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A two-dimensional swarmalator model with higher-order interactions *

Md Sayeed Anwar’, Gourab Kumar Sarf, Timoteo Carletti®, and Dibakar Ghosh¥

Abstract. We study a simple two-dimensional swarmalator model that incorporates higher-order phase inter-
actions, uncovering a diverse range of collective states. The latter include spatially coherent and
gas-like configurations, neither of which appear in models with only pairwise interactions. Addi-
tionally, we discover bistability between various states, a phenomenon that arises directly from the
inclusion of higher-order interactions. By analyzing several of these emergent states analytically, both
for identical and nonidentical populations of swarmalators, we gain deeper insights into their under-
lying mechanisms and stability conditions. Our findings broaden the understanding of swarmalator
dynamics and open new avenues for exploring complex collective behaviors in systems governed by
higher-order interactions.

Key words. swarmalators, higher-order interactions, swarming, synchronization

AMS subject classifications.

1. Introduction. Swarmalators represent an intriguing class of interconnected moving
entities (oscillators) that simultaneously synchronize their internal states and adjust their
spatial positions in response to one another [31]. This dual dynamical nature leads to a rich
variety of emergent behaviors that bridge the gap between self-organized motion (swarming)
[14, 15] and coordinated temporal dynamics (synchronization) [32, 42]. Although swarmalators
have been a relatively recent addition to the study of complex systems, they have proven to
be useful for modeling systems that combine self-assembly and synchronization, ranging from
biological systems to microrobots [44, 45, 47, 27, 50, 10, 34, 39].

However, existing studies on swarmalators have largely focused on the understanding of
their behavior through the lens of pairwise interactions among the entities composing the
swarm [37, 31, 20, 5, 38, 40, 18, 17, 36]. Specifically, these studies assume that the overall
interplay among the swarmalators is exhaustively described by combinations of spatial and
dynamical interactions occurring in pairs. While this approach has offered useful insights, it
overlooks an essential characteristic of many real-world systems: interactions often involve
groups, not just pairs [9, 8, 24]. For instance, in microbial populations, quorum sensing and
collective decision-making often involve interactions that extend beyond pairs, where group-
level coordination dictates the population’s spatial and temporal dynamics [25, 51, 23, 43, 21].
Beyond biology, higher-order interactions can play a critical role in artificial systems such as
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robotic swarms [11, 12]. Here, coordination often requires multi-agent task allocation, where
the behavior of one robot depends on the collective state of a group, rather than individual
pairwise interactions.

Incorporating higher-order (group) interactions into the traditional swarmalator frame-
work is, therefore, a natural and necessary step toward a more comprehensive understanding
of these systems. Higher-order interactions profoundly reshape the landscape of collective
behavior, by introducing novel dynamical regimes and altering stability properties. While
such interactions have been explored in the contexts of synchronization and network dynam-
ics [3, 4, 6, 16, 22|, their influence on swarmalator systems remains largely unexplored. A
preliminary study has recently addressed this gap, by extending the framework as to include
higher-order interactions among populations of swarmalators confined to move on a ring [7].
While there are swarmalators, such as frogs, nematodes, and other organisms, that tend to
favor the ring-like boundaries of their confined geometries [1, 13, 49], most physical systems
involve swarmalators moving on higher-dimensional surfaces, such as in two or three dimen-
sions. In this work, we thus aim to incorporate higher-order interactions in a relatively more
general case where swarmalators are confined to move in two spatial dimensions. Indeed,
physical systems, such as active colloids [33] or sperm [35], are naturally attracted to move
along two-dimensional surfaces.

The goal of this work is two-fold. First, we aim to explore how higher-order interactions
influence the collective dynamics of swarmalators confined to two-dimensional surfaces. Sec-
ond, we seek to develop a mathematically tractable framework that incorporates group-level
interactions among the swarmalators. To this end, we consider a model in which swarmalators
are subject to higher-order interactions (specifically simultaneous interactions up to groups
of three) and move within a two-dimensional space with periodic boundary conditions, rather
than an open plane. The use of periodic boundaries facilitates analytical treatment of the
system’s emergent dynamics, a common approach in active matter research and related fields
[46, 19].

With these simplifications, we are able to derive exact expressions for the stability and
bifurcations of several collective states. Notably, our analysis reveals that the inclusion of
higher-order interactions leads to the emergence of both stationary and nonstationary long-
term states, which do not arise when only pairwise interactions are considered. Moreover, we
find that higher-order interactions introduce bistability between distinct states, contributing
to the persistence of the synchronization (sync) state even in the scenario where pairwise
coupling is repulsive. Additionally, we observe that higher-order interactions induce abrupt
transitions between emergent states, highlighting their significant role in shaping the overall
system dynamics.

2. The model. In order to incorporate higher-order interactions within the populations
of swarmalators moving on a two-dimensional surface, we consider the following model

J N

(2.1a) Ti = u; + N 2:1 sin(z; — x;) cos(8; — 0;),
j:

J N
(2.1b) gi = vit+ Z in(y; — vi) cos(0; — 0;),

]:
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K X

0; = w; + ~ Z sin(6; — 0;) [cos(a:j — x;) + cos(y; — yz)]
(2.1c) K, N N =
+W > > sin(260; — 0, — 0;) [cos(?mj — xp — x;) + cos(2y; — Y — yi)],

j=1k=1

where x; = (z;,y;) represents the position of the i-th swarmalator, subject to periodic bound-
ary condition (z;,v;) € S* x S! and 6; € S! represents its internal phase. Moreover (u;,v;) are
the free velocities and w; the natural frequencies of the uncoupled swarmalators. J denotes
the coupling strength associated with the space interaction, while K; and Ky control the
pairwise and higher-order phase interactions, respectively. The parameter J regulates space-
space coupling, where J > 0 means the swarmalators are inclined to spatially synchronize,
while J < 0 implies spatial repulsion. K7 and K5 have analogous behavior but for the phase
interactions. Notably, when K5 = 0, the model reduces to the recently introduced analytically
tractable pairwise two-dimensional swarmalator model [30]. As in the pairwise model, we do
not account for spatial hard-shell repulsion, and the spatial dynamics reflect sync-dependent
self-assembly characterized by the spatial attraction term sin(x; — x;) and modulated by the
phase differences cos(6; — 6;). On the other hand, the phase dynamics does the opposite and
encodes position dependent synchrony. It combines both pairwise and triadic interactions,
where the sine terms minimize phase differences between individual swarmalators as they in-
teract pairwise or in a group of three, with distance kernels cos(xz; — x;) + cos(y; — y;) and
cos(2x; — xp, — ;) + cos(2y; — yr — v;). Here, we introduce higher-order interactions in the
phase dynamics of the swarmalators, aiming to exert a direct influence only on their individual
phases and not on their spatial positions. Nevertheless, the group interactions influence the
spatial dynamics through its impact on the coupling term in Eq. (2.1c¢).

Let us observe that the chosen form of higher-order interactions, i.e., g(2z; — ) — x;),
is not unique. One could have chosen the alternative form, g(x; + x, — 2x;), as studied in
the literature of Kuramoto oscillators with higher-order interactions [41, 2]. However, such
an alternative introduces analytical complexity, particularly when dealing with non-identical
populations of swarmalators.

Before proceeding further, we rewrite the model (2.1) by converting the trigonometric
expressions to complex exponentials

(2.2a) T; = u; + %Im [Wl‘*‘e—i(éﬂﬁ-@i) + er—i(xi_ei)} 7
(2.2b) yi:1ﬁ+—%hn[Zfe‘“%+@)+—2fe_“%‘&q,
=it 7111“ [Wfre_’(””") = er"(“‘ei)] + 711111 [Zfre—z(yﬁei) — Z7 e"iwi=)
(2.2c)
+ 721m [W;(Wfr)*e_Z(le’_el) - WQ_(Wl_>*e_l(xz_91):| + ?ZIIH [Z;_(Zf)*e_z(yz'f'az) _ ZQ_(Zl_) e—Z(yz_ez)i| ’I
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where * denotes complex conjugate, Im[z] represents imaginary part of a complex number z
and the complex order parameters are given by

1

(2.3) Wt = v D etmeihs),
j
1 .
(2.4) ZE = ~ > emwEh) i, =12,
J

Equation (2.2) thus introduces a set of complex order parameters W;E = S%ew’in and Z: =
T ,:,Eeiw’i'rl that measure the “space-phase order” of the whole population. Here, S;ﬁ (T, ,:,E) repre-
sent the amplitudes, while ¢;- (¢) denote the arguments of the respective order parameters.
We redefine S}, as the maximum between S;; and S,,, and similarly, 7)) as the maximum
between T} and T,,. When the space and phase coordinates of the swarmalators are fully
uncorrelated (i.e., uniformly distributed), the order parameters ST (7T:5) reach their minimum
value of zero, in the limit of unbounded system size. Conversely, when the system is fully
synchronized in both space and phase (i.e., z; = z*,y; = y*, and 6; = 0* for all i), the order
parameters reach their maximum value of one. Therefore, the order parameters quantify the
degree of correlation between spatial and phase coordinates, ranging from 0 (no correlation)
to 1 (perfect sync). The coupling dependencies of these order parameters in Eq. (2.2) suggests
that varying the coupling strengths may lead to different combinations of (S;, Sy, T}, T7)
and thus we expect the system to display a rich array of dynamical behaviours. Additionally,
due to the presence of higher-order interactions, analogous to higher-order Kuramoto model
[41], we can define another set of order parameters (SSE, Tzi) that could capture clustering or
other forms of group dynamics. In the present study, however, we will explore the system
dynamics based on the order parameters (Sf[, Tli) only.

3. Identical swarmalators. To begin, we first consider the simplified scenario in which
the free velocities and internal frequencies of all swarmalators are identical, i.e., (u;, v;,w;) =
(u,v,w) for all i. Then by choosing an appropriate reference frame, we set u = v = w = 0
without loss of generality. This assumption reduces the complexity of the system and allows
us to focus on the effects of the coupling terms and higher-order interactions.

3.1. Numerical results. We performed dedicated numerical simulations revealing that,
depending on the coupling strengths (J, K7, K3), the system described by Eq. (2.1) converges
to five distinct long-term stationary states: ‘async’, ‘thick phase wave’, ‘thin phase wave’,
‘spatially coherent’, and ‘sync’ states. In addition, three nonstationary states are observed:
‘gas state’, ‘nonstationary thick phase wave’, and ‘nonstationary thin phase wave’. Notably,
two of these states, the stationary spatially coherent state and the nonstationary gas state,
arise specifically due to the inclusion of higher-order interactions and do not appear when
only pairwise interactions are present among the swarmalators [30].

In the following, we provide a detailed analysis of these collective states. To enhance the
clarity of these descriptions, we invite the reader to visualize the accompanying Supplementary
Movies, which visually depict the behavior of the system in each of these states. With this
remark in mind we will now describe the above mentioned states:

This manuscript is for review purposes only.



A TWO-DIMENSIONAL SWARMALATOR MODEL WITH HIGHER-ORDER INTERACTIONS 5

o ) © @ ©

-
-1 0 T -1 0 T -1 0 T
X X X
(h) ) )
[/ 1 1
. I
00 5000 00 5000 00 5000 00 5000 00 5000
t t t t t
(k) @ (m) (n)
1 1 1 1
— Tr
00 5000 00 5000 0O 5000 O0 5000 0O 5000
t t t t t
Figure 1. stationary states. Top row: snapshots of the states in (x,y) plane with colors indicating
the phase 0, except panel (d) where the snapshot of the spatially coherent state is portrayed in (x,0) plane.
Middle row: wariation of order parameters 51i as a function of time, and bottom row: order parameters Tli
as a function of time. (a, f, k) Async state: (J,K1,K2) = (1,-3,1), (b, g, 1) Thick phase wave state:
(J, K1, K2) = (—1,2,1), (¢, h, m) Thin phase wave state: (J,K1,K2) = (2,—1,1), (d, i, n) Spatially coherent
state: (J, K1, K2) = (1,2,—4), and (e, j, 0) Sync state: (J, K1, K2) = (1,2,1). States are obtained by integrating
Eq. (2.1) with N = 1000 swarmalators for a total of T = 5000 time units using an adaptive Julia Ode solver
having relative tolerance of 1078,
146 o Async state: [Fig. 1(a)] Swarmalators remain uniformly scattered with absolutely no
147 correlation among the space and phase coordinates. As a result, the order parameters
148 have the minimal value zero [Figs. 1(f, k)].
149 o Thick phase wave: [Fig. 1(b)] Here the swarmalators are uniformly distributed over
150 the two-dimensional space (x,y) with the phases being correlated with one of the
151 space coordinates, i.e, §; = +x; + ¢ for all i (or 0; = +y; + ¢ for all i), where ¢
152 is an arbitrary constant that stems from the symmetry in the system dynamics and
153 each + variation is equally likely to occur. As a result, when 6; are correlated with
154 x;, the order parameter Sfr = 1 and all the other order parameters have the zero
155 value. Conversely, when phases the correlated with only the y-coordinated, the order
156 parameter T} becomes 1 and all the other have zero value [Fig. 1(g, 1)].

157

e Thin phase wave: [Fig. 1(c)] In this case all the space and phase coordinates are
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6 MD SAYEED ANWAR, GOURAB KUMAR SAR, TIMOTEO CARLETTI AND DIBAKAR GHOSH

(c)
T \§4
>0 '
=TT \b
-1 0 T
X
| ®
— st
00, 5000
h i
. (€3] . (W) . (,),

o, so00 %0, s000 %0, 5000

Figure 2. nonstationary states. Top row: snapshots of the states in (x,y) plane with colors indicat-
ing the phases. Middle row: order parameter Sf[ as a function of time, and bottom row: order parameter
Tli as a function of time. (a, d, g) Gas state: (J,Ki,K2) = (1,—0.5,—4), (b, e, h) Thick phase wave:
(J, K1, K2) = (3,-1,-2), (¢, f, i) Thin phase wave: (J,Ki,K2) = (4,—1,—1). The other parameters are
(N, T) = (1000, 5000).

correlated with each other, i.e., §; = £x; + ¢ = fy; + ¢ for all i. Consequently, the
order parameters Sfr and Tl+ reach the maximum value one, while the other order
parameters S; =717 =0 [Fig. 1(h, m)].

e Spatially coherent: [Fig. 1(d)] For repulsive higher-order interactions (K < 0) and
depending on the pairwise phase and space couplings, the swarmalators settle into
a stationary configuration where they no longer move in space. In this state, the
swarmalators collapse to fully synchronized spatial positions that are separated by 7
unit, i.e., z;,y; = ¢+ nw (n = 0,1). For certain initial conditions, the swarmalators
converge to a single position (n = 0), while for others, they occupy two positions
separated by 7 units (n = 1). However, despite this spatial synchronization, the phases
of the swarmalators remain distributed around two different phases. Consequently, all
the order parameters Sfr T 1+ 91,1 take values samller than 1. The phases of the
swarmalators show a certain level of coherence around two distinct phases: most of
the swarmalators are phase locked while others drift around them.

e Sync state: [Fig. 1(e)] Here, the swarmalators ultimately converge to fully synchronized
clusters that are separated by =7 unit, i.e., z; = ¢y + nm,y; = co + nmw,0; = c3 + nw
(n =0,1). For certain initial conditions, the swarmalators converge to a single cluster
(n = 0), while for others, they form two clusters separated by 7 units (n = 1). The

This manuscript is for review purposes only.
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order parameters in this state take the maximal value S;" = Tfr =5 =T, =1

e Gas state: [Fig. 2(a)] In the regime of repulsive higher-order coupling, the swarmala-
tors dynamically self-organize into a state where both their spatial and phase coordi-
nates exhibit uniform movement. This dynamic behavior allows for the emergence of
a wide range of phase and spatial configurations among the swarmalators. However,
as time progresses, the swarmalators tend to form small, transient clusters, which they
subsequently leave, leading to asynchronous behavior. This evolving pattern of clus-
tering and dispersal is evident from the chaotic evolution of the order parameters, as
shown in Figs. 2(d, g). The chaotic fluctuations in these order parameters indicate
that the system does not settle into a long-term, stable clustering configuration, but
rather continues to undergo dynamic reorganization.

e Nonstationary thick phase wave: [Fig. 2(b)] In this configuration, the swarmalators
organize themselves similarly to the stationary thick phase wave state, where their
phases exhibit a certain degree of correlation with one of the spatial coordinates.
However, unlike the stationary state, the swarmalators are not fixed in space and
continue to move. This is evident from the oscillatory behavior of the order parameters
shown in Figs. 2(e, h). Here, T1+ oscillates around 1, indicating phase-space correlation,
while the other order parameters oscillate near zero.

e Nonstationary thin phase wave: [Fig. 2(c)] In this case, all the phase and space co-
ordinates exhibit a significant level of correlation, while the swarmalators continue to
move in space. This dynamic is reflected in the behavior of the order parameters: S;’
and Tfr oscillate close to 1, indicating a degree of correlation between the phase and
space coordinates. Meanwhile, the other two order parameters oscillate around zero
(Figs. 2(f, 1)).

Up to this point, we have explored how swarmalators self-organize into different collective
states under specific coupling strengths. We now shift our focus to the dynamic emergence of
these states as the coupling strengths are varied. Figure 3 visually captures this phenomenon
and the transitions between states by integrating Eq. (2.1), with initial positions and phases
randomly selected from the interval [—m, w]. The results are organized into four distinct cases
based on the signs of the spatial and phase (pairwise) couplings. We begin by examining the
regimes of attractive and repulsive spatial couplings to identify where different states arise
within the (K7, K3) parameter plane. By rescaling time, we set J = 1 for attractive spatial
interactions and J = —1 for repulsive ones. Next, we explore the effects of attractive and
repulsive pairwise phase couplings, mapping the occurrence of different states in the (J, K3)
parameter plane. Similarly, by rescaling time, we set K1 = 1 and K; = —1 to represent
attractive and repulsive phase interactions, respectively. These findings offer deeper insights
into how higher-order interactions shape the emergence of distinct collective states. In Fig. 3,
we first categorize the states into stationary and nonstationary ones by observing the mean
velocity V', defined as:

1 N .
(3.1) V= < > $2+y2+92> 7
N VTR

where (---); represents the time average, taken after discarding an initial transient. If V"> 0
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Active States Async Thick phase wave Thin phase wave Sync Spatially coherent

Figure 3. Parameter regions for the emergence of different collective states (a) J = 1, (b)
J=-1, (¢) K1 =1, and (d) K1 = —1. The other parameters are (N,T) = (1000,5000). The last 20% data
have been used to calculate the average of the order parameters and mean velocity (V') that characterize the
states. For the nonstationary states, V > 0, while for the stationary ones V = 0. Further, the stationary states
are characterized by using the values of order parameters (S7,Ti). Initial conditions are randomly drawn
from [—7, @] for xi,ysi, and ;. It is important to note that with different initial configurations, the system may
exhibit multistable behavior in certain parameter regions.

the system lies in an nonstationary (active) state, while stationary states are characterized
by V = 0. The stationary states are further distinguished by their order parameter val-
ues and color-coded accordingly. The async state is characterized by (S7, Sy, T, T, ) ~
(0,0,0,0). For the thick phase wave, we observe (S}, 57, T;", T,) = (1,0,0,0) or (0,0,1,0),
and for the thin phase wave, (S, Sy, 75", Ty ) ~ (1,0, 1,0). The sync state is represented by
(S, ST, TyF, Ty ) ~ (1,1,1,1), while the spatially coherent state lies in the range 0 < Sli <1
and 0 < T < 1. Below, we discuss the results for the four distinct cases. It is important to
note that the states observed in Fig. 3 emerge when the initial positions and phases of the
swarmalators are chosen randomly within a cube of length 27, i.e., each value is randomly
drawn from the interval [—m,7|. For other initial configurations, we observe that multiple
states can coexist for the same set of parameters, demonstrating multistable behavior (which
will be discussed later).

(i) In Figure 3(a), we observe the emergence of collective states in the (K7, K2) parameter
plane for attractive spatial coupling (J = 1). When higher-order interactions are introduced,
i.e., K9 > 0, the system passes through four out of five possible stationary states in a small
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range of values of K;. Indeed as K7 increases from negative to positive, the system follows
the sequence: async — thick phase wave — thin phase wave — sync state. With a further
increase in Ko, the system undergoes a direct transition from async to sync state as Ki
increases, bypassing the intermediate thick and thin phase waves seen at lower Ko. When
K5 < 0 (repulsive higher-order coupling), the system transitions from the async state to the
sync state through intermediate nonstationary and stationary spatially coherent states.

(ii) Figure 3(b) illustrates the system behavior when a fixed repulsive spatial coupling
J = —1 is introduced, while varying the coupling parameters K; and K. For Ky > 0, the
system passes from the async state to the thick phase wave state as K7 moves from negative
to positive. Notably, in this regime, the system does not achieve the thin phase wave or sync
states (as we will demonstrate this analytically later on). For Ko < 0, the system passes from
async to thick phase wave through an intermediate nonstationary state, but only within a
small range of K. For larger negative values of K5, only the async and nonstationary states
emerge as K varies.

(iii) Figure 3(c) depicts the emergence of collective states when a fixed attractive pairwise
phase coupling of K1 = 1 is introduced, while varying the spatial coupling J and the higher-
order coupling K>. As J increases from negative to positive, the system transitions from
async to sync state via an intermediate thick phase wave for K5 > 0, but the thin phase wave
state does not emerge. For Ky < 0, specifically beyond Ko = —1, the sync state does not
appear. Instead, the system moves from async to a spatially coherent state, passing through
an intermediate nonstationary state.

(iv) Finally, the system behavior for a fixed repulsive phase coupling K7 = —1 is portrayed
in Fig. 3(d). Here, by varying J and Ko, the system passes between async, thick phase wave,
thin phase wave, sync, and nonstationary states. An intriguing observation, in this case, is the
emergence of the sync state, which is surprising given that, in the pairwise model, the sync
state never appears for repulsive phase coupling [30]. However, with higher-order interactions,
we observe a significant region where the swarmalators settle into a sync state.

3.2. Theoretical Analysis. The aim of this section is to provide analytical support to
prove the existence and the stability of the stationary states depending on the parameters J,
K and K5. The nonstationary states, because of their very nature, challenge our theoretical
study and thus we will limit our analysis to the stationary states.

3.2.1. Analysis of async state. To analyze the async state, we adopt the continuum
limit approach (similar to the analysis presented in Ref. [30]), where the incoherent state

of the swarmalators is given by the density function p(z,y,0) = By introducing

(2m)%
a perturbation around this async state, we find that it loses its stability when J + K1 =
0. Notably, this result indicates that the transition from the async state to other states is

independent on the higher-order coupling, i.e., it holds true for any value of K.

3.2.2. Analysis of sync state. In the sync state, the system converges to a fixed point
(xi,vi,0;) = (c1,c2,c3), for all i, where the constants ¢j, j = 1,2,3, are determined by the
initial conditions. For simplicity, we consider the case of a single cluster, although one could
also choose a configuration where clusters are separated by m. The stability conditions remain
the same for both configurations. By linearizing the governing equation (2.1) around this
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fixed point, we obtain the eigenvalues of the associated Jacobian: A\ = 0, \a = —J, and
A3 = —2(K; + K3) with multiplicities of 3, (2N — 2), and (N — 1), respectively. From the
latter, we can deduce that the sync state is stable when J > 0 and K7 + Ko > 0. This tells
us that the sync state can still emerge even when the pairwise phase interaction is repulsive
(K < 0), as long as the higher-order phase coupling is attractive and its magnitude is greater
than that of the pairwise coupling, i.e., |K3| > |K1|, with the spatial interactions remaining
attractive (as depicted in Fig. 3(d)).

The stability conditions of the sync and async states together reveal an important insight:
when J > 0, both the sync and async states can coexist in the region where |Ks| > |K1|, with
K; < 0 and Ko > 0. This indicates that the system exhibits bistability between the sync
and async states within this region. In other words, depending on the initial conditions, the
swarmalators may either converge to the sync state or remain in the async state. An instance
of these bistability behaviors is illustrated in Appendix A (1).

3.2.3. Analysis of thin phase wave state. Since the phase and space coordinates of the
swarmalators exhibit a perfect correlation, the fixed points in the thin phase wave state take
the form

2
wi= 2 (i—1)+Ch,
I

(3.2) yi = (i — 1) + Ca,

o

0; = f(i—l)—l—Cg,

N
fori =1,..., N. By linearizing the system around the fixed point and evaluating the Jacobian,
similar to the approach in Ref. [28], we obtain the following eigenvalues,
J J 1
A =0 =——A3=——, = =(—J —2K; — 2K>),
(3.3) 1 4 2 2
oo = (=7 = 2K1 — 4Ky + V2 + 68T K, + 4k} + 40Ky + 16 K1 Ko + 16K3),

with multiplicities N, 2, (N — 3), (N — 3), 2, and 2, respectively. The zero eigenvalue does
not contribute to the stability of the state, as it stems from the rotational invariance of the
system. The thin phase wave becomes stable when the real part of the remaining eigenvalues
assumes negative value as we vary the coupling parameters. This eventually yields to the
stability region determined by

(3.4) J>0,2(K; + Ko) > —J,2K1 + K2 <0, and 2(K; + 2K3) > —J.

An immediate conclusion is that the thin phase wave does not emerge when spatial interactions
are repulsive (as portrayed in Fig. 3(b)).

Furthermore, the stability conditions of the async, sync and thin phase wave states alto-
gether reveal an interesting phenomenon: the possibility of bistability. This means that the
system can support both the thin phase wave and the async or sync state simultaneously, with
the actual state depending on the initial conditions of the system. This bistability specifi-
cally arises when the pairwise phase interaction is repulsive, i.e., (Kj < 0). Appendix A (2)
illustrates this bistability nature in more detail.
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3.2.4. Analysis of thick phase wave. The stability region for the thick phase wave is more
elusive compared to the thin phase wave. The thick phase wave, characterized by the correla-
tion between the phase coordinates and one of the spatial coordinates of the swarmalators, is
believed to bifurcate from the asynchronous (async) state and eventually to transit toward the
thin phase wave state [30]. This suggests that the thick phase wave should emerge between
these two states in the parameter space. However, while numerical simulations (as shown in
Fig. 3) support this hypothesis in regions where all three states (async, thick phase wave, and
thin phase wave) are present, they also reveal something surprising: the thick phase wave can
emerge even when the thin phase wave does not (Fig. 3(b)). This observation complicates the
theoretical understanding of the thick phase wave stability, as it indicates that the conditions
for the latter may extend beyond the transitions between async and thin phase waves. Thus,
while numerical simulations provide evidence for the existence of the thick phase wave, the
challenge of deriving an exact stability region for this state remains unresolved.

3.2.5. Analysis of spatially coherent state. We are unable to provide the exact stability
condition of this state. However, we provide an approximate condition for this state to emerge
in the parameter region of interest. As discussed previously, the swarmalators are spatially
fully synchronized in one or two clusters. We consider the case of a single cluster without loss of
generality. Therefore, the space coordinates of the swarmalators are given by x; = C1,y; = Co
for all 4. Because the equations of motion only depend on the differences of the positions, the
system is invariant for translations and thus, without loss of generality, we can assume the
positions of the swarmalators to be given by (z;,y;) = (0,0) for all i. Therefore, the order

1N
parameters eventually become S = T = R, (m = 1,2), where R, = N S~ €%, This
j=1
claim is confirmed by the numerical result shown in Fig. 1(i, n). Now, plugging the fixed point
conditions in the governing equations gives us the following

2K N 20Ky N
(3.5) TN 2 sin(0; = 0;) + 55 X sin(20; — 0, — 0;) =0,
J=1 Jrk=1
which eventually simplifies into
(3:6) Ky + KaRy = 0.

The phases of the swarmalators converge to exactly two distinct points when Ry = 1, while for
Ry = 0, they remain uniformly distributed. Therefore, for the spatially coherent state Ry must
satisfies the relation 0 < Ry < 1. This provides us the region of emergence of the spatially

coherent state as K1 > 0 and 0 < LIS Now, the spatial coordinates of the swarmalators

2
can fully synchronize only when J > 0. Thus, we ultimately obtain the emergence condition
for this state as,

K
. —— <1
(3.7) 0< K2< ,

with J, K71 > 0, and K9 < 0. The region of parameters shown in Fig. 3 support the above
result, indeed the region of emergence of spatially coherent state is defined by Ky < —1 and
J > 0, having fixed K1 = 1.
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This completes our investigation with the identical swarmalators. In the following section,
we will discuss the more realistic case with nonidentical swarmalators.

4. Nonidentical swarmalators. We hereby consider a population of nonidentical swar-
malators whose free velocities (u;, v;) and natural frequencies (w;) are drawn from Lorentzian
distribution g(z) = A/m(2? + A?), with zero center and half-width A. Numerical simulations
reveal the emergence of the async, thick phase wave, thin phase wave and the sync states, in
this setting as well. We also report the occurrence of the intermediate mixed states where
the nonzero order parameters are unequal in values. The details of these states are further
elaborated in Appendix B. In the following, we will mainly focus on the analysis of these
collective behaviors.

For the sake of simplicity and to simplify the mathematical analysis, we change coordinates
and we deal with the “sum-difference” coordinates , namely x4+ = x+60 and y+ = y+6. In the
thermodynamic limit N — oo, the density p(u,v,w,z+,y+,t) obeys the continuity equation

(4.1) % + V- (vp) =0.

The equations for the derivatives in the new coordinates can be written as

(4.2a)
ve, =t + T [ H (WY W )e™™ 4 B (W, Wy )e ™ 4+ G(ZT, 25)e™ - G(Zp . Z)e ™|

(4.2b)
Ve =u_ +Im [H_(W;, Wi e ™+ + Ho (W, Wy )e ™ — G(Zf, Zf )e ™+ + G(Z] Z{)e’iy—] 1

(4.2¢)
vy =vy -+ | GOV Wi )e ™ — GOWT, Wy )e™= + Ho (2, 25)e ™" + H.(27, Z7)e | |

(4.2d)
vy =v- + Im[ — GWH Woh)e ™ + GW[, Wy e "™ + H_(Z", Z )e ™+ + Hy(Z, Z;)e"‘y*] 1

where uy = v + w, vy = v + w, and the complex functions Hy and G are defined as

JEt K K
(4.3a) Hy(z1,29) = 5 121 + 72222’{,
K K
(4.3b) G(z1,22) = ?121 + 727:221*.

The strategy is to derive expressions for the order parameters by using a generalized Ott-
Antonsen (OA) ansatz [29]. While the Kuramoto model is associated to dynamics on the
unit circle § € S', our model corresponds to synchronization on (z,y,0) € S' x St x St
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74 Conveniently, we search for an OA ansatz in the form of a product of Poisson kernels. In the
75 (x4,y+) coordinates, the latter is of the form
(4.4)

p(u, v, 0, T4,y t) = Eeag(u)g(v)g(w) x |1+ 3502 g age™ ™ fc.c.| x [L4+ 370 B7re™ +c.c]
X [1 + Z?io aéeilw + c.c.] X [1+ Z;‘;O Bgeipy— +c.cl,

377 where “c.c.” denotes complex conjugate terms. We substitute this ansatz into the continuity
378 equation (4.1) and then project onto e+ ¥+ to yield coupled complex differential equations
379 for the Fourier modes associated to n,m, [, and p in the submanifold ||ag || = ||Bzy|| = 1.
380 See Appendix C for more details. The expressions for the rainbow order parameters become,

381 (4.5) Wi = Sfei(b;r = /a;(u,v,w)g(u)g(v)g(w)dudvdw,

382 and similarly for the remaining order parameters. Next, the expressions of the order param-
383  eters are derived by using the amplitude equations. We use Eqgs. (C.3) to find fixed point
384 expressions for ay, B, etc. in the emerging states, and then substitute those into the integrals
385 for Wfr , W1 etc. ¢1i,¢1i can be set to zero by going to a suitable frame. For simplicity, we
386 comsider a particular case where A, = A, = Ay = 1.

387 Sync state: We already know from the analysis performed in the case of the identical
388 swarmalators, that in the sync state the value of the order parameters are nonzero and equal
389 each other, i.e., Sf =5 = Tfr =T, =85 #0. In case of the nonidentical swarmalators, we
300 look for a solution of Eq. (C.3) that satisfies ¢, = 8, = &y, = 8, = 0 [48]. We find

, T v
391 (4.6) ax(u,w)—H{J—FQ(Kl_FKzSQ)],

392 and similarly for the remaining variables, where we introduced the complex-valued function
393 H(z) = —iz+ V1 — 22. We solve the integral in Eq. (4.5) by using the Residue theorem which
394 leads us to the equation of the order parameter

395 (4.7) S=H" {z (; + 2(K1+1K252)>] .

396 'The above equation can be associated with a six degree polynomial of S, the real branch of
397 which corresponds to the solution of the order parameter

i\/ww(j—;mw,mrlfﬁlﬁ 1

398 (4.8 S = - =,
(48) 2Ks J
399 where ‘4’ and ‘—’ sings correspond to the stable and unstable solutions when they exist. The
400  expression in Equation (4.8) indicates that, depending on the coupling strengths, both stable
J2
401 and unstable synchronization branches coexist when Ky > K§ = W This implies

102 that for Ko > K§, two distinct transition scenarios are possible: a “forward transition,”
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where the order parameter bifurcates from 0 to S, and a ”backward transition,” where the
order parameter bifurcates from S back to 0. When K, < K§, the forward and backward
transition points coincide, leading to a smooth transition in the system. For Ky > K§, the
two transition points differ, signaling the occurrence of an abrupt transition. By equating the
constant term in the polynomial on the right-hand side of Eq. (4.8) to zero, we can determine
the boundary of the region where S bifurcates from zero, representing the forward transition
boundary. This boundary is given by K; = ﬁ In the backward transition, both stable and
unstable branches coexist within a specific range of parameter values. When the backward
critical coupling condition is met, these branches collide and annihilate each other, marking
the backward transition boundary. The latter is obtained by equating the solutions of the
stable and unstable branches, by yielding K; = (% — 1) Ky + 2V K.

Thin phase wave state: In the case under consideration the order parameters satisfy
(S, Sl_,T+,T1_) = (5,0,5,0). We are thus interested in determining solutions of Eq. (C.3)
satisfying ¢, = d,, = 0 and Bm,y # 0. Repeating the analysis performed in the sync state, we
can obtain the following expression for the nonzero order parameter:

1 |[EVA—-J -2K
(49) sz\/ VALTZAG S,

2 Ko
where

J —4)%K3 N 8(J —4)K 1K,

A(
A:
J? J

+ (J+2K1)* +4(J — 12) K>,

let us observe that the ‘+’ and ‘—’ signs correspond to the stable and unstable solutions. For
Ky > %, both the stable and unstable solution coexist within specific range of coupling
strengths. The forward boundary of this state is found to be J? 4+ 2JK; —8J —8K; = 0, and
the backward transition threshold is given by K; = % — % — Ko 4+ 24/2K5.

Thick phase wave state: In the thick phase wave the order parameters are of the form
(S{,87, Ty, T) = (S,0,0,0), we hence look for solutions of the Fourier amplitudes such
that &, = 0 and dy, va,y # 0. The same analysis as in the previous two cases gives us the

order parameter

2K9 ’

with ‘4’ and ‘—’ signs corresponding to the stable and unstable solutions. Here, for Ko > 8,
both the stable and unstable solution branches emerge for specific coupling regimes. The
forward transition boundary is J + K; = 8, while the backward transition point is given by
Ky :—J—K2—|—4\/m.

Async state: The async state is defined by (S], 7, Ty, 77 ) = (0,0,0,0), we thus deter-
mine its stability by considering a small perturbation about the steady state solutions

(4.11a) ago(u, v, w,t) = exp [—i(u + w)t],
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(4.11b) Bzo(u,v,w,t) = exp [—i(u — w)t],
(4.11c¢) ayo(u,v,w,t) = exp [—i(v+ w)t],
(4.11d) By.0(u, v, w,t) = exp [—i(v — w)t].

Given € > 0 a small parameter, we can write the perturbation at the first order in the
form o, (u,v,w,t) = azo(u,v,w,t) + eag1(u,v,w,t), then the perturbed order parameters
will result to be Wfr(l) = [a}(u,v,w)g(u)g(v)g(w)dudvdw. Tt is easy to determine that
the perturbed order parameters decay when J + K; < 8 which coincides with the forward
transition boundary of thick phase wave [48, 7].

Mized state: We were unable to resolve the mixed states because they are not associated
to any fixed points for the amplitudes oy, 3., ay, 8y. Let us observe that these states are
somewhat unusual and are not seen in models like the Kuramoto one, or in the case of identical
swarmalators. Without any formal analysis, we cannot precisely determine the properties of
the mixed states, the latter could potentially arise with other states (i.e., to be bistable) or
even represent a long transient phase.

The above analysis has revealed that we can explicitly work out the expressions of the or-
der parameters in all the collective states except the mixed state and also their stable/unstable
boundaries. This fact highlights the solvability of the model despite its complexity. Another
fascinating point is the occurrence of abrupt transition between the collective states when
one of the system parameters is varied. Higher-order interaction is responsible for this dis-
continuous phase transition. In presence of sufficiently strong non-pairwise phase coupling,
swarmalators overcome the effect of heterogeneous frequencies and also dominate the influ-
ence of pairwise coupling. For instance, we depict the interplay between the pairwise and
non-pairwise coupling strengths when J is fixed to 20 (see Fig. 4(a)). Figure 4(a) shows the
phase transition phenomena in the K;-K» plane; by increasing K7, we observe that the system
goes through the transitions: async (magenta region) — thick phase wave (yellow region) —
thin phase wave (pink region) — the sync state (gray region). The forward, i.e., once K;
increases, boundaries between these regions are denoted by the cyan, black, and blue solid
lines, respectively. Their positions are analytically obtained by substituting J = 20 in the
expressions for the boundaries calculated previously; let us observe that they are independent
from the higher-order phase coupling K5. We also observe in Fig. 4(a) that there are regions
of bistability (resulting from abrupt phase transitions) between successive states, which are
especially prominent for large values of the non-pairwise coupling strength K (as discussed
before the bistabilities emerge beyond a critical value of K3). The boundaries of those back-
ward transition, i.e., by decreasing K7, are denoted by blue, black, and cyan dashed lines,
respectively from sync to thin phase wave, from thin phase wave to thick phase wave, and
from thick phase wave to async. To provide a clearer description of these abrupt transitions
and associated bistability regions, we report in Fig. 4(b) the variation of order parameters
with respect to K for fixed J = 20 and K9 = 12. The order parameters exhibit three distinct
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Figure 4. (a) Phase transition scenario in the K;-K> plane for nonidentical swarmalators. The
spatial coupling strength J is fixed here (J = 20). We observe bistability between the collective states which
is clearly visible for large Ko. The transitions are abrupt, and the solid and dashed lines correspond to the
points of forward and backward transitions, respectively. We also notice that, when higher-order coupling is
absent (i.e., Ko = 0) or sufficiently small, the nature of the transition is smooth. (b) Dependence of the order
parameters with respect to K1 for Fized J = 20 and K2 = 12. The solid curves represent the stable branches
of the solution associated to the specific value of the order parameter, while the dotted curves denote unstable
branches. The vertical dotted lines mark the critical values of K1 where forward (right) and backward (left)
transitions occur. The system exhibits three distinct bistable regions for this parameter set.

abrupt transitions, giving rise to three bistable regions: bistable-I: between the asynchronous
state and the thick phase wave state, bistable-II: between the thin and thick phase wave
states and bistable-III: between the thin phase wave and synchronized states, respectively.
These findings emphasize the crucial role of higher-order interactions in shaping the collective
dynamics of nonidentical swarmalators.

5. Discussions. Our study reveals that higher-order interaction brings fascinating collec-
tive states in the swarmalator system. The noticeable result is the presence of multiple bistable
regions between the emerging dynamical states. In the case of identical swarmalators, we use
fixed point analysis to derive the boundaries separating the different behaviors. The model
involving nonidentical swarmalators is solved by using an Ott-Antonsen ansatz by assuming a
product of Poisson kernels. The expressions of the nonzero order parameters in the different
collective states are analytically derived by using Fourier modes and from the integrals involv-
ing the order parameters. By summarizing our techniques, we get a polynomial equation for
the order parameter, whose constant term determines the boundary where it bifurcates from
zero. The real solutions of it correspond to the forward and backward transition curves. The

region of bistability is then calculated by inspecting the existence condition of the unstable
branch.
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In conclusion, we have made significant progress in understanding the dynamics of two-
dimensional swarmalators (under periodic boundary conditions) with higher-order phase cou-
pling. Our analysis has unveiled the crucial role of non-pairwise interactions in shaping the
collective behavior of the system, including abrupt phase transitions and the emergence of
bistability between different collective states. However, several open questions remain. De-
spite being a stationary state, the thick phase wave could not be fully analyzed, particularly
in terms of its stability. Recent techniques to determine the stability of compactly supported
states (such as the thick phase wave) have been introduced for one-dimensional swarmalator
models [26]. We hope that future studies will extend these methods to higher-dimensional
models to determine the stability conditions for the thick phase wave state in two-dimensional
swarmalator systems. Additionally, in the case of identical swarmalators, the gas state ex-
hibits irregular, potentially chaotic, dynamics that we could not fully characterize. Further
investigations are required to clarify the nature of these chaotic solutions. Another challeng-
ing open problem is the description of mixed states observed in heterogeneous swarmalators,
which could not be solved by using the techniques developed in this work. The intricate
dynamics of these states demand novel analytical approaches. Future studies could also inves-
tigate higher-order interactions not only in phase dynamics but also in the spatial coordinates
(z,y). This would provide a more comprehensive understanding of the impact of non-pairwise
interactions on swarmalator systems and potentially unveil new forms of collective behavior
in complex systems.

Appendix A. Bistability analysis. Here, we illustrate some of the bistability behavior
between different collective states exhibited by the system with identical swarmalators.

A.1. Bistability between async and sync state. As discussed in the main text, for J > 0,
and K < 0, both the sync and async state can coexist in the region of attractive higher-order
coupling with |Ks| > |Kj|. Specifically, in this parameter region, the async state emerges
when the initial positions and phases of the swarmalators are randomly distributed within
a cube of length 27 units, i.e., z;,y;,0; € [, 7] (as shown in Fig. 3. We thus draw a point
(J, K1, K3) = (1,—2,3) from this parameter region. The upper panel of Fig. 5 shows that
with initial conditions drawn from the cube of length 27, swarmalators remain in the async
state. In contrast, in the lower panel of Fig. 5, the initial conditions are drawn from a much
smaller cube, such that the swarmalators start out very close to each other. Under these
initial conditions, the swarmalators organize into the sync state. The accompanying plots of
the order parameters further confirm this bistability.

A.2. Bistability between thin phase wave and async (sync) state. For J > 0 and
K <0, the system exhibits bistability between the async and thin phase wave state, as well
as between the thin phase wave and sync state, depending on the choice of initial conditions.
Figure 6 displays the bistability between the async (upper panel) and thin phase wave (lower
panel) state for (J, K1, K2) = (0.5, —1,0.8). Here, the swarmalators exhibit async state when
the initial phases and positions are chosen from the cube of length 27, whereas the thin phase
wave state emerges when the initial conditions are chosen from the close neighborhood of the
fixed points of the thin phase wave state.

Figure 7 shows the coexistence of the thin phase wave (upper panel) and the sync state
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Figure 5. Bistability between async and sync state for (J, Ki,K2) = (1,—2,3). The Upper and lower
rows correspond to the snapshots and time evolution of the order parameters for the async and sync states,
respectively.

(lower panel) for (J, K1, Ks2) = (3,—1,1.2). Here, the thin phase wave emerges for initial
conditions drawn for the larger cube of length 27, while the sync state occurs when the
initials are chosen from a small cube with swarmalators starting from very close to each other.

A.3. Bistability between thick phase wave and async (thin phase wave) state. The
system further exhibits bistability between the thick phase wave and async state, as well as
between the thick and thin phase wave state. Figure 8 illustrates the coexistence of the async
and thick phase wave states for the parameter point (J, K, K2) = (—1,0.8,2). when the initial
conditions are drawn randomly from the cube of length 27, the swarmalators settle into the
async state (upper panel), while for the initial condition chosen from the close neighborhood
of the fixed point of the thick phase wave, the swarmalators organize themselves to form thick
phase wave state (lower panel).

Figure 9 illustrates the bistability between the thick and thin phase wave states for
(J,K1,K3) = (1.5,—1,0.3). Here, the swarmalators self-organize to form the thick phase
wave state when the initials are drawn randomly from the cube of length 27 (upper panel),
while for initials chosen from the close neighborhood of the fixed point of the thin phase wave,
the system exhibits thin phase wave state.

All these bistability behaviors between the collective states of the system emerge as a
direct consequence of the higher-order interactions. Such behavior was absent in the purely
pairwise interaction systems, where multistability was not observed. Therefore, the inclusion
of higher-order interactions plays a crucial role in inducing multistability in the swarmalator
system, allowing different stable states to coexist, depending on the initial conditions. This
highlights the significant impact of higher-order interactions in shaping the complex dynamical
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Figure 6. Bistability between async and thin phase wave state for (J, K1, K2) = (0.5,—1,0.8). The Upper
and lower rows correspond to the snapshots and time evolution of the order parameters for the async and thin
phase wave states, respectively.

landscape of the swarmalator system.

Appendix B. Collective states for nonidentical swarmalators. Here, we describe the
collective states that arise from interactions among a population of nonidentical swarmalators.
Similar to the case of identical swarmalators, we observe the emergence of async, sync, thin
phase wave, and thick phase wave states (see Fig. 10). Unlike the case of an identical popula-
tion, the nonidentical swarmalators do not settle into a well-defined fixed-point configuration.
Instead, they split into two subgroups: locked and drifting. For example, in the sync state,
the slower swarmalators become locked in clusters, while the faster ones drift around these
clusters. In the phase wave states, the division between the locked and drifting subgroups
becomes even more intricate. As a result, the order parameter values achieve a maximal value
of 0 < S < 1in the sync state, i.e., (S;, S, 7y, Ty ) = (S, 5,5, S). For the thin phase wave
state, the order parameters take the form (S;, Sy, Ty, Ty ) = (S,0,5,0), they are given by
(St 87,73, T7) = (S,0,0,0) or (0,0, S,0).

Figure 11 portrays that the nonidentical swarmalators form a group of mixed states,
which are basically a mixture of phase waves and sync states. These mixed states acts like
transitional link between the phase waves states and sync state. Although their structure is
difficult to depict clearly, the underlying process involves the symmetric phase wave developing
an asymmetric deformation. Based on their role in the bifurcation sequence, these mixed states
are categorized into three distinct types. Type I occurs as an intermediate state between the
thick and thin phase wave states. Type II emerges at the junction of the thin phase wave and
sync states. Type III is found between the thick phase wave and sync states. While these
mixed states appear as intermediate states for small higher-order coupling, they do not emerge
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Figure 7. Bistability between thin phase wave and sync state for (J, K1, K2) = (3,—1,1.2). The Upper and
lower rows correspond to the snapshots and time evolution of the order parameters for the thin phase wave and
sync states, respectively.

when higher-order interactions are sufficiently strong. In such cases, the system transitions
directly between the phase wave states and the sync state, bypassing the intermediate mixed
states. The characteristics of these states are more clearly understood through the values of
the order parameters, as shown in the lower panel of Fig. 11. In the Type I state, the order
parameters are given by (S;7, 7, T, Ty ) = (51,0, 59,0). For the Type II state, the order
parameters take the form (S], Sy, Ty, T;) = (S, S92, 51, 52) and in the type III state, the
order parameters are given by (S, Sy, 75", Ty ) = (S1, 52, S3,S4), where S; > 0 (i = 1,2, 3,4)
are distinct.

Appendix C. OA analysis for nonidentical swarmalators. In the thermodynamic limit
N — oo, the state of the system is defined by a probability density function p(u, v, w, z4,y+,t)
that denotes the probability to find a swarmalator at time ¢ having velocities (u,v), intrinsic
frequency w, and coordinates x4, y+. Then, p satisfies the continuity equation

8p(u7 U, W, T4, Y+, t)
ot

+ V- (vp)
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Figure 8. Bistability between async and thick phase wave state for (J, K1, K2) = (—1,0.8,2). The Upper
and lower rows correspond to the snapshots and time evolution of the order parameters for the async and thick
phase wave states, respectively.

594  The OA ansatz here is a product of Poisson kernels

509 Pl 0,0, 4, 32.0) = o—9()g(v)g(w)
o0 [e.e]

596 X [1 + Zaﬁem“ + c.c.] x [1+ Z pretme— 4 c.c.]
n=0 m=0
oo [e.e]

507 (C.2) X [1 + Z ozée”er + c.c.} X [1+ Zﬂgeim" +c.cl,
=0 p=0

598 where ay 4 and 3, , are unknown quantities and are to be solved self-consistently. We substi-
599 tute this ansatz into the continuity equation (C.1) and then projection onto e+, e+ yields
600 coupled complex differential equations of the Fourier modes for all harmonics n,m, [, and p,

. . 1 * Qg * — — * — —
601 ap = — W40y + 5 [H+(W1+7W2+) - H+(Wf_7W2—i_)a:2n] + 7 [H—(Wl 5W2 )6:2 - H—(Wl ’WQ )/Bx]

(C.3a)
Qg * * — — * — — *
602 + 7 [G (Zf_v Z;)ay - G(Z+7 Z;)‘)‘y + G(Zl 7Z2 )/By -G (Zl 7Z2 )By] )
603
> . 1 * — — — — T * *

604 By = —iu_By + 3 [HY (W, W) — Hy (W, Wy)B2] + % [H> (Wi, Whas — H- (Wi, Wy )aw]

(C.3b)
v+ etz + 62 2oy - GZ 2308, + N2 2508

This manuscript is for review purposes only.



22 MD SAYEED ANWAR, GOURAB KUMAR SAR, TIMOTEO CARLETTI AND DIBAKAR GHOSH

(b) (c)
1
— st —
— st — T
| 0
0 5000 0 5000
t t
c
. (e) . (H)
— st — 7
>0/ — 57 — T
= 0 = 90 5000 20 5000
X t t

Figure 9. Bistability between thick and thin phase wave state for (J, K1, K2) = (1.5,—1,0.3). The Upper
and lower rows correspond to the snapshots and time evolution of the order parameters for the thick and thin
phase wave states, respectively.
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Figure 10. Collective states for nonidentical swarmalators. Top row: snapshots of the states in (z,y)
plane with colors indicating the phase 0, middle row: order parameters Sli and Tli as a function of time. (a,
e) Async: (J, K1, K2) = (15,-9,10), (b, f) Thick phase wave: (J, K1, K2) = (15,-7,10), (¢, g) Thin phase
wave: (J, K1, K2) = (15,—4,10), and (d, h) Sync: (J, K1, K2) = (15,2,10). States are obtained by integrating
Eq. (2.1) with N = 5000 swarmalators for a total of T = 500 time units using an adaptive Julia Ode solver
having relative tolerance of 1075, The free velocities and natural frequencies of the swarmalators are drawn
from Lorentzian distribution with mean zero and half-width A = 1.

606
. . 1 * o * — —\ Q% — —
00T ay =—wuiay + 5 [H(Z, Z5) — Hi(Z, 25 )] 7@, [H2(Zy, 25)By — H-(Zy Z5)By]
(C.3¢)
608 (G Wi Wy ek — GOVL Wahaw + GV Wy )Be — GH (W7 W5 )3
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00 ¢ 500 OO 500 0

t

Figure 11. Mixed states Top row: snapshots of the states in (x,y) plane with colors indicating the phase 0,
middle row: order parameters Sf and Tli as a function of time. (a, d) Mized Type I: (J, K1, K2) = (15, —-4.5,1),
(b, €) Mized Type II: (J, K1, K2) = (15,1.35,0.05), and (¢, g) Mized Type III: (J, K1, K2) = (1.5,10,0.05).
Other parameters are (N,T,A) = (5000, 500,1).

5 . 1 * — — — — B * *
609 By =—iu_fBy + ) [H+(Z1 2y ) —H(Z],2, )ﬁ;] + 7y [H_(Zf, Z;)O‘y - H_(Zfr, Z;)O‘y]
(C.3d)
610 + % (-G (W Wihah + GW, Wh)a, — GW, Wy ) Be + G*(W Wy )Bs]

611  The expressions for the rainbow order parameters become

612 (C.4a) W= Sfei‘i’;r = /a;(u,v,w)g(u)g(v)g(w)dudvdw,

613

614 (C.4b) W, = S = /B;(u,U,w)g(u)g(v)g(w)dudvdw,

615

616 (C.4e) Z = TfrewIr = /oc;;(u,U,w)g(u)g(v)g(w)dudvdw,

617

618 (C.4d) Zy =Ty e = /ﬁ;(u,v,w)g(u)g(v)g(w)dudvdw.

619

620 Important to note, these only hold on the sub-manifold ||ag|| = ||82|] = [|aw|| = ||8y]] = 1.

621 The higher-order mixed harmonics e/("#++ma—+y++ry-) only close on this sub-manifold. The
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same structure has been reported earlier in the 1D swarmalator model [48, 7] and also in the
periodic 2D swarmalator model with pairwise coupling [30]. We use Eq. (C.3) and Eq. (C.4)
to determine the expressions of the order parameters in the different emerging states as well

as find their boundaries using them.
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