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A two-dimensional swarmalator model with higher-order interactions ∗1

Md Sayeed Anwar† , Gourab Kumar Sar‡ , Timoteo Carletti§ , and Dibakar Ghosh¶2

3

Abstract. We study a simple two-dimensional swarmalator model that incorporates higher-order phase inter-4
actions, uncovering a diverse range of collective states. The latter include spatially coherent and5
gas-like configurations, neither of which appear in models with only pairwise interactions. Addi-6
tionally, we discover bistability between various states, a phenomenon that arises directly from the7
inclusion of higher-order interactions. By analyzing several of these emergent states analytically, both8
for identical and nonidentical populations of swarmalators, we gain deeper insights into their under-9
lying mechanisms and stability conditions. Our findings broaden the understanding of swarmalator10
dynamics and open new avenues for exploring complex collective behaviors in systems governed by11
higher-order interactions.12

Key words. swarmalators, higher-order interactions, swarming, synchronization13

AMS subject classifications.14

1. Introduction. Swarmalators represent an intriguing class of interconnected moving15

entities (oscillators) that simultaneously synchronize their internal states and adjust their16

spatial positions in response to one another [31]. This dual dynamical nature leads to a rich17

variety of emergent behaviors that bridge the gap between self-organized motion (swarming)18

[14, 15] and coordinated temporal dynamics (synchronization) [32, 42]. Although swarmalators19

have been a relatively recent addition to the study of complex systems, they have proven to20

be useful for modeling systems that combine self-assembly and synchronization, ranging from21

biological systems to microrobots [44, 45, 47, 27, 50, 10, 34, 39].22

However, existing studies on swarmalators have largely focused on the understanding of23

their behavior through the lens of pairwise interactions among the entities composing the24

swarm [37, 31, 20, 5, 38, 40, 18, 17, 36]. Specifically, these studies assume that the overall25

interplay among the swarmalators is exhaustively described by combinations of spatial and26

dynamical interactions occurring in pairs. While this approach has offered useful insights, it27

overlooks an essential characteristic of many real-world systems: interactions often involve28

groups, not just pairs [9, 8, 24]. For instance, in microbial populations, quorum sensing and29

collective decision-making often involve interactions that extend beyond pairs, where group-30

level coordination dictates the population’s spatial and temporal dynamics [25, 51, 23, 43, 21].31

Beyond biology, higher-order interactions can play a critical role in artificial systems such as32
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robotic swarms [11, 12]. Here, coordination often requires multi-agent task allocation, where33

the behavior of one robot depends on the collective state of a group, rather than individual34

pairwise interactions.35

Incorporating higher-order (group) interactions into the traditional swarmalator frame-36

work is, therefore, a natural and necessary step toward a more comprehensive understanding37

of these systems. Higher-order interactions profoundly reshape the landscape of collective38

behavior, by introducing novel dynamical regimes and altering stability properties. While39

such interactions have been explored in the contexts of synchronization and network dynam-40

ics [3, 4, 6, 16, 22], their influence on swarmalator systems remains largely unexplored. A41

preliminary study has recently addressed this gap, by extending the framework as to include42

higher-order interactions among populations of swarmalators confined to move on a ring [7].43

While there are swarmalators, such as frogs, nematodes, and other organisms, that tend to44

favor the ring-like boundaries of their confined geometries [1, 13, 49], most physical systems45

involve swarmalators moving on higher-dimensional surfaces, such as in two or three dimen-46

sions. In this work, we thus aim to incorporate higher-order interactions in a relatively more47

general case where swarmalators are confined to move in two spatial dimensions. Indeed,48

physical systems, such as active colloids [33] or sperm [35], are naturally attracted to move49

along two-dimensional surfaces.50

The goal of this work is two-fold. First, we aim to explore how higher-order interactions51

influence the collective dynamics of swarmalators confined to two-dimensional surfaces. Sec-52

ond, we seek to develop a mathematically tractable framework that incorporates group-level53

interactions among the swarmalators. To this end, we consider a model in which swarmalators54

are subject to higher-order interactions (specifically simultaneous interactions up to groups55

of three) and move within a two-dimensional space with periodic boundary conditions, rather56

than an open plane. The use of periodic boundaries facilitates analytical treatment of the57

system’s emergent dynamics, a common approach in active matter research and related fields58

[46, 19].59

With these simplifications, we are able to derive exact expressions for the stability and60

bifurcations of several collective states. Notably, our analysis reveals that the inclusion of61

higher-order interactions leads to the emergence of both stationary and nonstationary long-62

term states, which do not arise when only pairwise interactions are considered. Moreover, we63

find that higher-order interactions introduce bistability between distinct states, contributing64

to the persistence of the synchronization (sync) state even in the scenario where pairwise65

coupling is repulsive. Additionally, we observe that higher-order interactions induce abrupt66

transitions between emergent states, highlighting their significant role in shaping the overall67

system dynamics.68

2. The model. In order to incorporate higher-order interactions within the populations69

of swarmalators moving on a two-dimensional surface, we consider the following model70

(2.1a) ẋi = ui +
J

N

N∑
j=1

sin(xj − xi) cos(θj − θi),71

72

(2.1b) ẏi = vi +
J

N

N∑
j=1

sin(yj − yi) cos(θj − θi),73
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A TWO-DIMENSIONAL SWARMALATOR MODEL WITH HIGHER-ORDER INTERACTIONS 3

74

(2.1c)

θ̇i = ωi +
K1

N

N∑
j=1

sin(θj − θi)
[
cos(xj − xi) + cos(yj − yi)

]
+
K2

N2

N∑
j=1

N∑
k=1

sin(2θj − θk − θi)
[
cos(2xj − xk − xi) + cos(2yj − yk − yi)

]
,

75

where xi = (xi, yi) represents the position of the i-th swarmalator, subject to periodic bound-76

ary condition (xi, yi) ∈ S1×S1 and θi ∈ S1 represents its internal phase. Moreover (ui, vi) are77

the free velocities and ωi the natural frequencies of the uncoupled swarmalators. J denotes78

the coupling strength associated with the space interaction, while K1 and K2 control the79

pairwise and higher-order phase interactions, respectively. The parameter J regulates space-80

space coupling, where J > 0 means the swarmalators are inclined to spatially synchronize,81

while J < 0 implies spatial repulsion. K1 and K2 have analogous behavior but for the phase82

interactions. Notably, when K2 = 0, the model reduces to the recently introduced analytically83

tractable pairwise two-dimensional swarmalator model [30]. As in the pairwise model, we do84

not account for spatial hard-shell repulsion, and the spatial dynamics reflect sync-dependent85

self-assembly characterized by the spatial attraction term sin(xj − xi) and modulated by the86

phase differences cos(θj − θi). On the other hand, the phase dynamics does the opposite and87

encodes position dependent synchrony. It combines both pairwise and triadic interactions,88

where the sine terms minimize phase differences between individual swarmalators as they in-89

teract pairwise or in a group of three, with distance kernels cos(xj − xi) + cos(yj − yi) and90

cos(2xj − xk − xi) + cos(2yj − yk − yi). Here, we introduce higher-order interactions in the91

phase dynamics of the swarmalators, aiming to exert a direct influence only on their individual92

phases and not on their spatial positions. Nevertheless, the group interactions influence the93

spatial dynamics through its impact on the coupling term in Eq. (2.1c).94

Let us observe that the chosen form of higher-order interactions, i.e., g(2xj − xk − xi),95

is not unique. One could have chosen the alternative form, g(xj + xk − 2xi), as studied in96

the literature of Kuramoto oscillators with higher-order interactions [41, 2]. However, such97

an alternative introduces analytical complexity, particularly when dealing with non-identical98

populations of swarmalators.99

Before proceeding further, we rewrite the model (2.1) by converting the trigonometric100

expressions to complex exponentials101

ẋi = ui +
J

2
Im

[
W+

1 e
−i(xi+θi) +W−

1 e
−i(xi−θi)

]
,(2.2a)102

103

ẏi = vi +
J

2
Im

[
Z+
1 e

−i(yi+θi) + Z−
1 e

−i(yi−θi)
]
,(2.2b)104

105

θ̇i =ωi +
K1

2
Im

[
W+

1 e
−i(xi+θi) −W−

1 e
−i(xi−θi)

]
+
K1

2
Im

[
Z+
1 e

−i(yi+θi) − Z−
1 e

−i(yi−θi)
]

106

+
K2

2
Im

[
W+

2 (W+
1 )∗e−i(xi+θi) −W−

2 (W−
1 )∗e−i(xi−θi)

]
+
K2

2
Im

[
Z+
2 (Z+

1 )∗e−i(yi+θi) − Z−
2 (Z−

1 )∗e−i(yi−θi)
]
,

(2.2c)

107
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where ∗ denotes complex conjugate, Im[z] represents imaginary part of a complex number z108

and the complex order parameters are given by109

W±
m =

1

N

∑
j

eim(xj±θj),(2.3)110

Z±
m =

1

N

∑
j

eim(yj±θj), m = 1, 2.(2.4)111

Equation (2.2) thus introduces a set of complex order parameters W±
m = S±

me
iϕ±m and Z±

m =112

T±
me

iψ±
m that measure the “space-phase order” of the whole population. Here, S±

m (T±
m) repre-113

sent the amplitudes, while ϕ±m (ψ±
m) denote the arguments of the respective order parameters.114

We redefine S+
m as the maximum between S+

m and S−
m, and similarly, T+

m as the maximum115

between T+
m and T−

m . When the space and phase coordinates of the swarmalators are fully116

uncorrelated (i.e., uniformly distributed), the order parameters S±
1 (T

±
1 ) reach their minimum117

value of zero, in the limit of unbounded system size. Conversely, when the system is fully118

synchronized in both space and phase (i.e., xi = x∗, yi = y∗, and θi = θ∗ for all i), the order119

parameters reach their maximum value of one. Therefore, the order parameters quantify the120

degree of correlation between spatial and phase coordinates, ranging from 0 (no correlation)121

to 1 (perfect sync). The coupling dependencies of these order parameters in Eq. (2.2) suggests122

that varying the coupling strengths may lead to different combinations of (S+
1 , S

−
1 , T

+
1 , T

+
1 )123

and thus we expect the system to display a rich array of dynamical behaviours. Additionally,124

due to the presence of higher-order interactions, analogous to higher-order Kuramoto model125

[41], we can define another set of order parameters (S±
2 , T

±
2 ) that could capture clustering or126

other forms of group dynamics. In the present study, however, we will explore the system127

dynamics based on the order parameters (S±
1 , T

±
1 ) only.128

3. Identical swarmalators. To begin, we first consider the simplified scenario in which129

the free velocities and internal frequencies of all swarmalators are identical, i.e., (ui, vi, ωi) =130

(u, v, ω) for all i. Then by choosing an appropriate reference frame, we set u = v = ω = 0131

without loss of generality. This assumption reduces the complexity of the system and allows132

us to focus on the effects of the coupling terms and higher-order interactions.133

3.1. Numerical results. We performed dedicated numerical simulations revealing that,134

depending on the coupling strengths (J,K1,K2), the system described by Eq. (2.1) converges135

to five distinct long-term stationary states: ‘async’, ‘thick phase wave’, ‘thin phase wave’,136

‘spatially coherent’, and ‘sync’ states. In addition, three nonstationary states are observed:137

‘gas state’, ‘nonstationary thick phase wave’, and ‘nonstationary thin phase wave’. Notably,138

two of these states, the stationary spatially coherent state and the nonstationary gas state,139

arise specifically due to the inclusion of higher-order interactions and do not appear when140

only pairwise interactions are present among the swarmalators [30].141

In the following, we provide a detailed analysis of these collective states. To enhance the142

clarity of these descriptions, we invite the reader to visualize the accompanying Supplementary143

Movies, which visually depict the behavior of the system in each of these states. With this144

remark in mind we will now describe the above mentioned states:145

This manuscript is for review purposes only.
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Figure 1. stationary states. Top row: snapshots of the states in (x, y) plane with colors indicating
the phase θ, except panel (d) where the snapshot of the spatially coherent state is portrayed in (x, θ) plane.
Middle row: variation of order parameters S±

1 as a function of time, and bottom row: order parameters T±
1

as a function of time. (a, f, k) Async state: (J,K1,K2) = (1,−3, 1), (b, g, l) Thick phase wave state:
(J,K1,K2) = (−1, 2, 1), (c, h, m) Thin phase wave state: (J,K1,K2) = (2,−1, 1), (d, i, n) Spatially coherent
state: (J,K1,K2) = (1, 2,−4), and (e, j, o) Sync state: (J,K1,K2) = (1, 2, 1). States are obtained by integrating
Eq. (2.1) with N = 1000 swarmalators for a total of T = 5000 time units using an adaptive Julia Ode solver
having relative tolerance of 10−8.

• Async state: [Fig. 1(a)] Swarmalators remain uniformly scattered with absolutely no146

correlation among the space and phase coordinates. As a result, the order parameters147

have the minimal value zero [Figs. 1(f, k)].148

• Thick phase wave: [Fig. 1(b)] Here the swarmalators are uniformly distributed over149

the two-dimensional space (x, y) with the phases being correlated with one of the150

space coordinates, i.e, θi = ±xi + c for all i (or θi = ±yi + c for all i), where c151

is an arbitrary constant that stems from the symmetry in the system dynamics and152

each ± variation is equally likely to occur. As a result, when θi are correlated with153

xi, the order parameter S+
1 = 1 and all the other order parameters have the zero154

value. Conversely, when phases the correlated with only the y-coordinated, the order155

parameter T+
1 becomes 1 and all the other have zero value [Fig. 1(g, l)].156

• Thin phase wave: [Fig. 1(c)] In this case all the space and phase coordinates are157

This manuscript is for review purposes only.
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Figure 2. nonstationary states. Top row: snapshots of the states in (x, y) plane with colors indicat-
ing the phases. Middle row: order parameter S±

1 as a function of time, and bottom row: order parameter
T±
1 as a function of time. (a, d, g) Gas state: (J,K1,K2) = (1,−0.5,−4), (b, e, h) Thick phase wave:

(J,K1,K2) = (3,−1,−2), (c, f, i) Thin phase wave: (J,K1,K2) = (4,−1,−1). The other parameters are
(N,T ) = (1000, 5000).

correlated with each other, i.e., θi = ±xi + c = ±yi + c for all i. Consequently, the158

order parameters S+
1 and T+

1 reach the maximum value one, while the other order159

parameters S−
1 = T−

1 = 0 [Fig. 1(h, m)].160

• Spatially coherent : [Fig. 1(d)] For repulsive higher-order interactions (K2 < 0) and161

depending on the pairwise phase and space couplings, the swarmalators settle into162

a stationary configuration where they no longer move in space. In this state, the163

swarmalators collapse to fully synchronized spatial positions that are separated by π164

unit, i.e., xi, yi = c + nπ (n = 0, 1). For certain initial conditions, the swarmalators165

converge to a single position (n = 0), while for others, they occupy two positions166

separated by π units (n = 1). However, despite this spatial synchronization, the phases167

of the swarmalators remain distributed around two different phases. Consequently, all168

the order parameters S+
1 , T

+
1 , S

−
1 , T

−
1 take values samller than 1. The phases of the169

swarmalators show a certain level of coherence around two distinct phases: most of170

the swarmalators are phase locked while others drift around them.171

• Sync state: [Fig. 1(e)] Here, the swarmalators ultimately converge to fully synchronized172

clusters that are separated by π unit, i.e., xi = c1 + nπ, yi = c2 + nπ, θi = c3 + nπ173

(n = 0, 1). For certain initial conditions, the swarmalators converge to a single cluster174

(n = 0), while for others, they form two clusters separated by π units (n = 1). The175
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order parameters in this state take the maximal value S+
1 = T+

1 = S−
1 = T−

1 = 1.176

• Gas state: [Fig. 2(a)] In the regime of repulsive higher-order coupling, the swarmala-177

tors dynamically self-organize into a state where both their spatial and phase coordi-178

nates exhibit uniform movement. This dynamic behavior allows for the emergence of179

a wide range of phase and spatial configurations among the swarmalators. However,180

as time progresses, the swarmalators tend to form small, transient clusters, which they181

subsequently leave, leading to asynchronous behavior. This evolving pattern of clus-182

tering and dispersal is evident from the chaotic evolution of the order parameters, as183

shown in Figs. 2(d, g). The chaotic fluctuations in these order parameters indicate184

that the system does not settle into a long-term, stable clustering configuration, but185

rather continues to undergo dynamic reorganization.186

• Nonstationary thick phase wave: [Fig. 2(b)] In this configuration, the swarmalators187

organize themselves similarly to the stationary thick phase wave state, where their188

phases exhibit a certain degree of correlation with one of the spatial coordinates.189

However, unlike the stationary state, the swarmalators are not fixed in space and190

continue to move. This is evident from the oscillatory behavior of the order parameters191

shown in Figs. 2(e, h). Here, T+
1 oscillates around 1, indicating phase-space correlation,192

while the other order parameters oscillate near zero.193

• Nonstationary thin phase wave: [Fig. 2(c)] In this case, all the phase and space co-194

ordinates exhibit a significant level of correlation, while the swarmalators continue to195

move in space. This dynamic is reflected in the behavior of the order parameters: S+
1196

and T+
1 oscillate close to 1, indicating a degree of correlation between the phase and197

space coordinates. Meanwhile, the other two order parameters oscillate around zero198

(Figs. 2(f, i)).199

Up to this point, we have explored how swarmalators self-organize into different collective200

states under specific coupling strengths. We now shift our focus to the dynamic emergence of201

these states as the coupling strengths are varied. Figure 3 visually captures this phenomenon202

and the transitions between states by integrating Eq. (2.1), with initial positions and phases203

randomly selected from the interval [−π, π]. The results are organized into four distinct cases204

based on the signs of the spatial and phase (pairwise) couplings. We begin by examining the205

regimes of attractive and repulsive spatial couplings to identify where different states arise206

within the (K1,K2) parameter plane. By rescaling time, we set J = 1 for attractive spatial207

interactions and J = −1 for repulsive ones. Next, we explore the effects of attractive and208

repulsive pairwise phase couplings, mapping the occurrence of different states in the (J,K2)209

parameter plane. Similarly, by rescaling time, we set K1 = 1 and K1 = −1 to represent210

attractive and repulsive phase interactions, respectively. These findings offer deeper insights211

into how higher-order interactions shape the emergence of distinct collective states. In Fig. 3,212

we first categorize the states into stationary and nonstationary ones by observing the mean213

velocity V , defined as:214

(3.1) V =

〈
1

N

N∑
j=1

√
ẋ2j + ẏ2j + θ̇2j

〉
t

,215

where ⟨· · · ⟩t represents the time average, taken after discarding an initial transient. If V > 0216
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Figure 3. Parameter regions for the emergence of different collective states (a) J = 1, (b)
J = −1, (c) K1 = 1, and (d) K1 = −1. The other parameters are (N,T ) = (1000, 5000). The last 20% data
have been used to calculate the average of the order parameters and mean velocity (V ) that characterize the
states. For the nonstationary states, V > 0, while for the stationary ones V ≈ 0. Further, the stationary states
are characterized by using the values of order parameters (S+

1 , T+
1 ). Initial conditions are randomly drawn

from [−π, π] for xi, yi, and θi. It is important to note that with different initial configurations, the system may
exhibit multistable behavior in certain parameter regions.

the system lies in an nonstationary (active) state, while stationary states are characterized217

by V ≈ 0. The stationary states are further distinguished by their order parameter val-218

ues and color-coded accordingly. The async state is characterized by (S+
1 , S

−
1 , T

+
1 , T

−
1 ) ≈219

(0, 0, 0, 0). For the thick phase wave, we observe (S+
1 , S

−
1 , T

+
1 , T

−
1 ) ≈ (1, 0, 0, 0) or (0, 0, 1, 0),220

and for the thin phase wave, (S+
1 , S

−
1 , T

+
1 , T

−
1 ) ≈ (1, 0, 1, 0). The sync state is represented by221

(S+
1 , S

−
1 , T

+
1 , T

−
1 ) ≈ (1, 1, 1, 1), while the spatially coherent state lies in the range 0 < S±

1 < 1222

and 0 < T±
1 < 1. Below, we discuss the results for the four distinct cases. It is important to223

note that the states observed in Fig. 3 emerge when the initial positions and phases of the224

swarmalators are chosen randomly within a cube of length 2π, i.e., each value is randomly225

drawn from the interval [−π, π]. For other initial configurations, we observe that multiple226

states can coexist for the same set of parameters, demonstrating multistable behavior (which227

will be discussed later).228

(i) In Figure 3(a), we observe the emergence of collective states in the (K1,K2) parameter229

plane for attractive spatial coupling (J = 1). When higher-order interactions are introduced,230

i.e., K2 > 0, the system passes through four out of five possible stationary states in a small231
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range of values of K1. Indeed as K1 increases from negative to positive, the system follows232

the sequence: async → thick phase wave → thin phase wave → sync state. With a further233

increase in K2, the system undergoes a direct transition from async to sync state as K1234

increases, bypassing the intermediate thick and thin phase waves seen at lower K2. When235

K2 < 0 (repulsive higher-order coupling), the system transitions from the async state to the236

sync state through intermediate nonstationary and stationary spatially coherent states.237

(ii) Figure 3(b) illustrates the system behavior when a fixed repulsive spatial coupling238

J = −1 is introduced, while varying the coupling parameters K1 and K2. For K2 > 0, the239

system passes from the async state to the thick phase wave state as K1 moves from negative240

to positive. Notably, in this regime, the system does not achieve the thin phase wave or sync241

states (as we will demonstrate this analytically later on). For K2 < 0, the system passes from242

async to thick phase wave through an intermediate nonstationary state, but only within a243

small range of K2. For larger negative values of K2, only the async and nonstationary states244

emerge as K1 varies.245

(iii) Figure 3(c) depicts the emergence of collective states when a fixed attractive pairwise246

phase coupling of K1 = 1 is introduced, while varying the spatial coupling J and the higher-247

order coupling K2. As J increases from negative to positive, the system transitions from248

async to sync state via an intermediate thick phase wave for K2 > 0, but the thin phase wave249

state does not emerge. For K2 < 0, specifically beyond K2 = −1, the sync state does not250

appear. Instead, the system moves from async to a spatially coherent state, passing through251

an intermediate nonstationary state.252

(iv) Finally, the system behavior for a fixed repulsive phase coupling K1 = −1 is portrayed253

in Fig. 3(d). Here, by varying J and K2, the system passes between async, thick phase wave,254

thin phase wave, sync, and nonstationary states. An intriguing observation, in this case, is the255

emergence of the sync state, which is surprising given that, in the pairwise model, the sync256

state never appears for repulsive phase coupling [30]. However, with higher-order interactions,257

we observe a significant region where the swarmalators settle into a sync state.258

3.2. Theoretical Analysis. The aim of this section is to provide analytical support to259

prove the existence and the stability of the stationary states depending on the parameters J ,260

K1 and K2. The nonstationary states, because of their very nature, challenge our theoretical261

study and thus we will limit our analysis to the stationary states.262

3.2.1. Analysis of async state. To analyze the async state, we adopt the continuum263

limit approach (similar to the analysis presented in Ref. [30]), where the incoherent state264

of the swarmalators is given by the density function ρ(x, y, θ) =
1

(2π)3
. By introducing265

a perturbation around this async state, we find that it loses its stability when J + K1 =266

0. Notably, this result indicates that the transition from the async state to other states is267

independent on the higher-order coupling, i.e., it holds true for any value of K2.268

3.2.2. Analysis of sync state. In the sync state, the system converges to a fixed point269

(xi, yi, θi) = (c1, c2, c3), for all i, where the constants cj , j = 1, 2, 3, are determined by the270

initial conditions. For simplicity, we consider the case of a single cluster, although one could271

also choose a configuration where clusters are separated by π. The stability conditions remain272

the same for both configurations. By linearizing the governing equation (2.1) around this273
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fixed point, we obtain the eigenvalues of the associated Jacobian: λ1 = 0, λ2 = −J , and274

λ3 = −2(K1 + K2) with multiplicities of 3, (2N − 2), and (N − 1), respectively. From the275

latter, we can deduce that the sync state is stable when J > 0 and K1 +K2 > 0. This tells276

us that the sync state can still emerge even when the pairwise phase interaction is repulsive277

(K1 < 0), as long as the higher-order phase coupling is attractive and its magnitude is greater278

than that of the pairwise coupling, i.e., |K2| > |K1|, with the spatial interactions remaining279

attractive (as depicted in Fig. 3(d)).280

The stability conditions of the sync and async states together reveal an important insight:281

when J > 0, both the sync and async states can coexist in the region where |K2| > |K1|, with282

K1 < 0 and K2 > 0. This indicates that the system exhibits bistability between the sync283

and async states within this region. In other words, depending on the initial conditions, the284

swarmalators may either converge to the sync state or remain in the async state. An instance285

of these bistability behaviors is illustrated in Appendix A (1).286

3.2.3. Analysis of thin phase wave state. Since the phase and space coordinates of the287

swarmalators exhibit a perfect correlation, the fixed points in the thin phase wave state take288

the form289

(3.2)

xi =
2π

N
(i− 1) + C1,

yi =
2π

N
(i− 1) + C2,

θi =
2π

N
(i− 1) + C3,

290

for i = 1, . . . , N . By linearizing the system around the fixed point and evaluating the Jacobian,291

similar to the approach in Ref. [28], we obtain the following eigenvalues,292

(3.3)
λ1 = 0, λ2 = −J

4
, λ3 = −J

2
, λ4 =

1

2
(−J − 2K1 − 2K2),

λ5,6 =
1

8
(−J − 2K1 − 4K2 ±

√
J2 + 68JK1 + 4k21 + 40JK2 + 16K1K2 + 16K2

2 ),
293

with multiplicities N , 2, (N − 3), (N − 3), 2, and 2, respectively. The zero eigenvalue does294

not contribute to the stability of the state, as it stems from the rotational invariance of the295

system. The thin phase wave becomes stable when the real part of the remaining eigenvalues296

assumes negative value as we vary the coupling parameters. This eventually yields to the297

stability region determined by298

(3.4) J > 0, 2(K1 +K2) > −J, 2K1 +K2 < 0, and 2(K1 + 2K2) > −J.299

An immediate conclusion is that the thin phase wave does not emerge when spatial interactions300

are repulsive (as portrayed in Fig. 3(b)).301

Furthermore, the stability conditions of the async, sync and thin phase wave states alto-302

gether reveal an interesting phenomenon: the possibility of bistability. This means that the303

system can support both the thin phase wave and the async or sync state simultaneously, with304

the actual state depending on the initial conditions of the system. This bistability specifi-305

cally arises when the pairwise phase interaction is repulsive, i.e., (K1 < 0). Appendix A (2)306

illustrates this bistability nature in more detail.307
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3.2.4. Analysis of thick phase wave. The stability region for the thick phase wave is more308

elusive compared to the thin phase wave. The thick phase wave, characterized by the correla-309

tion between the phase coordinates and one of the spatial coordinates of the swarmalators, is310

believed to bifurcate from the asynchronous (async) state and eventually to transit toward the311

thin phase wave state [30]. This suggests that the thick phase wave should emerge between312

these two states in the parameter space. However, while numerical simulations (as shown in313

Fig. 3) support this hypothesis in regions where all three states (async, thick phase wave, and314

thin phase wave) are present, they also reveal something surprising: the thick phase wave can315

emerge even when the thin phase wave does not (Fig. 3(b)). This observation complicates the316

theoretical understanding of the thick phase wave stability, as it indicates that the conditions317

for the latter may extend beyond the transitions between async and thin phase waves. Thus,318

while numerical simulations provide evidence for the existence of the thick phase wave, the319

challenge of deriving an exact stability region for this state remains unresolved.320

3.2.5. Analysis of spatially coherent state. We are unable to provide the exact stability321

condition of this state. However, we provide an approximate condition for this state to emerge322

in the parameter region of interest. As discussed previously, the swarmalators are spatially323

fully synchronized in one or two clusters. We consider the case of a single cluster without loss of324

generality. Therefore, the space coordinates of the swarmalators are given by xi = C1, yi = C2325

for all i. Because the equations of motion only depend on the differences of the positions, the326

system is invariant for translations and thus, without loss of generality, we can assume the327

positions of the swarmalators to be given by (xi, yi) = (0, 0) for all i. Therefore, the order328

parameters eventually become S±
m = T±

m = Rm (m = 1, 2), where Rm =
1

N

N∑
j=1

eimθj . This329

claim is confirmed by the numerical result shown in Fig. 1(i, n). Now, plugging the fixed point330

conditions in the governing equations gives us the following331

(3.5)
2K1

N

N∑
j=1

sin(θj − θi) +
2K2

N2

N∑
j,k=1

sin(2θj − θk − θi) = 0,332

which eventually simplifies into333

(3.6) K1 +K2R2 = 0.334

The phases of the swarmalators converge to exactly two distinct points when R2 = 1, while for335

R2 = 0, they remain uniformly distributed. Therefore, for the spatially coherent state R2 must336

satisfies the relation 0 < R2 < 1. This provides us the region of emergence of the spatially337

coherent state as K1 > 0 and 0 < −K1

K2
< 1. Now, the spatial coordinates of the swarmalators338

can fully synchronize only when J > 0. Thus, we ultimately obtain the emergence condition339

for this state as,340

(3.7) 0 < −K1

K2
< 1,341

with J,K1 > 0, and K2 < 0. The region of parameters shown in Fig. 3 support the above342

result, indeed the region of emergence of spatially coherent state is defined by K2 < −1 and343

J > 0, having fixed K1 = 1.344
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This completes our investigation with the identical swarmalators. In the following section,345

we will discuss the more realistic case with nonidentical swarmalators.346

4. Nonidentical swarmalators. We hereby consider a population of nonidentical swar-347

malators whose free velocities (ui, vi) and natural frequencies (wi) are drawn from Lorentzian348

distribution g(z) = ∆/π(z2 +∆2), with zero center and half-width ∆. Numerical simulations349

reveal the emergence of the async, thick phase wave, thin phase wave and the sync states, in350

this setting as well. We also report the occurrence of the intermediate mixed states where351

the nonzero order parameters are unequal in values. The details of these states are further352

elaborated in Appendix B. In the following, we will mainly focus on the analysis of these353

collective behaviors.354

For the sake of simplicity and to simplify the mathematical analysis, we change coordinates355

and we deal with the “sum-difference” coordinates , namely x± = x±θ and y± = y±θ. In the356

thermodynamic limit N → ∞, the density ρ(u, v, w, x±, y±, t) obeys the continuity equation357

(4.1)
∂ρ

∂t
+∇ · (vρ) = 0.358

The equations for the derivatives in the new coordinates can be written as359

vx+ =u+ + Im
[
H+(W

+
1 ,W

+
2 )e−ix+ +H−(W

−
1 ,W

−
2 )e−ix− +G(Z+

1 , Z
+
2 )e−iy+ −G(Z−

1 , Z
−
2 )e−iy−

]
,

(4.2a)

360

361

vx− =u− + Im
[
H−(W

+
1 ,W

+
2 )e−ix+ +H+(W

−
1 ,W

−
2 )e−ix− −G(Z+

1 , Z
+
2 )e−iy+ +G(Z−

1 , Z
−
2 )e−iy−

]
,

(4.2b)

362

363

vy+ =v+ + Im
[
G(W+

1 ,W
+
2 )e−ix+ −G(W−

1 ,W
−
2 )e−ix− +H+(Z

+
1 , Z

+
2 )e−iy+ +H−(Z

−
1 , Z

−
2 )e−iy−

]
,

(4.2c)

364

365

vy− =v− + Im
[
−G(W+

1 ,W
+
2 )e−ix+ +G(W−

1 ,W
−
2 )e−ix− +H−(Z

+
1 , Z

+
2 )e−iy+ +H+(Z

−
1 , Z

−
2 )e−iy−

]
,

(4.2d)

366

where u± = u± w, v± = v ± w, and the complex functions H± and G are defined as367

H±(z1, z2) =
J ±K1

2
z1 ±

K2

2
z2z

∗
1 ,(4.3a)368

369

G(z1, z2) =
K1

2
z1 +

K2

2
z2z

∗
1 .(4.3b)370

The strategy is to derive expressions for the order parameters by using a generalized Ott-371

Antonsen (OA) ansatz [29]. While the Kuramoto model is associated to dynamics on the372

unit circle θ ∈ S1, our model corresponds to synchronization on (x, y, θ) ∈ S1 × S1 × S1.373
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Conveniently, we search for an OA ansatz in the form of a product of Poisson kernels. In the374

(x±, y±) coordinates, the latter is of the form375

(4.4)

ρ(u, v, w, x±, y±, t) =
1

16π4 g(u)g(v)g(w)×
[
1 +

∑∞
n=0 α

n
xe
inx+ + c.c.

]
× [1 +

∑∞
m=0 β

m
x e

imx− + c.c.]

×
[
1 +

∑∞
l=0 α

l
ye
ily+ + c.c.

]
× [1 +

∑∞
p=0 β

p
yeipy− + c.c.],

376

where “c.c.” denotes complex conjugate terms. We substitute this ansatz into the continuity377

equation (4.1) and then project onto eix± , eiy± to yield coupled complex differential equations378

for the Fourier modes associated to n,m, l, and p in the submanifold ||αx,y|| = ||βx,y|| = 1.379

See Appendix C for more details. The expressions for the rainbow order parameters become,380

W+
1 = S+

1 e
iϕ+1 =

∫
α∗
x(u, v, w)g(u)g(v)g(w)dudvdw,(4.5)381

and similarly for the remaining order parameters. Next, the expressions of the order param-382

eters are derived by using the amplitude equations. We use Eqs. (C.3) to find fixed point383

expressions for αx, βx etc. in the emerging states, and then substitute those into the integrals384

for W+
1 ,W

−
1 etc. ϕ±1 , ψ

±
1 can be set to zero by going to a suitable frame. For simplicity, we385

consider a particular case where ∆u = ∆v = ∆w = 1.386

Sync state: We already know from the analysis performed in the case of the identical387

swarmalators, that in the sync state the value of the order parameters are nonzero and equal388

each other, i.e., S+
1 = S−

1 = T+
1 = T−

1 = S ̸= 0. In case of the nonidentical swarmalators, we389

look for a solution of Eq. (C.3) that satisfies α̇x = β̇x = α̇y = β̇y = 0 [48]. We find390

(4.6) αx(u,w) = H
[
u

J
+

w

2(K1 +K2S2)

]
,391

and similarly for the remaining variables, where we introduced the complex-valued function392

H(z) = −iz+
√
1− z2. We solve the integral in Eq. (4.5) by using the Residue theorem which393

leads us to the equation of the order parameter394

(4.7) S = H∗
[
i

(
1

J
+

1

2(K1 +K2S2)

)]
.395

The above equation can be associated with a six degree polynomial of S, the real branch of396

which corresponds to the solution of the order parameter397

(4.8) S =

√√√√±
√

(JK1+(J−2)K2)2

J2 − 4K2 −K1 +K2

2K2
− 1

J
,398

where ‘+’ and ‘−’ sings correspond to the stable and unstable solutions when they exist. The399

expression in Equation (4.8) indicates that, depending on the coupling strengths, both stable400

and unstable synchronization branches coexist when K2 > Kc
2 =

J2

(J − 2)2
. This implies401

that for K2 > Kc
2, two distinct transition scenarios are possible: a “forward transition,”402
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where the order parameter bifurcates from 0 to S, and a ”backward transition,” where the403

order parameter bifurcates from S back to 0. When K2 < Kc
2, the forward and backward404

transition points coincide, leading to a smooth transition in the system. For K2 > Kc
2, the405

two transition points differ, signaling the occurrence of an abrupt transition. By equating the406

constant term in the polynomial on the right-hand side of Eq. (4.8) to zero, we can determine407

the boundary of the region where S bifurcates from zero, representing the forward transition408

boundary. This boundary is given by K1 =
J
J−2 . In the backward transition, both stable and409

unstable branches coexist within a specific range of parameter values. When the backward410

critical coupling condition is met, these branches collide and annihilate each other, marking411

the backward transition boundary. The latter is obtained by equating the solutions of the412

stable and unstable branches, by yielding K1 =
(
2
J − 1

)
K2 + 2

√
K2.413

Thin phase wave state: In the case under consideration the order parameters satisfy414

(S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (S, 0, S, 0). We are thus interested in determining solutions of Eq. (C.3)415

satisfying α̇x = α̇y = 0 and β̇x,y ̸= 0. Repeating the analysis performed in the sync state, we416

can obtain the following expression for the nonzero order parameter:417

(4.9) S =
1

2

√
±
√
A− J − 2K1

K2
− 8

J
+ 2,418

where419

A =
4(J − 4)2K2

2

J2
+

8(J − 4)K1K2

J
+ (J + 2K1)

2 + 4(J − 12)K2 ,420

let us observe that the ‘+’ and ‘−’ signs correspond to the stable and unstable solutions. For421

K2 >
2J2

(J−4)2
, both the stable and unstable solution coexist within specific range of coupling422

strengths. The forward boundary of this state is found to be J2 +2JK1 − 8J − 8K1 = 0, and423

the backward transition threshold is given by K1 =
4K2
J − J

2 −K2 + 2
√
2K2.424

Thick phase wave state: In the thick phase wave the order parameters are of the form425

(S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (S, 0, 0, 0), we hence look for solutions of the Fourier amplitudes such426

that α̇x = 0 and α̇y, β̇x,y ̸= 0. The same analysis as in the previous two cases gives us the427

order parameter428

(4.10) S =

√
±
√
(J +K1 +K2)2 − 32K2 − J −K1 +K2

2K2
,429

with ‘+’ and ‘−’ signs corresponding to the stable and unstable solutions. Here, for K2 > 8,430

both the stable and unstable solution branches emerge for specific coupling regimes. The431

forward transition boundary is J +K1 = 8, while the backward transition point is given by432

K1 = −J −K2 + 4
√
2K2.433

Async state: The async state is defined by (S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (0, 0, 0, 0), we thus deter-434

mine its stability by considering a small perturbation about the steady state solutions435

αx,0(u, v, w, t) = exp [−i(u+ w)t] ,(4.11a)436
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437

βx,0(u, v, w, t) = exp [−i(u− w)t] ,(4.11b)438

439

αy,0(u, v, w, t) = exp [−i(v + w)t] ,(4.11c)440

441

βy,0(u, v, w, t) = exp [−i(v − w)t] .(4.11d)442

Given ϵ > 0 a small parameter, we can write the perturbation at the first order in the443

form αx(u, v, w, t) = αx,0(u, v, w, t) + ϵαx,1(u, v, w, t), then the perturbed order parameters444

will result to be W
+(1)
1 =

∫
α∗
x,1(u, v, w)g(u)g(v)g(w)dudvdw. It is easy to determine that445

the perturbed order parameters decay when J + K1 < 8 which coincides with the forward446

transition boundary of thick phase wave [48, 7].447

Mixed state: We were unable to resolve the mixed states because they are not associated448

to any fixed points for the amplitudes αx, βx, αy, βy. Let us observe that these states are449

somewhat unusual and are not seen in models like the Kuramoto one, or in the case of identical450

swarmalators. Without any formal analysis, we cannot precisely determine the properties of451

the mixed states, the latter could potentially arise with other states (i.e., to be bistable) or452

even represent a long transient phase.453

The above analysis has revealed that we can explicitly work out the expressions of the or-454

der parameters in all the collective states except the mixed state and also their stable/unstable455

boundaries. This fact highlights the solvability of the model despite its complexity. Another456

fascinating point is the occurrence of abrupt transition between the collective states when457

one of the system parameters is varied. Higher-order interaction is responsible for this dis-458

continuous phase transition. In presence of sufficiently strong non-pairwise phase coupling,459

swarmalators overcome the effect of heterogeneous frequencies and also dominate the influ-460

ence of pairwise coupling. For instance, we depict the interplay between the pairwise and461

non-pairwise coupling strengths when J is fixed to 20 (see Fig. 4(a)). Figure 4(a) shows the462

phase transition phenomena in the K1-K2 plane; by increasing K1, we observe that the system463

goes through the transitions: async (magenta region) → thick phase wave (yellow region) →464

thin phase wave (pink region) → the sync state (gray region). The forward, i.e., once K1465

increases, boundaries between these regions are denoted by the cyan, black, and blue solid466

lines, respectively. Their positions are analytically obtained by substituting J = 20 in the467

expressions for the boundaries calculated previously; let us observe that they are independent468

from the higher-order phase coupling K2. We also observe in Fig. 4(a) that there are regions469

of bistability (resulting from abrupt phase transitions) between successive states, which are470

especially prominent for large values of the non-pairwise coupling strength K2 (as discussed471

before the bistabilities emerge beyond a critical value of K2). The boundaries of those back-472

ward transition, i.e., by decreasing K1, are denoted by blue, black, and cyan dashed lines,473

respectively from sync to thin phase wave, from thin phase wave to thick phase wave, and474

from thick phase wave to async. To provide a clearer description of these abrupt transitions475

and associated bistability regions, we report in Fig. 4(b) the variation of order parameters476

with respect to K1 for fixed J = 20 and K2 = 12. The order parameters exhibit three distinct477
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Figure 4. (a) Phase transition scenario in the K1-K2 plane for nonidentical swarmalators. The
spatial coupling strength J is fixed here (J = 20). We observe bistability between the collective states which
is clearly visible for large K2. The transitions are abrupt, and the solid and dashed lines correspond to the
points of forward and backward transitions, respectively. We also notice that, when higher-order coupling is
absent (i.e., K2 = 0) or sufficiently small, the nature of the transition is smooth. (b) Dependence of the order
parameters with respect to K1 for Fixed J = 20 and K2 = 12. The solid curves represent the stable branches
of the solution associated to the specific value of the order parameter, while the dotted curves denote unstable
branches. The vertical dotted lines mark the critical values of K1 where forward (right) and backward (left)
transitions occur. The system exhibits three distinct bistable regions for this parameter set.

abrupt transitions, giving rise to three bistable regions: bistable-I: between the asynchronous478

state and the thick phase wave state, bistable-II: between the thin and thick phase wave479

states and bistable-III: between the thin phase wave and synchronized states, respectively.480

These findings emphasize the crucial role of higher-order interactions in shaping the collective481

dynamics of nonidentical swarmalators.482

5. Discussions. Our study reveals that higher-order interaction brings fascinating collec-483

tive states in the swarmalator system. The noticeable result is the presence of multiple bistable484

regions between the emerging dynamical states. In the case of identical swarmalators, we use485

fixed point analysis to derive the boundaries separating the different behaviors. The model486

involving nonidentical swarmalators is solved by using an Ott-Antonsen ansatz by assuming a487

product of Poisson kernels. The expressions of the nonzero order parameters in the different488

collective states are analytically derived by using Fourier modes and from the integrals involv-489

ing the order parameters. By summarizing our techniques, we get a polynomial equation for490

the order parameter, whose constant term determines the boundary where it bifurcates from491

zero. The real solutions of it correspond to the forward and backward transition curves. The492

region of bistability is then calculated by inspecting the existence condition of the unstable493

branch.494
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In conclusion, we have made significant progress in understanding the dynamics of two-495

dimensional swarmalators (under periodic boundary conditions) with higher-order phase cou-496

pling. Our analysis has unveiled the crucial role of non-pairwise interactions in shaping the497

collective behavior of the system, including abrupt phase transitions and the emergence of498

bistability between different collective states. However, several open questions remain. De-499

spite being a stationary state, the thick phase wave could not be fully analyzed, particularly500

in terms of its stability. Recent techniques to determine the stability of compactly supported501

states (such as the thick phase wave) have been introduced for one-dimensional swarmalator502

models [26]. We hope that future studies will extend these methods to higher-dimensional503

models to determine the stability conditions for the thick phase wave state in two-dimensional504

swarmalator systems. Additionally, in the case of identical swarmalators, the gas state ex-505

hibits irregular, potentially chaotic, dynamics that we could not fully characterize. Further506

investigations are required to clarify the nature of these chaotic solutions. Another challeng-507

ing open problem is the description of mixed states observed in heterogeneous swarmalators,508

which could not be solved by using the techniques developed in this work. The intricate509

dynamics of these states demand novel analytical approaches. Future studies could also inves-510

tigate higher-order interactions not only in phase dynamics but also in the spatial coordinates511

(x, y). This would provide a more comprehensive understanding of the impact of non-pairwise512

interactions on swarmalator systems and potentially unveil new forms of collective behavior513

in complex systems.514

Appendix A. Bistability analysis. Here, we illustrate some of the bistability behavior515

between different collective states exhibited by the system with identical swarmalators.516

A.1. Bistability between async and sync state. As discussed in the main text, for J > 0,517

and K1 < 0, both the sync and async state can coexist in the region of attractive higher-order518

coupling with |K2| > |K1|. Specifically, in this parameter region, the async state emerges519

when the initial positions and phases of the swarmalators are randomly distributed within520

a cube of length 2π units, i.e., xi, yi, θi ∈ [π, π] (as shown in Fig. 3. We thus draw a point521

(J,K1,K2) = (1,−2, 3) from this parameter region. The upper panel of Fig. 5 shows that522

with initial conditions drawn from the cube of length 2π, swarmalators remain in the async523

state. In contrast, in the lower panel of Fig. 5, the initial conditions are drawn from a much524

smaller cube, such that the swarmalators start out very close to each other. Under these525

initial conditions, the swarmalators organize into the sync state. The accompanying plots of526

the order parameters further confirm this bistability.527

A.2. Bistability between thin phase wave and async (sync) state. For J > 0 and528

K1 < 0, the system exhibits bistability between the async and thin phase wave state, as well529

as between the thin phase wave and sync state, depending on the choice of initial conditions.530

Figure 6 displays the bistability between the async (upper panel) and thin phase wave (lower531

panel) state for (J,K1,K2) = (0.5,−1, 0.8). Here, the swarmalators exhibit async state when532

the initial phases and positions are chosen from the cube of length 2π, whereas the thin phase533

wave state emerges when the initial conditions are chosen from the close neighborhood of the534

fixed points of the thin phase wave state.535

Figure 7 shows the coexistence of the thin phase wave (upper panel) and the sync state536
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Figure 5. Bistability between async and sync state for (J,K1,K2) = (1,−2, 3). The Upper and lower
rows correspond to the snapshots and time evolution of the order parameters for the async and sync states,
respectively.

(lower panel) for (J,K1,K2) = (3,−1, 1.2). Here, the thin phase wave emerges for initial537

conditions drawn for the larger cube of length 2π, while the sync state occurs when the538

initials are chosen from a small cube with swarmalators starting from very close to each other.539

A.3. Bistability between thick phase wave and async (thin phase wave) state. The540

system further exhibits bistability between the thick phase wave and async state, as well as541

between the thick and thin phase wave state. Figure 8 illustrates the coexistence of the async542

and thick phase wave states for the parameter point (J,K1,K2) = (−1, 0.8, 2). when the initial543

conditions are drawn randomly from the cube of length 2π, the swarmalators settle into the544

async state (upper panel), while for the initial condition chosen from the close neighborhood545

of the fixed point of the thick phase wave, the swarmalators organize themselves to form thick546

phase wave state (lower panel).547

Figure 9 illustrates the bistability between the thick and thin phase wave states for548

(J,K1,K2) = (1.5,−1, 0.3). Here, the swarmalators self-organize to form the thick phase549

wave state when the initials are drawn randomly from the cube of length 2π (upper panel),550

while for initials chosen from the close neighborhood of the fixed point of the thin phase wave,551

the system exhibits thin phase wave state.552

All these bistability behaviors between the collective states of the system emerge as a553

direct consequence of the higher-order interactions. Such behavior was absent in the purely554

pairwise interaction systems, where multistability was not observed. Therefore, the inclusion555

of higher-order interactions plays a crucial role in inducing multistability in the swarmalator556

system, allowing different stable states to coexist, depending on the initial conditions. This557

highlights the significant impact of higher-order interactions in shaping the complex dynamical558
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Figure 6. Bistability between async and thin phase wave state for (J,K1,K2) = (0.5,−1, 0.8). The Upper
and lower rows correspond to the snapshots and time evolution of the order parameters for the async and thin
phase wave states, respectively.

landscape of the swarmalator system.559

Appendix B. Collective states for nonidentical swarmalators. Here, we describe the560

collective states that arise from interactions among a population of nonidentical swarmalators.561

Similar to the case of identical swarmalators, we observe the emergence of async, sync, thin562

phase wave, and thick phase wave states (see Fig. 10). Unlike the case of an identical popula-563

tion, the nonidentical swarmalators do not settle into a well-defined fixed-point configuration.564

Instead, they split into two subgroups: locked and drifting. For example, in the sync state,565

the slower swarmalators become locked in clusters, while the faster ones drift around these566

clusters. In the phase wave states, the division between the locked and drifting subgroups567

becomes even more intricate. As a result, the order parameter values achieve a maximal value568

of 0 < S < 1 in the sync state, i.e., (S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (S, S, S, S). For the thin phase wave569

state, the order parameters take the form (S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (S, 0, S, 0), they are given by570

(S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (S, 0, 0, 0) or (0, 0, S, 0).571

Figure 11 portrays that the nonidentical swarmalators form a group of mixed states,572

which are basically a mixture of phase waves and sync states. These mixed states acts like573

transitional link between the phase waves states and sync state. Although their structure is574

difficult to depict clearly, the underlying process involves the symmetric phase wave developing575

an asymmetric deformation. Based on their role in the bifurcation sequence, these mixed states576

are categorized into three distinct types. Type I occurs as an intermediate state between the577

thick and thin phase wave states. Type II emerges at the junction of the thin phase wave and578

sync states. Type III is found between the thick phase wave and sync states. While these579

mixed states appear as intermediate states for small higher-order coupling, they do not emerge580
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Figure 7. Bistability between thin phase wave and sync state for (J,K1,K2) = (3,−1, 1.2). The Upper and
lower rows correspond to the snapshots and time evolution of the order parameters for the thin phase wave and
sync states, respectively.

when higher-order interactions are sufficiently strong. In such cases, the system transitions581

directly between the phase wave states and the sync state, bypassing the intermediate mixed582

states. The characteristics of these states are more clearly understood through the values of583

the order parameters, as shown in the lower panel of Fig. 11. In the Type I state, the order584

parameters are given by (S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (S1, 0, S2, 0). For the Type II state, the order585

parameters take the form (S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (S1, S2, S1, S2) and in the type III state, the586

order parameters are given by (S+
1 , S

−
1 , T

+
1 , T

−
1 ) = (S1, S2, S3, S4), where Si > 0 (i = 1, 2, 3, 4)587

are distinct.588

Appendix C. OA analysis for nonidentical swarmalators. In the thermodynamic limit589

N → ∞, the state of the system is defined by a probability density function ρ(u, v, w, x±, y±, t)590

that denotes the probability to find a swarmalator at time t having velocities (u, v), intrinsic591

frequency w, and coordinates x±, y±. Then, ρ satisfies the continuity equation592

(C.1)
∂ρ(u, v, w, x±, y±, t)

∂t
+∇ · (vρ) = 0.593
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Figure 8. Bistability between async and thick phase wave state for (J,K1,K2) = (−1, 0.8, 2). The Upper
and lower rows correspond to the snapshots and time evolution of the order parameters for the async and thick
phase wave states, respectively.

The OA ansatz here is a product of Poisson kernels594

ρ(u, v, w, x±, y±, t) =
1

16π4
g(u)g(v)g(w)595

×
[
1 +

∞∑
n=0

αnxe
inx+ + c.c.

]
× [1 +

∞∑
m=0

βmx e
imx− + c.c.]596

×
[
1 +

∞∑
l=0

αlye
ily+ + c.c.

]
× [1 +

∞∑
p=0

βpye
ipy− + c.c.],(C.2)597

where αx,y and βx,y are unknown quantities and are to be solved self-consistently. We substi-598

tute this ansatz into the continuity equation (C.1) and then projection onto eix± , eiy± yields599

coupled complex differential equations of the Fourier modes for all harmonics n,m, l, and p,600

α̇x =− iu+αx +
1

2

[
H∗

+(W
+
1 ,W

+
2 )−H+(W

+
1 ,W

+
2 )α2

x

]
+
αx
2

[
H∗

−(W
−
1 ,W

−
2 )β∗x −H−(W

−
1 ,W

−
2 )βx

]
601

+
αx
2

[
G∗(Z+

1 , Z
+
2 )α∗

y −G(Z+
1 , Z

+
2 )αy +G(Z−

1 , Z
−
2 )βy −G∗(Z−

1 , Z
−
2 )β∗y

]
,

(C.3a)

602

603

β̇x =− iu−βx +
1

2

[
H∗

+(W
−
1 ,W

−
2 )−H+(W

−
1 ,W

−
2 )β2x

]
+
βx
2

[
H∗

−(W
+
1 ,W

+
2 )α∗

x −H−(W
+
1 ,W

+
2 )αx

]
604

+
βx
2

[
−G∗(Z+

1 , Z
+
2 )α∗

y +G(Z+
1 , Z

+
2 )αy −G(Z−

1 , Z
−
2 )βy +G∗(Z−

1 , Z
−
2 )β∗y

]
,

(C.3b)

605
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Figure 9. Bistability between thick and thin phase wave state for (J,K1,K2) = (1.5,−1, 0.3). The Upper
and lower rows correspond to the snapshots and time evolution of the order parameters for the thick and thin
phase wave states, respectively.

Figure 10. Collective states for nonidentical swarmalators. Top row: snapshots of the states in (x, y)
plane with colors indicating the phase θ, middle row: order parameters S±

1 and T±
1 as a function of time. (a,

e) Async: (J,K1,K2) = (15,−9, 10), (b, f) Thick phase wave: (J,K1,K2) = (15,−7, 10), (c, g) Thin phase
wave: (J,K1,K2) = (15,−4, 10), and (d, h) Sync: (J,K1,K2) = (15, 2, 10). States are obtained by integrating
Eq. (2.1) with N = 5000 swarmalators for a total of T = 500 time units using an adaptive Julia Ode solver
having relative tolerance of 10−8. The free velocities and natural frequencies of the swarmalators are drawn
from Lorentzian distribution with mean zero and half-width ∆ = 1.

606

α̇y =− iu+αy +
1

2

[
H∗

+(Z
+
1 , Z

+
2 )−H+(Z

+
1 , Z

+
2 )α2

y

]
+
αy
2

[
H∗

−(Z
−
1 , Z

−
2 )β∗y −H−(Z

−
1 , Z

−
2 )βy

]
607

+
αy
2

[
G∗(W+

1 ,W
+
2 )α∗

x −G(W+
1 ,W

+
2 )αx +G(W−

1 ,W
−
2 )βx −G∗(W−

1 ,W
−
2 )β∗x

]
,

(C.3c)

608
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Figure 11. Mixed states Top row: snapshots of the states in (x, y) plane with colors indicating the phase θ,
middle row: order parameters S±

1 and T±
1 as a function of time. (a, d) Mixed Type I: (J,K1,K2) = (15,−4.5, 1),

(b, e) Mixed Type II: (J,K1,K2) = (15, 1.35, 0.05), and (c, g) Mixed Type III: (J,K1,K2) = (1.5, 10, 0.05).
Other parameters are (N,T,∆) = (5000, 500, 1).

β̇y =− iu−βy +
1

2

[
H∗

+(Z
−
1 , Z

−
2 )−H+(Z

−
1 , Z

−
2 )β2y

]
+
βy
2

[
H∗

−(Z
+
1 , Z

+
2 )α∗

y −H−(Z
+
1 , Z

+
2 )αy

]
609

+
βy
2

[
−G∗(W+

1 ,W
+
2 )α∗

x +G(W+
1 ,W

+
2 )αx −G(W−

1 ,W
−
2 )βx +G∗(W−

1 ,W
−
2 )β∗x

]
.

(C.3d)

610

The expressions for the rainbow order parameters become611

W+
1 = S+

1 e
iϕ+1 =

∫
α∗
x(u, v, w)g(u)g(v)g(w)dudvdw,(C.4a)612

613

W−
1 = S−

1 e
iϕ−1 =

∫
β∗x(u, v, w)g(u)g(v)g(w)dudvdw,(C.4b)614

615

Z+
1 = T+

1 e
iψ+

1 =

∫
α∗
y(u, v, w)g(u)g(v)g(w)dudvdw,(C.4c)616

617

Z−
1 = T−

1 e
iψ−

1 =

∫
β∗y(u, v, w)g(u)g(v)g(w)dudvdw.(C.4d)618

619

Important to note, these only hold on the sub-manifold ||αx|| = ||βx|| = ||αy|| = ||βy|| = 1.620

The higher-order mixed harmonics ei(nx++mx−+ly++py−) only close on this sub-manifold. The621
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same structure has been reported earlier in the 1D swarmalator model [48, 7] and also in the622

periodic 2D swarmalator model with pairwise coupling [30]. We use Eq. (C.3) and Eq. (C.4)623

to determine the expressions of the order parameters in the different emerging states as well624

as find their boundaries using them.625
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