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Theoretical Design of Open-Shell Singlet Molecular Systems for
Nonlinear Optics
Masayoshi Nakano*,† and Benoît Champagne§

†Department of Materials Engineering Science, Graduate School of Engineering Science, Osaka University, Toyonaka, Osaka
560-8531, Japan
§Laboratoire de Chimie Theórique, University of Namur, rue de Bruxelles, 61, 5000 Namur, Belgium

ABSTRACT: Design principles toward open-shell singlet molecular systems exhibiting
remarkable nonlinear optical (NLO) responses are derived based on a two-site diradical
model within the valence configuration interaction scheme. In this scheme, the concept of
diradical character (y), a chemical index for bond weakness in the ground state, enables to
classify singlet molecular systems into three categories: (i) closed-shell (y = 0), (ii)
intermediate diradical (0 < y < 1), and (iii) pure open-shell (y = 1) systems. It is found that
the second hyperpolarizabilities (and also the first hyperpolarizabilities for asymmetric
systems) are enhanced in the intermediate diradical character region with respect to the
other ones. This leads to a new class of open-shell singlet NLO systems, which are
expected to outstrip traditional closed-shell NLO systems. On the basis of this principle,
practical molecular design guidelines for tuning the diradical characters and, therefore, for
achieving large NLO properties are discussed on the basis of first-principles calculations
performed on realistic open-shell singlet molecular systems.

Over four decades, nonlinear optical (NLO) phenomena,
which result from the interactions between atoms/

molecules and strong electric fields like lasers, have attracted a
great deal of attention from experimental and theoretical
researchers due to their numerous applications in spectroscopy,
materials science, and engineering.1−4 In particular, NLO active
materials are expected to be utilized in future photonics, that is,
data acquisition, storage, processing, and transmission by
photons,5−15 so that intense research activities have been
devoted to prepare highly active NLO molecules with large
first (β) and second (γ) hyperpolarizabilities. Although conven-
tional NLO materials are generally inorganic crystals, for
example, lithium niobate (LiNbO3) and potassium dihydrogen
phosphate (KH2PO4), and exhibit second harmonic generation
(SHG), since the 1990s, π-electron conjugated organic
molecular systems have appeared as promising alternatives for
highly efficient NLO applications1−4 because of their larger
optical nonlinearities and faster optical responses as well as of
lower driving voltages, easier molecular design, and potentially
lower processing cost. So far, many organic π-conjugated
molecular systems have been investigated, and several design
guidelines for preparing efficient NLO molecules have been
proposed, for example, π-conjugation extension,16 donor/
acceptor group substitution,17,18 and charge introduction.19

However, most of these systems are closed-shell systems,
whereas there have been few studies on open-shell systems, in
particular, open-shell singlet systems, before our investigations.
Open-shell singlet systems, n-radicals/n-radicaloids (n = 2

(di), 4 (tetra), 6 (hexa), ...),20−32 are defined as “systems having n
weakly interacting electrons with similar energy”. In the
molecular orbital (MO) picture, they are also represented as
“systems with n nearly degenerate bonding and antibonding

MOs”. For example, the stretched hydrogen molecule and the
twisted ethylene are prototypical models for diradical systems,20

where the degree of diradical character, that is, bond weakness in
this case, is controlled by the degree of the structural changes.
Although such model systems are thermally unstable or are
observed as reaction intermediates with short lifetimes,29 recent
development in synthesis have led to various types of thermally
stable diradicaloids and multiradicaloids, for example, diphena-
lenyl compounds,33,34 transition metal compounds,35−37 poly-
cyclic aromatic hydrocarbons (PAHs),29,30,38,39 and main group
containing compounds.24,40−42 These open-shell singlet systems
exhibit unique physicochemical properties, for example, the
narrow singlet−triplet band gap (∼0.5 eV) in long acenes having
a singlet ground state and a high reactivity of the zigzag
edges,43−45 high charge carrier mobilities,33 and in the solid state,
intermolecular distances smaller than van der Waals radius.33,46

These unique properties originate from their unique electronic
structures, which can be characterized by the open-shell or
multiradical character.31,47−51 The diradical (and higher order)
character is not an observable, but a quantum-chemical index,
which was originally defined as twice the weight of the double
excitation configuration in the multiconfiguration self-consis-
tent-field (MC-SCF) method.47 Yamaguchi proposed an
approximate spin projection scheme for evaluating the diradical
character (y) using broken symmetry (BS) single-determinant
approaches, that is, spin-unrestricted Hartree−Fock (UHF) and
density functional theory (UDFT) methods.31,48 Subsequently,
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the diradical character was associated with the “instability of
chemical bonds in the ground state”.31 On the other hand,
excitation energies and other molecular properties are also
strongly related to the diradical character in the ground
state.20,22,32,52−54 So, analytical expressions have been derived
for the excitation energies and transition moments as a function
of the diradical character using a two-site diradical model based
on the valence configuration interaction (2e-VCI) method.53

Because the diradical character is a chemical index, related to the
effective bond nature in the ground state and, thus, is familiar to
chemists, such expressions are useful for deducing design
guidelines for efficient photoresponsive molecular systems.32

The electronic structure of open-shell singlet systems is
classified into three categories, that is, (i) closed-shell (y = 0), (ii)
intermediate diradical (0 < y < 1), and (iii) pure open-shell (y =
1) systems.32 On the basis of theoretical and computational
studies, we have found that γ, the third-order NLO property at
the molecular scale, shows a strong correlation with the diradical
character y, referred to as “y−γ correlation”: systems having
intermediate y values around 0.5 exhibit larger γ amplitudes than
closed-shell (y = 0) and pure diradical (y = 1) systems of similar
molecular sizes.55 The y−γ correlation was clarified using
analytical expressions derived from the 2e-VCI approach.53 It
was also exemplified using highly correlated ab initio molecular
orbital (MO) and spin-unrestricted density functional theory
(UDFT) calculations for various model and real open-shell
molecular systems, for example, H2 molecule under dissocia-
tion,56,57 twisted ethylene,55 p-quinodimethane,55 imidazole and
triazole benzenes,58 polycyclic hydrocarbons including graphene
nanoflakes,59−65 multinuclear transition-metal complexes,66−68

thiophene-based systems,69 main group compounds,70−72 and
photochromic compounds.73 Such diradical character depend-
ence of γ subsequently has been confirmed experimentally by
remarkably large two-photon absorption (TPA)74−81 and third
harmonic generation (THG), which are typical third-order NLO
properties, of several thermally stable open-shell singlet
diradicaloids,82,83 having intermediate y values. Further extension

of the diradical character dependence of γ has been observed for
multiradical systems,84−89 asymmetric open-shell singlet sys-
tems,90−92 dynamic NLO (resonant NLO including TPA)
properties,93 and other linear and nonlinear optical properties
including β.90 In this Perspective, we explain the theoretical
background of this novel design principle toward enhanced NLO
properties and give examples of realistic open-shell singlet NLO
molecular systems with intermediate y values.
Symmetric Open-Shell Singlet Systems. First, we consider the
excitation energies and properties of diradical molecules as a
function of diradical character. The simplest model for
symmetric diradical molecules consists in a two-site model
A•−B• with two electrons in two orbitals. The localized natural
orbitals (LNOs) are defined by using symmetry-adapted
bonding (g) and antibonding (u) orbitals22,52,53

≡ + ≡ −a x g x u x b x g x u x( )
1
2

[ ( ) ( )] and ( )
1
2

[ ( ) ( )]

(1)

which are localized on one site (A or B), whereas they have
generally small tails on the other site, satisfying the orthogonal
condition, ⟨a|b⟩ = 0. MS, the z component of spin angular
momentum is equal to 0 (singlet and triplet). a and b enable to
define two neutral and two ionic determinants

| ̅⟩ ≡ | ̅⟩ | ̅ ⟩ ≡ | ̅ ⟩ab ab b a b acore and core (neutral)
(2a)

| ̅⟩ ≡ | ̅⟩ | ̅⟩ ≡ | ̅⟩aa aa bb bbcore and core (ionic) (2b)

Here, the upper-bar indicates the beta spin, whereas nonbar does
the alpha spin. The electronic Hamiltonian H (in atomic units)
reads

Figure 1. Four states {|S1g⟩, |T1u⟩, |S1u⟩, |S2g⟩} of the two-site diradical model (a), diradical character y versus |U/tab| (b), as well as diradical character
dependences of dimensionless excitation energies (EDL S1u,S1g and EDL S2g,S1g), squared transition moments ((μDL S1g,S1u)

2, and (μDL S1u,S2g)
2) (c).
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= +
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h i
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1

( )
1

i

N

i
i

N

A

A

iA i

N

j i

N

ij

i

N

i

N

j i

N

ij

1

2

1 1

2

1

1 1 (3)

In this basis, the VCI matrix of this Hamiltonian is given by52,53

⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩

⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩

⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩

⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩ ⟨ ̅| | ̅⟩

=

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

ab H ab ab H ba ab H aa ab H bb

ba H ab ba H ba ba H aa ba H bb

aa H ab aa H ba aa H aa aa H bb

bb H ab bb H ba bb H aa bb H bb

K t t

K t t

t t U K

t t K U

0

0
ab ab ab

ab ab ab

ab ab ab

ab ab ab (4)

where the energy of the neutral determinants ⟨ab|̅H|ab⟩̅(= ⟨ba|̅H|
ba⟩̅) = 0 is taken as the energy origin, and the physical parameters
are defined by

≡ − ≡ | − |U U U aa aa aa bb( ) ( )

(effective Coulomb repulsion)
aa ab

(5a)

= ≡ | = | = | = |K K ab ba ba ab ab ab ba ba( ) ( ) ( ) ( )

(direct exchange integral)
ab ba

(5b)

and

= ≡ ⟨ | | ⟩ = ⟨ | | ⟩ = ⟨ ̅| | ̅⟩ = ⟨ ̅| | ̅⟩t t a f b b f a a f b b f a

(transfer integral)
ab ba

(5c)

where (ij|kl) represents a two-electron integral and f indicates the
Fock operator in the LNO basis.52−54 By diagonalizing the VCI
matrix, we obtain four solutions: an essentially neutral lowest-
energy singlet state of g symmetry |S1g⟩(= κ(|ab⟩̅ + |ba⟩̅) + η(|aa⟩̅
+ |bb⟩̅)) (with energy 1E1g; κ > η > 0), an ionic singlet state with u
symmetry |S1u⟩ = (|aa⟩̅ − |bb⟩̅)/√2 (with energy 1E1u), another
singlet state of g symmetry but essentially ionic |S2g⟩(=−η(|ab⟩̅ +
|ba⟩̅) + κ(|aa⟩̅ + |bb⟩̅)) (with energy 1E2g; κ > η > 0) and a neutral
triplet state |T1u⟩(= (|ab⟩̅ − |ba⟩̅)/√2) (with energy 3E1u)

52,53

(see Figure 1a). The nonzero transition moments between these
states are evaluated as53

μ η

μ κ

≡ −⟨ | ∑ | ⟩ =

≡ −⟨ | ∑ | ⟩ =

S r S R

S r S R

2

and
2

S S i i

S S i i u

, 1g 1u BA

, 2g 1 BA

1g 1u

2g 1u (6)

where RBA = (b|r1|b) − (a|r1|a) represents the effective distance
between the unpaired electrons, and therefore a dipole (when
multiplied by the electron charge). 2κ2 and 2η2, the sum of which
is equal to one by virtue of the orthogonalization condition, are
the weights of the neutral (ionic) and ionic (neutral)
contributions in |S1g⟩ (|S2g⟩). In order to elucidate the
relationship between the physical parameters (tab, U, Kab) and
the ground-state magnetic interaction, we introduce the effective
exchange integral J in the Heisenberg Hamiltonian94 for two-site
systems, ĤHB = −2JŜA·S ̂B, which is expressed by52,53

= − = +
− +

J E E K
U U t

2 2
16

2ab
ab1

1g
3

1u

2 2

(7)

Alternative expressions can be derived using the symmetry-
adapted MOs. The g-symmetry ground and excited states are
given by |S1g⟩ = ξ|gg⟩̅ − ζ|uu ̅⟩ and |S2g⟩ = ζ|gg⟩̅ + ξ|uu ̅⟩,
respectively, where ξ2 + ζ2 = 1, and ξ + ζ = 2κ and ξ− ζ = 2η from
the comparison of theMO and LNO representations of the wave
functions. Following ref 47, y is defined by twice the weight of the
double excitation configuration in the singlet ground state so
that53

ζ≡

= −
| |

+

= −
+

= −
− − +

+ −

y
t

U t
r

r

r r r r

r r

2

1
4

16

1
4

1 16

1
2 ( )( 1)

1 2( )

ab

ab

t

t

K J K J

K J

2

2 2

2

(8)

using dimensionless quantities: rt ≡ |tab|/U (≥ 0), rK ≡ 2Kab/U
(≥ 0) and rJ ≡ 2J/U. As seen from this equation, the diradical
character y satisfies the relations: y→ 1 for rt→ 0, and y→ 0 for rt
≥ 1. These relations ensure that y takes a value between 0 and 1,
which represent the closed-shell (bonding) and pure diradical
(bond breaking) states, respectively. Because U describes the
difficulty of electron transfer between A and B, whereas |tab| does
the easiness of that, the case rt → 0 defines the localization limit
with an electron on each site, corresponding to pure diradical
state (y → 1), whereas the case rt ≥ 1 (|tab| ≥ U) represents a
significant delocalization of electrons over the two sites,
corresponding to stable bonding state (y → 0) (see Figure 1b).
In other words, y is associated with electron correlation through
rt. Alternatively, y can be expressed by the occupation number of
the lowest unoccupied natural orbital (LUNO), nLUNO. Since
nLUNO = 2− nHONO, q = 1− y = (nHONO− nLUNO)/2 corresponds
to an “effective bond order”, where nHONO and nLUNO are the
numbers of electrons in bonding and antibonding orbitals,
respectively. Thus, the diradical character y is a fundamental
factor for describing electronic states, that is, y represents an
electron correlation in the physical sense and 1− y represents an
effective bond order in the chemical sense.31,32,53,56

As a matter of fact, the dimensionless (DL) excitation energies

and squares of the transition moments are almost fully governed

by q:53

The diradical character y is a funda-
mental factor for describing electronic
states, that is, y represents an electron
correlation in the physical sense and 1
− y represents an effective bond order
in the chemical sense.
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≡
−

= −

= − +
−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

E
E E

U
r

r
q

1

1
2

1 2
1

1

S S

J

K

DL ,

1
1u

1
1g

2

1u 1g

(9a)

≡
−

= + − =
−

E
E E

U
r r

q
1 2( )

1

1
S S K JDL ,

1
2g

1
1g

22g 1g

(9b)

μ
μ

≡

=
−

+ −

=
− −

⎛
⎝⎜

⎞
⎠⎟R

r r

r r

q

( )

1 2( )

1 1

2

S S

S S

K J

K J

DL ,
2 ,

BA

2

2

1g 1u

1g 1u

(9c)

and

μ
μ

≡

= +
+ −

=
+ −

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

R

r r

q

( )

1
2

1
1

1 2( )

1 1

2

S S

S S

K J

DL ,
2 ,

BA

2

2

1u 2g

1u 2g

(9d)

The diradical character dependences of these quantities for rK = 0
(the usual case) are sketched in Figure 1c. The transition
moment between |S1g⟩ and |S2g⟩ vanishes because they have the
same g symmetry. As increasing y, both DL excitation energies
decrease toward 1, with a rapid decrease in the small y region.
Starting from (μDL S1g,S1u)

2 = (μDL S1u,S2g)
2 = 0.5 for y = 0,

(μDL S1g,S1u)
2 monotonically decreases toward 0, whereas

(μDL S1u,S2g)
2 increases toward 1. These variations originate from

the fact that the ionic component of state S1g (S2g) decreases
(increases) as a function of y, whereas state S1u keeps a pure ionic
nature. Note that the real rather than dimensionless excitation
energies do not only depend on y but also on the amplitude of U
and, in addition, from eq 8, y increases with U. Therefore, when
increasing y, ES1u,S1g decreases, reaches a stationary value, and in
some cases with very large U it increases again in the large y
region.57 In summary, the excitation energies and other
spectroscopic properties are strongly related to the diradical
character of the electronic ground state.

Second Hyperpolarizability As a Function of Diradical Character.
Using perturbation theory, the hyperpolarizabilities are given in

terms of summation-over-states (SOS) expressions, that is, in
terms of the excitation energies, transition moments and dipole
moment differences between states.95,96 For the A•−B• model
system, this SOS expression reduces to a three-state approx-
imation {|S1g⟩, |S1u⟩ and |S2g⟩} and, in the static limit, the diagonal
γiiii component (with i the direction of the bond axis, and
hereafter referred to as γ) is expressed by type II (γII: the first
term) and type III-2 terms (γIII‑2: the second term),97,98

γ γ γ
μ μ μ

= + = − +‐

E E E
4

( )

( )
4

( ) ( )

( )
S S

S S

S S S S

S S S S

II III 2 ,
4

,
3

,
2

,
2

,
2

,

1g 1u

1u 1g

1g 1u 1u 2g

1u 1g 2g 1g

(10)

Inserting eqs 9a-9d into 10, we obtain the dimensionless second
hyperpolarizability γDL as a function of y and rK,

53

γ γ

γ γ

≡

= +

= −
−

+ − − − +

+
−

− +

‐

− −

− − − −

⎧⎨⎩
⎫⎬⎭

⎧⎨⎩
⎫⎬⎭

⎧⎨⎩
⎫⎬⎭

R U

R U R U

y

y r

y

r

( / )

( / ) ( / )

8(1 )

{1 1 (1 ) } 1 2

4(1 )

1 2

K y

K y y

DL
BA
4 3

II

BA
4 3

III 2

BA
4 3

4

2 2 1

1 (1 )

3

2

1

1 (1 )

2
1

1 (1 )

2

2 2
(11)

The variations of γDL
II (the first term), γDL

III‑2 (the second term) and
γDL are shown in Figure 2a as the function of the diradical
character y in the case of rK = 0. It is found that γDL exhibits a bell-
shape variation with a maximum value at y∼ 0.359, which implies
that systems with intermediate diradical character exhibit larger
γDL than closed-shell (y = 0) and pure diradical (y = 1) systems.

53

This enhancement of γDL in the intermediate y region is
dominated by the contribution of type III-2 (γDL

III‑2). Furthermore,
as sketched in Figure 2b for γDL

III‑2 with rK = 0, as y → 0 the
denominator (EDL S1u,S1g)

2(EDL S2g,S1g)
2 and the numerator

(μDL S1g,S1u)
2(μDL S1u,S2g)

2 approach infinity and a finite value,

respectively, resulting in γDL
III‑2 → 0, whereas as y → 1 they tend

toward a small though finite value and 0, leading again to γDL
III‑2 →

0. Then, as increasing y from 0 to 1, the denominator decreases
rapidly in the small diradical character region (y <∼0.2), whereas
the numerator shows a gradual decrease, the features of which
result in the enhancement of γDL

III‑2 in the intermediate diradical
character region: γDL

III‑2 takes amaximum (∼0.243) at y∼ 0.306. As
a result, the second hyperpolarizability (γ) exhibits a strong
correlation with the diradical character y, referred to as “y−γ
correlation”: systems having intermediate y values around 0.5
exhibit larger γ amplitudes than closed-shell (y = 0) and pure
diradical (y = 1) systems of similar size.
An alternative analysis of γDL is obtained as a function of rJ and

rK, which clarifies the relationship between γDL, y and the
magnetic interaction rJ. Substituting eqs 9a−9d into eq 10, we
obtain

The excitation energies and other
spectroscopic properties are strongly
related to the diradical character of the
electronic ground state.
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γ γ=

= −
−

+ − −

+
− + −

+ − −

R U

r r

r r r

r r r r

r r r

( / )

4( )

{1 2( )} (1 )

4( 1)( )

{1 2( )} (1 )

K J

K J J

K J K J

K J J

DL
BA
2 3

2

2 3

3 2
(12)

The γDL isovalue curves (black contour) are shown in Figure 2c
on the (rJ, rK) plane together with the iso-y-lines (green lines).
The red ridge line, which connects the (rJ, rK) points giving
maximum γDL values, is almost parallel to the iso-y-lines between
y = 0.3 and 0.5. This shows that for finite rK values γDL is
enhanced in the intermediate y region, similarly to the case with
rK = 0. As also seen from this map, the systems having open-shell
singlet ground states (region B) exhibit larger γDL values than the

conventional closed-shell systems (region A), and the maximum
γDL further increases from the lower left to the upper right corner
on the (rJ, rK) plane. In particular, the systems with triplet ground
states and singlet excited states with intermediate diradical
characters (region C) are predicted to present further enhance-
ment of γDL (in their singlet excited state) as compared to the
singlet ground-state systems with intermediate diradical
characters (region B). Region C corresponds to the
ferromagnetic interaction region (J > 0), which has been actively
investigated in an effort to realize molecular magnets. Another
intriguing region is region D, because this region, which has
singlet or triplet ground states, presents negative γDL values of
large amplitudes. Although regions C and D are attractive and
should be investigated in the future, we focus on the compounds
belonging to region B in this Perspective because several real
thermally stable compounds belonging to region B have been
discovered or synthesized in recent years.24−30

Asymmetric Open-Shell Singlet Systems. Asymmetric open-shell
singlet molecular systems constitute another class of compounds,
where asymmetricity plays also a role on their ground- and
excited-electronic structures.90 Following the approach for
symmetric systems, the a(x) and b(x) LNOs (eq 1) are used
and defined in terms of the bonding and antibonding MOs, g(x)
and u(x), which read

χ χ

χ χ

=
+

+

=
−

−

g x
S

x x

u x
S

x x

( )
1

2(1 )
[ ( ) ( )]

and ( )
1

2(1 )
[ ( ) ( )]

AB
A B

AB
A B

(13)

Figure 2. Variations of dimensionless γiiii (γDL iiii), γiiii
II (γDL iiii

II ), and γiiii
III‑2 (γDL iiii

III‑2 ) as a function of diradical character (y) in the case of rK = 0 (a), diradical
character (y) dependences of γDL

III‑2, (μDL S1g,S1u)
2(μDL S1u,S2g)

2 and (EDL S1u,S1g)
2EDL S2g,S1g in the case of rK = 0 (b), and contours of γDL (−2.0 ≤ γDL < 2.0,

interval = 0.1) on the plane (rJ, rK), where solid, dotted, and dashed black lines indicate positive, negative, and zero lines of γDL, respectively (c). In (c),
the red line represents the ridge line connecting the (rJ, rK) points giving maximum γDL values, and the iso-y-lines are shown by solid green lines. Region
A and B−D represent closed-shell (conventional NLO systems) and open-shell (theoretically predicted systems) regions, respectively, where the arrow
indicates the order of exploration.

The second hyperpolarizability (γ) ex-
hibits a strong correlation with the
diradical character y, referred to as “y−γ
correlation”: systems having intermedi-
ate y values around 0.5 exhibit larger γ
amplitudes than closed-shell (y = 0) and
pure diradical (y = 1) systems of similar
size.
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Here, the AOs are different, that is, χA(x) ≠ χB(x) and their
overlap reads SAB ≡ ⟨χA|χB⟩. In this case, eq 4 becomes

− +

+

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟

K t t

K t t

t t h U K

t t K h U

0

0

ab ab aa ab bb

ab ab aa ab bb

ab aa ab aa a ab

ab bb ab bb ab b

( ) ( )

( ) ( )

( ) ( )

( ) ( ) (14)

Here, h is the one-electron core Hamiltonian difference, h ≡ hbb
− haa set positive, where hpp ≡ ⟨p|h(1)|p⟩ = ⟨p̅|h(1)|p ̅⟩ ≤ 0.
Because the transfer integrals include the two-electron integral
between the neutral and ionic determinants in addition to a one-
electron integral (e.g., ⟨a|h(1)|b⟩), we obtain two types of
transfer integrals, for example, tab(aa) ≡ ⟨ab|̅Ĥ|aa⟩̅ and tab(bb) ≡
⟨ab|̅Ĥ|bb⟩̅, which are different because (ab|aa) ≠ (ab|bb). We
introduce the average transfer integral, tab ≡ (tab(aa) + tab(bb))/2.
Ua andUb are defined byUa≡Uaa−Uab + X andUb≡Ubb−Uab
− X,90 where X ≡ ∑c

core{2(Uac − Ubc) − (Kac − Kbc)} becomes
zero for symmetric molecular systems and Ua (= Ub) describes
the effective Coulomb repulsion, that is, the difference between
the on-site [Uaa (= Ubb)] and intersite (Uab) Coulomb integrals.
Using the average effective Coulomb repulsion U[ ≡ (Ua + Ub)/
2], the dimensionless quantities are defined by90

| |
≡ ≥ ≡ ≥ ≡ ≥

≡ ≥ ≡ ≥

t
U

r
K
U

r
h
U

r
U
U

r
t

t
r

( 0),
2

( 0), ( 0),

( 0), and ( 0)

ab
t

ab
K h

a

b

U
ab aa

ab bb
tab

( )

( ) (15)

The last three parameters determine the degree of asymmetric
electron distribution, where larger population on A than on B is
caused by the increase in rh (≥0) or by the decrease in rU (≤1) or
by rtab (≤1). Because the LNOs a and b are well localized on sites
A and B, the difference between tab(aa) and tab(bb) is assumed
negligible, that is, rtab∼ 1, as compared to the difference between
haa and hbb and that between Uaa and Ubb. Here, we consider the
change in rh between 0 and 2 with keeping (rU, rtab) = (1, 1) for
simplicity, which corresponds to the situation where the
asymmetricity is primarily governed by the difference of
ionization potentials of the constitutive atoms/sites A and B.
We next introduce the pseudodiradical character yS as an
alternative to rt

90

= −
+

y
r

r
1

4

1 16
t

t
S 2

(16)

which reduces to the diradical character for the symmetric system
(eq 8), that is, with (rh, rU, rtab) = (0, 1, 1). The diradical character
of asymmetric systems is referred to as yA, which is a function of
(rt, rK, rh, rU, rtab). By solving the VCI eigenvalue equation, we
obtain the eigenvalues and eigenvectors as a function of (rt, rK, rh,
rU, rtab) or of (yS, rK, rh, rU, rtab). The eigenvalues and eigenvectors
are represented by {j} = {T, g, k, f} (T: triplet state, and g, k, f:
singlet states) and {Cab,̅j, Cba,̅j, Caa,̅j, Cbb,̅j}, respectively

|Ψ⟩ = | ̅⟩ + | ̅⟩ + | ̅⟩ + | ̅⟩̅ ̅ ̅ ̅C ab C ba C aa C bbj ab j ba j aa j bb j, , , , (17)

Using the MOs (g and u) (see eq 13), we can construct an
alternative basis set {|G⟩ = |gg⟩̅, |S⟩ = (1/2)[|gu ̅⟩ − |gu̅⟩], |D⟩ = |
uu ̅⟩} for the singlet states, which represent the ground, the singly
excited, and the doubly excited determinants, and obtain the
eigenvalues and eigenfunctions by solving the VCI eigenvalue
equation in the MO representation.90 For example, the ground
state is represented by

ξ η ζ|Ψ ⟩ = | ⟩ + | ⟩ − | ⟩G S Dg (18)

which satisfies the normalization condition: ξ2 + η2 + ζ2 = 1. By
comparing eq 18 with eq 17, we obtain the relations

ξ η

ζ

= + + = −

= − +

̅ ̅ ̅ ̅ ̅

̅ ̅ ̅

C C C C C

C C C

1
2

( ),
1
2

( ),

and
1
2

( )

ab g aa bb aa bb

ab aa bb

, ,g ,g ,g ,g

,g ,g ,g (19)

From the eigenfunctions, we consider the evolution of the
neutral (PN) and ionic (PI) populations of the three singlet states
{g, k, f} as a function of rh, where PN = |Cab,̅i|

2 + |Cba,̅i|
2 and PI = |

Caa,̅i|
2 + |Cbb,̅i|

2 for state i. Figure 3 shows the rh dependences of PN
and PI for rK = 0 and different values of yS (or rt). PN and PI display
mirror evolution as a function of rh (with respect to PN = PI = 1/2
because PN + PI = 1). As seen from Figure 3a, in the ground state,
PN decreases (PI increases) with rh, so that the PN and PI curves
intersect at rh∼ 1 for yS = 0.6. In contrast, in the first excited state
(Figure 3b), PI decreases from 1 (PN increases from 0) and, again,
PI and PN intersect around rh = 1.0. Namely, for intermediate yS
values, the increase in rh causes the inversion of the dominant
electronic configurations (neutral/ionic) in states g and k around
rh = 1, which supports the decrease of yA toward 0 for rh > 1 as
shown in Figure 3a. In state f (Figure 3c), PI slightly increases (PN
slightly decreases) with rh though an almost pure ionic state is
observed at any rh. The PN = PI relationship at rh ∼ 1 for yS > 0 is
qualitatively understood by the fact that h (= hbb − haa) ∼ U
corresponds to the situation where the attracting and repulsion
energies between a pair of electrons in LNOs a and b are similar,
which equalizes PN with PI in the case of small transfer integral

Figure 3. rh dependences of PN and PI in state g, k, and f for yS = 0.6 (a−c). The evolution of yA (state g) as a function of rh is also displayed.
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(which is realized for yS > 0). Next, we consider the
asymmetricity (rh) dependence of the diradical character yA, as
given by nLUNO. Using eq 18, yA reads

90

ξ ζ ξ ζ≡ = − | − | − −y n 1 2 ( )A LUNO
2

(20)

For symmetric systems, eq 20 reduces to the usual definition,
twice the weight of the doubly excitation configuration53

ζ= =y y 2A S
2

(21)

Using eqs 19 and 20, the diradical character yA can also be
expressed as a function of the LNO coefficients90

= − | + | − +̅ ̅ ̅ ̅y C C C C1 2 ( )aa bb aa bbA ,g ,g ,g ,g
2

(22)

For asymmetric systems, this equation indicates that the ionic
configuration with asymmetric distribution (|Caa,̅g| ≠ |Cbb,̅g)
decreases the diradical character yA, for example, yA = 0 for (Caa,̅g
= 1 and Cbb,̅g = Cab,̅g = Cba,̅g = 0). Figure 4a shows the relationship
between yS (eq 16) and yA (eqs 20 and 22) for asymmetricity rh
ranging between 0.0 and 2.0. yA is systematically smaller than yS,
in particular in the intermediate yS region when increasing rh. It is
also found that for yS = 1, yA = 1 for rh < 1, but yA = 0 for rh > 1,
whereas yA is close to ∼0.134 for rh = 1. This behavior originates
from the exchange of dominant configuration (neutral/ionic) in
state g between rh < 1 and rh > 1 for yS > 0.
Then, the dependences of the dimensionless excitation

energies [EDL ij ≡ (Ei − Ej)/U], transition moment amplitudes
(|μDL ij| ≡ |μij|/RBA) and dipole moment differences [ΔμDL ii ≡
(μii − μgg)/RBA] are sketched as a function of yS for rh = 0.4

(Figure 4b).90 We here assume that (a|r1|b) ∼ 0, because the
LNOs a and b are well localized on each site and the overlap
between a and b is zero by definition. The yS dependences of
these quantities for rh = 0 (symmetric system) are already shown
in Figure 1c, where S1g = g, S1u = k, and S2g = f. When rh = 0.4,
upon increasing yS, the amplitudes of ΔμDL kk (positive) and
ΔμDL ff (negative) increase. These dipole moment differences
indicate that the polarizations in states g and k have the same
direction (from A to B), which is opposite to that in state f. Then,
both |μDL gk| and |μDL kf| decrease toward zero with increasing yS
in contrast to the symmetric case (rh = 0) (Figure 1c). Finally,
both EDL fg and EDL kg decrease with yS, though they are larger and
smaller than those of the symmetric case (rh = 0), respectively.
Indeed, EDL fg = 1 + rh and EDL kg = 1− rh at yS = 1.

90 As seen from
Figure 3, when rh becomes larger than 1, the dominant
configurations are exchanged between states g and k, which
leads to the sign change ofΔμDL kk at rh∼ 1 (ΔμDL kk > 0 for rh < 1
andΔμDL kk < 0 for rh > 1), and for rh > 1, its amplitude increases
with yS due to the increase of diradical (ionic) configuration in
state k (g). It is also found analytically that for yS = 1 and rh > 1
EDL fg = 2rh and EDL kg = rh− 1, which causes the increase in EDL kg

after reaching a minimum at rh ∼ 1 though EDL fg = 2rh continues
to increase with rh (see Figure 4c, d). On the other hand, for rh∼
1, EDL kg reduces to 0 as increasing yS, whereasΔμDL kk is close to
0 and |μDL gk| is almost constant (and nonzero) in the whole yS
range. This reflects the equal weight of the neutral and ionic
configurations in both states as shown in Figure 3. Next, we show
the rh dependences of the excitation energies and excitation
properties for different pseudo diradical characters yS = 0.1 and

Figure 4. yS versus yA plots for rh = 0.0−2.0 (a), and yS dependences of dimensionless excitation energies EDL ij, transition moment amplitudes |μDL ij| and
dipole moment differences ΔμDL ii, where i = g, k, and f, for rh = 0.4 (b). Asymmetricity (rh) dependences of the dimensionless excitation energies and
properties for different pseudodiradical characters yS = 0.1 (c) and 0.8 (d).
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0.8 (Figure 4c and f). In the case of yS = 0.1, EDL kg displays a weak
minimum at rh ∼ 1, whereas EDL fg increases with rh. |μDL gk|
(|μDL gf|) remains close to 0.5 (negligible), whereas |μDL kf|
decreases with rh. The increase followed by a decrease ofΔμDL kk

as a function of rh, which is positive then negative for rh < 1 and rh
> 1, respectively, reflects the exchange of the dominant ionic and
neutral configurations with respect to rh∼ 1 as shown in Figure 3.
As increasing yS, the rapid change of ΔμDL kk from positive to
negative value (together with a significant change in amplitude),
the maximization of |μDL gk|, and the minimization of EDL kg at rh
∼ 1 are intensified, the feature of which will govern the rh
dependence of γ for asymmetric diradical systems.90

Asymmetricity Dependence of Hyperpolarizabilities. Third, we
clarify the rh dependence of γ based on the above rh-dependences
of the excitation energies and properties. Owing to asymme-
tricity, with respect to eq 10, the γ expression contains additional
terms, in particular those associated with Δμii.

90 γ is now
partitioned into three terms: I(g1), II(g2), and III(g3) = III-
1(g31) + III-2(g32)97,98

γ
μ μ μ μ

=
Δ

+
Δ

E E
4

( ) ( )

( )
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( ) ( )

( )
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2
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2
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3

(23a)
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−

E E E E

E E

4
( )
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Δ
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First, the yS dependences of γDL [total, type I(g1), II(g2), III(g3)]
are investigated for rh = 0.4 (a), 0.8 (b), and 0.95 (c) (Figure 5).
Similar to the symmetric case (Figure 2a), the total γDL exhibits a
bell-shape variation as a function of yS. Then, upon increasing rh
(<1), γDL max is significantly enhanced and ySmax moves to higher
yS. γDL is dominated by g1 (positive) for the whole yS and rh (<1)
ranges, whereas g2 (negative) is shown to slightly shifts the
γDL max toward larger yS. In particular, g1 is determined by the
increase in |ΔμDL kk| and the decrease in EDL kg with rh (<1) as
well as by the increase in |μDL gk| around rh = 1 with yS.
Furthermore, as shown in Figure 5d and e, γDL max (positive)
increases and ySmax moves to higher yS region for rh < 1, whereas
γDL max (positive) decreases and ySmax moves to lower yS region for
rh > 1. In addition, for rh close to 1, we observe the emergence of
negative γDL in the intermediate yS region, for example, negative
γDL max =−0.250 (−0.713) at yS = 0.339 (0.404) for rh = 0.8 (1.2).
This is caused by the g2 term. The mirror symmetry of the rh
dependences of γDL max and ySmax for rh > 1 with respect to those
for rh < 1 is caused by the inversion in EDL kg,ΔμDL kk, and |μDL gk|
with respect to rh ∼ 1 for intermediate and large yS (see Figure
4d). Also, as seen from the yA−γDL plot [Figure 5f], for rh < 1, γDL
is maximized for intermediate yA values for any rh, and γDL max
increases with rh, as a result of the yS−yA relationship (Figure 4a).
Next, we examine the rh dependence of γDL for different yS
(Figure 6a). The shape of the γDL variations as a function of rh do

Figure 5. yS dependences of γDL [total, Type I(g1), Type II(g2), and Type III(g3)] for rh = 0.4 (a), 0.8 (b), and 0.95 (c). Diradical character dependences
of γDL as a function of rh: yS−γDL for rh = 0.0−0.8 (d) and 1.2−2.0 (e), as well as yA−γDL for rh = 0.0−0.9 (f).
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not depend on yS, whereas their amplitudes and the rh values
giving local γDL extrema are different from each other. As
increasing rh, the positive γDL increases, attains a maximum,
decreases toward a negative peak value, and then increases,
becomes positive again, and attains a maximum before tending to
zero. Here, the amplitude of the negative peak is shown to be
larger than that of the positive one. As increasing yS, the
amplitudes of the γDL variations get larger and the positive peaks
get closer to the negative peak (rh = 1). Negative γDL occurs when
|g1(positive)| < |g2(negative)| in eqs 23a and 23b, which
corresponds to |ΔμDL kk| < |μDL gk| and from Figure 4d, this is
satisfied by a rapid fall of |ΔμDL kk| toward zero as well as by a peak
growing of |μDL gk| around rh = 1 for intermediate and large yS. As
a result, the introduction of asymmetric electron distribution to
open-shell singlet molecular systems causes remarkable enhance-
ments of the local maximum γDL amplitudes as compared to
corresponding closed-shell asymmetric systems. On the other
hand, a slight decrease in γDL is observed in the case of large yS in
the region with large |1− rh|, and a negligible γDL is also observed
for rh close to 1, where the γDL sign change occurs. Such large
asymmetricity (rh) can be realized by introducing strong donor/
acceptor substituents or by applying intense static electric field.
Similarly, the first hyperpolarizability βDL that exists only for
asymmetric systems and that are also found to exhibit a bell-
shape variation as a function of yS shows an enhanced behavior
(with local positive and negative extrema of βDL in the nonzero
but small |1−rh| region) as a function of rh for intermediate/large
yS region with respect to the closed-shell region (see Figure
6b).90 These results indicate that asymmetric open-shell singlet
systems are promising candidates for building materials with
both large second- and third-order NLO responses, which are
superior to those of traditional closed-shell and symmetric
intermediate open-shell singlet NLO systems. Asymmetric open-
shell singlet systems are promising candidates for building
materials with large second- and third-order NLO responses,
which are superior to those of the corresponding asymmetric
closed-shell and symmetric open-shell analogues, respectively.
Dynamic NLO Properties. We next examine the dynamic
(frequency-dependent) NLO properties because practical
measurements and applications are based on dynamic properties.
As an example, we investigate the two-photon absorption (TPA),
which is a typical resonant third-order NLO property. The TPA

cross section of the two-site symmetric diradical system at
photon energy ℏωph reads
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where n is the refractive index of the sample. The damping factor
from state β to α, Γβα, is assumed to satisfy the Γβα = fβαEβα

relationship, where the coefficient fβα (0 ≤ fβα ≤ 1) describes the
excitation energy dependence of the damping factor, that is, the
larger the excitation energy, the larger the damping factor.
Therefore

Γ
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Here rE indicates the excitation energy ratio ES1u,S1g/ES2g,S1g (0 ≤ rE
≤ 1) and p is the coefficient ratio f S1u,S1g/f S2g,S1g (0 ≤ p ≤ 1).
Substituting eqs 9a−9d into eqs 24 and 25, the dimensionless
TPA cross section satisfying 2ℏωph = ES2g,S1g reads

93

Figure 6. rh dependences of γDL (a) and βDL for yS (0.1 ≤ yS ≤ 0.8).

Asymmetric open-shell singlet systems
are promising candidates for building
materials with large second- and third-
order NLO responses, which are supe-
rior to those of the corresponding
asymmetric closed-shell and symmetric
open-shell analogues, respectively.
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which highlights the dependences of σDL
(2)(ωS2g,S1g/2) with respect

to (y (= yS), rK, p, f S2g,S1g). We here consider the dependences of

σDL
(2)(ωS2g,S1g/2) with respect to y and rK by setting (p, f S2g,S1g) = (1,
0.1), which qualitatively reproduces the amplitudes of exper-
imental damping factors.100,101 Figure 7 shows the behavior of

σDL
(2)(ωS2g,S1g/2) on the y−rK plane together with the isolines of
excitation energy ratio rE, highlighting that a one-photon
resonance enhancement of the TPA peak is caused near rE =
0.5 (achieved by rK = 0.5) eqs 9a and 9b) in addition to the
sequential TPA process. The rJ = 0 line (see eq 7 shows the
ground-state magnetic interactions of the system: the upper and
lower regions with respect to rJ = 0 line represent the
ferromagnetic (rJ > 0) and antiferromagnetic (rJ < 0) regions,

respectively. For any rK, the maximum σDL
(2)(ωS2g,S1g/2) appears in

relatively small but nonzero y regions, and moreover, this
maximum and the corresponding y value also increase when
approaching rK = 0.5. The iso-σDL

(2)(ωS2g,S1g/2) lines reflect the iso-

rE lines, though the σDL
(2)(ωS2g,S1g/2) values approach zero values for

y → 0 and 1. This is understood by partitioning σDL
(2)(ωS2g,S1g/2)

into the transition moment and the excitation energy
contributions defined, as (μS1g,S1u/eRBA)

2(μS1u,S2g/eRBA)
2 and

σDL
(2)(ES2g,S1g/2)/{(μS1g,S1u/eRBA)

2(μS1u,S2g/eRBA)
2}, respectively.93

Following Figure 1c, the transition moment contribution
depends only on y, and nonlinearly decreases from 1/4 (at y =
0) to 0 (at y = 1) with increasing y, whereas the excitation energy
contribution provides similar isolines to rE except for the increase
of the excitation energy contribution along the rK = 0.5 line as a
function of y. Again, these behaviors are related to the relative
contributions of the diradical and ionic configurations in the
three dominant singlet states. Because the isolines of σDL

(2)(ωS2g,S1g/
2) are made by the product of these two contributions, its (y, rK)
dependence in the small and large y regions is governed by the
excitation energy and the transition moment contributions,
respectively. In addition, the maximum σDL

(2)(ωS2g,S1g/2) value is
obtained in the ground-state ferromagnetic region (rJ > 0) with
the intermediate y value around rK = 0.5 (rE = 0.5). As a result, the
TPA resonance is enhanced for singlet diradical systems with
relatively small diradical characters. On the other hand, in the
ferromagnetic interaction region (rJ > 0), TPA is further
enhanced for excited-state singlets with intermediate diradical
characters. This feature is in qualitative agreement with the
y−γDL correlation (Figure 2c).90

A similar treatment can be applied to the dynamic third-
harmonic generation (THG) hyperpolarizabilities, γ(−3ω;ω,ω,
ω). Like for the static counterpart, it has been found that the real
and imaginary THG γ peaks of symmetric systems are enhanced

Figure 7. σDL
(2)(ωS2g,S1g/2) iso-contours (black lines) for (p,f S2g,S1g) = (1,

0.1) in eq 26 (0.0 ≤ σDL
(2)(ωS2g,S1g/2) ≤ 100.0, interval = 5.0). The green

lines indicate the iso-rE lines, the pink line is the rJ = 0 line, and a red line
represents the ridge line connecting the (y, rK) points exhibiting
maximum σDL

(2)(ωS2g,S1g/2) at each rK.

Figure 8.Dependence of γ/n [a.u.] as a function of yav. (a) The case of regular H2n chains (n = 1−5), calculated by the UCCSD(T)/(6)-31(+)+G(*)*
method. (b) Alternating H4 chains with r1/r0 = 1.0 (regular), 1.2, 1.3, 1.5, and 2.0, calculated by the full-CI/(6)-31(+)+G(*)*method. In (a) and (b),
the dotted line represents the displacement of the maximum γ/n value.
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in the intermediate diradical character region with respect to
those of closed-shell and pure diradical systems.102 Relative
positions and intensities for the two- and three-photon
resonance peaks also change depending on the diradical
character. In conclusion, the “y−γ correlation” stating that the
NLO properties are larger for intermediate diradical character
compounds than for closed-shell and pure diradical compounds
is valid for both static and dynamic NLO properties as well as for
both symmetric and asymmetric systems.
Multiradical NLO Systems. Besides the attractive NLO properties
of radicals at the single molecular level clarified in the above
paragraphs, their supra-/supermolecular assemblies are expected
to exhibit intriguing inter/intramolecular interaction effects on
the multiradical character [yi, determined by the occupation
number of the LUNO+ i (i = 0, 1, ...)]31,50 and then on γ. Indeed,
numerous studies have already analyzed the remarkable size
dependence of the NLO properties in closed-shell linear chain
systems, for example, π-conjugated systems1,16,103−108 and
model hydrogen chains.109,110 Here, we calculate the longitudinal
γ values of open-shell singlet one-dimensional (linear-chain) H2n
(n = 1−5) systems using the ab initio MO full-CI and
UCCSD(T) methods.84 These systems are regarded as models
of open-shell singlet π-conjugated linear chains or of molecular
aggregates composed of singlet diradical monomers. We focus on
the elucidation of the relationship between the bond length
(intersite distance), the bond length alternations (BLA), the
average diradical character, and the longitudinal γ value. We
consider nonalternating (regular) H2n chains (with a unique
bond distance r0 and n = 1, ..., 5) (b) and various alternating H2n
chains (with two values of bond lengths, r0 and r1, and r1/r0 = 1.2,
1.3, 1.5 and 2.0) (c). When r0 is varied from 1.0 to 4.0 Å, the
diradical character (y) of H2 goes from 0.0 (closed-shell) to 0.968
(nearly pure diradical). The variation in γ/n for regular H2n
chains (r0 = 1.0 Å) as a function of the average diradical character
yav is sketched in Figure 8a. At the UCCSD(T) level of
approximation, the maximum γ/n increases with chain length,
whereas the average diradical character giving the maximum γ/n
value (yav max) decreases. These results indicate that regular
multiradical linear chains with small yav exhibit not only larger γ/n
amplitudes than the closed-shell analogs for small chain length
but also significant chain-length dependence, demonstrating the
advantage of multiradical linear chains. Figure 8b shows for H4
that the BLA reduces the magnitude of γ/n and slightly increases
yav max. From the chain-length dependence of γ/n for regular H2n
chains, we predict that singlet π-conjugated multiradical chains
(aggregates) with small yav have the possibility of exhibiting
remarkable chain-length dependence together with significant
enhancements of γ/n in comparison to conventional closed-shell
π-conjugated chains of similar chain lengths.
Design of Open-Shell Singlet NLO Systems. In order to design
open-shell NLO compounds on the basis of the y−γ correlation,
we need to elucidate the relationship between the diradical
character and the chemical structure, for example, molecular
geometry, molecular size, atomic composition, and various
chemical and physical modifications. An efficient way to clarify
such relationships is to invoke traditional chemical concepts and
indices, for example, resonance structure, aromaticity, π-
conjugation, electronegativity, donor/acceptor strength, and
hybridization. Because the diradical character is a ground state
property and is closely related to the effective bond strength
between two unpaired electrons (see eqs 9a−9d and 11),
localized on atom sites or delocalized on plural atoms, chemists
are familiar with this quantity and can tune it with the aid of the

above traditional chemical concepts and indices. Here, we
provide several chemical guidelines for tuning the diradical
characters by presenting results on open-shell singlet molecular
systems, having an intermediate diradical character. The simplest
and prototype of these systems is the H2 molecule under
dissociation,56,57 which exhibits a wide range of diradical
character (y) upon σ-bond stretching and shows a maximum γ
value (along the bond axis) for intermediate y value. Full-CI
calculations of its excitation energies and properties have
provided results in qualitative consistency with the two-site
diradical model.32,53

Then, model and real π-bond diradicaloid systems were
investigated, including p-quinodimethane (Figure 9),55 twisted

ethylene,55 π-conjugated molecules involving imidazole (1) and
triazole (2) rings,58 diphenalenyl diradical molecules (3, 5-9, 10,
11),59,60 zethrenes (13),111 fullerenes (15, 16),112,113 and so on
(Figure 10). Table 1 lists the diradical characters and γzzzz values
for these open-shell compounds as well as for the corresponding
closed-shell analogues (2, 4, 12, 14, 17). From these results,
guidelines for realizing diradicaloids were deduced as follows (i)
for condensed-ring systems having both benzenoid and quinoid
resonance structures in the ground state, increasing the
benzenoid (quinoid) contribution increases the diradical
(closed-shell) character (Figure 9), whereas (ii) for systems
involving a π-conjugated chain linking two radical moieties,
decreasing the orbital interaction between the linked positions
increases the diradical character. The relative benzenoid/quinoid
character can be controlled by tuning the molecular architecture,
including the edges form, the molecular size, the asymmetricity
(for example, by introducing donor/acceptor substitutions). For
instance, compound 1 involving imidazole rings has such a
benzenoid/quinoid character, whereas 2 involving triazole rings
only benzenoid structure. This leads to the intermediate y value
for 1 in contrast to 2 (nearly closed-shell), resulting in a one-
order enhancement of γzzzz for 1 as compared to 2. For
diphenalenyl diradicaloids 3(n), the increase of the aromaticity of
the central fused-ring linker leads to the increase of the diradical
character. Note here that the monotonic increase of γzzzzwith the
size of 3 is simply related to the system size (γ∝ RBA

4 ) in addition
to the y dependence of γDL (see eq 11). According to the y−γ
correlation, γ of IDPL [3(1)] with an intermediate y value is
enhanced by about 1 order of magnitude as compared to the
closed-shell (4) and pure open-shell [as-IDPL (5)] analogues.60

Figure 9. Resonance structures [quinoid (closed-shell) and benzenoid
(open-shell)] of p-quinodimethane model and the diradical character
(y) dependence of its γ as evaluated at the UCCSD(T) level of
approximation.
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The heterosubstitution of the central ring also modifies
aromaticity and leads to a slight [6 (X = O) and 7 (X = S)] or

to a significant [8 (X = BH) and 9 (X = CS)] decrease of y.60

Similar relationship between the benzenoid/quinoid resonance

Figure 10. Examples of open-shell singlet molecules including bisimidazole-substituted benzene (1), diphenalenyl compounds (3(n), 5, 6−8, 10, 11),
zethrenes (13(n)), and fullerenes (15, 16), as well as their closed-shell analogs (2, 4, 12, 14, 17). Cartesian axes are also shown.

Table 1. Diradical Characters and γzzzz Values Calculated for Molecular Systems 1 - 37 in the Singlet States

compound y0, y1 γzzzz [× 103 a.u.] references

1 0.423a 6.53b 58
2 0.010a 0.654b 58
3(1) 0.770c 2284d 59, 114
3(2) 0.854c 3342d 114
3(3) 0.901c 5143d 114
4 0.0a 194d 59
5 0.923a 472d 60
6 0.731c 1934d 60
7 0.768c 1349d 60
8 0.374c 415d 60
9 0.0c 98d 60
10 0.653e 1568d 61
11 0.999e 209d 61
12 0.192e 360d 61
13(0) 0.407c 375d 111
13(1) 0.537c 863d 111
13(2) 0.628c 1442d 111
14(0) 0.0c 41d 111
14(1) 0.0c 116d 111
14(2) 0.061c 307d 111
15 0.701,f 0.154f 31.4f 112
16 0.923,f 0.110f 3.92f 112
17 0.0f 3.70f 112
18 0.510c 145d 62
19 0.418c 452d 64
20 0.970c 199d 64
21 0.410,c 0.410c 1390d 63
22 0.0c 417d 63
23(1) 0.0g 17.2g 69
23(2) 0.179g 468g 69
23(3) 0.413g 2841g 69
23(4) 0.776g 9800g 69

compound y0, y1 γzzzz [× 103 a.u.] references

24(1) 0.0g 122g 69
24(2) 0.0g 492g 69
24(3) 0.0g 1281g 69
24(4) 0.0g 2492g 69
25(R = 2.8 Å)h 0.776 1.57 67
26(4)i 0.708 57.9 89
26(6)i 0.690 349 89
26(8)i 0.686 1330 89
27 0.975j 2.2k 72
28(Si, N) 0.468j 57k 72
29(B, P) 0.192j 6.6k 72
30 0.684l 185m 122
31 0.748l 175m 122
32 0.143l 24.8m 55, 121
33 0.419,f 0.041f 1140f 113
34 0.451,f 0.047f 1307f 113
35(1) 0.485n 179n 88
35(2) 0.657,n 0.294n 1310n 88
35(2)2+ 0.597,n 0.012n 17 300n 88
36(1) 0.0n 10.1n 88
37 0.629f 83 730f 124

aCalculated using PUHF/6-31G*+p. bCalculated using UBHHLYP/6-
31G*+p. cCalculated using PUHF/6-31G*. dCalculated using
UBHHLYP/6-31G*. eCalculated using PUHF/6-31G**. fCalculated
using LC-UBLYP/6-31G*. gCalculated using LC-UBLYP/6-31G*+p.
hy(dσ) (PUHF/SDD) and γ values (UCCSD/SDD) at the bond
length giving maximum γ. iAverage y(dσ) (PUHF/SDD) and γ values
(LC-UBLYP/SDD) at the bond length of 2.8 Å. jCalculated using LC-
UBLYP/6-311++G**. kCalculated using UCCSD(T)/6-311++G**.
lCalculated using PUHF/6-311+G**+LANL2DZ(d,p). mCalculated
using UCCSD(T)/6-311+G**+ LANL2DZ(d,p). nCalculated using
LC-UBLYP/6-31+G*.
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structures in the middle benzene rings and the diradical
characters is also found in zethrenes 13, where y and γ increase
with the size so as to attain a γ value that is 1 order of magnitude
larger than in the corresponding closed-shell analogues 14.
Acetylene-linked diphenalenyl (10, 11) and pyrene (12)
compounds have intermediate diradical, pure diradical, and
nearly closed-shell natures, respectively, which originates from
the lack of orbital interactions at the acetylene-linked position in
11 in contrast to 10 and 12. Accordingly, the γ value of 10 is
several-fold larger than those of 11 and 12. For fullerenes C48
(15), C36 (16) and C60 (17), the differences in geometry and
topology significantly affect the diradical character, where the
emergence of diradical character in 15 (y = 0.701) and 16 (y =
0.923) is related to the bent sp2-hybridized carbon atoms for
significant structural strains at the pentagon/hexagon fusion
points.112 As a result, the γ value for 15 (intermediate diradical) is
about one order larger than those of 16 (nearly pure diradical)
and 17 (closed-shell).
Polycyclic Aromatic Hydrocarbons. The interplay between
diradical character and the relative contribution of quinoid and
benzenoid resonance structures is also observed in polycyclic
aromatic hydrocarbons (PAHs), for example, oligoacenes and
periacenes (zigzag-edged graphene nanoflakes)30 (Figure 11).

Their relative contributions are qualitatively predicted by the
Clar’s sextet rule,115 stating that the dominant resonance
structure has the most disjoint aromatic π-sextets, that is,
benzene-like moieties. Indeed, for these molecules, the di-
(multi)radical resonance structures are stabilized by the recovery
of the aromaticity of the π-sextets, so that the contribution of
di(multi)radical forms increases in the ground state. This
guideline aiming at increasing y is naturally associated with the
molecular architectures and sizes. For example, oligoacenes
display an increase of di(multi)radical characters with the size,

which increases the number of π-sextets as well as radical sites in
the middle region (Figure 11a). Changing the edge shape and
architectures in these PAHs significantly modifies the open-shell
singlet characters (Figure 11). For example, in GNFs having only
armchair edges, the closed-shell resonance forms show maximal
numbers of Clar’s sextets regardless of their molecular
architectures including linear, trigonal, and hexagonal forms
(Figure 11e). On the other hand, GNFs having zigzag edges tend
to possess open-shell singlet ground states, where primary odd
electron density is distributed on both-end zigzag edges (Figure
11b). In order to clarify the relationships between edge shape, y
and γ values, we have calculated γzzzz and γxxxx (diagonal
components along its zigzag and armchair edges, respectively) of
PAH[3,3] (18) at the UBHandHLYP/6-31G* level, in its singlet
and triplet states. As expected (Figure 11b), 18 has an
intermediate diradical character (y0 = 0.510), which is associated
with odd electron densities on the mutually facing zigzag edges
(Figure 12). This odd electron distribution leads to a significant

difference between γxxxx (34.1× 103 a.u.) and γzzzz (145× 103 au)
because the intermediate diradical character is associated with
the z axis. Namely, the γ is enhanced for the direction joining the
radical sites. The calculations also evidenced a significant
reduction of γzzzz by going from the singlet (γzzzz = 145 × 103

au) to the triplet (γzzzz = 35.0 × 103 a.u.) state due to the Pauli
effect in the latter116 but a negligible difference in γxxxx. Such edge
shape effects are also observed in hexagonal GNFs of similar size
(21 and 22): the zigzag-edged form 21 presents intermediate
tetraradical characters (y0 = y1 = 0.410) in contrast to its
armchair-edged analogue 22 (closed-shell), and thus the γzzzz =
γxxxx values of 21 are more than three times as large as those of 22.
Next, we consider the architecture effects on the y and γ values by
using an example of rhombic and bow-tie GNFs (Figure 11c).
Consistent with the Clar’s sextet rule, rhombic (19) and bow-tie
(20) GNFs exhibit intermediate (y0 = 0.418) and nearly pure (y0
= 0.970) diradical characters, respectively, as determined at the
PUHF/6-31G* level of approximation. This explains the larger
γzzzz value for the rhombic (452 × 103 a.u.) than for the bow-tie
(199 × 103 a.u.) GNFs, as evaluated at the UBHandHLYP/6-
31G* level of approximation. The odd electron density topology
(related to the artifactual spin polarization of the singlet ground

Figure 11. Clar’s sextets in the resonance structures of (a) polycyclic
aromatic hydrocarbons, oligoacenes; (b) rectangular graphene nano-
flake (GNF) (PAH[3,3]) (18); (c) rhombic (19) and bow-tie (20)
GNFs; (d) hexagonal GNF (21); and (e) several PAHs including only
armchair edges like armchair-edged hexagonal GNF (22). Cartesian
axes are also shown.

Figure 12. Odd electron and γ (γxxxx and γzzzz) density distributions of
PAH[3,3] (18) at the UBHandHLYP/6-31G* level. y0 (PUHF/6-
31G*) and γ values are given together with Cartesian axes. Yellow and
blue meshes indicate positive and negative densities, respectively.
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state in broken symmetry treatments) can also be changed by
introducing 5-membered rings at the extremities of polyacenes to
obtain dicyclopenta-fused acenes.117 These substitutions have an
impact on the magnetic properties (iso-chemical shieldings and
magnetically induced currents), which contributes to explaining
the variations on y and γ. Another example is given by the
introduction of acceptor substituents at both ends of quinoidal
oligothiophenes, which increase the diradical character by
localizing the radicals on the terminal carbon atoms and decrease
the contribution of quinoidal form (Figure 13a). Tuning the
number of thiophene rings and changing the substituents at the
both ends also significantly changes the diradical character and,
therefore, the longitudinal γ amplitudes (Figure 13 and Table 1).
Thus the position along the y−γ correlation curve as well as the γ
amplitude can be tuned by carefully selecting the shape of
molecular systems, in addition to their size, the presence of
substituents, and so on, because it impacts the diradical character.

Transition Metal−Metal Bonded Systems. Next, we consider
systems involving transition metals, in particular, metal−metal
bonded systems67,68 because d−d orbital interactions often lead
to multiple bonds of dσ, dπ, and dδ characters. These multiple
bonds exhibit a whole range of diradical characters, as in the
naked dichromium(II) model system.67 Also, the effective bond
orders (EBO) of such systems are generally smaller than their
formal bond orders; for example, the [Cr2(O2CCH3)4]
dichromium(II) complex has a formal bond order of 4 but its
effective bond order (EBO) is 1.99.118 These results indicate
characteristic weak metal−metal bonds and the possible
emergence of singlet multiradical character. From the analysis
of γ values of the singlet dichromium(II) [Cr(II)−Cr(II)] and
dimolybdenum(II) [Mo(II)−Mo(II)] model systems, it was
found that γ(dσ) is dominant and takes a maximum value
[γmax(dσ)] in the intermediate diradical character region of the
dσ orbitals, which indicates that open-shell singlet metal−metal
bonded systems belong to a novel class of “σ-dominant” third-
order NLO systems [Figure 14 and Table 1 for Cr(II)−Cr(II)
(25)]. Note from eq 11 that γ is also proportional to the fourth
power of the distance between the radical sites and therefore that
large γmax values require both intermediate diradical character
and large bond lengths. Because diffuse atomic orbitals can
interact with each other at long distance, which leads to an
intermediate diradical character with large bond length, metal−
metal bonded systems with a diffuse valence d atomic orbital are
expected to satisfy the condition for enhancing γmax. It was then
found that smaller group number (less nuclear charge), larger
period number, and smaller positive charge of transition metals
generally lead to larger size of the valence d atomic orbitals and,
therefore, to an intermediate dσ diradical character along with a

Figure 13.Molecular structures of singlet (S0) and triplet (T1) ground states of quinoidal oligothiophenes (QTs), and calculated models: open-shell
systems An (X = H) and Bn (X = CN) (23(n)) and closed-shell systemsCn (X = H) andDn (X = CN) (24(n)) for n = 1−6 (a). Cartesian axes are also
shown. Chain-length (n) dependences of diradical characters (y) and γ/n for the An, Bn, Cn, and Dn systems (b).

The position along the y−γ correlation
curve as well as the γ amplitude can be
tuned by carefully selecting the shape
of molecular systems, in addition to
their size, the presence of substituents,
and so on, because it impacts the
diradical character.
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larger bond length and a larger γmax.
68 The optimal bond lengths

for enhancing γ in these dimetallic complexes, for example, 2.8 Å
for Cr(II)−Cr(II) is close to the bond length (2.69 Å) of real
Cr(II)−Cr(II) complexes synthesized so far.37 Similar struc-
ture−property relationships are also observed in extended metal
atomic chains (EMACs), which belong to a class of multiradical
systems (see for example, Cr(II) chain 26(n) (n: the number of
Cr(II) atoms, R (bond length) = 2.8 Å) results in Table 1).89 The
equatorial and axial ligand effects on the open-shell character and
γ values have also been investigated, showing that the
fundamental relationship between dσ interactions and γ is
preserved and that the ligands can be used for tuning the diradical
character and the bond length, and then for further enhancing
γmax.

119,120 These results provide a guideline for an effective
molecular design of highly efficient third-order NLO systems
based on metal−metal bonded systems.
Main Group Compounds. Among other candidates, we can
consider molecules involving main group elements,24 which are
known to form relatively weak bonds originating in the weak
hybridization of heavy main group elements. Recent develop-
ments toward the synthesis of thermally stable molecular systems
involving such main group elements are expected to open a way
to realize novel structure−NLO property relationships and to
provide switching/controlling strategies of such properties. For
example, using the LC-UBLYP method, one of us has
investigated the open-shell characters and the γ values of four-
membered-ring diradical compounds, that is, cyclobutane-1,3-
diyl (27), Niecke-type diradicals (28), and Bertrand-type
diradicals (29) (Figure 15 and Table 1). It has been found that
(i) γ is enhanced in the intermediate y region for four-membered-
ring diradicals, (ii) Niecke-type diradicals with intermediate y
values, obtained by tuning the E1 and E2 combination, exhibit
larger γ values than Bertrand-type diradicals, and (iii) the y value
and thus γ value can be controlled by modifying the donor/
acceptor substituents attached to carbon atoms of Niecke-type
C2P2 diradicals. These results demonstrate that four-membered-
ring diradicals with heavy main group elements exhibit high
controllability of the diradical character and thus of γ, the feature
of which indicates potential applications of four-membered-ring
diradicals as a building block of highly efficient open-shell NLO
materials.
Intramolecular Charge Transfer Ef fects in Open-Shell Singlet
Systems. The design guidelines for achieving large NLO

properties in traditional closed-shell molecules include the
symmetric substitution by electron-donor(D) or−acceptor(A)
moieties in order to achieve quadrupole-like intramolecular
charge transfer (ICT). The synergy between the intermediate
open-shell singlet character, the quadrupole ICT (e.g., D−π−D
or A−π−A), and the γ enhancement has been investigated using
the model of p-quinodimethane perturbed with point charges
(PQM-pc).121 Using the UCCSD(T)/6-31G*+p method, the
bell-shape y−γ correlation is obtained as in the case of PQM
without point charges, whereas the emergence of D−π−Dnature
decreases the y value and moves the y value giving maximum γ to
the larger y region as compared to the case of the PQMmodel. In
addition, the maximum γ value increases with the D−π−D

Figure 14. Effects of the bond length (R) on the UHF diradical character (y) (a) and on the UCCSD longitudinal second hyperpolarizability (γ) (total)
(b) of Cr(II)−Cr(II) (25) as well as on their dσ, dπ, and dδ orbital contributions.

Figure 15. Structures of cyclobutane-1,3-diyl (27), Niecke-type
diradicals (28), and Bertrand-type diradicals (29) (a) as well as the
relationship between the diradical character (y) and the second
hyperpolarizability γzzzz (b), where the y and γzzzz are calculated using
the LC-UBLYP(μ = 0.33)/6-311++G** and UCCSD(T)/6-311+
+G** methods, respectively, and cyclobutane-1,3-diyl, Niecke-type,
and Bertrand-type diradicals are represented by circles, squares, and
triangles, respectively. Cartesian axes are also shown.
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nature. These features are related to the large nonuniform charge
distribution caused by the ICT in the D−π−D system.121 From
these results, we found a new design guideline for realizing
efficient third-order NLOmaterials composed of the D−π−D or
A−π−A type open-shell singlet systems: the introduction of
strong D or A groups into systems with intermediate and nearly
pure diradical characters enhances γ as compared to the
conventional closed-shell D−π−D or A−π−A and intermediate
symmetric diradical systems with uniform charge distribution. As
an example of D−π−D diradicaloid, we have investigated the γ
values of realistic Si- and Ge-disubstituted quinodimethanes.122

It is found that the replacement of the radical sites of the
originally nearly closed-shell p-quinodimethane framework
(Figure 9) with Si (30) and Ge (31) induces an intermediate
open-shell singlet nature together with a strong D−π−D type
ICT, which causes an enhancement of γ by about 1 order of
magnitude as compared to that of the original p-quinodimen-
thane (32) (see Table 1). These results are promising: the
replacement radical site carbon atoms by heavy main group
elements induces ICT and increases the open-shell singlet
nature, which synergetically contribute to further enhancement
of γ as compared to those of closed-shell ICT systems and
conventional intermediate diradicaloids without ICT nature.121

Another example of diradicaloids with A−π−A type ICT is
observed in buckyferrocenes (CpFe)2η

5C60 (33) and
(CpFe)2η

5C70 (34) (Figure 16 and Table 1), which present
intermediate diradical characters and, thus, large γzzzz values
comparable to those of IDPL 3(1).113

Extended Metal Atomic Chains and Open-Shell Singlet Aggregates.
As shown by the hydrogen chain studies,84 larger size
PAHs[X,Y],85 one-dimensional phenalenyl radical aggregates,88

and transition-metal atom chains (EMACs)89 have the potential
of exhibitingmultiradical effects on γ and on its size dependences,
where the γ values are enhanced in the region with intermediate
multiple diradical characters yi (concerning the HOMO − i and
LUMO + i).50 In general, the π-conjugation extension causes a
decrease of the HOMO−LUMO gaps and, thus, increases the yi
values. Because intermediate yi values contribute to the
enhancement of the corresponding γ and the γ values are
proportional to RBA

4 , it is important to design extended π-
conjugated systems with a large number of intermediate yi values,
that is, intermediate multiradical systems. To this end, tuning the
intermediate orbital interaction between radical units is essential,
which are realized by modifying the combination of fused-ring
shapes such as five- and six-membered rings in 1D condensed-

ring chains, and by tuning the metal atom species and the
interatomic distances in the EMACs. On the other hand, such
control of the interunit interactions, that is, multiple diradical
characters, can also be realized by adapting the intermolecular
distances and configurations in aggregates or crystals. Indeed, for
1D π−π stacked phenalenyl radical aggregates 35 (Figure 16 and
Table 1), the multiple diradical character strongly depends on
the intermolecular distance: for a dimer close to equilibrium
stacking distance, y is intermediate and its γ (in the stacking
direction) is maximized. Its value per monomer exhibits about a
30-fold enhancement with respect to the isolated phenalenyl
monomer.88 This suggests that equilibrium distance is an
optimum compromise between localization and delocalization
of the radical electron pairs in such pancake bonding. No such
effect was observed for the closed-shell coronene dimer 36(1).
Moreover, going from the dimer (diradical) to the tetramer
(tetraradical), the γ enhancement ratio increases nonlinearly with
the aggregate size whereas switching from the singlet to the
highest spin (quintet) state causes a significant reduction of γ by a
factor of ∼50.88 In addition, for the tetramer, another one-order
enhancement of γ is achieved for the dicationic singlet 35(2)2+ in
comparison to its singlet neutral state.88 These results
demonstrate the key role of intermolecular π−π stacking
interactions and charge in open-shell (supra)molecular systems
to achieve enhanced third-order NLO properties.
In this Perspective, design guidelines toward open-shell singlet

molecular systems exhibiting remarkable nonlinear optical
(NLO) responses are derived based on a two-site diradical
model within the valence configuration interaction scheme. In
this scheme, the concept of diradical character (y), a chemical
index describing the bond weakness in the electronic ground
state, enables to classify singlet molecular systems into three
categories: (i) closed-shell (y = 0), (ii) intermediate diradical (0
< y < 1), and (iii) pure open-shell (y = 1) systems. Within the 2e-
VCI scheme, the molecular properties (excitation energies,
transition dipoles, dipole moments, second hyperpolarizabilities)
of the four electronic states are expressed as a function of the
diradical character, which turns out to be useful for under-
standing photochemical properties as well as for deducing
structure−property relationships in open-shell molecular sys-
tems. It is indeed demonstrated that the second hyper-
polarizability is enhanced in the intermediate diradical character
region with respect to the other ones. This principle is also found
to be extended to the first hyperpolarizability β for asymmetric
open-shell singlet systems. These results lead to a new class of

Figure 16. Structures of open-shell singlet systems: buckyferrocenes (CpFe)2η
5C60 (33) and (CpFe)2η

5C70 (34), one-dimensional phenalenyl clusters
35(n), and donor(NH2)/acceptor(NO2)-substituted IDPL (37) as well as of closed-shell coronene dimer (36(1)). Cartesian axes are also shown.
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open-shell singlet NLO systems, which are expected to outstrip
traditional closed-shell NLO systems. On the basis of this
principle, practical molecular design guidelines for tuning the
diradical characters and therefore for achieving large NLO
properties are discussed on the basis of first-principles
calculations performed on with realistic open-shell singlet
molecular systems. These are substantiated by the recent
synthesis of thermally stable open-shell singlet systems exhibiting
large third-order NLO properties such as two-photon absorption
cross sections. Besides large responses, these compounds are also
good NLO switch candidates, of which the properties can be
triggered by external stimuli.123 For example, switching from the
singlet to the highest spin states leads to drastic reduction of the
hyperpolarizabilities, which opens the way for designing
compounds with magnetic control of the NLO properties or
spin states sensors.58,61 Among strategies to achieve intermediate
diradical characters, some have been demonstrated to be more
efficient to achieve large γ responses: (i) introducing
asymmetricity by donor/acceptor substitution or external static
field application,124 (ii) enlarging the size of the compounds by
controlling the edges topology, (iii) replacing radical site carbon
atoms by heavy main group elements,72,122 (iv) building
supramolecular systems with tuned pancake bondings and
specific chemical doping,88 and (v) creating onedimensional
chains of transition metal atoms.89 These open-shell singlet
systems are also interesting from the viewpoint of multi-
functionality, owing to their magnetic interactions or half-
metallicity, that is, spin-dependent electric conductivity.125
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