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Review Article

Pierre Beaujean and Benoît Champagne*

Influence of symmetry on the second-order
NLO properties: insights from the few state
approximations
https://doi.org/10.1515/pac-2025-0518
Received May 8, 2025; accepted July 3, 2025

Abstract: A series of valence bond charge-transfer (VB-nCT)models (n ∈ [1, 4]) are enacted to assess the influence
of molecular symmetry on the second-order nonlinear optical (NLO) response, the first hyperpolarizability, β.
This is accomplished for different amplitudes of the ground-state charge-transfer character, quantified by the
VB-CTmixing parameter,mCT. The analysis focuses on quantities accessible from the second harmonic scattering
(SHS) phenomenon and measurements, βSHS and its depolarization ratio. Among the symmetries considered, D3h

and C3v (VB-3CT, with large θ, i.e. for almost planar tripod-shape molecules) yield the largest βSHS values provided
mCT is large, followed by Td (VB-4CT). These cases correspond to dominant octupolar responses and depolarization
ratios close to 3/2. Other symmetries result in comparatively weaker responses, and a variety of depolarization
ratios. Maximizing the charge-transfer dipole moment μCT and minimizing the ratio ξ = T/t, are also identified as
critical factors for enhancing the second-order NLO responses.

Keywords: Few state models; first hyperpolarizability; molecular symmetry; nonlinear optics; quantum science
and technology; second harmonic scattering.

Introduction

This paper focuses on the first hyperpolarizability, β, the molecular second-order nonlinear optical (NLO)
response that is associated with phenomena like the second harmonic generation (SHG). Indeed, the discovery of
SecondHarmonic Generation (SHG) by Franken et al.1 has fostered a large amount of research activities, aiming at
applications in materials and life sciences. Applications encompass materials with large SHG responses for
applications in frequency doublers2 as well as the design of SHG sensors.3–5 The SHG response is also probed to
reveal the structure and dynamics of molecules6,7 and interfaces.8–10 Promising molecular architectures often
belong to the push-pull family. These structures typically consist of a pair of electron donor and acceptor groups
connected by a π-conjugated segment that facilitates the electronic “communication” between the two moi-
eties.11–14 To maximize β, two (non-orthogonal) strategies have been broadly employed: i) choosing an appro-
priate pair of donor and acceptor, and ii) controlling the length and nature of the π-conjugated path. To elucidate
the relationships between the β response and the structure, simplified models have been developed to capture
complex phenomena with minimal sets of parameters. The valence-bond charge-transfer (VB-CT) model,
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pioneered byMulliken,15 has been particularly insightful in describing the first hyperpolarizabilities of push-pull
polyenes. It also applies to other properties, such as UV/Vis absorption spectra and various physico-chemical
characteristics.16 This model represents a system as a superposition of two limiting states, a valence-bond state,
ϕVB, and a charge-transfer state, ϕCT, related by the electron displacement from the donor to the acceptor (Fig. 1).
Using fundamental parameters, such as the ionization energy of the donor, the electron affinity of the acceptor,
and the coupling between these states, the VB-CT model provides valuable insight into structure-property re-
lationships. Indeed, when combined with the sum-over-states (SOS) theory developed by Orr and Ward,17 these
models provide estimate of the β response and identification of valuable structure-property relationships.

Despite its simplicity, this model has proven versatile, allowing extensions to compounds with multiple
donor/acceptor groups through 3-state,18–20 4-state,21 and 5-state22 descriptions. Further generalization are also
possible23 in order to get deeper understanding of the NLO responses, although at the cost of an increasingly large
number of parameters. As shown in Fig. 2, the few statemodels are associatedwith chemical structures displaying
various symmetries. However, to the best of our knowledge, while this approach has been extended to systems
with larger n by others,24 a comparative analysis of the NLO performances of these different compounds,
supported by analytical expressions, has not yet been attempted. Therefore, this paper aims at enacting a
comparative analysis of the VB-nCT models with n = 1–4 (Fig. 2). To provide further insights, this analysis is
performed by analyzing β quantities that can be experimentally probed using the second harmonic scattering
(SHS) technique.25–29 It is organized as following: after a brief reminder of the different formulations of the VB-
nCT models, of the relevant quantities, and of the different symmetries, the main results are compared. Finally,
the last section draws conclusions and perspectives.

Theory

A model Hamiltonian for the VB-nCT model

Using the variational approach, given a set of basis functions {ϕi}, the energy of a trial function Ψ = ∑i ciϕi is
always greater than or equal to the true ground state energy, E0:

E0 ≤ E, whereE = ⟨Ψ|H|Ψ⟩
⟨Ψ|Ψ⟩ . (1)

One minimizes the energy of the trial function by setting dE
dci

= 0. This yields a set of so-called secular equations of
the form:

∀k :∑
i
(Hki − εkSki) ci = 0, (2)

where Ski = ⟨ϕk|ϕi⟩ (overlap matrix) and Hki = ⟨ϕk|Ĥ|ϕi⟩ (Hamiltonian matrix). This is a generalized eigenvalue
problem. If the basis functions are orthogonal, i.e. Ski = δk,i, this reduces to a standard eigenvalue problem,HC =Cɛ,
where diagonalizing H gives the energy levels, {ɛk}. C is the matrix of coefficients, also referred to as the
eigenfunctions of the system.

In the VB-nCT framework, corresponding to a (n + 1)-state model, a set of orthogonal functions is employed
consisting of one valence-bond (VB) state, ϕVB, and n charge-transfer (CT) states, {ϕCT,i|0 < i ≤ n}. This leads to a
model Hamiltonian, given by a (n + 1) × (n + 1) matrix and parameterized as follows:

⟨ϕVB|Ĥ|ϕVB⟩ = EVB,

⟨ϕVB|Ĥ|ϕCT , i⟩ = −t,
⟨ϕCT , i|Ĥ|ϕCT , j⟩ = ECT if i = j,

−T otherwise,{ (3)

Fig. 1: Limiting forms of the VB-CT model.
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where EVB and ECT denote the energies of the VB and CT states, respectively, while t and T are the transfer
integrals.

Solving the eigenvalue problem yields a ground state, |0⟩, withminimal energy, a set of (n− 1)-fold degenerate
excited states, {|ei⟩|0 < i < n} (which does not exist when n = 1), and a single non-degenerate excited state, |f⟩.
Corresponding eigenvalues were provided by Cho et al.22 and are, in all generality, given by:

E0 = 1
2

EVB + ECT − (n − 1)T −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(V − (n − 1)T)2 + 4nt2

√[ ],
Eei = ECT + T ,

Ef = 1
2

EVB + ECT − (n − 1)T +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(V − (n − 1)T)2 + 4nt2

√[ ],
(4)

where V = ECT − EVB. The associated eigenfunctions are:

Fig. 2: Simplified representation
of second-order NLO compounds
displaying different symmetries
and their successive VB-nCT
models (n ∈ [1, 4], adapted from
Cho et al.,22 with the charge
transfer integrals t and T). Donor
(D, in blue) and acceptor (A, in
red) can be swapped without loss
of generality.
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|0〉 = cos δ |ϕVB 〉 +
sin δ̅̅

n
√ ∑

0<j≤n
|ϕCT , j〉,

|ei〉 = 1̅̅̅̅̅̅
i(i + 1)√ − ∑

0<j≤i
|ϕCT , j 〉 +i|ϕCT , i+1〉[ ],

|f 〉 = sin δ |ϕVB 〉 −
cos δ̅̅

n
√ ∑

0<j≤n
|ϕCT , j〉,

(5)

where the mixing angle δ ∈ [0, π/2] is introduced. For 0 ≤ δ < π/4, the ground state is VB-dominated, whereas for
π/4 < δ ≤ π/2, the CT state dominates. The point δ = π/4 is referred to as the cyanine limit.

Minimizing the ground-state energy E0 with respect to δ (see eq. 1) provides a condition linking the
parameters:

∂E0(δ)
∂δ

= 0⇒ V − (n − 1)T = 2t
̅̅
n

√
cot(2δ). (6)

Setting the energy origin to satisfy the following relationship:

EVB + ECT − (n − 1)T = 0, (7)

simplifies the eigenvalues to:

E0 = − ̅̅
n

√ t
sin(2δ),

Eei = nT + t
̅̅
n

√
cot(2δ),

Ef = t
sin(2δ)

̅̅
n

√
.

(8)

In the following analysis, difference between the state energies are employed:

ΔE0e = Eei − E0 = nT + t
̅̅
n

√
cot(2δ) + ̅̅

n
√ t

sin(2δ) = t
̅̅
n

√
cot(δ) + nT ,

ΔE0f = Ef − E0 = 2t
̅̅
n

√
sin(2δ).

(9)

To monitor variations in molecular properties, the charge-transfer (CT) character of the ground state, ℓCT, can be
introduced as follows:20–22

ℓCT = 1
n
sin2 δ. (10)

with δ ∈ [0,π/2], ℓCT varies in the range ℓCT ∈ [0, 1/n]. A value of ℓCT = 0 indicates a ground state fully described by the
VB form, while ℓCT = 1/n corresponds to a state entirely characterized by CT. The eigenvalues become:

E0 = − t
2

̅̅̅̅̅̅̅̅̅̅̅
ℓCT (1 − nℓCT )

√ ,

Eei = nT + t (1 − 2 nℓCT )
2

̅̅̅̅̅̅̅̅̅̅̅
ℓCT (1 − nℓCT )

√
Ef = t

2
̅̅̅̅̅̅̅̅̅̅̅
ℓCT (1 − nℓCT )

√ ,

(11)

and |0⟩ and |f⟩ may be also defined as (|ei⟩ remains the same):
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|0〉 = ̅̅̅̅̅̅̅
1 − nℓCT

√ |ψVB 〉 +
̅̅̅
ℓCT

√
∑
n

j
|ψCT , j〉,

|f 〉 = ̅̅̅̅
nℓCT

√ |ψVB 〉 −
̅̅̅̅̅̅
1
n
− ℓCT

√
∑
n

j
|ψCT , j〉,

(12)

while the excitation energies become:

ΔE0e = nT + t

̅̅̅̅̅̅
1
ℓCT

− n

√
, (13)

ΔE0f = t̅̅̅̅̅̅̅̅̅̅̅
ℓCT (1 − nℓCT )

√ . (14)

An additional parameter, introduced by Barzoukas and collaborators,30–32 measures the VB-CT mixing:

mCT = −cos(2δ) = 2nℓCT − 1. (15)

This parameter, mCT, ranges from −1 (VB-dominated) to +1 (CT-dominated), effectively capturing the balance
between the VB and CT characters in the ground state. In that framework, the eigenvalues become:

E0 = −t
̅̅̅̅̅̅̅n
1 −m2

CT

√
,

Eei = nT − t
̅̅
n

√ mCT̅̅̅̅̅̅̅
1 −m2

CT

√ ,

Ef = t
̅̅̅̅̅̅̅n
1 −m2

CT

√
,

(16)

and the excitation energies now read:

ΔE0e = nT + t

̅̅̅̅̅̅̅̅
n
1 −mCT

1 +mCT

√
,

ΔE0f = 2t
̅̅̅̅̅̅̅n
1 −m2

CT

√
.

(17)

The evolution of excitation energies as a function ofmCT is shown in Fig. 3. Notably, both ΔE0e and ΔE0f diverge to
+∞ as mCT → −1. Similarly, ΔE0f also tends to +∞ when mCT → 1. Moreover, ΔE0e exhibits a minimum at mCT = 1,
where ΔE0e = nT, while ΔE0f reaches its minimum at mCT = 0, with ΔE0f = 2t

̅̅
n

√
. Finally, decreasing both t and T

leads to a decrease in ΔE0f and ΔE0e. This will become important in the following sections, since X(n) ∝ 1
ΔEn ∝ 1

tn (see
below).

Furthermore, |0⟩ and |f⟩ may be redefined, as:

|0〉 =
̅̅̅̅̅̅̅
1 −mCT

2

√
|ϕVB 〉 +

̅̅̅̅̅̅̅
1 +mCT

2n

√
∑
n

j
|ϕCT , j〉,

|f 〉 =
̅̅̅̅̅̅̅
1 +mCT

2

√
|ϕVB 〉 −

̅̅̅̅̅̅̅
1 −mCT

2n

√
∑
n

j
|ϕCT , j 〉 .

(18)

Sum-over-state (SOS) expression of NLO tensors

On the ground of perturbation theory, the SOS expression of Orr andWard17 states that, far from resonance, any
component of any nonlinear optical tensor X(n)(−ωσ; ω1, …) (of order n, so the polarizability, α = X(1), the first
hyperpolarizability β = X(2),or the second hyperpolarizability γ = X(3)) is given by:
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X(n)
ζη…ν(−ωσ ; ω1,…) = ℏ−n∑

PF

∑
a1 ,a2… an

μζ
0a1μ

η
a1a2 … μν

an 0

∏
0<i≤n

ωai − ωσ + ∑
0<j<i

ωj( ), (19)

where ζ, η, … are the Cartesian coordinates x, y, z (in the molecular frame), ω1, ω2…, the (optical) input
frequencies of the laser for theNLOprocess (withωσ =∑0<i≤nωi), |a1⟩, |a2⟩,…, the states of the system including the
ground state (with ℏωai the excitation energy from ground state to |ai⟩), μζ

aiaj
= ⟨ai|ζ̂ |aj⟩ the ζ component of the

transition dipole moment from state ai to aj (it corresponds to the dipole moment of electronic state aiwhen i = j),
and ∑PF the sum of all permutations over each pair (ζ, −ωσ), (η, ω1), …. However, this expression encounters
divergences (or singularities) when a denominator vanishes. In the static case (∀i:ωi = 0), it happenswhen the sum
includes the ground state. Following Orr andWard17 and Bishop,34 substituting the dipole operator in eq. 19with a
fluctuation dipole operator, μ̄ζa1a2 = μζ

a1a2 − δa1a2 μ
ζ
00, allows the ground state to be excluded from the summations.

Consequently, in the static case, one obtains the following expression for the β components:

β(ζηκ) = ∑
PF

∑
a′1 ,a

′
2

(ζ η̄κ)a1a2
ΔE0a1 ΔE0a2

, (20)

where ΔE0a1 = ℏωa1, and the prime indicates that the sums over aj now exclude |0⟩. Here, the simplified numerator
notation of Bishop,34 (ζηκ)a1a2 = μζ

0a1μ
η
a1a2μ

κ
a20, is employed. Since this paper focuses on the static case, the per-

mutation∑PF runs over all components, so that βζηκ = βζκη = βηζκ =…, which is indicated using parentheses, β(ζηκ).

Fig. 3: Evolution of the reduced |0⟩→ |f⟩ (ΔE0f/t, unitless, top)
and |0⟩ → |e⟩ (ΔE0e/t, unitless, bottom) excitation energies,
computed using T = t/2, as a function of the charge transfer
character of the ground state (mCT). This figure, as well as the
other graphs in this article, was generated using
Matplotlib,33 based on custom scripts implementing the
analytical formulas.
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To utilize eq. 20, both excitation energies, calculated, in the VB-nCT model, as differences between eigen-
values, given in eq. 8 (or, in this contribution, eq. 17), and transition/excited-state dipoles are required. In general,
these dipoles are computed as follows:

μ
→

ij = ⟨i|μ̂→ |j⟩ = ∑
νξ
CiνCjξ ⟨ ϕν|μ̂

→ |ϕξ⟩ = Ci M CT
j , (21)

where |i⟩ =∑ν Ciν |ϕν⟩ represents the electronic states of the system, Ciν are the coefficients in the state expansion,
and |ϕν⟩ are the basis functions. In the VB-nCT model, the dipole matrix elements Mνξ = ⟨ϕν|μ̂|ϕξ⟩ are approxi-
mated as follows:35

⟨ϕVB|μ̂|ϕVB⟩ = ⟨ϕVB|μ̂|ϕCT , i⟩ = 0,

⟨ϕCT , i|μ̂|ϕCT , j⟩ = μ
→

CT , i if i = j,
0 otherwise.

{ (22)

This results in a sparse, diagonal dipolematrix parameterized by a selected set of CT dipolemoments associated to

each CT state, {μ→ CT , i ∣ 0 < i ≤ n}. Generally, μ→ CT , i = μCT e
→

i, where e
→

i is a unit vector, so that all dipole have the
same length, given by the quantity μCT.

As a result, the ground-state, transition, and excited-state dipole moments are all proportional to μCT. Since
the excitation energies scale with the parameter t (eq. 8), and in light of eq. 19, reduced hyperpolarizabilities
(denotedwith a tilde) are introduced in this work. These dimensionless quantities are defined for any component
of the tensors, as:

β̃ = β
μ3
CT/t2. (23)

Tensor invariants

For an isotropic medium composed of identical molecules or scatterers, the intensity, I(nω), of the incoherent
contribution to the n-uple harmonic scattered light is proportional to an isotropic (or rotational) averaging of the
tensor elements over all possible molecular orientations, ⟨X(n)

⟩.25,36–38 For SHS, the conventional experimental
setup is also referred to as the hyper-Rayleigh scattering (HRS) technique,25 where the scattered light is analyzed
at a 90° anglewith respect to the direction of propagation (Y ), the fundamental light beam (of frequencyω) is Z- or
X-polarized (in the laboratory frame), while the Z-linearly polarized component of the scattered beam (of
frequency 2ω) is recorded in theX direction. One can thus distinguish between twopolarization combinations: the
VV geometry (vertical-vertical, both incident and scattered lights are Z-polarized) andHV [horizontal-vertical, the
incident (scattered) light is X (Z )-polarized]. The IVV intensity is proportional to ⟨β2ZZZ⟩, while IHV is proportional to
⟨β2ZXX⟩. For a non-polarized incident signal, both polarizations have equal probability and the intensity becomes
proportional to the sum of the HV and VV observables. This allows defining βSHS, the average first hyper-
polarizability, and a depolarization ratio:

βSHS =
̅̅̅̅̅̅̅̅̅̅̅̅̅
⟨β2ZZZ ⟩ + ⟨ β2ZXX⟩

√
, (24)

DRSHS = ⟨β2ZZZ⟩

⟨β2ZXX⟩
. (25)

Furthermore, the β tensor can be decomposed into irreducible spherical components.39 When assuming the
Kleinman’s conditions (since only the static case is addressed in this article), β contains a dipolar (J = 1) and an
octupolar (J = 3) component,40 expressed as:
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βJ=1
2 = 3

5
∑
x,y,z

ζηκ
βζηηβζκκ, βJ=3

2 = ∑
x,y,z

ζηκ
β2ζηκ −

3
5
βζηηβζκκ.

⃒⃒⃒⃒⃒⃒⃒⃒
⃒

⃒⃒⃒⃒⃒⃒⃒⃒
⃒

⃒⃒⃒⃒⃒⃒⃒⃒
⃒

⃒⃒⃒⃒⃒⃒⃒⃒
⃒ (26)

As a consequence:

⟨β2ZZZ⟩ =
1
5
|βJ=1|2 +

2
35

|βJ=3|2,

⟨β2ZXX⟩ =
1
45

|βJ=1|2 +
4
105

|βJ=3|2.
(27)

Notably, it implies that in the octupolar limit (when |βJ=3|2 ≫ |βJ=1|2) DRSHS → 3
2, which is the minimal value it can

take. It reaches a maximal value of 9 in the dipolar limit.25

Note that as a consequence of eq. 23, one can define β̃SHS in a similar way.

Model systems

The following model systems are considered in this article. For each of them, the expression for i) the ground-
state, transition, and excited states dipole moments, ii) the non-null tensor components (obtained using eq. 19),
and iii) the rotational invariants (obtained using eq. 27) are reported in the Supporting Information (SI).

Two-state C∞v systems

This model consists of a single donor-acceptor (D/A) pair, typically positioned at the extremities of a π-conjugated
linker. For convenience, it is oriented along the z-axis, such that the charge transfer dipole moment is given by:

μ
→

CT = μCT

0
0
1

⎛⎜⎝ ⎞⎟⎠.

Three-state C2v systems

This system extends the two-state model by introducing two charge transfer (CT) states with dipole moments
forming an angle θ ∈ [0, π/2] relative to the z-axis,20 as illustrated in Fig. 4. The dipolemoments are thus expressed
as:

μ
→

CT , 1 = μCT

sin θ
0

cos θ
⎛⎜⎝ ⎞⎟⎠, μ

→
CT , 2 = μCT

−sin θ
0

cos θ
⎛⎜⎝ ⎞⎟⎠.

In the limit θ→ π/2, this model reduces to a D∞h system, with a center of inversion, and a vanishing β response.

Fig. 4: Representation of the θ-
dependent charge-transfer di-
poles (μCT) in the 3-state (left) and
4-state (right) models.

1338 P. Beaujean and B. Champagne: Symmetry and second-order NLO properties



Four-state C3v system

This model consists of three charge transfer (CT) states arranged at 120° intervals in the xy-plane, with the first
dipole aligned along the y-axis. Additionally, each dipole forms an angle θ ∈ [0, π/2] with the z-axis, as illustrated in
Fig. 4. The dipole moments are therefore given by:

μ
→

CT , 1 = μCT

0
sin θ
cos θ

⎛⎜⎝ ⎞⎟⎠, μ
→

CT , 2,3 = μCT

± 3̅
√
2

sin θ

− 1
2
sin θ

cos θ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠.

In the limit θ → π/2, this model reduces to a D3h system.

Five-state Td system

Finally, the Td geometry is also considered.22 In this contribution, the corresponding CT dipole moments are
defined as:

μ
→

CT , 1 = μCT
3̅

√
3

1

1

1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, μ
→

CT , 2 = μCT
3̅

√
3

1

−1
−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, μ
→

CT , 3 = μCT
3̅

√
3

−1
−1
1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠,

μ
→

CT , 4 = μCT
3̅

√
3

−1
1

−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠.

Results

Individual components

In this first part, a tensor component is assumed to follow the form:

β̃ζηκ ∝M(mCT ) × E(mCT , t, T) × Θ(θ),
with the corresponding decomposition summarized in Table 1 (the full expressions are provided in the Sup-
plementary Material). Certain components exhibit very similar expressions across different systems, leading to
comparablemCT dependencies. This is the case for βzzz in the VB-nCTmodels for n ∈ [1, 3], as well as βyyy and β(xyz)
for the VB-3CT and VB-4CT models, respectively.

Evolution of the response as a function of the symmetry

The evolution of the different invariants as a function of the symmetry of the system is then addressed in
details. The evolution of β̃ SHS is shown in Fig. 5. To present the various results in a single graph, the values
are plotted along a pathway illustrated in Fig. 6. This pathway represents a continuous transformation,
starting from the VB-CT model and gradually adjusting the μCT values and θ angle to transition to the
VB-4CT model.

Looking at Fig. 5, fourmain trends can be identified: (i) systemswith non-equivalent μCT’s display smaller
β̃SHS than their fully-equivalent counterparts (except for 3s⋆1 → 3s1, due to the vanishing β response of the
latter), (ii) positive and large values of mCT are required to achieve high β̃SHS , (iii) highly symmetric systems

P. Beaujean and B. Champagne: Symmetry and second-order NLO properties 1339



Table : Decomposition of the non-zero components into the functions that describe their behavior, for the different VB-nCT models
(n ∈ [, ]).

M(mCT) E(mCT, t, T) Θ(θ)

-state C∞v

β
∼
zzz �mCT �m

CT
� �

ΔE�

f

-state Cv → D∞h

β
∼
zzz �mCT �m

CT
� �

ΔE�

f cosθ
β
∼
ðzxxÞ �m

CT
� �

 ΔE�

f ΔE
�

e þ ΔE�

e sinθ cosθ

-state Cv → Dh

β
∼
zzz �mCT �m

CT
� �

ΔE�

f cosθ
β
∼
ðzyyÞ �m

CT
� �

 ΔE�

f ΔE
�

e þ ΔE�

e sinθ cosθ
β
∼
yyy ( + mCT) ΔE�

e sinθ

-states Td

β
∼
ðxyzÞ ( + mCT) ΔE�

e

Fig. 5: Evolution of β̃SHS (top) and DRSHS (bottom) as a function of the symmetry of the system and the charge transfer character of the
ground state (mCT), with T = t/2.
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(D3h and Td) exhibit the largest β̃SHS values, and (iv) due to symmetry constraints, the values for C2v at large θ
and D∞h are close to or exactly zero. Specifically, for mCT = 0.75, the following ordering of responses is
observed:

D3h > C3v (large θ) > Td > C2v (moderate θ) > C∞v ~ C2v (small θ) ~ C3v (small θ). (28)

This trend persists at lowermCT values, albeit with reduced values and differences between the symmetries. For
mCT < −0.5, the β̃SHS values tend to converge and become nearly indistinguishable across symmetries.

A decomposition into the dipolar and octupolar components (Fig. 7) provides further insight. On the one
hand, large β̃SHS values are generally associated with dominant octupolar contributions (whose curves almost
mirror the β̃SHS evolution), consistent with the findings of Zyss.12 Such systems also exhibit small depolarization
ratios (DRSHS), approaching the octupolar limit of 3/2. On the other hand, systems with strong dipolar character,
namely C∞v and C2v symmetries which correspond to the VB-CT and VB-2CTmodels, display significant β̃SHS values
at moderate mCT. This behavior is well-known in the context of the VB-CT model,31 which reaches a maximum

response at mCT = ± 5̅
√
5 .

The behavior of the VB-2CT model is more complex to interpret, as it also depends on the angle θ. Two
representative examples are shown in Fig. 8, which illustrate that the maximum of β̃SHS occurs at positive mCT

values and around θ ≈ 54.9°. This angle corresponds to themaximumof the function sin2θ cosθ, which is located at
θ = tan−1( 2̅

√ ) ≈ 54.72°. This observation suggests that, among the two nonzero and independent tensor com-
ponents in thismodel [βzzz and β(zxx), Table 1], β(zxx)∝ sin2θ cosθ/(ΔEge ΔEgf) is the dominant one in this region. This
is in agreement with the observation of Yang and his co-worker20 for these systems. The influence of the
parameter T is also evident: smaller T values yield larger β̃SHS amplitudes, with the peak shifting to higher mCT

values. This behavior is consistent with the inverse of the transition energies, since ΔE−1
0e ΔE

−1
0f ∝ T−1. This evo-

lution is further investigated below.

Fig. 6: Set of transformations for
the 2-state to 5-state compounds
explored in this article. The no-
tation “ks” (k ∈ [2, 5]) represents a
k-state system, corresponding to
a VB-(k − 1)CT model (the CT di-
poles, μ

→
CT , are indicated by blue

arrows). The notation “ks⋆” refers
to a k-statemodel in which one of
its μCT is given by μ

→ ′

CT = αμ
→

CT
(indicated by a dashed line in the
graph), which is gradually
increased from α = 0 (ks⋆) to 1 (ks).
Additionally, “ksx” (k = 3, 4 and
x ∈ [0, 1]) denotes a 3- or 4-state
model with θ = xπ

2 . Thus, a ks
⋆ →

ks symmetry transition corre-
sponds to an increase in the
initially missing μCT, leading to
higher symmetry. Meanwhile, a
ks1 → ks0 transition corresponds
to a decrease in θ, ultimately
resulting in a C∞v symmetry
where all CT dipoles are parallel.
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Further investigations on the systems with large β responses

As found in the previous section, the systems exhibiting the largest responses are the VB-3CT and VB-4CT models,
particularly at mCT → 1 and θ → 90° (corresponding to high symmetries). The corresponding approximate
expressions for β̃SHS near mCT = 1 are (notice that absolute values are used):

β̃SHS[D3h,mCT = 1] =
̅̅
42

√

63ξ2
1 −

2
̅̅̅̅̅̅̅̅̅̅
3
2 (1 −mCT )

√
3T

⃒⃒⃒⃒⃒⃒⃒⃒
⃒⃒⃒⃒

⃒⃒⃒⃒⃒⃒⃒⃒
⃒⃒⃒⃒, and (29)

β̃SHS[Td,mCT = 1] =
̅̅
21

√

84ξ2
1 −

̅̅̅̅̅̅̅̅̅̅
1
2 (1 −mCT )

√
T

⃒⃒⃒⃒⃒⃒⃒⃒
⃒⃒⃒⃒

⃒⃒⃒⃒⃒⃒⃒⃒
⃒⃒⃒⃒, (30)

which both display a depolarization ratio of 3
2. Although these approximations quickly underestimate the values

formCT < 1 (see Fig. 9), they satisfy the fact that the invariants reach theirmaxima atmCT = 1, which could also help
rationalize the ordering established in eq. 28. Moreover, these results indicate that achieving large responses
requires minimizing T (and, to some extent, t).

To extend this analysis to the C3v systems, one can examine the individual tensor components (reported in the
Supplementary Material) near θ = 90°, setting mCT = 1. From Table 1, the only nonzero components is
βyyy = −β(yxx) ∝ sin3θ, as illustrated in Fig. 10, where the approximate expressions from eq. 29, multiplied by the
corresponding sine dependencies gives the θ evolution. This confirms that for this system, θ = 90° results in an
extrema.

Fig. 7: Evolution of the reduced
rotational invariants of the first
hyperpolarizability tensor (|β̃J=1|2
and |β̃J=3|2, both unitless) as a
function of the symmetry of the
system and the charge transfer
character of the ground state
(mCT), with T = t/2.
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Then, and since the seminalwork of Oudar and Chemla11 on thefirst hyperpolarizability, the VB-CTmodel has
been instrumental in elucidating the structure–NLO activity relationship in materials.30–32,35 As previously
mentioned, the extrema are located at mCT = ± 5̅

√
5 . Accordingly, the values of β̃SHS at these maxima amount to:

β̃SHS[C∞v,mCT = ± 5̅
√
5
] = 6

̅̅
42

√
875

(31)

It is associated with DRSHS = 5, which constitutes in both cases the so-called 1D limit.
Summarizing the observations so far, one gets, for a given value of ξ = T/t, the following relationships:

β̃SHS[C3v,mCT = 1] = 4 2̅
√
3⏟̅⏞⏞̅⏟≈1.89 sin3(θ) β̃SHS[Td,mCT = 1] = 125

54ξ2⏟̅⏞⏞̅⏟≈2.32/ξ2 sin3(θ) β̃SHS[C∞v,mCT = ± 5̅
√
5
]. (32)

This is one of the main results of this paper, which links the theoretical upper bonds of the SHS first hyper-
polarizability invariants of compounds exhibiting different symmetries.

Finally, although it is not possible to derive an analytical expression for the maximum of βSHS in the VB-2CT
model,20 it can be investigated numerically (Fig. 11). The results indicate that for small values of ξ = T/t, βSHS
reaches amaximumnearmCT≈ 1 and θ≈ 54.7°, which corresponds to DRSHS = 27/11≈ 2.45. This situation, whenmCT

Fig. 8: Evolution of β̃SHS of the VB-2CT with mCT and θ, with
T = t/2 (top) and T = t/10 (bottom). Dashed line gives the
approximate position of the maximum, found by taking the
maxima in each heatmap.
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> 0, corresponds to a regimewhere β(zxx) dominates, particularly through its ΔE−2
ge contribution (Table 1). It should

be noted thatmCT cannot be exactly equal to 1, as thiswould result in βzzz = β(zxx) = 0. Consequently, achieving large
βSHS values requires a delicate balance between maximizing mCT and minimizing T. This numerical analysis
nevertheless suggests that the values are, for ideal θ andmCT values, larger than the maximum predicted for the
C∞v (VB-CT) symmetry (from eq. 31, β̃SHS = 0.04), and that the upper bound for β̃SHS is approximately 0.225 for
mCT ∈ (0.97, 0.98] ∧ θ = tan−1( 2̅

√ ) ∧ ξ ≤ 103. However, in this case, the predicted first hyperpolarizability re-
sponses for the C3v (VB-3CT) and Td (VB-4CT) symmetries are orders of magnitude larger.

Further discussions, conclusions, and outlook

In this paper, VB-nCTmodels (n ∈ [1, 4]) have been investigated to assess the influence of symmetry and electronic
structure parameters, particularly the ground-state charge-transfer character (quantified by the VB-CT mixing
parameter,mCT), on the second-order NLO responses. Special attention is given to quantities accessible from the
second harmonic scattering technique, namely βSHS and its corresponding depolarization ratio, which are
determined by the first hyperpolarizability, β, tensor.

Fig. 9: Evolution of β̃SHS for high-symmetry systems formCT→
1, with T = t/2. Dashed line is an approximation obtained with
a series around mCT = 1 (eqs. 29 and 30).

Fig. 10: Evolution of β̃SHS of the VB-3CTmodel with θ atmCT = 1,
with T = t/2.
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Symmetry considerations favor the C3v symmetry (VB-3CT), which corresponds to tripod-like molecules, in
particular those with large θ values (almost planarmolecules) and its θ = 90° limiting case, which corresponds to a
D3h symmetry. The next best symmetry is the Td case. These cases correspond to dominant octupolar responses
and depolarization ratios close to 3/2. Other cases were explored, but they lead to smaller βSHS values and a
broader range of depolarization ratios. In all scenarios, ensuring a large μCT value and achieving a small ratio
ξ = T/t is critical for maximizing the NLO response, which, in practical terms, requires minimizing the first
excitation energy ΔEge.

While feasible in principle, the different parameters (t, T,mCT, μCT) are generally difficult to extract directly
from experimentalmeasurements, whichmakes difficult their use to infer andmonitor these symmetry-property
relationships. As a result, quantum chemistry calculations are of primary importance for the design of new
compoundswith enhanced NLO responses. Yet, among the experimental evaluations of these parameters, μCT can
be inferred from UV/Vis absorption spectra. Then, estimating t or T can be achieved through projection methods,
which involve partitioning the electronic Hamiltonian. A recent application of such approaches to intramolecular
donor-acceptor systems can be found in the work of Gillet et al.,41 following the methodology introduced by
Baumeier et al.26 More empirical models are also widely used: for example, the electron-in-a-box model, with its
characteristic ΔE∝ L−2 dependence (where L is the box size), predicts that increasing the length of a π-conjugated
segment (a common strategy to enhance NLO responses) leads to a decrease in t, up to a given point.35 More
generally, both t and T are dominated by electrostatic interactions at large intermolecular separations and

Fig. 11: Evolution of β̃SHS (top) and of its maximum (found
numerically, blue curve in the top and middle panels), with
ξ = T/t, for the VB-2CT model, and of the position of this
maximum (bottom).
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therefore decrease with distance. For T in particular, Förster theory approximates the interactions between CT
states via dipole-dipole coupling, leading to T ∝ r−3, where r is the distance between dipoles.28 Finally, mCT (or
equivalently ℓCT) has been linked to structural parameters such as the bond length alternation (BLA), as reported
by Barzoukas et al.,30,31 with a similarly strong correlation observed with the bond order alternation (BOA).29

In practice, achieving the ideal conditions explored in this study remains a significant challenge. One major
difficulty is that real compounds are rarely perfectly symmetric and often possess multiple CT excited states of
importance,27 and both effects impact the NLO responses. Furthermore, obtaining large mCT values requires a
delicate balance between donor and acceptor strengths,42,43 which is not easily achieved synthetically. However,
quantum chemical calculations provide a valuable tool for exploring a wide chemical space and identifying
promising candidates. While VB-CT models associated with quasi-one-dimensional compounds have been highly
successful13,44,45 and continue to drive the field forward,14,29,46 octupolar systems are still comparatively less
common, although the present work reaffirms their relevance. Hopefully, since the seminal contributions of
Zyss,12 a wide range of organic architectures have been explored, including C2v-like20,43,47 and octupolar sys-
tems,6,21,48 offering numerous powerful design strategies. Beyond purely organic molecules, organometallic
compounds consists of another efficient avenue, leveraging a variety of low-energy charge-transfer processes,
such as metal-to-ligand charge transfer (MLCT). Among these, ruthenium- and iron-based complexes have been
the most extensively studied,49,50 though other metals have also been successfully incorporated into NLO-active
materials.51–53 Here, different ligands coordinated to the metal center enable fine-tuning of the electronic
properties and facilitate access to a wide range of molecular symmetries.7,42,50 Metal-organic frameworks (MOFs)
also fall within this class ofmaterials and, when carefully designed, can exhibit remarkable NLO properties.54,55 It
is expected that this work, combined with existing synthesis and measurement techniques, will contribute to the
discovery of advanced molecules with large first hyperpolarizabilities, as well as materials exhibiting improved
nonlinear optical susceptibilities.

Supplementary Material

For each VB-nCT model (n ∈ [1, 4]): i) the expression for all transition and excited state dipole moments, ii) the
corresponding expression for all non-null tensor components, and iii) the expression of the tensor invariants.
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