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Abstract

We derive thermodynamically an expression for the theoretical open circuit voltage of a
rectenna device that converts high frequency ac radiation into dc power output. In addition,
we obtain the conversion efficiency of an electron emission rectenna, which consists of a nano-
antenna collector and a geometrically asymmetric rectifying MVM tunnel junction. This
guantity plays an analogous role to the fill factor for conventional n-p semiconducting PV
devices in limiting the overall efficiency. Thus, in effect, we develop a theory analogous to the
Shockley-Quiesser Theory or Limit (SHQL) for rectennas. The predicted limitations on the
efficiency of the electron emission device, as in the case of the SHQL for n-p junction devices,
are useful for guiding the development of practical devices based on rectennas.[1] These are
useful benchmarks for evaluating different electron emission-based schemes for energy
conversion.

1. Introduction

We derive thermodynamically an expression for the theoretical open circuit voltage of a
rectenna device that converts high frequency ac radiation into dc power output. In addition,
we obtain the conversion efficiency of an electron emission rectenna, which consists of a nano-
antenna collector and a geometrically asymmetric rectifying MVM tunnel junction. The model
device we will consider is a rectenna (an antenna with a rectifier) that converts high frequency
ac radiation into dc output power. For a more complete description of this device, and a review
of its operation and rectification properties see Reference [2]. The current analysis can be
applied to the solar spectrum as well as monochromatic radiation. In an ideal realization,
radiation is absorbed by the device that is assumed to be at an equilibrium temperature. A
portion of the radiation is reradiated while some is converted into useful work in the creation
of an output voltage and power. In evaluating the device performance, we determine the open
circuit voltage output, the short-circuit current, and the energy conversion efficiency.

In the high frequency (optical) range of interest, the quanta in the incident flux are more
energetic than those typical for thermal fluctuations in the rectifying antenna, so that the

! Corresponding author, Department of Physics, Penn State University, 104 Davey Laboratory, University Park, PA

16802; email: nmm1@psu.edu
1


mailto:nmm1@psu.edu

11/5/2014 11:15

problem of interaction of the radiation with the material features and, in particular, the
tunneling junction, has to be treated quantum mechanically. It is understood that “material
features” includes the nano-dimensions of the structure and tunneling junction. In particular,
at optical frequencies (or wavelength about 500 nm or less) the skin depth is on the order of 30
nm, which may coincide with the dimensions of the rectenna, resulting in significant
penetration of radiation into the device structure.

The limiting efficiency of the rectifying device cannot, in general, be calculated using a
Carnot cycle, which involves only heat exchanges with constant temperature reservoirs because
the device is not a heat engine. The second law is, however, still applicable, with entropy
changes in the process of energy exchange. When this system is in thermodynamic equilibrium,
then, according to the second law of thermodynamics, a fraction of the absorbed power
becomes unavailable for work, i.e., conversion to output dc power. For example, photons
cannot be absorbed continuously and still have the system maintain a constant temperature.
De-excitation of a fraction of occupied electron states in the absorber must occur to maintain
the equilibrium temperature. It is the energy involved in the latter process that is no longer
available for conversion into output work (or power).

We now describe qualitatively the processes occurring in such model systems when in
thermodynamic equilibrium. Consider radiation incident on a rectifying device (or energy
converter). In equilibrium electrons absorb photons and are promoted to excited states, which
thermalize to a temperature Tp. Assuming the system is in thermal equilibrium at T=T,, the rate
of promotion of electrons must be balanced by radiative de-excitations. A fraction of the
energy of the excited electrons will be converted into electrical energy. Other electrons will
give up their energy by either radiative (de-excitation with photon emission) or through
nonradiative thermalization processes, where energy is transferred to the lattice as heat, an
irreversible process that generates entropy. In chemical equilibrium with the radiation field the
chemical potential energy of the electron gas is equal to that of the emitted photons.[3]

Consider a thermodynamic analysis to determine important parameters of the rectifying
device, such as, open-circuit voltage and efficiency. A flux of photons of frequency v is incident
upon the rectifier. Photons are absorbed and promote electrons to higher energy states in the
absorber. To extract electrical energy from the system, there must be a driving force to
establish a voltage. An inherent asymmetry in the system can drive the electrons to the
interface, thus separating charges and creating an open circuit voltage. The asymmetry can be
a junction contact, with a field or density gradient driving the electrons to the interface. The
electrons are then delivered during the energy conserving process, such as, elastic tunneling, to
the output circuit producing a dc current. This process converts photon energy into a change in
electronic potential energy of the system. To determine the open circuit voltage, we analyze
this system following the thermodynamical methodology of Markvart.[3,4,5]

2. Calculation of the Voltage under Open Circuit and Dynamic Operating Conditions
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Assume a monochromatic beam of frequency v is incident upon an ideal rectifier . The
internal energy and entropy per photon in the incident beam, u;, and s;,, respectively, are given
by:[3]

u =hv, (1)

2V2 gin

¢ N | 2)

S, =KgIn| 1+

where &, is the étendue (areal expanse) of the incident beam, v is the frequency of the photon

beam, cis the speed of light, and N the number of photons. The étundue is defined as,

0E =N*AXcos b, (4)
where n is the index of refraction of the medium, 6 is the angle between the normal to the
surface element 0A and the direction of the photon wave vector k, and X2is the element of
solid angle in steradians. For the case of a beam of uniform cross-sectional area A, the étundue
is:

E=n’7A. (5)

2

In Eq. (2), the term 2v

>—& is the number of quantum states within a beam of frequency v and
c
étundue & .

Assume the incident beam impinges upon a rectifying device, where the temperature of the

emitted photons is equal to the temperature of the absorber, T,.[6] In general, the energy
spectra of the incident and emitted photon beams are different. For each absorption/emission
event some heat (qgpn) is rejected to the low-temperature reservoir at temperature Ty. This is

accompanied by a change of entropy of _?—W The energy and entropy balance conditions are:
0

U, =w+d,,, (6)
.y

S, =—2 -0, 7

in To O-I ( )

where o, is the entropy increase during the process of absorption and emission of a single

photon. For the rectifier, the quantity w is the work done in moving a charge through a voltage
V from the emitter electrode to the collector electrode. This work is equal to eV, and is, using
Egs. (6) and (7), given by,

eV =u, -T,s, -T,0;. (8)
Using the relationship,[7]

Too = Uy —Ugy) = To(Sin —Sout) » (9)
we obtain,

eV =Uqy, —ToSou - (10)

Eq. (10) states that the work is equal to the free energy of the emitted photon for a process at
constant pressure.[8]
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Consider now the entropy changes occurring in the conversion process for an ideal
rectifying device, where the absorbed photons are either re-emitted or their energy
transformed into an electrical current. From Ref. [3], o;is given by,

O =0\ + 0y + 0, (11)
where oy, represents the entropy changes due to a finite current being extracted from the
device. From Markvart [3],

oo =k, h{";'olj, (12)

I +1, -
with I;, Ilp, | corresponding to the photogenerated current, the dark saturated current, and
output current, respectively.
The term 0.y is the entropy change resulting from the étundue expansion of the
incident beam (i.e., essentially the change in the cross-sectional area subtended by the incident
and emitted photon beams). Markvart[3] calculates this as,

gout
Oy = Kg In . (13)
in
Finally, the term o, is the entropy associated with so-called “photon cooling.” By this we
mean the after the photon beam is absorbed, the emitted photon beam distribution can be

associated with a lower temperature. When the incident photon is cooled to a temperature Ty,

1
O, :T_(uin _uout)_(sin _Sout) : (14)

0
To evaluate Eqg. (14), we use Egs. (1)- (2) and the following relationships for the emitted
photons characterized by temperature Ty,

uout =hv+kBTO' (15)
E. . T
Sout =Kg| In M +1 |+const., (16)
Nout
where Nou is the photon flux rate at temperature Ty and
_ 2kgvy (17)
he? ’

with vg the minimum frequency (energy) emitted by the device during the absorption process.
In this case, we set vp=v, the frequency of the incident radiation, since in this ideal rectifier only
radiative transitions are considered.

After some algebraic manipulation, we obtain,
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2 &
GC=L[hV—(hv+kBTO)]— kg In 1+2V2 —= |=kg| In M +1
T, o
0 NOUt
(18)
2 8 2
=—kg|In 1+2V2 T —In —280”‘%51—0‘/
¢ hc’N,,,
Hence, from Eqg. (8), the output voltage is:
6‘ 2
eV =hv —Tkg In] =2 [-T kg In M ~T,Oun - (19)
E.
in hc®N,,,
For the open circuit condition, the final term is zero, and, thus,
g 2
&V, =y =Toky In| 2% | =Ty In 2&aike T (20)
in hc’N,,,

The above result does not include non-radiative losses, i. e., the thermalization of the
excited electrons involving the transfer of heat to the lattice. This process is material
dependent and irreversible since entropy is generated.

An analogous result for an n-p semiconducting solar collector assuming the sun is a
black body at temperature Ts was derived by Markvart in Ref. [3] and is given by:

eV, = [1 —~ _I—th vy +kgT, ln[I—SJ —kgT Oln(%j : (21)

S 0 in
Eqg. (21) reflects the assumption that each photon with an energy above the energy gap
yields one electronic charge at a voltage, given by hvg /e=E, /e, where Egis the energy gap of

the semiconductor. The result in Eq. (21) also shows that if there is no change in étendue
between the incident and emitted beams, the maximum energy output from a system can be
specified by the temperatures of the two beams when they originate from bodies in thermal
equilibrium at their respective temperatures. For the case treated here of a monochromatic
beam incident upon an absorber in thermal equilibrium with its surroundings, the maximum
work output is dependent on the temperature of the collector and the energy density of the
incident beam, and the étendue (areal expanse) of both the incident and emitted beam, which
are no longer equal. Thus, no specific details such as material parameters are needed for the
rectifier or the solar absorber.

In order to obtain some estimate for the efficiency based upon similar thermodynamic
considerations, in Fig. (10) are shown the results from Wurful and Ruppel for the efficiency of
conversion for a solar cell, where the incident radiation is absorbed by an intermediate material
and re-emitted over a range of wavelengths corresponding to 6&.[9] The maximum efficiency is

5
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about 65% and has a limiting value of 54% as the passband width is increased. These results
suggest that high efficiencies compared to the SHQL can be obtained for essentially
monochromatic energy sources.

Since the principle of operation of our rectifier is not the same as that in Ref. [9], we
analyze and calculate the optimum efficiency for the rectenna device in the next section.

DI =
o1

+ T T T T T T T 7%
1] oz 0% 25 =] 1.0

Gefev

Fig. 1. Efficiency n of ideal thermophotovoltaic energy conversion with a selective intermediate absorber and a
solar cell of identical absorption edges at a bandgap of Ag,q, = 0.8 eV. The absorber is surrounded by a filter of
passband width 6. The solar radiation is incident onto the absorber with solid angle of Q;,.= 0.03. For 6¢ =0, no
radiation reaches the solar cell, and n becomes zero. For > oo. there is no filtering action, and n approaches the
value 0.54 or 54%. [9]

3. Model Calculations of the Limiting Conversion Efficiency of the Rectifying Device

More than half-a-century has passed since Shockley and Quiesser developed their
much-celebrated thermodynamic limit on the efficiency of the conversion of solar energy into
electricity.[10] While the Shockley-Quiesser limit (SQL), in many cases, is neither practical nor a
real limit (and is not valid when multiphoton processes are significant), the possibility to
develop an exact physical constraint on the output work of an electric circuit was a significant
achievement in guiding the development of practical power conversion devices using p-n
junction based PV cells. In this section, we establish limitations on the efficiency of rectenna
devices using arguments similar to those of Shockley and Quiesser.

We now derive a formula for an optimal power conversion by a model electron emission
device based rectenna. This expresses limitations on the maximum efficiency of delivery of
output power by the electron emission devices (analogous to the role of the fill factor for
determining the efficiency of PV devices).

We shall start with the description of an idealized electron emitter in a rectenna used
for the rectification of electromagnetic radiation (see Fig. 2). The determination of the
efficiency depends critically on establishing two parameters of importance: the open-circuit
voltage V,. and short-circuit current /.. The open circuit voltage V,. is the potential difference
created due to the absorption of radiation under the condition of no current flow. It is given by
Eg. (20). The maximum short circuit current /s is the current produced when every photon

6



11/5/2014 11:15

absorbed is converted to output current. Hence, for a monochromatic incident beam assuming
an absorptivity of unity, it is given by:

Isc :—ENin gin' (22)
and the power delivered to the “load” is.
Pout = IIoadVIoad (23)
Anode

Cathode

Fig. 2 Schematic representation of a generic electron emitter tunnel junction [11] used in the rectenna.

The open circuit voltage as given by Eq. (20) or (21) does not depend on the field intensity,
only on the energy of the quantum, given by the Einstein relationship. The intuitive meaning of
the first term in Eq. (20) or (21) is: an electron is emitted in a single-photon absorption process

of ha,, and transfers its energy to the system when it enters the conduction band of the

anode (reservoir). This energy is divided between potentially useful work and heat losses to the
reservoir. The meaning of the logarithmic terms is entropic dissipation of an ordered form of
energy (light) into a disordered form (heat). The calculated open circuit voltage would increase
if multiphoton absorption in the direction of higher V... For simplicity, we retain the unmodified
expression for Vo to emphasize the commonality with the SHQL approach.

In the following analysis, we determine the conditions under which maximum power is
delivered to the output circuit, shown below. The energy conversion device can take the place
of a battery in the circuit with possible equivalent circuits as shown in Figure 3.
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Fig. 3. Possible equivalent circuits for a model rectenna energy conversion device. Choosing the one to use
depends on the application, not on an actual circuit design.[12]

We emphasize that an idealized power source with load can be treated as a voltage
device (when Théverin equivalent circuit is applicable) as well as a current device (when Mayer-
Norton equivalent is applicable) dependent on its function. Because the real power source
usually falls between a constant voltage and constant current sources, we investigate these two
separate cases. The Mayer-Norton equivalent of a constant current source is more applicable to
a rectenna device whose voltage varies considerably with its load. The Thevenin equivalent of a
constant voltage source is more applicable to a device in which the current varies, but the
applied voltage stays constant. For the device considered here, the voltage output of the
rectenna varies with load (so that the Mayer-Norton Equivalent is more appropriate).
However, the Thevenin equivalent circuit provides a second limit to bracket the efficiency
because the equivalence of our diode device to one or the other is only approximate.

3.1. Mayer-Norton treatment assuming the rectenna is a constant current source.

Assume the irradiated rectenna is a source of a constant current. A schematic representation of
a its diode element in terms of its equivalent circuit is given in Figure 4.

L

7o+
:" A Ve Y D,V

1 ]
5 r

L

e

Fig. 4 Simplified model of electron emitter rectifier as a constant DC current source.
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Under illumination the device, a voltage is developed across the diode. The operating range of
the device is between 0 and V. with output power delivered to the load given by,

P.=1V, (23)
with the assumption that the dark current of the diode under a bias V is given by the Fowler-
Nordheim (FN) formula,

l o = KV? exp[_v—aj , (24)

where K =SA and a =B¢"”.

Here, Eq. (23) is simply Joule’s law where [ is the current delivered to the load and V is
the output voltage. When a load is present, a potential develops between the terminals of the
diode, creating a current, /4, through the diode that opposes Isc. Hence, the current delivered
to the external load is given by Isc — Iz This so-called dark current is the current delivered by
the diode under a bias equal to V.

Eqg. (24) is a Fowler-Nordheim type equation, where A and B are the usual FN
parameters, S is the emitting surface area, S = 7zr02A9- N . The quantity rg is the average radius

of curvature of the emitting element, AB=arctan(h/L) is the effective emitting angle, and N is the
total number of emitters per unit area.[13,14] Note, that the canonical FN equation deals with the
current density, whereas, Equation (24) is the expression for the total current as required by
the Joule law.

There is no contradiction between Equation (20), which assumes single-photon
processes and Equation (24), which is based on Fowler-Nordheim approach. The FN law can be
understood in terms of multi-photon absorption and corresponds to the limit when the number
of photons absorbed. nph—>e<.[15] Using the approach governing the derivation of the
Schokley-Quiesser formula, we assume that the energy of an optical photon is completely
absorbed in the device and, thereby, fully converted into the energy of electrons and the
crystalline lattice. The useful work produced by the device has an optimum value at a particular
load impedance.

The maximum power output is obtained by choosing the voltage so that the product IV
is maximized. Using Eq. (24), the short circuit current is,

I =KV, exp[\;—aj . (25)

ocC

The power output delivered to the load is,

Pout = (e = lgan )V = KVoc2 eXp —2- KV ? exp[ij (26)
Voc V

Using the following dimensionless quantities.

x=Y_ with 0<x<1, (27)
VOC
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b =T (28)
VOC

P — POUt ’
norm chf;c (29)
the normalized power output Ppm is given by,
Porm = (exp(— b)- x> exp(~b/ x))x . (30)
Note that the dimensionless parameter appearing in the exponential of the FN equation
is @ measure of the transparency of the barrier for electron tunneling and can also be expressed
as,

a 0.693¢"°
VOC l:OC
where Focis the field at the cathode (in V/A) under an applied voltage of Voc and ¢ is the work
function (in eV). In the ordinary electron (field) emission range, the field is of the order of 0.3
to 0.7 V/A, with ¢ of the order of 4 eV for most metals. Hence, b for an electron emitter in the
ordinary field emission range ranges between 8 and 18.

The characteristic dependence of output power, current and dark current as a function of x for
b=10 is given in Figsures 5-7, respectively. These qualitatively resemble the characteristics of
an ideal p-n junction device.

) (31)

0.000035

0.00003 -

0.000025 |

Prorm  0.00002 -

0.000015 [
0.00001
5.0110°0 F
1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 X
0.2 0.4 0.6 0.8 1.0
F F

—_—r B —
Fig. 5 Power output in dimensionless units K¥ge as a function of dimensionless bias, Fae, for b=10.
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Fig. 6 Current output in dimensionless units I/l (Equation 25) as a function of dimensionless bias for b=10.

X

| I I | | | | I I I | X
0.2 04 0.6 0.8 1.0

2. 100 -
Idark/ISC

4. 11050

6. 011076 -

Fig. 7 Variation of a dark current ly,./ls as a function of bias for b=10.

In order to determine the optimal value of the output power as a function of x, we use

the following condition:
dP.

norm — O

dx _ (32)

It is important to note that the output power depends upon the device’s physical and
geometrical parameters that are embedded in the constant b. Hence, for a practical device, the
optimization of the device requires the appropriate choice of device parameters.

To calculate the conversion efficiency at maximum power (analogous to the fill factor
(FF)), we use the following expression,

=k (33)

11
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which is the maximum power delivered to the load divided by the input power supplied by the
flux of quanta, neglecting small corrections of the order kgTo. The following plot shows its
dependence on b. The limiting value is 1 as b increases.

10 20 30 40 50 60 70

b

Fig. 9 Efficiency n as a function of b, the transparency of the barrier. Note that for moderately transparent barriers
(b~10), the efficiency is greater than 70%.

3.2. Thevenin treatment assuming the rectenna is a constant voltage source

P

7

[ ead |

Fig. 10. Schematic diagram of a circuit with a rectenna under illumination, including the antenna, the rectifying
element and the load.

12



11/5/2014 11:15

In order to determine the optimal value of the output power delivered to the load for
the circuit shown in Fig. 10, we use the method of Lagrange multipliers (see the Appendix). The
optimal value of the output voltage delivered to the load is:

yor - (Vo )t J@V, +a) —12v2
load 6 (34)

The parameter «a is a device-dependent material and geometric quantity. The power delivered
to the load is,

P =1 Vo (35)

out — opt ¥ load

The total energy delivered by the “battery” is,
hao
Ptot = loptVoe & lopr —

optYoc
(S]

(36)

opt

Using Egs. (35) and (36), we obtain for the efficiency (energy conversion coefficient):

opt
n= eVload (3 7)

(o)

Neglecting small corrections of the order kgTp to V., the efficiency is calculated as a function of
frequency. The results of the calculations are shown in figures 11 and 12 for a model device
characterized by the following parameters: $=4.5 eV, s=1 nm, and B=20. In addition, for this
idealized case, we assume the time scale for tunneling is much shorter than that associated
with thermalization processes.

0.25}
0.20 "
0.15"
0.10"
0.05|

7

02 04 06 0.8 1.0
Fig. 11. The efficiency of energy conversion, n, as a function of a dimensionless wavelength defined by A’=A@/2rtch.

Note that the efficiency increases monotonically with the energy of a photon until it is approximately constant
from the near IR (about 1eV) through the visible, the peak region of the curve.

The results suggest that the efficiency of rectification of the optical radiation by the rectenna
treated as a constant voltage source is comparable to the SHQL but not as high as in a Mayer-

13
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Norton model. Specifically, the value of the conversion efficiency asymptotically approaches
1

n=3 . Moreover, the efficiency integrated over a Planck integrated solar spectrum is even
lower, with n<30%.

4. Summary and Conclusions

In this paper we derive a thermodynamic expression for the theoretical open circuit voltage of
an electron emission device (rectenna) that converts high frequency ac radiation into dc power
output. In addition, we derive expressions for the conversion efficiency, i.e., the efficiency of
delivery of output power to a load and its dependence on physical constants and geometrical
factors.

The conversion efficiency plays a role analogous to the fill factor (for PV devices) in
limiting the overall efficiency. The energy harvesting device treated here is a rectenna with a
rectifying element consisting of a geometrically asymmetric tunnel junction. The rectification
process of this rectenna is based, not on conventional material or temperature asymmetry as
used in MIM (Metal/Insulator/Metal) or Schottky diodes, but on a purely geometric property of
the antenna tip or other sharp edges that may be incorporated on antennas. This “tip” or edge
in conjunction with a collector anode provides a connection to the external circuit and
constitutes a tunnel junction. In these devices the rectenna (consisting of the antenna and the
tunnel junction) acts as both the absorber of the incident radiation and the rectifier. Using
current nanofabrication techniques and the selective Atomic Layer Deposition (ALD) process,
junctions on the order of 1 nm can be fabricated, which allow for rectification of frequencies up
to the blue portion of the spectrum.

In treating a solar cell or more general solar energy harvester as the electrical energy
source in a circuit, there are two limiting cases: The circuit can be modeled as voltage source
whose emf is essentially independent of the load resistance; The circuit can be modeled as a
constant current source whose emf depends on the load resistance. A choice of one or the
other depends on the particular application.

In the conventional analysis of the efficiency of a solar cell (i.e., single n-p junction), the
device is treated as a constant current source. In this case, the energy efficiency is expressed in
terms of the short circuit current (load resistance is 0) and the open circuit voltage (load
resistance is o) and the fill factor. For our rectenna, the device is more accurately treated as a
current source because the output emf depends on the resistance of external load, with the
operating voltage of the device varying between 0 and V... Calculated results indicate that
within this context, the efficiency of conversion of monochromatic light can exceed n=70%,
with correspondingly high integrated efficiencies over the solar spectrum.

By contrast, if we treat the rectennas as a constant voltage (emf) source, the current

fluctuates dependent on the load. In this case, the device operates at a voltage V=V, and the
1

maximum theoretical efficiency is much lower, asymptotically approaching n=3 . The efficiency
integrated over a Planck integrated solar spectrum is even lower, with n<30%.

14
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In conclusion, the treatment presented here complements Shockley-Quiesser theory
when the solar energy harvesting device is a rectenna rather than a p-n junction for conversion
into electrical energy. It is based only on the Second Law of Thermodynamics and Joule’s law.
Given that the rectenna device corresponds more closely in a equivalent circuit approach to a
constant current rather than constant emf source, efficiencies much greater than 30% can be
expected, on the order of 70%, for an optimized device. These higher efficiencies can be further
enhanced by the inclusion of multiphoton absorption processes. The calculated results provide
a new benchmark for the limiting efficiency of rectennas in the frequency range from the IR to
the near ultraviolet.
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Appendix. Derivation of the Optimal Power Output in the Constant Voltage Regime
Using the Method of Lagrange Multipliers, we find the optimal value of the output power

P =I°r, (A.1)

subject to the constraint that the current is given by the FN formula,

| =K(V,,—Ir)’ex (A.2)

(Voo = |r)]

Where the notation is discussed following Eq. (24).

With A denoting the Lagrange multiplier, the operational relationship for the Lagrange
method is given by.

5[' I’—/i{l—K(\/ —II’) exp(mj}]=5[f—lg]=0 (A3)

This reduces to the following three equations,

a(fa—rﬂg) _0 (A.5)
M =0 (A.6)
oA

Evaluating Eq. (A.4) yields,

a o
2Ir—ﬂ,{1—K2(V —1Ir)(- r)exp(mj K(Voc—ll’) V- )2( re I{(V —Ir)}}

Simplifying,
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- -
21r — /1{1 + ZKI‘(VOC - |I’) eXp(mj +Kar exp(m]} =0 (A7)

and using the constraint, yields,
21r(V,, — 1) = A{(V,, = Ir)* +2r1 (V,. — 1)+ arl }=0 (A.8)

Evaluating Eq. (A.5), yields,

) a
I { Kz(voc - Ir)( I)exp(m] K(Voc - Ir) (V )2 ( ) p[(v Ir)j}
Dividing by / and simplifying,

| - /I{ZK(VOC II’) eXp((V—_I)J +Ka exp[ﬁ]} =

Using the constraint and further simplification, we obtain,
V,, = I =22V, - IN+a}=0 (A.9)

The final condition, Eq. (A.6), just reiterates the constraint on the FN current,

{I ~K(V,, —Ir)’ exp[(v 1 )J} 0 (A.10)

Solving for A in both Eq. (A.8) and Eq. (A.9) and equating the results yields,

2|r(voc — Ir)2 _ (Voc — Ir)2
Vo — D)2 +2r1(V, — I +arl  2(V, — 1IN +a

(A.11)

Letting Yy =Ir, expanding terms and simplifying yields the following quadratic equation iny,
3y’ — (A, +a)y+V,. =0. (A.12)

The solution of the quadratic equation is,

A +a)t+AV. +a) —12V2
_( oc oc o]

- (A.13)
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Using the dimensionless units x, b, and P,,.m defined in Eqgs. (27)-(29), we obtain,

L (4+b)Ey(d+b)” ~12

6 ) (A.17)

which is the fraction of the output voltage of the source across the load.
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