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Complexity and performance for two classes
of noise-tolerant first-order algorithms

S. Gratton! S. Jerad' and Ph. L. Toint?}

8 VII 2025

Abstract

Two classes of algorithms for optimization in the presence of noise are presented, that
do not require the evaluation of the objective function. The first generalizes the well-
known Adagrad method. Its complexity is then analyzed as a function of its parameters.
A second class of algorithms is then derived whose complexity is at least as good as that
of the first class. Initial numerical experiments on finite-sum problems arising from deep-
learning applications suggest that methods of the second class may outperform those of
the first.

Keywords: First-order methods, objective-function-free optimization, noisy gradients, Adagrad,
convergence bounds, evaluation complexity.

1 Introduction

Minimization algorithms which can handle noisy evaluations of the objective function and/or
gradients have generated a significant amount of research in the last few years [4, 5, 6, 8, 9,
10, 12, 15, 16, 18, 29, 30, 36, 38, 39, 41, 45, 46]. Interestingly, a number of these contributions
[4, 5, 6, 8,9, 10, 12, 15, 36] indicate that, when the (noisy) objective function is evaluated,
its accuracy is significantly more critical to ensure convergence than that of the computed
(noisy) derivatives. This may be the reason why methods where the problem is avoided by
not evaluating the objective function (such as Adagrad [17], RMSProp [39], Adam [29] or
AMSGrad [37]), have become very popular in the context of finite-sum minimization, where
noise in the evaluation arises from sampling among a very large number of terms. That
such methods can be provably convergent to first-order stationary points is quite remarkable,
and the literature covering their theory is extensive. We now briefly survey some of the
contributions most relevant in our context.
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1.1 Related work

Several authors have been able to prove global convergence rates, including the recent con-
tributions of [1, 16, 21, 19, 20, 28, 30, 40, 41, 45], where a global convergence analysis of the
Adagrad method has been conducted under different assumptions. The paper [30] provides
an analysis of a delayed Adagrad method which does not consider the sampled gradient at
iteration k to compute its step size, and further variants that are arbitrarily close to Adagrad
and require specific choices of hyperparameters. The first parameter-free analysis of Adagrad
was proposed in [41] and later revisited by [16], where the dependence on some parameters
was improved. In both cases the bounds were given in expectation. In [28], high-probability
bounds are derived for a class of methods that includes Adagrad. In [45], complexity analyses
of a large class of adaptive gradient methods (including Adagrad) are proposed, and improved
convergence rates are proved under the “gradient sparsity” assumption of the gradient itera-
tion sequence. Note that all of [16, 28, 41, 45] require the sampled gradient to be bounded.
This requirement was circumvented in [1, 19, 20, 40] by allowing unbounded gradients bound-
edness using a new Lipschitz smoothness condition [44] and different noise assumptions, see
[19, 40, 20, 1] for more details.

1.2 Our contributions

The present paper remains in the context of bounded gradients and extends some results of
[41, 16] to achieve several goals.

1. The global rate of convergence result of [16] is shown to hold for an extended class of
methods including the Adagrad algorithm.

2. Using the new analysis tools, a new class of methods is then proposed, whose global
rate of convergence is shown to be very close to that of methods using (exact) function
evaluations.

3. Numerical experiments with finite-sum problems arising from deep-learning applications
indicate that method of the latter class may sometimes perform better than those of
the former.

The presentation is organized as follows. A general framework of first-order trust-region
algorithms is introduced in Section 2, in which two classes of algorithms (one of them con-
taining the Adagrad method) are defined and analyzed (complexity-wise) in Sections 3 and
4, respectively. Numerical experiments in the finite-sum minimization context are presented
in Section 5. Some conclusions are finally outlined in Section 6.

2 A first-order framework for minimizing noisy functions
We are interested in (approximately) solving the problem

min F'(z 2.1
min, (o) 21)
where F is a function from IR"™ to IR contaminated by noise. Moreover, we assume that
evaluating F' at any given x to sufficient accuracy is either impossible or too costly. Evaluating
a noisy gradient is however possible. .. and our only source of information about the problem.



While access to F' or its exact gradient is impossible, we nevertheless make the following
assumptions.

Assumption 2.1. The objective function F'(x) is continuously differentiable.

Assumption 2.2. Its exact gradient G(z) o

constant L, that is

V1% f(z) is Lipschitz continuous with Lipschitz

|G(z) = Gy)|| < Lz — y|
for all z,y € R™.
Assumption 2.3. There exists a constant Fioy such that, for all z, F(x) > Floy-.

A standard consequence of Assumption 2.2 is that, for, any z,s € R",
L
Fz+s) < F(.%’)+G(£L’)TS+§HSH2 (2.2)

(see Lemma 2.1 in [7] or Theorem A.8.3 in [14], for instance).

We now present a first-order adaptively scaled gradient algorithmic framework (ASGRAD),
where, at iteration k, a noisy gradient g = g(x) is evaluated and a step sj defined that
decreases the associated local linear model and whose size is determined by componentwise
“scaling factors” w; 1, to be chosen at each iteration. Our framework is formally described as
follows.

Algorithm 2.1: The ASGRAD framework

Step 0: Initialization. z( and a constant 7y, € (0,1] are given. Set k = 0.

Step 1: Step computation. FEvaluate g; and set

S = 7k3£7 (23)
with 7
she=—2"% (ie{1,...,n}) (2.4)
Wy k

for a stepsize v € [1ow, 1] and positive scaling factors wj j.

Step 2: New iterate. Define
Tk4+1 = Tk + Sk, (25)

increment k by one and return to Step 1.

We stress that g (as evaluated in Step 1) is a noisy random gradient evaluation. The
algorithms of the ASGRAD framework therefore generate a stochastic process

{xlﬁgka Vs 8%7 Sk}

on some probability space (€2, F,P). The associated expectation operator will be denoted by
E[-] and Eg[-] will stand for the conditional expectation knowing {go, ..., grx—1}. All algorithms



in our framework may clearly be interpreted as variants of Stochastic Gradient Descent,
allowing for a variety of stepsize (learning rate) rules.

We will, in what follows, assume that the noisy gradient g; is a bounded non-biased
estimator of the true gradient, that is

Assumption 2.4. We have that, for all £ > 0, E;[gx] = G(zx). Moreover, there exists a
constant kg > 1 such that ||gi||cc < kg for all £ > 0 and all realizations of the algorithm. In
addition, we assume that -y, is mesurable with respect to {go,...,gx_1}-

This assumption that gradients are bounded maybe quite realistic in practice(!), for instance
when the iterates remain in a compact subset of IR" and has been extensively used in the
analysis of stochastic first-order methods (see [41, 16, 45, 43, 28]) immediately implies that

|G(2k)||oo < kg forall k>0. (2.6)

The assumption on the stepsize 7, is consistent with current best practices in training deep
neural networks: to achieve state-of-the-art performance, the step size 74 is often either set to
a specific value at the beginning and divided by a fixed constant at (approximately) regular
intervals [42] or periodically warm-restarted [33].

The reader has undoubtedly noted that we have not been very specific regarding how the
scaling factors w; j are selected, and a whole range of options is possible. This justifies our
choice to consider ASGRAD as an algorithmic framework, covering many possible such choices.
The rest of this paper is devoted to the analysis of two specific classes of interest.

3 An Adagrad-inspired class of ASGRAD algorithms

In the first considered ASGRAD class, the scaling factors are inspired by the definition of the
Adagrad algorithm [17]. More specifically, we make the following additional assumptions.

Assumption 3.1. For each i € {1,...,n} and k£ > 0, there exist a constant ¢; > 0 and a
random variable v; ;, such that v; , > ¢; and w; , = (v; )" for some p € (0,1). In addition,

Ex[vik] — vigl < ko (Br[gin] + 9x) (3.1)
for some K, > 0 and all £ > 0.

Assumption 3.2. For every realization of the algorithm, we have that gfk < v, for all
ie{l,...,n}and all k> 0.

We immediately note that Assumption 3.1 implies that

def

L > i = Gmi 3.2
Vik = ’Le{%l,ln,n} Si Smin ( )

and Assumption 3.2 ensures that
Eg [gfk] < Exlvig] . (3.3)

The first step in our analysis is to derive a parametric bound on the decrease in the exact
linear model of F' caused by the step s, using a technique inspired by [41] and [16].

W Not to mention that an infinite gradient is likely to crash the algorithm on many machines.



Lemma 3.3. Let 8][-’ be the step produced at the j-th iteration by the ASGRAD algorithm.
Suppose also that Assumptions 2.4, 3.1 and 3.2 hold. Let G; be the true gradient of F' at x;.
Then, for alli € {1,...,n},

L i, 1,j
E; thi,jSi,j} <-(1- §)m + 26, 2| (3.4)
’ Z?]
where
2 2 4-2p
def HFy | 2 Fg Ky 2-2 : def 1 Ap—2
KA = ” = Ky + T—p T —o=op T Ky “/iM] with Kk, = T%ﬂmé + kgt ]luzé’ (3.5)
ow min min min

where g stands for the indicator function of the event &£.

Proof. See Appendix.

This lemma essentially implies that s provides a descent direction on the true F as long as
the square of the true gradient’s norm remains large compared with the stepsizes. We also
need another result, partly inspired by [16, 41], whose utility will be to bound the last term
on the right-hand side of (3.4).

Lemma 3.4. Let {ar}r>0 be a non-negative sequence, o > 0 and define, for each k > 0,
by = Z?:o aj. Then if o # 1,

k .
Z (§ f]bj)a = (1 i a) ((§ T bk)l_a o gl_a)' (3'6)

Otherwise (i.e. if « = 1) (see Lemma 5.2 in [16]),

k

- b
Y Y <log (H ’“> (3.7)
j:0§+bj <

Proof. See Appendix. Note that (3.7) is the limit of (3.6) when « tends to one.

Using both Lemmas 3.3 and 3.4, we are now in position to deduce a first result on the global
convergence rate of a class of ASGRAD algorithms using specific “Adagrad-like” scaling factors
satisfying Assumptions 3.1 and 3.2.

Theorem 3.5. Suppose that Assumptions 2.1-2.4 hold and that the ASGRAD algorithm is
applied to problem (2.1) where, for all k >0 and all i € {1,...,n},

k K
Wi = (g + Zgig> , (3.8)
£=0
where ¢ € (0,k4] and p € (0,1). Then the following bounds hold for ka given in (3.5) and

def H;“(ZLKA + L)
= i

(1 - 5)’YIOW

(3.9)



(i) Ifue(0,%), then

2t
- %)fylow(k + 1)1_M

E [average HGjH2 < ( F(z9) — Flow

j€{0,....k}
+ /€2 k41 1-2p _ 1-2p
nrg (S gk +1)) (310
1—2u (k+ 1)l-n
(i) If p=1%, then
2
log [ 1+ (k+1)-2
8K
E| average |G;||*| < ——2—— [F($O) - Eow:| +nko
7€{0,....k} ! 3Now (k + 1) (k + 1)
(3.11)
(iii) If p € (3,1), then
221
E | average ||G;|*| < I 5 [F(l’o) — Flow
j€{0,....k} (1 - 5)7]ow<k + 1)17!!
1-2p 2 1-2p
S —(s+ri(E+1

2 — 1 (k+ 1)~

Proof. It is clear from (3.8) that w; ; > ¢*. Moreover, if we define v; j, def S+ Zlgzo 91;257
then we have that w; , = v!',, vix > g2, and

Exvik] — vikl = [Eelg7k] — gkl < Brlgin] + i

Thus the proposed scaling factors verify Assumptions 3.1 and 3.2 with k, = 1.
Using (2.2), we derive that

L L
Plaji1) < Flay) +25GTsk + So2sH? < Flag) +7GTst + 5 IsE 2

Taking the conditional expectation, using Lemma 3.3, the fact that v; ; < (k+ Z)Hg (because
we assumed that ¢ < k), (2.4), we deduce that, for j € {0,...,k},

- L
Ej[F(zj11)] < Fla) + Y Bj[v;Giysty] + gEj[HSJLHQ] :

i=1
n 2 2
7 Gy 9| L L2
< F(z;) — (1 = ) Vow—=——— + 26AE; + =E;|lIs7]%],
7 2 e e e | Pl
I HGJ'||2 L L2
< F(z;) — (1 — D) yow—Z— + (2 264 | E;[||s2)2] .
S (-TJ) ( 2)710Wﬁ52]#(k n 2)# + 5 + 2KA j [”3] || ]



We may now take the full expectation and sum the previous inequality for j € {0,...,k} to
derive that

K (k + 2)m =

15 M : L :
ElF (zk41)] < F(xo) — (1 — §)$ > E[IGi1°] + (2 + 2'%) > E[lls711)
=0

k n k
H Vow L
< Flo) ~ (U= 5) 5 o ;E[IIGAQJ + (2 + %A) ;;mm -
(3.13)

Using now Lemma 3.4 with a = 2y for each s”

i (24), (3.8) and Assumption 2.4, we derive
that, for u € (0, 5),

k k 92
Sk =3
J=0 J= (c+ Z] 09 ])
1-2p

2 _1-2u
1_ 2M S+ ZO giyj S

1 9\ 1 —2¢ 1-2
< — .
S1-o [(§+(k+1)mg> S }

Plugging this inequality in (3.13) and using Assumption 2.3, we obtain that

IN

k
1M Yow 112
Flow < E[F(@)] < Flwo) = (1= 5) 2 > E[IG;I7]

n

L
- ) k 1 2\1-2p _ 1-2p
+1—2M<2+ HA)[(C-F( + 1)x) ¢! 7]

and thus, since (k + 2)* < 2(k 4+ 1)*, that

(k + 1E | average ||G||?

5€{0,...k}

<

k
E[||G;]] (3.14)

7=0

2/4;3“(F(J;0) — Flow)

= I (3.15)
(1 - 5)’710W(k + 1)*#
2
n[(s+ ra(k+ 1)) 720 —¢172] kg (L + 4"%)
(1 —2u)(k +1)=* Now(l=5) |
which ib (3.10).
If p = 5, we reuse (3.13) and Lemma 3.4 for each s ; with a = 1, and derive that, in this
case,
 Mow L Ky
E[F(zk41)] < F(x0) — = sl Z [1G; H < + 2FEA> log {1+ (k+ 1)79
(k+2)Kg 5= 2 <



By a reasoning similar to that leading to (3.14) we now obtain that

k
(k + 1)E| average |G,|?| < ZE“|G]||2]
j€{0,....,k} =0
_ <4> 26y (F(20) = Flow)v/(k +1)
—\3 Yow
4 Ky
+ (3”) 7”9 (L +4ka)log (1+ (k + 1)?9) VE+1).
low

Rearranging the terms yields (3.11).
Finally, if u € (%, 1), we again reuse (3.13) and Lemma 3.4 for each S{jj with « = 2p > 1, and
deduce that

k
BIF(@ei)] < Flao) = (1= 5oy ;E[IIGjIIQ]

£ n 1-2p 2 1-2u
+<2+2&A>2M_1(§ (¢ +rg(k4+1))' %)

Following the same argument as above yields that

k
(k + 1E | average [|G,]*| <> E[||G;?]
5E{0,....k} =
2
QKEM(F(:L’()) — Flow) n ’igu (L + 4’§A>
T - Deek 7 21| (1)

I — (¢ r2(k+ 1))
(k+1)—+ '

Rearranging the terms gives (3.12). O

Note that the last fractions in the last terms of (3.10) and (3.12) have been written in a form
stressing the continuity with (3.11), but could obviously be bounded above by the simpler

(§+”52;)1_2M §1*2M
———— and P —
(k4 1)~ (k4+1)—*

respectively.

Theorem 3.5 suggests a few comments. The first is that (3.10), (3.11) and (3.12) guarantee
the convergence of the ASGRAD algorithm with (3.8) to first-order critical points, because their
right-hand sides all tend to zero when k tends to infinity. The rate at which this convergence
occurs, however, differs for the three cases, depending on the parameter u. If constants are
lumped into a generic O(+) notation and using that

k k
1 1
EE Gl < E g G;|1?2| < .|E| average ||G;]|?
k+1) j:OH J” = hi1 | ]H > ; ’7g l ]H]

J=0



where we used Cauchy Schwartz and Jensen’s inequality, we obtain, that

o <(l<:—|—11)§“> (1€ (0,3)),

log(k + 1) .
< O((k+1)i> (/~L 2)7

\O (W)(M € (3,1).

Examining these “k-order” bounds indicates that the best bound is that corresponding to
p = L. This is nothing but the standard Adagrad algorithm.

E | average ||G;||
j€{0,....k}

3.1 Comparison with prior work for ;=1

To provide more context for the reader and to better locate our work within the vast literature

dealing with the theoretical analysis of Adagrad, we now discuss our result for u = % We

immediately note that our bound in O (%) on E[averageje{ow,k} |G;]|| is not new

for Adagrad and has been obtained under various assumptions, be it under the requirement
of gradient boundedness [16, 28, 41, 45] such as our case, in the unbounded case [19, 40,
20, 1, 31], under various Lipschitz smoothness assumptions, see [20, 32, 40| and broader
noise assumptions [1, 27, 28, 31]. These works either focused on a component-wise Adagrad
like the one we analyzed, or study a variant called Adagrad-Norm that set a global scaling

Wk X 4/ Zle |lgk||? for each dimension. The final result was also presented in high-probability
[1, 28, 31] or in expectation just as our case [16, 19, 20, 41]. For a compact summary of the
last results for the study of Adagrad variants, see [27, Table 1]. Our contribution is to show
that the choice y = % is optimal within a wide range class of adaptive gradient methods (3.8).

We also note that O (log(k+1)> differs by a logarithmic term from the convergence rate of

V/(k+1)

well-tuned stochastic first order methods proven in [22], and so improving our current bound
on E|average;cro, .. 1} ||G]H} may be possible under additional assumptions, such as a tighter

variance bound on g; .

4 A “divergent series” class of ASGRAD algorithms

One might then wonder if a class of ASGRAD algorithms exists where improved asymptotic
convergence rate can be achieved. This section considers two cases of interest, both depending
on some constants p € (0,1) and ¢ > 0. The first, which we call mazgi, is defined, for some
a>1landie{l,...,n}, by

S if k=-1,
wi g = &§k(k+ 1" where & =< gk if k>0 and [g;x| > a&r—1 (4.1)
&ik— if k>0 and |gix| < a&ir—1



The second, called avrgi, uses for i € {1,...,n}

k
1
k= €l7k(k + 1)” Where gi,k = Imax g, m ]_ZO ‘gl,‘]’ . (42)

Before delving into the analysis, we briefly mention that only ¢; j defined in (4.1) is a mono-
tonically increasing sequence whereas this is not necessarily the case for (4.2). In both cases,
& i lies in the interval [¢, k4] if Assumption 2.4 holds

We first state a crucial decrease result.

Lemma 4.1. Suppose that Assumptions 2.1-2. hold and that the ASGRAD algorithm is applied
to problem (2.1) with its scaling factors being defined, for some p € (0,1) by (4.1) or (4.2).

Then )
Gi;j9i Gij P;[A;] 9
Ej|—v—27 | < —ki—" + ko1 - + k3K ’] ; 4.3
I G TG T -
where A; denotes the event {|g; ;| > a&; j—1} and
1. if (4.1) is used,
4K3
K1 = ’YIOW, Ko = —Qg and k3 =0, (4.4)
S S
2. if (4.2) is used,
Yow 2"13
K1 = , ke=0 and k3= . (4.5)
26 SVow

Proof. The proof is somewhat technical and given in Appendix.
Observe that, although it is well defined for both cases, the event A; is only relevant for
mazgi because ko = 0 in (4.5). We also give an important property for the mazgi case.

Lemma 4.2. Suppose that Assumptions 2.1 and 2.4 hold and that the ASGRAD algorithm is
applied to problem (2.1) with its scaling factors being defined by (4.1) for some u € (0,1).
Then, for all k > 0,

k
A log(g) —10g(<) | def _
SR rostra) 08l) et (46)

Proof. For k > 0, let 73, be the number of occurrences of A; for j € {0,...,k}. We must have
that, for all 7,
kg > &g > & —107F =ca’

and hence, for all k,

log(a)

Using this bound and the law of total expectation, we thus obtain that for all k,

k
ML il (4.7)
j=0

k

ZP =2 _E[E;[t4)]] ZE 1] = ZMJ < Vog ’if))g(al)og(g)J .

J=0

10



Theorem 4.3. Suppose that Assumptions 2.1-2.4 hold and that the ASGRAD algorithm is
applied to problem (2.1) with its scaling factors being defined, for some p € (0,1) by (4.1) or

(4.2). Then, for jn # 1,

F(x()) + NK2Tmax — Flow

E[averageje{ow,k} ||Gj”2}

ri(k+1)1H
G (1.
N nky {,{3 n L] 1 B 2u
r162(1 — 2p) 2B+ (k+D)H]
while, if p = 1,
2
F max — Flow = 1K L] 1+1log(k+1
E | average HGJH2 < (7o) + nK2Tma lo + 92 |:/13 ] w, (4.9)
§€{0,....k} rivk+1 K1 2 VE+1
where K1, Ko, k3 and Tmax are defined in Lemmas 4.1 and 4.2.
Proof. By using (2.2), the inequality v; < 1, and (2.4), we derive that
L Grgi LN 92
T L L2 VAR 1,
F(ajin) < Flag) +5GTsk + S2IsHP < Flay) -2 + 23 220 o)

Using Lemma 4.1, taking the conditional expectation of (4.10) and using Assumption 2.4 to
bound gzj and that w; ; > ¢(k + 1) for both choices (4.1) and (4.2), we obtain that

L |9
Ej[F(zj+1)] < F(x;) +ZE |:’7]GJ gm} + 2E [wl;' ’
=1 (2%
n G?. P;[A;] g? L g2
< F(x;) — b fLar) B, |2k | ¢ 2R, | 2 4.11
P =2 g TG R e | T [ag ||
n 2 2
k1G5 nky L 1
SF(CC]) Zﬁ—i_n/@]}p [.A] g2|:l'£3+2:|(j_l_l)2u

Summing over all iterations from 0 to k, taking the full expectation and using Lemma 4.2
gives that

nk2 L& 1
E[F(l‘k+1)] < xo —lez j+ ’] —|—TII€QE ZP ./4] +§29|:’£3+2:|Z(j—|—1)2“

7=0 i=1 j=0
< F(x0) + nk2Tma —nlzz —i-%?’[/ig%-l/]zl
i max . 2
jOzlj+1 2 j=0(‘7+1)ﬂ
If we now define L
(z+1)""*—-1 .
dulz) € =24 i
log(z + 1) otherwise,

we may bound the last inequality, using a simple sum-integral comparison and Assumption 2.3
to obtain that

P P(F(x NK2Tmax — nk2 K
ZZE[Gz]] < (k'-l-l) (F( 0)+ 2Tmax Flow) + g29 |:/<63—|-L] M(1+¢M(k))

j=0 i=1 1 2 k1

11



and thus that

E < +

12
average HGJH Hl(k + 1)1*H K1§2

]e{o7vk}

This gives (4.9) when p = 1. Otherwise, (4.8) follows from the fact that

Ii3+§

1 1
trok) =175, [(kﬂ)%—l _2"] |

F(Z'O) + NK2Tmax — ﬂow 7’LI€£2] L| 1+ (bu(k)
(k+1)t=#

g

The choices (4.1) and (4.2) are of course reminiscent, in a smooth but stochastic and noncon-
vex setting, of the “divergent stepsize” subgradient method for non-smooth convex optimiza-
tion (see [3] and the many references therein), for which a O(1/v/k) global rate of convergence

is known (Theorems 8.13 and 8.30 in this last reference).

The bounds given by Theorem 4.3 are qualitatively similar to those of Theorem 3.5, but
they may be improved if we strengthen our assumptions, and impose an additional conditional

variance condition on the gradient estimator.

Theorem 4.4. Suppose that Assumptions 2.1-2.4 hold and that an ASGRAD algorithm is
applied to problem (2.1) with its scaling factors being defined (4.1) and (4.2). Suppose also

that, for alli € {1,...,n} and all k >0
Varg [gik] = Ex (g% — Gix] < FuarGig
holds for some K .. > 0. Then, for any 6 € (0, k1),

(k+ D" _rz(0)(o+2)
k—jo = (k+1)tmn”

E| average [Gyl?| <ry(6)

je{j9+11~~’k}

where

o

ry(0) <

| =

n2“f@3 L )
F(xO) + NK2Tmax — Flow + §74 K3 + 5 (1 + ’K‘;var)]e 5

1
29 w
. def L Kg2
= - — 1.
Jo <|:Ii3+2:| §4(1€1—9)> +

and

Proof. To simplify notation, set, for the course of this proof, w; -1 =<, i € {1,...,n},

As in the proof of Theorem 4.3, we derive (see (4.11)) that

Ej[F(zj11)] < Fl(zj) - g mm + /@2% + |:f€3 + g E; [i;ﬂ”
R A R ETE
< F(x)) —g (:f%# + Ky (?Jiv‘;yj]u T [Hg + g] Ingj [wgij
< F(xy) - zj; (;fg“ + roPs[Aj] + [53 + ﬂ % 0
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(4.12)

(4.13)

(4.14)

(4.15)

0 _
0 -1,



2
where we have used the fact that (%) § (because of (4.1) and (4.2)), the measura-

bility of w; ;1 with respect to the past and (4 12) to deduce the last inequality. Using now

the bound (u]}:l_)l < 2: and summing over the iterations for j € {0,...,k} then yields that
k k k kono o2 =
LTV DORETH B AVOED Bp DEee I CUE-Lr BNCED)
=0 = =0 == ij—1

2
with & = [r3 + £] Kifu (1 + Kyar). Note now that the definition of jp in (4.15) and the fact
that w; ;1 > ¢ j# together imply that

("ﬂ + ) < -0, (4.17)
Wi, 5—1
for j > jy. Hence, from (4.16),
k a b kono G2
Y im0 Bj[F(zj41)] < ZF(xj) + nky ij[Aj] 0 Z Z ﬁ
jo-1 m I (4.18)
K
+ —Kk1 + 7
120; J+1 ( " wiu’—l)

and the last term of this inequality is bounded by

ol G2 < de=t n nexk

,J A 7]
S5 (e ) Sy,
j=0 i=1 G+ Wij j=0 i=1

where we used the facts that |G|l < kg (because of (2.6)), w; ; > ¢ (because of (4.1) and
(4.2)). Injecting (4.19) in (4.18), we deduce that

k n G2 k k
02D GrE =T %HzZP = Y Ej[F(aj)]) +
j=0 7=0

J=Jjo 1

nK2k

Jo-

Taking the full expectation and using Lemma 4.2 whenever ko > 0 (i.e. for mazgi) then gives
that

. (k+1 nklR
(k_jG)E average ||G]”2 <E Z Z G < 7) F(xO) + NK2Tmax — Flow + Jo
je{j9+17"'7k} Jj=Je =1
(4.20)
which gives the desired result. O

The (asymptotic) k-order of convergence of E [averaugeje Got1, ik} HG]H] implied by (4.13) is
1
ol ———
(k+ 1)5(1—#)
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therefore

where jg is given by (4.15).



5 Numerical illustration

We now provide some numerical illustrations of the algorithmic variants discussed in the
previous sections. We trained a simple convolutional network of [23] (denoted in the paper as
cifar10-nv) and a small resnet18 model [25] on the CIFAR-10 image classification dataset(®).
For these experiments, we used haiku [26] and optax [2], two JAX [11] based libraries, on a
workstation with four GTX 1080TI. We now compare the numerical performance of (3.8) for
various p values in (0.1,0.5,0.9) and of the two scaling factor defined by (4.1) and (4.2) with
u=0.1a«a=1.1and ¢ = 0.01. For the experiments, we have chosen two different learning-
rate strategies. For the cifarl0-nv architecture, we chose a fixed®) learning rate policy with
Ve =y = 5.{107%,1075} for all k¥ > 0.For the resnet18 numerical test, we choose a linearly
declining learning rate from Ymax = 5.1072 to Yiow = 5.107%. Note that this choice is covered
by our proposed ASGRAD framework and is considered as a good choice of schedule for the
learning rate as it is built in Optax. We used the same random initialization for all scaling
choices and followed the data-augmentation procedure of [23], both for training and testing.
We trained the models for a total of 100000 steps with a batchsize of 128 using the mean-cross
entropy loss function. We report the training and test accuracies (the latter on a sample of
size 128 from the test dataset) every 500 steps.

The results of these experiments (averaged over three random runs) are presented in
Figures 5.1-5.3. In each figure, the top panel shows the evolution (as a function of the
number of steps) of the training accuracy, and the bottom panel that of the test accuracy.
The average values are shown as thick lines and the shaded areas of corresponding colour give
the 67% confidence intervals.

These simple numerical illustrations are obviously not meant to replace significant numer-
ical testing, but, albeit caution must be exercised not to extrapolate from limited data, they
still suggest a few tentative comments.

e The relative behaviour of the tested variants differs significantly between the two tested
network architectures, even if the test accuracy is (as expected) slighly lower for the
resnet18 case.

e For fixed learning rates, the methods maxgi and avrgi of the second ASGRAD class
(introduced in Section 4) seem to produce relatively good results on our example for
fixed learning rate and for the civar-nv architecture, both in training and testing, often
outperforming the Adagrad-like variants of the first class (of Section 3).

e Among Adagrad-like variants, those with a larger p handle smaller and fixed learning
rates better on these examples, a behaviour admittedly not predicted by our theory.

e The choice of a learning rate schedule for a specific architecture has an impact in
practice. We see that for the resnet18 architecture (Figure 5.3), all the methods behave
very comparably (except for one variant).

e The comparison of Figures 5.1, 5.2 and Figure 5.3 unsurprisingly shows that, albeit our
theory does not depend on the choice of v, the practical convergence behaviour may
be affected by this choice (and other factors such as the batchsize).

https://www.cs.toronto.edu/ kriz/cifar.html
®)Our choice of a fixed learning rate policy is meant to showcase some intrinsic properties of each scaling
factor option.
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Figure 5.1: Training (top) and test (bottom) accuracies for the Adagrad-like (u €
(0.1,0.5,0.9)), mazgi and avrgi variants with v = 5.10* on the cifar10-nv architecture
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Figure 5.2: Training (top) and test (bottom) accuracy for the Adagrad-like (u €
(0.1,0.5,0.9)), mazxgi and avrgi variants with v = 5.107° on the cifar10-nv architecture
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6 Conclusions

We have introduced a first-order trust-region framework for minimization methods and de-
rived complexity upper bounds for two classes of interest, the first containing the standard
Adagrad. These bounds give the best complexity to values of the class parameters corre-
sponding to Adagrad in the first class. We have also shown these bounds can be improved
for both classes under an additional variance condition, in which case the parameter choice
yielding the best bounds no longer corresponds to Adagrad. This improvement is asymptotic
and implicit for the first class and explicit for the second. However, our numerical illustrations
of the discussed methods on examples arising from deep-learning applications indicate that
methods of the second class have merits, but also that, at least in our examples, there remains
some distance from the above theory to real behaviour. This may possibly be because the
complexity bounds may not be sharp, but also, fortunately, because the worst-case happens
very rarely in practice.
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A first technical lemma

Lemma A.1. Let p € (0,1]. Let x, y € RT\ {0}. Then

[a— — —
2t~y o lz =yl lz—yl (A1)

gg//fyﬂ ;Uy/‘« ;L'Ny

Proof. Let us first consider the case x > y. Remembering that u* < 1+ u(u — 1) for u > 0
and taking u = %, we successively derive that

n
y y
yﬂ
zh — y“<u< y y“) =y Nz —y),

zH —yt T —y

< . .
;Uﬂy# SH x#y (A 2)

Hence the inequality (A.1) is valid when x > y. For the symmetric case (y > z), we similarly

obtain that
yroat o y—w

< : (A.3)
gj#y# yl‘;[;
Combining (A.2) and (A.3) yields the desired result.
Proof of Lemma 3.3
Let us consider an iteration index j7 > 0 and a component index i € {1,...,n}. We first use

the definition of sl in (2.4) and the fact that w; ; = = v} ; (Assumption 3. 1) to obtain that

Gi;9ij Gijgi 1 1
L I, 9. 9. 9.
E;[Gigsiz] = —Ej|v—5 | = —E [ Vg, [] Zf } +E;|7;Gijgi (W - v“)] :
1,j VARV %,]
(A1)

Using that G; ; and 7, are mesurable with respect to the past and Assumption 2.4, we derive

that,
2

R P Y [ MR WL M
= ,J] — > ow ) .
B[] T E;[vi )"
where we used the measurability of E;[v; ;]* with respect to the past. Combining (A.1) and
(A.2) gives that
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We now derive an upper bound on the absolute value of the A term by successively using

Lemma (A.1), Assumption 3.1 and the bound 7; < 1 to obtain that

[vij — Ejlvig]|
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We now use Young’s inequality with p = ¢ = 2, that is

y2

A
A R* < Zg?
YA>0,z,y € ,ﬂ:y_2l“ +2)\7

to successively handle the four terms in the last bound.
e For the first term B, we choose

|G
E;[vi,;

B v 4
A:w and y = Ky|gi ;]

xTr =

Using (A.4), Assumptions 2.4, 3.2 and (3.3), we obtain that
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Taking now the expectation over E;[.] yields that
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e Now consider the C term. In this case, we choose
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to deduce from (A.4) that
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(because of Assumption 2.4) and E;[v; ;] 7" > gi;n” (because of (3.2)). Taking the expectation
over E;[.] then gives that

where we successively used the facts that E; [gf]] < Ej[vi;] (because of (3.3)), gfj < K2
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(Note that we can divide by E; [gf ]} above, as it suffice to notice that E; [glz j] = 0 implies

gZ ; = 0. C would then be equal to zero and (A.7) would still be verified.)
e Let us now handle the D term. Choosing
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we now deduce from (A.4) that
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where, as for the C' term, we used the facts that [E; [gfj] < Ejlvi 1%, g” < k2 and 1;2 2w >
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oot Taking the expectation E;[.] yields, in this case, that
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e Finally consider the F term. Choosing
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> VYow T8 r 7 ) Ji,g 2 1-2 M< 2 2 1,J 1%
8E][U17]] Ej _g752,j_ Yow ig fUZJ H o, i\ ’] H

Fy 2p 1=2p " p<sz =3
8]E][Uz,]] E] gi] Vow Uzg min

S P R Ry WL R 2u8is ( I BT I8

o
where we once more used the facts that E; [93]} <E; [Ui,j]“ and | gi7j| < kg, in turn implying
that

gi2,j <w;j and v;j > Gmin if p <

and
4p 2 Q,u 4,u 2 4p—2
lgi5 ™ < and |gih TP < kPR OAE p>

l\)\»—l

Taking the expectation E;[.], we deduce that

E;[E] < 12] + K%’ 2=2u L 1 + kin—29 E gg’j (A.8)
i = Yow I 1 I<L 1 ] . .
’ 8 [vi " Yow S < vz ) el

Summing now (A.6), (A.7), (A.7) and (A.8) and substituting the obtained upper-bound of
A in (A.3), we finally obtain (3.4) with (3.5).

Proof of Lemma 3.4

Consider first the case where o # 1 and note that ﬁxka is then a non-decreasing and

concave function on (0, +00). Setting b_1 = 0 and using these properties, we obtain that, for
J =0,
Qj S
(¢ + bj)o‘ 11—«
1 _ _
1—a (C+b)' = (c+bm1)'79).

We then obtain (3.6) by summing this inequality for j € {0,...,k}.
Suppose now that & = 1, We then use the concavity and non-decreasing nature of the
logarithm to derive that

((c+b)'" = (c+bj—a;) ™)

IN

G Yy b) —1 b —a;) <1 b) 1 b
Crb) (g = 108t bi) ~logls b — aj) < logle ;) — log(< +bj1).

The inequality (3.7) then again follows by summing for j € {0,...,k}.
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Proof of Lemma 4.1
We have that

Giigii G? .
E [—%';’j,m} < —’Ylowm + B (7Gi i
] JL]

| (wij — Ejlwi ) q
wi jEj[wi ;]

Gl 66 — Byl |
= —Yiow 2 Ej |17Gi,9i 5] 72—
" Ej[wi,j]+ ][m 79 ’J|§i,j(j+1)“Ej[§z‘,j]]
2
< —Now—"21— + E;[A Al
< v o + B4 (A1)

where

[ij = Ejl€i] |
G0+ DME; (84
In order to compute a bound on the right-hand side of (A.1), we consider the mazgi and avrgi
cases separately. Consider the mazgi case first. We see that

A=iGisgil & (A.2)
(2

Byllés —Bsleall] = Bj||0aGis— Bs[1a,6is] + Lactis — B[ Lac6is ||
= Ej||La;lgijl — Bj[1a,lgis]) + Lac&ij—1 — B [11,4],0&-,]-4 H
< Byl |Taylgisl — By [Ta;lgigl] + i (ﬂAjc —E; []1,4.0 )‘

(A.3)

IN
=

i | L1945 + E; [La;1g041) + & ‘ﬂA;? —E; [ﬂA,C]
/ig(Ej []lAj + Ej []IA].H) + /igEj H]].A_C — Ej []IA;;*]
2kgPj[Aj] + rgEj H]IA].C —E; [ﬂAf} ] :

IN

IN

where we used the bound §; ; < kg4 for all j (resulting from Assumption 2.4) to obtain the
penultimate inequality. Now

E; HHA].C —E []IA]C} ] = Ej[I1—Ta; —B[1 = 1o, J|] = By [|Ta; —B;[1a,] |] < 2P;(4y).
We then obtain (4.3)-(4.4) by substituting this last inequality in (A.3) and combing the result
with the bound ;
iGiggigl g
§i,i (7 + DMEj[&i5] — @+

(A.1) and (A.2).
Now consider the avrgi case. Analogously to (A.3) and using the identity max(a,b) = 3(a +
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b+ |a — bl]), we deduce from (4.2) that

g"i_iz:‘gzk|"i_| Z|gzk’ ]

J

1
IE;[&ig] — &gl = 5 &

:% (lerl) illgill + +1Zj:’9m| C] G+ )|9w -ilgfgi,k|—<\
< s Eolloal =l |

+3 (Hl) illocsl) + 1= Z sl =l + )Igm\ = k: 90l — <
< gy Bollnall + b

where we used that ]]% Zi;%) |gi k| —<| is mesurable with respect to the past. This inequality,
the definition (A.2) and the bounds v; < 1 and (j 4 1)*/2 < j 4 1 then give that

|Gijlg?; . G191 E5llgigll | (A4)
T (DR & 0 (G F DRPHREE &
i ¢

We now use Young’s inequality with p = ¢ = 2, that is

2

A
YA> 0,2,y € RT, a2y < §x2+g—)\, (A.5)

to successively handle the two terms of (A.4).
e For the first term B, we choose

2
i,

\/ gz,] 7,7 ] + 1

_ ’Gi,j| A\ = Yow
(j + D)2\ /E;[& 4] 2

yielding
VIOWGZZ,J' X 1 g;{] 710WG2] i 1 gz‘z,j Kjg
TAG+ DPEj[&5]) T mow Ejl&is] 675+ 1D T 4G+ DFES[Gg]  yow &7 (5 + 1)

where we used that |g; j| < kg and & ; > ¢. Taking now E;[-] in the previous inequality, using
that w; j = & ;(j + 1)*, we derive that

710WG7,2J' "433 g@'Qj
E;|B|] < = 4 E; - A6
/ [ ] 4]E] [wi,j] SYlow ¢ wiQ,j ( )

e Now consider the C term. Again, Young’s inequality with
|Gl N Mow g 191B4[l941]

CUrUVERST T2 T VB R G+1)

25




yields that

G? . 2 2
oo i AT ) N (A7)
AEj[wig] — ow 7| wi;

where we used that |g; ;| < k4 and & ; > ¢. Taking E;[.] in (A.4), using (A.7) and (A.6) and
injecting the obtained bound into (A.1), we obtain (4.3) with (4.5).
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