neurons in the brain
at the onset of an epileptic seizure [3]. The paradig-
matic model of synchronization is that of phase oscilla-
tors all-to-all coupled, first introduced by Y. Kuramoto
forty years ago [4], which led to breakthroughs in our
understanding of collective dynamics. Since then, the
Kuramoto model has been extended in many ways, most
notably to incorporate a complex network of (pairwise)
interactions between oscillators [5, 6].

More recently, increasing experimental and theoreti-
cal evidence suggests that networks, or pairwise coupling
schemes, may be not precise enough when modeling syn-
chronization and complex systems in a more general set-
ting. In fact, these systems often appear to be better
modeled by higher-order (i.e., group) interactions be-
tween any number of oscillators at a given time [7, 8].
These higher-order interactions have been shown to dra-
matically a!ect dynamics in many processes such as con-
sensus [9, 10], spreading [11–13], di!usion [14, 15], and
evolution [16]. In coupled oscillators, these higher-order
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interactions have been shown to naturally appear from
phase reduction of pairwise coupled nonlinear oscilla-
tors [17–19]. They have also been shown to favor explo-
sive transitions [20, 21], chaos [17], multistability [22–24],
and chimera-type states [25, 26] and more [27].
In many cases, synchronization can be beneficial, for

example, in adjusting human circadian rhythms to the
day-night cycles [28]. Synchronization can, however, also
be detrimental, as in epileptic seizures [3]. The latter be-
ing characterized by a hyper-synchronization state that
is abnormally strong, persistent in time and acting on
a large portion of the brain, whose ultimate e!ect is to
induce malfunctioning in the patient behavior. Meth-
ods to precisely control the system to avoid or reduce
synchronization can thus have a crucial impact on the
systems, and in the case of epilepsy, on the well-being of
the patients. In this context, pinning control methods,
i.e. control signals injected in particular locations of the
system, are well suited [29–31].
Pinning control methods are of great interest in the

context of complex systems; they have been widely stud-
ied in complex networks [32–37] and have recently been
extended to higher-order networks [38–45]. For instance,
authors in Refs. [39–41, 46] found that the linearized
model on directed higher-order networks could be for-
mulated in an elegant way by using signed a network,
i.e. a network whose edges can have positive or negative
weights. They then established synchronizability criteria
from this formulation. Let us stress that these studies
focused on the stabilization of the synchronized state; to
the best of our knowledge, methods designed to reduce
synchronization do exist solely in the case of pairwise-
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coupled oscillators [47, 48]. The aim of this work is to
fill this gap by proposing a control method allowing to
reduce synchronization for higher-order networks. This
result is thus especially important, because higher-order
interactions can favor explosive transitions to synchro-
nization [20, 49–53] and induce stronger local stability of
the synchronized state [24].

In this paper, we thus propose a control method to
desynchronize oscillators coupled via higher-order inter-
actions, by generalizing the method developed in [47, 48]
for pairwise interactions. To derive this control, we (i)
found a Hamiltonian system admitting an invariant torus
whose dynamics return the one of the higher-order Ku-
ramoto model (HOKM), and (ii) we generalized Hamil-
tonian control techniques [54, 55] to control and desyn-
chronize oscillators coupled through higher-order inter-
actions. Finally, we demonstrate the e”ciency of the
proposed control method on both synthetic and empir-
ical higher-order networks. Moreover the control term
is adaptive, namely it is always present, i.e., we are
not considering switched-systems, it reaches large val-
ues once the original uncontrolled system naturally syn-
chronizes, but it remains small when the system sponta-
neously evolves in a disordered state.

The derived control method contains thus pairwise
terms as well as many-body ones (we restrict our analy-
sis to 3-body terms in this work, but this assumption can
be clearly relaxed). In the presence of pairwise interac-
tions alone, we recover the results of [47]. We then nu-
merically show that the control method is e!ective when
there are either pairwise terms, 3-body interactions or
both of them, i.e., it manages to significantly reduce syn-
chronization of the system. Furthermore, we compare
it to the pairwise version [47] and show that in a quite
large number of cases the latter is su”cient, with the no-
table exception of the case where the pairwise coupling is
small compared to the higher-order one, in this case the
higher-order generalization is required to achieve desyn-
chronization. Finally, we show that synchronization can
be impeded even when the control acts only on a fraction
of nodes, we can thus conclude that the proposed control
method is not very invasive. Our results suggest the need
for a critical proportion of controlled nodes to drastically
decrease synchronization in all-to-all hypergraphs.

The paper is organized as follows. In Sec. II, we define
a general HOKM, then in Sec. III, we present the general
formulation of the Hamiltonian system that embeds the
HOKM and we analytically derive the method to control
the HOKM . The numerical validation is presented in
Sec. IV. Finally, we discuss the results and conclude in
Sec V.

II. THE HIGHER-ORDER KURAMOTO
MODEL

In this work, we focus on the following Higher-Order
version of the Kuramoto model (HOKM) composed by N

non-identical oscillators, described by the angular vari-
ables ωi, i = 1, . . . , N , interacting through first and sec-
ond order (i.e. 2- and 3-body) interactions

ω̇i = εi +
K1

N

N∑

j=1

Aij sin(ωj → ωi)+

+
K2

N2

N∑

j,k=1

Bijk [sin(ωj + ωk → 2ωi) + sin(2ωj → ωk → ωi)]

(1)

where A and B are the first- and second-order adjacency
tensors that encode the interactions: Aij = 1 if there
is a link connecting oscillators i and j, namely a first-
order (pairwise) interaction between nodes i and j, and
Aij = 0 otherwise. Similarly, Bijk = 1 if the oscillators i,
j and k interact together, namely a second-order (i.e., 3-
body) interaction between them, and Bijk = 0 otherwise.
For the second-order interactions, we require i ↑= j ↑= k,
so that each triplet involves three distinct nodes. The
parameters K1 ↓ 0 and K2 ↓ 0 are, respectively, the
first- and second-order coupling strengths, and εi is the
natural frequency of oscillator i.
Note that we consider undirected hypergraphs so that

A is symmetric, Aij = Aji, and B is also invariant under
indices permutations, i.e., Bω(ijk) keeps the same value
for all permutations ϑ(ijk) of the three indices. In ad-
dition, we assume the natural frequencies εi to be non-
resonant, namely ↔k ↗ ZN : k · (ε1, . . . ,εN )↑ = 0 if
and only if k = 0. This assumption, although neces-
sary in the following, is not too restrictive since, as often
assumed in the literature, εi are sampled from a contin-
uous symmetric distribution and one can prove that the
set of resonant frequencies has in this case zero measure.
The parameters K1 and K2 are normalized, respectively,
by N and N

2, the respective numbers of terms in each
sum, to fairly compare structures of di!erent sizes [5] and
di!erent amounts of first- and second-order interactions.
When K2 = 0, Eq. (1) recovers the canonical Ku-

ramoto model [4] for complex networks. For K2 > 0,
the second term of Eq. (1) encodes the second-order in-
teractions between oscillators as a combination of the two
distinct second-order coupling functions

C1 = sin(ωj + ωk → 2ωi) , (2)

and

C2 = sin(2ωk → ωj → ωi) . (3)

Although most of the literature considers either of
these coupling functions [20, 22, 56], systems derived
from phase reduction approaches often display a weighted
combination of both [17, 18, 57]. We know that they
induce a di!erence in the speed of convergence to full
synchronization [56] and may have other e!ects on the
dynamics, but to date, there is no consensus on the best
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way to model second-order interactions in general. How-
ever, close to the synchronization manifold these two cou-
pling functions only di!er in the speed of convergence to-
ward synchronization: it is twice faster with the coupling
in Eq. (2), as one can prove with linear stability analy-
sis [56]. It is an open question to study their impact
on desynchronization. Interestingly, the combination of
coupling functions from Eq. (2) and Eq. (3) arising in
the HOKM under consideration Eq. (1) naturally derives
from the Hamiltonian embedding system we present in
the next section.

Finally, let us observe that the proposed model Eq. (1)
can be defined more generally for interactions of any or-
der d > 2, as we will see in Sec. III A. However, the
number of possible interaction terms grows exponentially
with d and thus the computations become more cumber-
some. For the sake of clarity, we restrict our analysis to
the cases d = 1 and d = 2.

III. HAMILTONIAN CONTROL THEORY

The aim of this section is to introduce the basis of
Hamiltonian control theory adapted to model under in-

vestigation. We refer the interested reader to [54, 55] for
a more general and detailed presentation.

A. Hamiltonian system embedding HOKM

In [58], authors proposed the Hamiltonian function

H =
N∑

i=1

εiIi→
K1

N

N∑

i,j=1

Aij

√
IiIj(Ij→Ii) sin(ωj→ωi) (4)

where the action variables, Ii, are the momentum vari-
ables, canonically conjugated to the angles, ωi. This
Hamiltonian is such that, for all positive constant c, the
torus Tc := {(I,ωωω) ↗ RN

+ ↘ [0, 2ϑ]N |↔i ↗ {1, . . . , N} : Ii =
c} is invariant by the flow. Moreover, the solutions of
the Hamiltonian system restricted to the torus T 1

2
ex-

hibit angle variables evolving according to the classical
Kuramoto model with natural frequencies (ε1, . . . ,εN ),
coupling strength K1 and coupling network adjacency
matrix A. The restriction to Tc with c ↑= 1

2 also gives
rise to the KM but with a coupling strength equal to
2cK1.
We hereby propose a straightforward generalization of

the above Hamiltonian function given by

H(I,ωωω) :=
N∑

i=1

Iiεi →
K1

N

N∑

i,j=1

Aij

√
IiIj(Ij → Ii) sin(ωj → ωi)→

K2

N2

N∑

i,j,k=1

Bijk
3
√
IiIjIk(Ij + Ik → 2Ii) sin(ωj + ωk → 2ωi)

(5)

= H0(I) + V (I,ωωω) ,

where we added a new term involving three action vari-
ables and three angles variables, thus encoding for the
three-body interactions. The Hamiltonian system de-
fined by (5) preserves again the torus Tc and the an-
gle dynamics restricted on the latter torus, coincides
with Eq. (1) with c = 1

2 (see Appendix A 1).

Let us also observe (see Appendix A 1) that the chosen
Hamiltonian system (5) returns a control strategy involv-
ing both two three-body interaction terms (2) and (3), as
they derive from the triple sum term. This motivated our
choice to work with the model Eq. (1) where the two pos-
sible 3-body interactions are allowed. Let us observe that
if we were interested in controlling an HOKM involving
only one kind of 3-body interaction, we could first com-
pute the full control term and then remove the undesired
terms so to get an e!ective control term.

Moreover, the proposed higher-order Hamiltonian
system exhibits another important property, similarly
to Eq. (4): angles synchronization induces an instabil-
ity of Tc in the transversal directions, i.e., orthogonal to
(I,ωωω) = (c1,ωωω) (see Appendix A1 for more details).

B. Construction of the Hamiltonian control

The goal of this work is to design a feedback control,
namely a term depending on the angles, ωωω that, once
added to Eq. (1) would prevent the system from syn-
chronizing. Because of the link presented in the previous
section between synchronizability and instability of the
invariant torus, we are thus looking for a control term
that should increase the stability of the invariant torus.
To achieve this, we make use of the Hamiltonian con-

trol theory developed in [54, 55]. Let us first remark that
the Hamiltonian system H(I,ωωω) given by Eq. (5) can be
decomposed as a sum of two terms, H := H0(I)+V (I,ωωω),

whereH0(I) :=
∑

N

i=1 εiIi. As the coe”cients K1
N

and K2
N2

are in general smaller than 1, the term V := H →H0 can
be considered to be a perturbation of the integrable part
H0.
Let us briefly explain the main idea of Hamiltonian

control theory and thus the rationale behind the pro-
posed control strategy. The theory of Hamiltonian con-
trol [54, 55] is based on the possibility to build a small
but not null perturbation, f(V ), that once added to the
Hamiltonian H acts as a feedback control allowing the
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flow induced by H0 + V + f(V ) to be canonically con-
jugate to the one induced by H0. This means, roughly
speaking, that the controlled system behaves like a set of
uncoupled oscillators described by H0, each evolving in-
dependently from the others, with incommensurable fre-
quencies, and thus no synchronization is possible.

The general expression of such term f(V ) is proposed
in [54, 55] and can be formally written as

h
(N)
i

:= →1

2

ϖ

ϖIi
[{#V }V ]

∣∣
I= 1

2
, (6)

where # is the pseudo-inverse operator associate to the
unperturbed Hamiltonian H0 (the interested reader can
find more details in Appendix A2). Note that as we

evaluate the derivative on T1/2, h
(N)
i

no longer depends
on I but only on ωωω and the parameters of the system (i.e.,
A, B and εεε). As a matter of notation, let us observe that
the exponent N indicates that the control term is applied
to all N nodes.

Note that the control term, whose formal expression is
given by Eq. (6), is composed by several terms (see Ap-
pendix A2) and thus it can be di”cult to understand
the role of the involved terms and not to be easily im-
plementable in real applications. Moreover it depends
on all angles, while classically (feedback) pinning control
methods rely on the action on a small number of nodes to
control a complex (higher-order) network [32, 34–36, 48].
Let us therefore consider a case where a subset of M ≃ N

nodes, that we can label without loss of generality as
nodes 1, . . . ,M , receive the controlled signal. In other
words, one would like to be able to force the system to
desynchronize by only acting on the dynamics of those
nodes and letting the others evolve according to Eq. (1).
Moreover, the injected control term should be computed
only from the observed dynamics of those same nodes, as
is classically done in feedback-loop pinning control.

Let us consider the following modification of V defined
in (5) where we only take into account the M first nodes,
that is

V
(M) = V

(M,1) + V
(M,2) (7)

= →K1

N

M∑

i,j=1

Aij

√
IiIj(Ij → Ii) sin(ωj → ωi) +

→ K2

N2

M∑

i,j,k=1

Bijk
3
√
IiIjIk(Ij + Ik → 2Ii)↘

↘ sin(ωj + ωk → 2ωi) ,

and then by following a similar analysis of the one above
presented we can compute the control term by using

h
(M)
i

:= →1

2

ϖ

ϖIi

[
{#V (M)}V (M)

] ∣∣
I= 1

2
ϱi . (8)

where ϱi = 0 if i ↗ {1, . . . ,M} and 0 otherwise. Then
by adding Eq. (8) to Eq. (1) we obtain a novel pinning
control scheme depending an a priori chosen subset of
M nodes.

Then, we can further remark that computing the con-
trol terms can be very costly (see Appendix A3) in par-
ticular due to the term arising from V

(M,2), namely the
3-body interaction. Let us then define a simplified con-
trol involving only V

(M,1), i.e., by only using the contri-
butions of pairwise interactions and still restricted on the
use of M arbitrarily chosen nodes, once again the formal
expression of the control can be obtained via the formula

h̃
(M)
i

:= →1

2

ϖ

ϖIi

[
{#V (M,1)}V (M,1)

] ∣∣
I= 1

2
ϱi . (9)

Let us observe that the latter coincide with the control
studied in [48]. The interested reader is referred to Ap-
pendix A 3 for the explicit computations returning the

control terms starting from h
(M)
i

and h̃
(M)
i

.
In conclusion the equations ruling the dynamics of the

controlled higher-order Kuramoto model are given by

ω̇i = εi +
K1

N

∑

j

Aij sin(ωj → ωi)+

+
K2

N2

∑

j,k

Bijk [sin(ωj + ωk → 2ωi)→ sin(2ωj → ωk → ωi)]

+ hi

(10)

where hi = h
(M)
i

, in the case of the whole control term

acting on M nodes or h̃
(M)
i

for the control limited to
pairwise terms, still acting on M nodes.
A complete and rigorous interpretation of the impact of

each term in the control function, is a di”cult task. We
can nevertheless gain some insights by adapting to the
present framework the analysis proposed for the pairwise
case in Ref. [48]. There, authors shown that, in the case
of complete graphs, the dominant term is given by

h̃
(N)
i

⇐ →1

2
K

2
1RR̃i cos($→ $̃i) , (11)

where

Re
ε! =

1

N

∑

j

e
εϑj , (12)

is the Kuramoto order parameter, being ς :=
⇒
→1, and

R̃ie
ε!̃i =

1

N

∑

j

e
εϑj

εj → εi

, (13)

defines a modified order parameter with weights inversely
proportional to the di!erences between natural frequen-
cies. From Eq. (11) one can draw the following conclu-
sions; since the control is proportional to K

2
1 and R, it

tends to be large when the system has a strong coupling
and it is synchronized, while it will be small when the
system is desynchronized, which happens in general when
K1 ⇑ 1. Therefore, the control term tends to be large
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only when necessary. Second, the presence of R̃i induces
the control injected in node (oscillator) i to be stronger
stronger if the natural frequency associated to this node,
is close to the ones of the neighboring nodes (oscillators).
Third, the cosine function allows to interpret the control
signal as the original signal shifted by a quarter of period.

We can derive a similar results also for the higher-order

control h(M)
i

(see Appendix A 3). The main observation
is that in the present case many more terms are present,
however they are proportional to K

2
1 , K1K2 or K2

2 . Thus
they increases if the coupling strengths are large, i.e., if
the system is likely to synchronize. Because of the pres-
ence of linear integer combinations of frequencies at de-
nominators, the control term also tends to be large if the
natural frequencies are close to resonance. Finally, most
of these terms contain cosine functions, hence resulting
again in shift by one fourth of period. Let us conclude
by noticing that the proposed method could straightfor-
wardly be adapted to more general HOKM with interac-
tion of arbitrary order d ↓ 2 (see Appendix B).

IV. RESULTS

The aim of this section is to perform numerical dedi-
cated simulations to validate the control methods above
introduced. More precisely, we compare the level of syn-
chronization achieved in the HOKM Eq. (1) with its con-
trolled version given by Eq. (10) and compare the results
according to the used control term (h(M) or h̃(M)) where
we recall M fixes the number of controlled nodes. We
measure the level of synchronization of the system with
the standard Kuramoto order parameter R(t) defined
in Eq. (12) for both the uncontrolled and the controlled
HOKM. Let us recall that if R(t) is close to 1, angles are
very close to each other at time t and thus the system syn-
chronizes. On the other hand, if R(t) is small, the oscilla-
tors dynamics are incoherent with each other. To capture
the asymptotic behavior, we compute the average of the
order parameter for a su”ciently long time interval, Tfin,
after a transient T0, namely R̂ := ⇓R(t)⇔T0<t<T0+Tfin . A
good control scheme should achieve values of R̂ close to
zero.

In this section will firstly assume the underlying cou-
pling to be all-to-all for both the pairwise and the 3-body
interactions. Namely, each one of the N nodes is pair-
wise connected to the remaining N → 1 nodes and it par-
ticipates to all possible triangles involving any distinct
couples of nodes, namely, the adjacency tensors verify,
for i, j, k = 1, . . . , N ,

Aij = 1→ φij and Bijk = 1→ φijφikφjk (14)

where φ is the Kronecker symbol. We will show that the
full control term h

(N) acting on all the N nodes and con-
sidering both pairwise and 3-body interactions, is able
to desynchronize the system in all the performed sim-
ulations, while h̃

(N), i.e., still acting on all the nodes
but considering only pairwise interactions, is su”cient to

achieve desynchronization, as soon as K1 is not too small
compared to K2 (Section IVA). In a successive step we
study the impact of the number of controlled nodes, M ,
on the control e”ciency and show that R̂ decreases with
M , reaching its best performance at M ⇐ 3N/5 (Sec-
tion IVB). We will finally validate the proposed method
by using other higher-order networks such as random
simplicial complexes (Section IVC) and a cat connec-
tome (Section IVD).
Note that triadic interactions can induce states other

than full synchronization and impact basins of attrac-
tions [24]. In Appendix D, we show that for large K2

values, 2-cluster states appear but they are very unbal-
anced and hence close to full synchronization; let us ob-
serve that the control is e!ective in reducing the synchro-
nization in this case as well.
In the following simulations, unless otherwise specified,

we used higher-order structures composed of N = 50
nodes, the natural frequencies εi are randomly drawn
from a uniform distribution, εi ↖ U([0, 1]). The initial
phases, ωi(0), are drawn from a uniform distribution close
to synchronization U([0, 0.3]). Finally, the time interval
used to compute R̂ is [T0, Tfin] = [30, 40] and we use a
Runge-Kutta integrator of order 4 with a fixed integra-
tion step 0.1 (the interested reader can refer to Appendix
C for analogous results with N = 100). The demo codes
and used hypergraphs data are available on [59].

A. Desynchronizing all-to-all higher-order system

Let us initially consider M = N , i.e., the control term
is injected in all the nodes of the systems. Here we com-
pare the synchronization level, measured by R(t) or R̂,
as a function of the coupling strength K1 ↗ [0, 2] and
K2 ↗ [0, 2] for the uncontrolled Eq. (1) and the con-
trolled systems Eq. (10) by using the control terms h̃(N)

and h
(N).

In Fig. 1(a-b) one can observe that the control term
h
(N) can e!ectively desynchronize the system. For both

choices of the coupling parameters, (K1,K2) = (1, 1) and
(K1,K2) = (0.5, 1), the order parameter R(t) decreases
rapidly for the fully controlled system (blue) while it
stays close to 1 in the uncontrolled system (gray). The
pairwise control (green) manages to desynchronize the
first case but not the second one.
Figure 1(c-e) report the values of the averaged order

parameter R̂ in function of K1 and K2. We observe
that the uncontrolled system exhibits strong synchroniza-
tion whenever K2 and K1 are above some critical values
(Fig. 1(c)), which is consistent with previous results stat-
ing that higher-order interactions strengthen the local
stability of the synchronized state [20, 24, 49, 60, 61]. The
red curve indicates the parameters for which R̂ = 0.8, i.e.,
an arbitrary (large enough) value that we fixed to define
a su”ciently large level of synchronization; only for small
enough K1 and K2, the system does not synchronize (see
blue region in the bottom-left corner of panel c). Let us
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FIG. 1: Desynchronizing by controlling higher-order interactions in an all-to-all hypergraph. We show
the order parameter R(t) over time for (a) K1 = 1 and (b) K1 = 0.5, in three cases: uncontrolled (Eq. (1)), with
only pairwise control h̃(N) (green), and with full control h(N) (blue). Other parameters are N = 50 and K2 = 1.
The average order parameter R̂ is shown over parameter space in those three cases: (c) no control, (d) full control,
and (e) pairwise control. The border of the synchronized region is highlighted by a level curve (R̂ = 0.8) in red.
The white cross and plus sign indicate the parameters used in (a) and (b), respectively.

observe that the region where R̂ > 0.8 covers approxi-
mately 96% of the considered domain.

One can furthermore remark that the second-order in-
teraction strength K2 seems to play a more important
role in synchronization than K1. Indeed, in Fig. 1(c) for
K1 = 0 the value K2 ⇐ 0.39 is su”cient to synchronize
the uncontrolled system, indeed passing this value R̂ sud-
denly passes from very low values to very large ones. On
the other hand for K2 = 0 the system requires K1 ⇐ 0.66
to synchronize.

On the other hand, the fully controlled system (see
Eq. (10)) by using h

(N) as control term Eq. (6), is suc-
cessfully prevented from synchronizing for all K1 and K2

in the considered range (Fig. 1(d)). The mean value of R̂
over the whole domain is 0.197 and it never reaches the
threshold 0.8 (its maximal value is approximately 0.25).
This indicates that the proposed control scheme is suc-
cessful in reducing synchronization.

In Fig. 1(e), we consider the control term h̃
(N) (see

Eq. (9)) in which only the pairwise part is taken into
account. We can appreciate that the control method is
remarkably e”cient to reduce synchronization being the
values of R̂ as low as the ones obtained in Fig. 1(d) for
most of the (K1,K2) choices, especially if K1 > K2. As
h̃
(N) is less complicated to compute and involves a signif-

icantly lower cost in terms of total energy of the injected
signal (see Appendix E for more details) the option of
using this lighter version in some context could be very
interesting for future applications.

Nevertheless the pairwise control h̃(N) is not su”cient
to desynchronize the system if K1 is small in comparison
to K2. Indeed we can roughly observe than if K1 < 0.5
and K2 > 0.39 then R̂ > 0.8 showing that in this case the
control with only pairwise terms is not able to desynchro-
nize the system, indeed the yellow region then covers ap-
proximately 21% of the considered range of parameters.
These latter observations are consistent with Fig. 1(a-b)
where we show that R(t) barely decreases by using h̃

(N)

(green) with (K1,K2) = (0.5, 1) while it goes below 0.2
if (K1,K2) = (1, 1).

Before concluding this part, we briefly analyze the con-
trol magnitude in function of the systems parameters. As
already observed in Section III B, the control intensity is
proportional to the coupling strengths K1, K2 and in-
versely proportional to the frequency di!erences. In par-
ticular, the control intensity will be higher when K1 and
K2 are large (see also Appendix E), setting for which the
local synchronization basin is larger. There is therefore a
predominant dynamical e!ect: the control is large when-
ever the uncontrolled system would tend to synchroniza-
tion. This fact is illustrated in Fig. 2 where we report
the time evolution of the order parameters R(t); once
we set the coupling strengths to K1 = K2 = 0.05, both
the uncontrolled and the controlled systems will evolve
toward an asynchronous regime (see panel (a)). Indeed
R(t) results to be quite small, meaning that the system is
far from synchronization. At the same time, the control
intensity, measured by the nodes average of the absolute
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FIG. 2: The control is adaptive. We show (a) the
evolution of the order parameter, R(t), in the system
with no control (gray) and with full control h(N) (blue),
and (b) the intensity of the full control over time. Ini-
tially, we set both coupling strengths to small enough
values, K1 = K2 = 0.05: the systems—both uncon-
trolled and controlled—do not synchronize R(t) ⇐ 0 in
the whole time interval, and the intensity of the con-
trol is null I(t) = 0 (b). At t = 15, we set K2 = 1 so
that the uncontrolled system synchronizes. The control
intensity increases and prevents the controlled system
from synchronizing. The initial angles are drawn from
an uniform distribution, ω(0) ↖ U([0, 2ϑ]).

value of the control signal, I(t) := ⇓|h(N)
i

|⇔i=1,...,N (panel
(b)), remains close to zero for a large time interval. Then
at t = 15 we modify the coupling parameter K2 and we
set K2 = 1, the uncontrolled system (gray line in panel
(a)) will shortly after synchronize, indeed the order pa-
rameter will steadily increase while the controlled system
will remain in an asynchronous state (blue line in panel
(a))). To achieve this, the controlled system requires a
strong enough control intensity as one can appreciate by
looking at the bottom panel.

In conclusion, we can thus claim that the control term
h
(N) is able to desynchronize the HOKM even if there are

only higher-order interactions involved and thus general-
izing the results presented in [47]. Moreover, the pro-
posed control method is robust to the superposition of
interaction of di!erent orders, despite the fact that the
stability of the synchronization state is strengthen once
higher-order terms are taken into account [24]. Further-
more, in many cases, we can prevent a higher-order sys-
tem from synchronizing by using only the control ob-

tained by solely using the pairwise interaction, h̃(N)
i

, re-
sulting in a huge computational advantage; however if
the pairwise coupling is weak enough with respect to the
second-order one, then the full higher-order control—
with pairwise and triadic terms—is needed to achieve
desynchronization.

FIG. 3: Impact of the number of controlled
nodes. We report the average Kuramoto order param-
eter, R̂, as a function of the number M of controlled
nodes for several values of K1 and K2, with (a) full
control h(M), and (b) pairwise control h̃(M). Each curve
represents the average of 150 independent numerical
simulations with di!erent samples for εεε ↖ U([0, 1]) in
an all-to-all hypergraph with N = 50 nodes.

B. Impact of the number of controllers

The aim of this section is to study the impact of the
number of controllers M on the control e”ciency, i.e.,
how R̂ depends on M , again by using both control terms
h
(M) and h̃

(M). Here again we restrict our analysis to
the case of all-to-all pairwise and 3-body interactions.

Let us observe that in this setting all nodes, i.e., oscil-
lators, are equivalent regarding the higher-order network
topology and thus they di!er only for the natural fre-
quencies. We can thus safely assume that the number
M of controllers is the key parameter and not their po-
sition in the structure. This would not longer be true
for general hypergraphs topologies where two di!erent
subsets of controllers of the same size M , may not re-
turn similar outcomes because of the position of the con-
trollers nodes in the network, as already shown in the
study of complex networks [32–37] and, more recently,
on higher-order networks [38, 42–44, 46]. In those cases,
the control e”ciency depends on particular character-
istics of the (higher-order) networks topologies and the
centrality scores of the selected nodes (very often their
degree). The identification of the optimal pinned subset
is thus a whole problem in itself and we will not consider
it in this work.

In Fig. 3 we show R̂ as a function of the number of
controlled nodes M for several values of K1 and K2. The
first observation is that R̂ significantly decreases with
increasing M once we use the control term built by us-
ing both pairwise and 3-body interactions, independently
from the choices of (K1,K2) (see Fig. 3(a)). Namely, the
larger the number of pinned nodes the better is the con-
trol to achieve desynchronization. Moreover the di!erent
functional forms of R̂ versus M are very similar each
other, even for di!erent values of K1 and K2. R̂ remains
constant at its maximal value until M ⇐ N/5 then it
rapidly decreases before stabilizing to a lower value. The
latter is obtained for M between 3N/5 and 4N/5 in the
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FIG. 4: The case of random simplicial complexes. We show the average order parameter R̂ over parameter
space (K1,K2) ↗ [0, 10] ↘ [0, 100] in three cases: (a) no control, (b) full control h(N), and (c) pairwise control h̃(N).
The random simplicial complex has 50 nodes and average degrees ⇓k1⇔ = 40 and ⇓k2⇔ = 20. The border of the
synchronized region is highlighted by a level curve (R̂ = 0.8) in red.

case of the full control h(N).
In Fig. 3(b) we present the results obtained by using

the control built by using only pairwise terms. In many
considered cases, the decreasing behavior of R̂ versus M
is the same of the one presented in Fig. 3(a). There
are however notable exceptions for K2 = 1 and K1 ↗
[0, 0.5], indeed when K1 = 0.2, the control is still not
able to desynchronize the system, R̂ stays larger than
0.9 for all M and barely does not decrease. Finally when
K1 = 0.5, R̂ decreases with M but much slower than in
other cases and cannot reach a value of 0.4 or smaller.
In conclusion, for those values of K1 and K2, the control
term h̃

(M) cannot desynchronize the system. Note also
that for K1 = K2 = 0.5 the decreasing is fast but still
cannot reach the same lower values than in Fig. 3(a).
Also in this case h̃

(M) could not be considered su”cient
to reduce synchronization.

C. Desynchronization in random simplicial
complexes

We now demonstrate the e”ciency of the proposed
control method also on less regular structures, such as,
random simplicial complexes, built following the algo-
rithm proposed in [11]. The latter creates a 2-simplicial
complex with an a priori fixed mean node degree, k1, and
mean hyperdegree, k2, where the hypedregree of node i

denotes the number of triangles incident with node i.
Let us briefly describe the main structure of the algo-

rithm and invite the interested reader to consult the orig-
inal work [11]. First, for every triplet of distinct nodes
(i, j, k) we add with probability 2k2

(N↓1)(N↓2) a triangle
formed by the latter nodes so that the mean hyperde-
gree k2 is reached in expectation. Then, the three links
formed by the couples, (i, j), (j, k) and (k, i), are added.
At this point the average node degree is not necessarily

equal to k1 in expectation, to achieve also this goal, sup-
plementary links are added connecting pairs of distinct
nodes (i, j) with probability k1↓2k2

N↓1↓2k2
.

In Fig. 4 we show the average order parameter R̂ for the
uncontrolled system Eq. (1) coupled by using a random 2-
simplicial complex generated according to method stated
above with N = 50 nodes, average degree k1 = 40 and
average hyperdegree k2 = 20, and its controlled version
Eq. (10) by usingM = N , i.e., all are nodes controlled, in
the version with only pairwise terms and the one allowing
for both pairwise and 3-body interactions.
First of all, we can observe that the results agree with

those previously presented, i.e., the uncontrolled system
synchronizes when K1 or K2 is su”ciently large, and the
system controlled by h

(N) completely removes the syn-
chronization. Finally, the control restrained to pairwise
interactions is also able to desynchronize the system pro-
vided K1 is not too small and for (almost) any K2. Note
that here the used values for K1 and K2 are larger than
then ones previously used (see Fig. 1). This is due to
the lower density of the interactions in those simplicial
complexes, as not all links and triangle are present, and
the normalizations by N and N

2. One thus needs larger
interaction strength so that the trajectories stay close
to the synchronization. The region where the pairwise
control is not capable to reduce synchronization is about
4.1% of the whole parameters set, this corresponds to
the area where R̂ > 0.8 (in yellow in the figure), and it
is smaller than the similar region in the case of all-to-all
(see Fig. 1).

D. Desynchronization in a cat brain connectome

As another example of the applicability of the method
on a non-regular higher-order topology, we use as un-
derlying coupling scheme a cat brain connectome [62].
Let us however observe that the latter was available only
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FIG. 5: Desynchronizing a brain connectome. We show the average order parameter R̂ over parameter space
(K1,K2) ↗ [0, 5] ↘ [0, 10] in three cases: (a) the original model, i.e., without any control, (b) the full control h(N),
and (c) the pairwise control h̃(N). The boundary of the synchronized region is highlighted by the level curve (R̂ =
0.8) in red. (d) Visual representation of the hypergraph. The higher-order brain connectome has N = 65 nodes, 730
links and 3613 triangles.

with pairwise connections, i.e., encoded by the symmet-
ric adjacency matrix A, we thus decided to promote to
3-body interaction all the available triangles, namely for
all triplets (i, j, k) such that Aij = Ajk = Aki = 1 we set
Bω(ijk) = 1, where again ϑ denotes all the permutations
of the three indexes. The resulting simplicial complex
has N = 65 nodes, 730 links and 3613 triangles (3-body
hyperedges).

The results are reported in Fig. 5 and are in line with
those shown in Figs. 1 and 4. Indeed, the full control term
h
(N) desynchronizes the system for every tested couples

(K1,K2) ↗ [0, 5]↘ [0, 10] and so does h̃(N) except for val-
ues in a (relatively) small region corresponding to small
K1 (K1 < 0.3) and large K2 (K2 ≃ 5.5) (see the bottom
right corner) for which the pairwise control is not capable
to desynchronize the system.

Let us conclude this analysis with the following obser-
vation; the e”ciency of the pairwise control h̃(N) slightly
decreases for large values ofK1 (K1 > 2.5) independently
from K2, indeed R̂ slightly increases. This e!ect is not
observed in the case of the full control.

V. DISCUSSIONS AND CONCLUSIONS

In this work, we proposed a generalization of the feed-
back pinning control method developed in [47, 48] in or-
der to desynchronize the higher-order Kuramoto model
where 3-body interactions coexist with pairwise ones.
The strategy relies on the implementation of a pinning
control term obtained by applying Hamiltonian control
theory [54, 55] to a suitable embedding Hamiltonian sys-
tem.

The Hamiltonian function we propose is a natural gen-
eralization of the one used in [58], to deal with higher-
order interactions. Let us first remark that the embed-
ded HOKM contains a combination of the two possible
types of second-order interactions Eq. (2) and Eq. (3)
often proposed separately in the literature dealing with

extensions of the Kuramoto pairwise model. They ap-
pear together in the context of phase reduction studies
of coupled oscillators [18, 57]; the derivation of the Hamil-
tonian system we propose is another, independent, case
in which this combination of second-order interactions
terms arise naturally. Moreover, although in most of the
available literature they are considered separately, there
is no clear consensus on which one should be used in
function of the context and neither any clear argument
that would justify that they even have to be separated.
Hence, we believe that the combined system (1) would
deserve deeper investigations in further works.

We numerically showed that the proposed control term
acting on all the nodes and taking into account both pair-
wise and 3-body interactions, enables to desynchronize
the HOKM system (1) on structures of increasing com-
plexity: all-to-all higher-order networks, random simpli-
cial complexes, and a higher-order cat connectome. The
proposed theory supports the claim that this result re-
mains valid on a wider set of higher-order networks. For
all considered values of interaction strengths K1 and K2

the smallness of averaged order parameter R̂ proves that
the system is desynchronized while the uncontrolled one
is, on the contrary, strongly synchronized. We also nu-
merically showed that the control intensity is larger when
the parameters are favorable to synchronization in the
uncontrolled system which makes the control e”cient and
less invasive in any situation.

We also investigated the possibility of using a control
term based on the pairwise interaction terms only, as
done in [47], to desynchronize the HOKM. Interestingly,
the strategy works if the pairwise coupling strength, K1,
is not too small while the higher-order coupling strength,
K2, is large. In this case, the perturbation induced by
the pairwise part h̃

(M) of the control term is su”cient
to desynchronize the system and has a lower cost than
h
(M). On the other hand, when K1 lies below a certain

threshold, itself depending on K2, it is necessary to con-
sider the second-order interaction term in the control,
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and thus the higher-order generalization is mandatory.
The above mentioned threshold seems also to strongly
depend on the underlying topology, as we observed for
the all-to-all hyperpraghs, random and brain simplicial
complexes.

Moreover we investigated the e”ciency of the control
h
(M) as a function of the number of pinned nodes M . It

is clear that R̂ decreases with increasing M , for all values
ofK1 andK2. The functional form of R̂ versusM is quite
robust with respect to the used values of K1 and K2, it
shows a horizontal plateau for smallM , before decreasing
quite rapidly and then reaching a second plateau at its
minimal value for large M .

Let us observe that the proportion of controlled nodes
required to reach the minimal value of R̂ is approximately
0.6 that results to be a quite large value in a pinning con-
trol perspective. This can be explained by noticing that
the stability of the synchronized state is intrinsically very
strong in the all-to-all topology. One therefore needs a
high intensity of control to move trajectories far away
from the synchronization state. In more sparse systems,
the required proportion of controlled nodes to get desyn-
chronization should be lower; moreover for heterogeneous
higher-order structures, the determination of the optimal
pinning nodes is an open problem, still in its infancy. For
this reason we believe this analysis goes beyond the scope
of this work and will be investigated elsewhere.

Another perspective of this work is to, somehow, sim-
plify the control function in Eq. (6), that contains many
terms and requires a deep understanding of the system,
as it has been done in [48] for the pairwise system. The
advantages of this analysis is twofold. It could help to
optimize the control by keeping only the “more” e!ective
terms. Such simplified form could be relevant for possible
practical applications, e.g., epilepsy and neural diseases,
or in the general theory of control of higher-order inter-
actions. It could also help to get a deeper understanding
of the control term, which remains complex and whose
dynamics are hard to understand.

Furthermore, further study should carefully investigate

the threshold for K1 that guarantees the desynchroniza-
tion by using the pairwise term alone. As already ob-
served, the latter should depend on K2 and the underly-
ing topology.
Finally, a remaining interesting research line is the in-

vestigation on a general method to build an embedding
Hamiltonian systems, when possible. Indeed, an essential
assumption for the use of Hamiltonian control theory on
a synchronizing system is either that the latter is Hamil-
tonian, which is in general not the case, or that it exists
an embedding system which is Hamiltonian. This is the
case for (higher-order) Kuramoto model. So it is for the
Stuart-Landeau model

żi = ↼zi → ↽zi|zi|2 +
K1

N

∑

j

Aijzj , (15)

whose complex oscillators can exhibit phase and/or am-
plitude oscillations, with the complex Hamiltonian func-
tion HSL(z, z̄) =

∑
i
ı(↼|zi|2→ ϖ

2 |zi|
4)+ı

K1
N

∑
i,j

Aij

|zj |2
2 .

This can be used as a basis for the development of a
desynchronizing control method for the (higher-order)
Stuart-landau model However, to the best of our knowl-
edge, there is no systematic method to construct such
Hamiltonian function. If such method was found, the
Hamiltonian control theory could eventually be applied
to more diverse models of oscillators.
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Appendix A: Derivation of the control term

The aim of this section is to provide more details about the derivation of the control term used in the main text.

1. About the Hamiltonian system

We hereby prove that the higher-order Hamiltonian system (5) allows to recover the higher-order Kuramoto model
Eq. (1) once restricted on the family of invariant tori Tc := {(I,ωωω) ↗ RN

+ ↘ [0, 2ϑ]N |↔i ↗ {1, . . . , N} : Ii = c}.

Let us thus derive the action and angle dynamics. First, we have

İi = →ϖH

ϖωi
(A1)

= →2
K1

N

∑

j

Aij

√
IiIj(Ij → Ii) cos(ωj → ωi) +

→2
K2

N2

∑

j,k

Bijk
3
√
IiIjIk(Ij + Ik → 2Ii) cos(ωj + ωk → 2ωi) +

→2
K2

N2

∑

j,k

Bijk
3
√
IiIjIk(2Ij → Ik → Ii) cos(2ωj → ωk → ωi) ,

from which it is clear that the torus Tc is invariant for all c > 0, indeed by inserting Ii = c into the latter we get
İi = 0 and thus the action variables will not evolve. This property will play a relevant role in the following, as it was
the case for the results presented in [58].
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Then the angles evolution is given by

ω̇i =
ϖH

ϖIi
(A2)

= εi → 2
K1

N

∑

j

Aij sin(ωj → ωi)

[
1

2

√
Ij

Ii
(Ij → Ii)→

√
IjIi

]
+

→K2

N2

∑

j,k

Bijk sin(ωj + ωk → 2ωi)

[
→2 3

√
IiIjIk +

1

3
3

√
IjIk

I
2
i

(Ij + Ik → 2Ii)

]
+

+2
K2

N2

∑

j,k

Bijk sin(2ωj → ωk → ωi)

[
3
√

IiIjIk → 1

3
3

√
IjIk

I
2
i

(2Ij → Ik → Ii)

]
,

and when we set Ii =
1
2 for all i ↗ {1, . . . , N}, we finally obtain Eq. (1). Observe here again that by taking Ii = c ↑= 1

2
will also reduce to Eq. (1) but with rescaled interaction strengths 2cK1 and 2cK2.

Moreover, we can see that the synchronized regimes of the HOKM Eq. (1) correspond to instable behaviors of the
invariant Torus T1/2 for the Hamiltonian system. Indeed let us compute the Jacobian matrix J(I,ωωω) of the system
evaluated on the torus, Ii =

1
2 , and we assume the angles to be very close to synchronization, namely they are very

close to S
ϑ̃
= {ωi ↗ [0, 2ϑ] : ωi → ω̃ = 0}, for a generic ω̃. A straightforward computation allows us to obtain

J =

[
L 0
0 →L

]
(A3)

where the N ↘N matrix L := 2L(1) + 6L(2) is given by

L
(1)
ij

=






→K1

N
Aij if i ↑= j

→
N∑

j=1

L
(1)
ij

if i = j

and L
(2)
ij

=






→K2

N2

N∑

k=1

Bijk if i ↑= j,

→
N∑

j=1

L
(2)
ij

if i = j.

(A4)

We note that L has the same form as the multiorder Laplace matrix introduced in [56] as we perform the sum on the
third index of B to obtain a two-dimensional matrix to be added to A.

The matrix L is by construction symmetric, non-negative and therefore has eigenvalues 0 = ⇀1 < ⇀2 ≃ · · · ≃ ⇀N . In
conclusion J has two null eigenvalues, that characterize the fact that Tc and S

ϑ̃
are (almost) invariant. The negative

eigenvalues →⇀2, . . . ,→⇀N associated to the direction tangent to the torus, force the angle variables to stay close to
S
ϑ̃
; the positive eigenvalues associated to the orthogonal direction to the torus, on the other hand tend to move the

orbit far away from the torus. In other words, when HOKM is synchronized then Tc is an unstable invariant manifolds
for (5) for c > 0.

2. About the Hamiltonian control theory

In this Section we briefly describe the main steps required to obtain the control f(V ) and we ref the interested
readers to consult [47, 54, 55]. We here build a perturbation f(V ) of the Hamiltonian function H defined in (5). The
latter should be chosen in such a way the Hamiltonian flow induced by H + f(V ) is canonically conjugate to the one
induced by H0 +G(V ) where the function G(V ) is the resonant part of V . Under the non-resonance condition on the
frequencies hypothesized in the main text, we get G(V ) = 0.

Let A be the Lie algebra formed by C
↔ functions of action-angle variables (I,ωωω) in RN

+ ↘ [0, 2ϑ]N with values in
R2N and by the Poisson brackets {·, ·} defined by

↔f, g ↗ A : {f, g} :=
ϖf

ϖI
· ϖg
ϖωωω

→ ϖf

ϖωωω
· ϖg
ϖI

, (A5)

where · denotes the (real) scalar product. For any f ↗ A, we can define the linear operator

{f}: A →↙ A
g ∝↙ {f}g := {f, g} . (A6)
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Because of the Hamiltonian structure of the system, the time evolution of any function g ↗ A is given by

g(x) = e
t{H}

g(x0) :=
+↔∑

n=0

t
n{H}n

n!
g(x0) , (A7)

where x is the position of the orbit at time t starting from x0 at t = 0.
Let now # : A →↙ A be the pseudoinverse operator of {H0}, namely

{H0}2# = {H0} . (A8)

To compute one of the possible solutions of Eq. (A8), authors of [54, 55] first wrote V by using its Fourier series,
V =

∑
k↗ZN Vk(I)eεk·ϑ

ϑϑ, where ς =
⇒
→1, and then computed

{H0}V =
∑

k↗ZN

ς (εεε · k)Vk(I)e
εk·ϑϑϑ

, (A9)

where use has been made of the definition ϱH0
ϱIi

= εi. Then one can deduce a formal definition of # through

#V =
∑

k↗ZN :ςςς·k ↘=0

Vk(I)eεk·ϑ
ϑϑ

ς (εεε · k) (A10)

which clearly satisfies

{H0}#V = V . (A11)

Finally it has been proved [54, 55] that the desired perturbation can be defined as

f(V ) :=
↔∑

n=1

(→1)n{#V }n

(n+ 1)!
(nR+ 1)V , (A12)

where the exponent n denotes the n-th composition of the operator {#V } and R is the resonant operator. The latter
is defined as R := 1→ {H0}# where 1 is the identity operator. With this definition of f(V ), the goal is achieved with
the function G defined by

G := RV =
∑

k↗ZN :ςςς·k=0

Vk(I)e
εk·ϑϑϑ

. (A13)

In the case under scrutiny one can realize from (5) that the non-zero Fourier coe”cients of V are given by k(1)
ij

:=

ei → ej for the pairwise term, and k(2)
ijk

:= ej + ek → 2ei for the three-body interaction, where ei is the i
th canonical

basis vector of RN . We can eventually rewrite V = V
(1) + V

(2) and #V = #V (1) +#V (2) by separating the two types
of terms, we observe that there are no resonant terms, and thus G = 0.

In conclusion the function

f(V ) :=
↔∑

n=1

(→1)n{#V }n

(n+ 1)!
V , (A14)

is a suitable control term for the system (5). As we eventually want to control its restriction on T 1
2
, the control term

hi added to the evolution equation Eq. (1) for the i-th oscillator ωi is defined by hi :=
ϱf(V )
ϱIi

∣∣
I= 1

2
.

To avoid dealing with the infinite series that defines the control f(V ) and thus to the problem of its convergence,
we truncate the series and only keep the dominant term, i.e., the first one n = 1 as done in [47] to recover (6).

3. Derivation of the control term with pairwise and 3-body interactions

The aim of this section is to provide the reader the details about the construction of the control terms given in
Eqs. (8) and (9). Let be M ≃ N and {1, . . . ,M} the subset of observed-controlled nodes after a proper nodes labeling
(Eq. (6) will be recovered when N = M).
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From Eqs. (6), (8) and (7) we get

h
(M)
i

=→ 1

2

ϖ

ϖIi

[
{#V (M,1)}V (M,1) + {#V (M,1)}V (M,2)

+{#V (M,2)}V (M,1) + {#V (M,2)}V (M,2)
] ∣∣

I= 1
2
.

(A15)

The non-zero coe”cients of the Fourier series of V (M) = V
(M,1) + V

(M,2) are respectively given by

V
(M,1)
k =


→K1

N
Aijf1(Ii, Ij) if k = ej → ei; i ↑= j ↗ {1, . . . ,M},

0 otherwise
(A16)

and

V
(M,2)
k =


→K2

N2
Bijkf2(Ii, Ij , Ik) if k = ej + ek → 2ei; i, j, k ↗ {1, . . . ,M}; i ↑= j, j ↑= k, k ↑= i,

0 otherwise
(A17)

where f1(Ii, Ij) :=
√
IiIj(Ij → Ii) and f2(Ii, Ij , Ik) := 3

√
IiIjIk(Ij + Ik → 2Ii). By using the definition of the pseudo-

inverse operator # and by injecting the latter functions in Eq. (A10) we get

#V (M,1) =
M∑

i,j=1

Aij

f1(Ii, Ij)

εj → εi

cos(ωj → ωi), (A18)

#V (M,2) =
M∑

i,j,k=1

Bijk

f2(Ii, Ij , Ik)

εj + εk → 2εi

cos(ωj + ωk → 2ωi) . (A19)

Let us observe that the functions f1 and f2 are the only part of V and #V that depend on I. If all the action
variables are set to the same constant value c = 1

2 then f1 and f2 vanish and their derivatives are given by

ϖf1(Ii, Ij)

ϖIj
|Ii=1/2 = →ϖf1(Ii, Ij)

ϖIi
|Ii=1/2 = 1 (A20)

ϖf2(Ii, Ij , Ik)

ϖIj
|Ii=1/2 =

ϖf2(Ii, Ij , Ik)

ϖIk
|Ii=1/2 = 1 (A21)

ϖf2(Ii, Ij , Ik)

ϖIi
|Ii=1/2 = →2 . (A22)

The latter expressions enter into the computation of Eq. (6) and thus we eventually obtain the following final form
for the control terms h̃(M) and h

(M) given in Eqs. (8) and (9):

h̃
(M) :=

1

2


K1

N

M∑

k=1

Aki cos(ωk → ωi)


↘

→K1

N

M∑

k=1

Aki

cos(ωk → ωi)

εk → εi


(A23)

→ 1

2


→K1

N

M∑

k=1

Aki sin(ωk → ωi)


↘

→K1

N

M∑

k=1

Aki

sin(ωk → ωi)

εk → εi



+
1

2

M∑

j=1


→K1

N
Aij cos(ωj → ωi)


↘

→K1

N

M∑

k=1

Akj

cos(ωk → ωj)

εk → εj



→

→K1

N

M∑

k=1

Ajk sin(ωk → ωj)


↘


K1

N
Aij

sin(ωj → ωi)

εj → εi



and
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h
(M) :=

1

2



K1

N

M∑

k=1

Aki cos(ωk → ωi) +
K2

N2

M∑

k,l=1

Bikl [cos(ωi + ωk → 2ωl) + 2 cos(ωk + ωl → 2ωi)]



 (A24)

↘



→K1

N

M∑

k=1

Aki

cos(ωk → ωi)

εk → εi

+
K2

N2

M∑

k,l=1

Bikl

[
cos(ωi + ωk → 2ωl)

εi + εk → 2εl

→ cos(ωk + ωl → 2ωi)

εk + εl → 2εi

]



→ 1

2



→K1

N

M∑

k=1

Aki sin(ωk → ωi) +
K2

N2

M∑

k,l=1

Bikl [sin(ωi + ωk → 2ωl)→ sin(ωk + ωl → 2ωi)]





↘



→K1

N

M∑

k=1

Aki

sin(ωk → ωi)

εk → εi

+
K2

N2

M∑

k,l=1

Bikl

[
→ sin(ωi + ωk → 2ωl)

εi + εk → 2εl

→ 2
sin(ωk + ωl → 2ωi)

εk + εl → 2εi

]



+
1

2

M∑

j=1


K2

N2

M∑

k=1

Bijk [cos(ωj + ωi → 2ωk)→ 2 cos(ωk + ωi → 2ωj)→ 2 cos(ωj + ωk → 2ωi)]→
K1

N
Aij cos(ωj → ωi)



↘



→K1

N

M∑

k=1

Akj

cos(ωk → ωj)

εk → εj

+
K2

N2

M∑

k,l=1

Bjkl

[
cos(ωj + ωk → 2ωl)

εj + εk → 2εl

→ cos(ωk + ωl → 2ωj)

εk + εl → 2εj

]



→



→K1

N

M∑

k=1

Ajk sin(ωk → ωj) +
K2

N2

M∑

k,l=1

Bjkl [sin(ωj + ωk → 2ωl)→ sin(ωk + ωl → 2ωj)]





↘

K1

N
Aij

sin(ωj → ωi)

εj → εi

+
K2

N2

M∑

k=1

[
→ sin(ωj + ωi → 2ωk)

εj + εi → 2εk

+ 2
sin(ωk + ωi → 2ωj)

εk + εi → 2εj

+ 2
sin(ωj + ωk → 2ωi)

εj + εk → 2εi

]
.

By assuming the underlying hypergraph to have an all-to-all topology, the authors of [48] showed that the pairwise
control term could be reduce to its dominant term given by Eq. (11). By following the same ideas, and defining
additional rescaled order parameters:

R2e
ε!2 :=

1

N

∑

j

e
ε2ϑj ,

˜̃
Rie

ε
˜̃!i :=

1

N2

∑

j,k

e
↓ε(ϑj+ϑk)

εj + εk → 2εi

and R̄ie
ε!̄i :=

1

N2

∑

j,k

e
↓ε(2ϑj↓ϑk)

2εj → εk → εi

(A25)

we get the following dominant term

h
(N)
i

⇐ →1

2
K

2
1RR̃i cos($→ $̃i)→

1

2
K1K2RR2R̃i cos($2 →$→ $̃i) (A26)

→ 1

2
2K1K2R

2
R̃i cos(2$→ $̃i → ωi)→

1

2
K1K2R

2
R̃i cos(2$→ 2ωi) cos($̃i → ωi)

→ 1

2
K1K2R

˜̃
Ri cos($+ ωi → ˜̃$i)

→ 1

2
K1K2RR2

˜̃
Ri cos($2 + ωi →$→ ˜̃$i)

→ 1

2
K

2
2R

2 ˜̃
Ri cos(2$→ ˜̃$i)→

1

2
K2R

2 cos(2$→ 2ωi)K2
˜̃
Ri cos(

˜̃$i → 2ωi)

→ 1

2
K1K2RR̄i cos($→ $̄i)→

1

2
K1K2RR̄i sin($→ ωi) sin($̄i → ωi)

→ 1

2
K1K2RR2R̄i cos($2 →$→ $̄i)→

1

2
K1K2RR2R̄i sin($2 →$→ ωi) sin($̄i → ωi)

→ K
2
2R

2
R̄i cos(2$→ $̄i → ωi) .
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Appendix B: Generalization to any interaction order

The proposed Hamiltonian function (5) can be extended to allow for interactions of arbitrary order d. To do so one
can add a term

V
(d) =

Kd

Nd

N∑

i0,...,id=1

A
(d)
i0,...,id

d+1
√

Ii0 . . . Iid




d∑

j=0

⇁jIij



 sin




d∑

j=0

⇁jωij



 (B1)

where Kd is the d-order interaction strength, A(d) is the d-th order adjacency tensor of the underlying hypergraph
and {⇁0, . . . ,⇁d} are integer coe”cients that sum to zero.

The choice of the coe”cients ⇁ defines the type of d-order interactions that will be represented in the higher-order
system. A standard choice would be: ⇁0 = →d and ⇁j = 1 for all j > 0, but there can exist many others possibilities.
As it happens with the term V

(2) described above, several d-order interaction terms appear in the embedded HOKM
dynamics. They correspond to all the di!erent permutations of ⇁ such that ⇁0 < 0, and its opposite →⇁.

For example for d = 3 we can consider

V
(3) =

K3

N3

N∑

i,j,k,l=1

A
(3)
i,j,k,l

4
√
IiIjIkIl (Ij + Ik + Il → 3Ii) sin (ωj + ωk + ωl → 3ωi) , (B2)

i.e., ⇁0 = →3 and ⇁1 = ⇁2 = ⇁3 = 1. Then the HOKM resulting from the Hamiltonian function H := H0 + V
(3)

restricted to the invariant torus I = 1
2 is

ω̇i = εi +
3

2

K3

N3

N∑

j,k,l=1

A
(3)
i,j,k,l

[sin (ωj + ωk + ωl → 3ωi) + sin (3ωj → ωk → ωl → ωi)] . (B3)

If on the other hand one defines

V
(3) =

K3

N3

N∑

i,j,k,l=1

A
(3)
i,j,k,l

4
√
IiIjIkIl (Ik + Il → Ij → Ii) sin (ωk + ωl → ωj → ωi) , (B4)

i.e. ⇁0 = ⇁1 = →1 and ⇁2 = ⇁3 = 1 then the resulting system is

ω̇i = εi + 2
K3

N3

N∑

j,k,l=1

A
(3)
i,j,k,l

sin(ωk + ωl → ωj → ωi). (B5)

Let us finally remark that the multiplying coe”cients 3
2 , resp. 2, appearing in Eq. (B3) and Eq. (B5) will be

replaced by 1 if one sets I = 1
3 , resp. I =

1
4 , instead of I = 1

2 . The theory developed stays valid independently of the
constant choice. If one has to consider order 2 and 3 together, for example, a re-scaling of K3 can be made to make
the multiplicative constants disappear.

Appendix C: Larger all-to-all hypergraph

In this section is we present some results for larger hypergraph where N = 100 nodes are connected in an all-to-all
fashion. Here again we set (K1,K2) ↗ [0, 2], ω0 ↖ U([0, 0.3]) and ε ↖ U([0, 1]).

In Fig. 6 we compare the values of R̂ reached by the uncontrolled and controlled systems by using terms h
(N) or

h̃
(N). The results are analogous to the case N = 50: h(N) enables to desyncrhonize the system for all tested (K1,K2)

values (R̂ reaches the maximal value of 0.21) and h̃
(N) can desynchronize the system in all cases but when K1 is small

compared to K2 (see the region bounded by the red curve in Fig. 6(c)).

Fig. 7 shows R̂ in function of M for h
(M) and h̃

(M). Here again one can see in both cases a sharp decrease of R̂
for M ↗ [2N/5, 3N/5] after what it roughly reaches its minimal value. The only exceptions concern once again h̃

(M)

when K1 is “small” and K2 is “large” (yellow region in the bottom right of Fig. 6(c)).
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FIG. 6: Desynchronizing by controlling higher-order interactions in an all-to-all hypergraph. This figure is similar
to Fig. 1c-e but with N = 100. The average order parameter is shown over parameter space in three cases: (a) no
control, (b) full control, and (c) pairwise control. The boundary of the synchronized region is highlighted by a level
curve (R̂ = 0.8) in red.

FIG. 7: Average Kuramoto order parameter, R̂, as a function of the number M of controlled nodes in a complete
hypergraph with N = 100 nodes. In the panel (a) we show the results obtained by using h

(M) as the control
term; in (b) we report R̂ resulting from the use of the control limited to the second order interactions only, i.e.
h̃
(M). Each curve has been obtained by fixing the coupling strengths (K1,K2), the used values are reported in

the legends, and it is the average of 100 independent numerical simulations corresponding to di!erent samples for
εεε ↖ U([0, 1]).

Appendix D: Basins of attractions and other states

Here, we explore the possible equilibria of the all-to-all case, and the relative size of their basins of attraction. First,
we observed only one state other than full synchronization and incoherence: 2-cluster states, where oscillators are
divided into two clusters separated by a distance of ϑ (see e.g. [20, 24]). To compute the relative basin size of each
state, we simulated 100 random initial conditions and automatically identified the equilibrium they reached. The
relative basin size of a state is then simply computed as the number of random initial conditions that reach it, divided
by the total number of initial conditions. Note that a 2-cluster state can be more or less balanced depending on the
relative sizes of its clusters, that is, the number of oscillators in each cluster.

Fig. 8 shows these basin sizes for K1 = 1 and K1 = 2. First, we see that, for weak enough triadic coupling
K2, full synchronization (1-cluster) is the only attractor. Then as K2 increases, 2-cluster states appear and quickly
take over the phase space, with the basin of full synchronization shrinking dramatically. Note that for the stronger
pairwise coupling K1, that switch occurs at a lager K2. Finally, we see that the 2-cluster states are interestingly
very unbalanced: one cluster contains above 90% of the nodes. This indicates that, even when K2 is large enough
and many initial conditions reach a 2-cluster state, that state is still very close to being full synchronization and this
should not a!ect the control method.
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FIG. 8: Relative basin sizes for the all-to-all coupling scheme, for (a, c) K1 = 1 and (b, d) K1 = 2, and a range of
K2 values. For both cases, we show (a,b) the relative basin sizes, and (c,d) the relative size of the larger cluster in
2-cluster states. The 2-cluster states are very unbalanced: one cluster contains about 90-100% of the nodes. Hence,
they are close to full synchronization.

Appendix E: Analysis of the control cost

In the previous sections we have observed that the various control strategies can have di!erent outcomes, in this
section we consider the cost we can associate to each one of them; more precisely we study the energy required for the
control term to keep the system far from the synchronization manifold. For a given time interval [0, T ], this translates
into the following formula

C
(M) :=

1

TM

M∑

i=1


T

0
|h(M)

i
(t)|dt; C̃(M) :=

1

TM

M∑

i=1


T

0
|h̃(M)

i
(t)|dt. (E1)

In Fig. 9 we show the cost functions C̃
(N) and C

(N) as a function of the coupling strengths K1 and K2, for the
choice T = 40. It is clear that the control h(N) is always more costly than h̃

(N) by several orders of magnitude. This
can be explained as the terms involved in the former contain double and triple sums and therefore increasing cost.
This result suggests that the use of h̃(N) is preferable once K1 is not too small compared to K2.

In addition we can observe that C(N) increases monotonically with K2 but does not vary significantly in function
of K1. This fact strengthen the last observation about the dominance of the higher-order terms in the control cost.
On the other hand, C̃(N) increases with K1 but does not vary with K2. This indicates that the control e!ort that
is necessary to desynchronize the system by using h̃

(N) does not increase even if K2 increases and, as a consequence,
the attraction of the synchronization state on the close trajectories increases.

Finally, we can note that the di!erent cost values can reach quite diverse values, especially when C
(N). In the inset

of Fig. 9c we present this dispersion by using a boxplot, one can observe that the median value is much smaller that
the maximum value and quite close to the minimum one. There are indeed some configurations of εεε and ωωω0 giving
rise to higher values of control cost. In particular, we found one of the tested configurations (that have been removed
from the averages computations in Fig. 9 because of its outlier behaviour) that gave rise to C

(N) values of order 107.
There are multiple possible explanations to this phenomenon. There could be some region of the basin of attraction
of the synchronized state, from which one needs a lot more energy to be extracted out than other regions. More
likely, as the natural frequencies are directly present in the control definition, the particular values certainly impact
significantly the control cost. Those points would deserve deeper investigations in further work.
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FIG. 9: Comparison of cost. (a,b) Average order parameter and associated cost (c,d) in parameter space, for
(a,c) the full control and (b,d) the pairwise control. The structure is an all-to-all hypergraph with N = 50. The
color maps display the median values obtained from 50 simulations with sets of initial conditions and natural fre-
quencies following ω0 ↖ U [0, 0.3] and ε ↖ U [0, 1]. The integration (E1) was then computed with trapeze method.
The inset in (c) show the distribution of values for K1 = K2 = 1.


