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Abstract
The static and dynamic second harmonic ( �

SHS
 ) and third harmonic ( �

THS
 ) scattering hyperpolarizabilities and depolarization 

ratios of water, carbon tetrachloride, chloroform, dichloromethane, chloromethane, and acetonitrile have been evaluated at 
the coupled cluster response theory level of approximation. Following two recent publications on their measurements, this is 
the first quantum chemical investigation on �

THS
 and on its decomposition into its spherical tensor components. Substantial 

electron correlation and basis set effects are evidenced for �
SHS

 and �
THS

 and for their depolarization ratios, and they depend 
on the nature of the molecule. Then, using the selected CCSD/d-aug-cc-pVDZ level, the chlorinated methane derivatives 
have been studied, showing that (i) the �

THS
 response is dominated by its isotropic contribution, whereas (ii) for �

SHS
 the 

dipolar contribution increases from carbon tetrachloride to dichloromethane, chloroform, chloromethane, and acetonitrile. 
Comparisons with the experimental data obtained from measurements in liquid phase (i) show that the increase of �

THS
 with 

the number for chlorine atoms is well reproduced by the calculations and (ii) suggest that the solvation effects are smaller 
for �

THS
 than for �

SHS
.

Keywords  First and second hyperpolarizabilities · Coupled cluster response functions · Second and third harmonic 
scattering

1  Introduction

Since the first observation of the second harmonic genera-
tion (SHG) phenomenon by Franken et al. [1] in 1961 and 
of the third harmonic generation (THG) phenomenon, one 
year later by Terhune et al. [2], these phenomena have been 
exploited to understand the properties of molecules and their 

interactions with electro-magnetic fields [3]. In parallel, the 
development of accurate theoretical methods has provided 
complementary tools for the evaluation of the corresponding 
molecular properties, the first ( � ) and the second ( � ) hyper-
polarizabilities [4–10]. This has led to the deduction of the 
necessary structure-NLO (nonlinear optical) property rela-
tionships to design molecules with large � and � responses as 
well as interpretation tools when these properties are used to 
probe the structures, properties, and dynamics of molecules 
and matter.

Recently, Van Steerteghem et al.  [11] and Rodriguez 
[12] have shown that � can also be determined from Third 
Harmonic Scattering (THS) measurements, opening a new 
direction for investigating structure-� relationships as well 
as to assess the potential of THS � as a probe of molecular 
structures and properties. THS technique is the next-order 
analog of second harmonic scattering (SHS), usually called 
hyper-Rayleigh scattering (HRS), which has already per-
mitted � measurements for a broad range of molecules and 
ions [13–16, 45], including organic and organometallic 
compounds as well as, more recently, molecular switches 
[3, 17–24].
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In most cases, both SHS and THS experimental determi-
nations of � and � rely on relative rather than on absolute 
measurements, which requires a precise knowledge of the 
responses of these reference compounds, typically small 
molecules [3, 6, 25]. As shown over the last decades, the 
definition of reference values results often from joint experi-
mental and theoretical/quantum chemical investigations. On 
the one hand, the small size of these reference compounds 
allows using high-level methods (extended basis sets, high-
order electron correlation treatment, vibrational contribu-
tions, effects of the surrounding) [26–36]. On the other hand, 
they allow assessing the reliability of more approximate 
methods. For instance, Castet et al. [37, 38] have reported 
experimental SHS results (on � and its depolarization ratio) 
of five small molecules in solution and have discussed the 
performance of various ab initio methods to reproduce quali-
tatively and quantitatively the experimental data.

In this paper, a hierarchy of coupled cluster (CC) methods 
is employed to perform the first quantum chemistry inves-
tigation of the THS responses of reference molecules. The 
present study follows two recent contributions of our group 
[39, 40] on other NLO responses. Six molecules have been 
selected: water ( H2O ), chloromethane ( CH3Cl ), dichlo-
romethane ( CH2Cl2 ), chloroform ( CHCl3 ), carbon tetrachlo-
ride ( CCl4 ), and acetonitrile ( CH3CN ). H2O has been cho-
sen because its small size enables a detailed investigation of 
basis set and electron correlation effects, as we demonstrated 
in a recent paper [40]. The other molecules enable to unravel 
the effect of molecular symmetry on the THS response: CCl4 
belongs to the �d point group, CH3Cl , CHCl3 , and CH3CN 
belong to C3v, while CH2Cl2 (and H2O ) to C2v . Note also 
that the later four compounds have already been studied 
experimentally by THS in Refs. [11, 12] and by SHS in Ref. 
[37]. Besides �THS , for the sake of completeness, the present 
study also reports the �SHS results. Then, only the electronic 
contribution to the first and second hyperpolarizabilities is 
computed. In the case of second harmonic generation � and 
third harmonic generation � , the pure vibrational contribu-
tions are indeed expected to be small at optical frequencies 
[41, 42] whereas considering the zero-point vibrational aver-
age is beyond the scope of this investigation.

This paper is divided in four sections: (1) Sect. 2 gives 
a short description of SHS and THS methods and their tar-
get quantities; (2) the computational details are presented in 
Sect. 3; (3) the main results are presented and analyzed in 
Sect. 4: first, the electron correlation and basis set effects are 
investigated on the static first and second hyperpolarizabili-
ties of the water molecule and then on the frequency disper-
sion of the second- and third-order scattering responses of 
acetonitrile. Then, a selected method is employed to study 
the static and dynamic SHS and THS hyperpolarizabilities 
of the four other molecules; (4) the conclusions are drawn 
in Sect. 5.

2 � The SHS and THS spectroscopies

At the molecular scale, the frequency-dependent first and 
second hyperpolarizabilities are the expansion coefficients of 
the molecular induced dipole moment as a function of exter-
nal electric fields, � , applied along the i, j, ...directions (note 
that lower-case letters stand for coordinates in the molecular 
frame) and oscillating at frequencies �1 , �2, ...:

where �� =
∑

i �i , �ij is an element of the polarizability ten-
sor, while �ijk and �ijkl are elements of the first and second 
hyperpolarizability tensors, respectively. Depending on the 
combination of static and dynamic electric fields, different 
NLO processes arise. The second and third harmonic gener-
ation responses are noted �(−2�;�,�) and �(−3�;�,�,�) , 
respectively.

For an isotropic medium composed of identical molecules 
or scatterers, the intensity of incoherent contribution to the 
harmonic scattered light Im� reads :

where Im� is the light intensity at the second ( m = 2 ) or third 
( m = 3 ) harmonic, I� is the incident intensity, G is a constant 
containing geometrical, optical, and electrical factors of the 
experimental setup, C is the scatterers concentration, � is 
either � or � , and fL is a local field correction depending on 
the refractive indices of the medium at frequencies � and 
m� . The brackets refer to an isotropic (or rotational) aver-
aging of the tensor over all possible molecular orientations 
[3, 12, 37, 43].

In the conventional experimental setup (Fig. 1), the scat-
tered light is analyzed at a 90◦ angle with respect to the direc-
tion of propagation. So, the fundamental light beam (of fre-
quency � ), which is elliptically polarized ( � and � describe the 
state of polarization, and in this case � =

�

2
 ), propagates in the 

Y direction, while the Z-linearly polarized component of the 
scattered beam (of frequency m� ) is recorded in the X direc-
tion. One generally distinguishes between two polarization 
combinations: the VV geometry (vertical–vertical, both inci-
dent and scattered lights are vertically polarized, with � =

�

2
 ) 

and HV [horizontal–vertical, the incident (scattered) light is 
horizontally(vertically)-polarized, with � = 0 ]. For SHS and 

(1)

��i(�) =

x,y,z∑
j

�ij(−�� ;�1)Fj (�1)

+
1

2!

x,y,z∑
jk

�ijk(−�� ;�1,�2)Fj (�1)Fk (�2)

+
1

3!

x,y,z∑
jkl

�ijkl(−�� ;�1,�2,�3)Fj (�1) Fk(�2)Fl (�3)

+…

(2)Im� = G f 2
L
C⟨�2⟩ (I�)m,
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THS, the IVV intensity is proportional to ⟨�2
ZZZ

⟩ and ⟨�2
ZZZZ

⟩ , 
while IHV is proportional to ⟨�2

ZXX
⟩ and ⟨�2

ZXXX
⟩ , respectively. 

The expressions for those averages can be derived following 
the technique described by Andrew and Thirunamachandran 
[44]. For SHS [45–47], the resulting expressions are:

while for THS they read:

Note that these expressions undergo simplifications if 
Kleinman’s conditions (full permutation of the tensors 

(3)⟨�2
ZZZ

⟩ = 1

105

x,y,z�
ijk

⎧
⎪⎨⎪⎩

2 �2
ijk
+ �ijj�ikk

+4 �iij�jkk + 4 �iij�kkj
+4 �ijk�jik

⎫
⎪⎬⎪⎭
,

(4)⟨�2
ZXX

⟩ = 1

105

x,y,z�
ijk

⎧
⎪⎨⎪⎩

6 �2
ijk
+ 3 �ijj�ikk

−2 �iij�jkk − 2 �iij�kkj
−2 �ijk�jik

⎫
⎪⎬⎪⎭
,

(5)⟨�2
ZZZZ

⟩ = 1

315

x,y,z�
ijkl

⎧
⎪⎪⎨⎪⎪⎩

2 �2
ijkl

+ 12 �iijk�jllk

+6 �iijk�ljlk + 6 �ijkl�jikl
+3 �ijjk�ikll + 3 �iijj�kllk
+3 �ijjk�kill

⎫
⎪⎪⎬⎪⎪⎭

,

(6)⟨�2
ZXXX

⟩ = 1

630

x,y,z�
ijkl

⎧
⎪⎪⎨⎪⎪⎩

16 �2
ijkl

+ 24 �ijjk�ikll

−12 �iijk�jllk − 6 �iijk�ljlk
−6 �ijkl�jikl − 3 �iijj�kllk
−3 �ijjk�kill

⎫
⎪⎪⎬⎪⎪⎭

.

components) are assumed (see below). For a non-polarized 
incident signal, both polarizations have equal probability and 
the intensity becomes proportional to the sum of the HV and 
VV observables. This allows defining �SHS and �THS:

and their associated depolarization ratios (DR):

To further analyze the � and � tensors, they are decomposed 
into their irreducible spherical components [48]. These anal-
yses have been pioneered by Kielich et al. [49, 50] and later 
on used by Brasselet and Zyss [51] for SHS. When assuming 
the Kleinman’s conditions, � contains a dipolar (J = 1) and 
an octupolar (J = 3) component [51], expressed as:

Consequently, in the static limit, the averaged � quantities 
(Eqs. 3 and 4 can be rewritten under the following form:

A �-nonlinear anisotropy parameter, �3∕1 =
|�J=3|
|�J=1| , can also 

be defined to highlight whether the first hyperpolarizability 
is dominated by dipolar or octupolar contributions. The 
depolarization ratio is then rewritten as a function of �3∕1:

(7)�SHS =

�
⟨�2

ZZZ
⟩ + ⟨�2

ZXX
⟩,

(8)�THS =

�
⟨�2

ZZZZ
⟩ + ⟨�2

ZXXX
⟩,

(9)DR =
IVV

IHV
⇒ DRSHS =

⟨�2
ZZZ

⟩
⟨�2

ZXX
⟩ ,

(10)⇒ DRTHS =
⟨�2

ZZZZ
⟩

⟨�2
ZXXX

⟩ .

(11)|�J=1|2 = 3

5

x,y,z∑
ijk

�ijj�ikk,

(12)|�J=3|2 =
x,y,z∑
ijk

�2
ijk
−

3

5
�ijj�ikk.

(13)⟨�2
ZZZ

⟩ = 9

45
��J=1�2 + 6

105
��J=3�2,

(14)⟨�2
ZXX

⟩ = 1

45
��J=1�2 + 4

105
��J=3�2.

(15)DRSHS =
18 �2

3∕1
+ 63

12 �2
3∕1

+ 7
,

Imω
ΨV

X

Sample

Y

Z

Iω
Ψ

ω

Fig. 1   Sketch of the experimental SHS ( m� = 2� ) and THS 
( m� = 3� ) setup [3, 12, 14, 43]. X, Y and Z stand for the coordinates 
axes in the laboratory frame



	 Theoretical Chemistry Accounts  (2018) 137:50 

1 3

 50   Page 4 of 11

so that, if the NLOphore is purely dipolar ( �3∕1 → 0 ), the 
depolarization ratio is equal to 9, while it amounts to 3

2
 if it 

is purely octupolar ( �3∕1 → ∞).
On the other hand, the static � tensor is composed of an 

isotropic (J = 0), a quadrupolar ( J = 2 ), and a hexadecapolar 
( J = 4 ) spherical tensor component [50], with:

This allows rewriting the expressions for the average � quan-
tities (Eqs. 5, 6) [50]:

showing there is no isotropic contribution to ⟨�2
ZXXX

⟩ . The �
-nonlinear anisotropy parameters, �0∕2 =

|�J=0|
|�J=2| and 

�4∕2 =
|�J=4|
|�J=2| , compare the relative contributions of the differ-

ent components of the second hyperpolarizability tensor 
with each other. Note that these definitions differ from those 
of Rodriguez [12] (which, using the same notations, would 
be written �2∕0 and �4∕0 ). Our choice was motivated by the 
fact that the isotropic contribution is generally larger than 
the two other ones, resulting in nonlinear anisotropy param-
eters ≪ 1 (vide infra). In this new framework, the THS depo-
larization ratio (Eq. 10) is rewritten as:

The evolution of DRTHS as a function of �4∕2 for different 
values of �0∕2 is plotted in Fig. 2. When �4∕2 → ∞ , DRTHS 
converges to the hexadecapolar limit, 8

5
 . However, when 

�4∕2 → 0 (left part of Fig. 2), the limit value depends on 
�0∕2 , since

(16)|�J=0|2 = 1

5

x,y,z∑
ijkl

�iijj�kkll,

(17)|�J=2|2 = 1

7

x,y,z∑
ijkl

6 �iijk�jkll − 2 �iijj�kkll,

(18)|�J=4|2 = 1

35

x,y,z∑
ijkl

35�2
ijkl

− 30 �iijk�jkll + 3 �iijj�kkll.

(19)⟨�2
ZZZZ

⟩ = 1

5
��J=0�2 + 4

35
��J=2�2 + 8

315
��J=4�2,

(20)⟨�2
ZXXX

⟩ = 3

140
��J=2�2 + 1

63
��J=4�2,

(21)DRTHS =
32 �2

4∕2
+ 252 �2

0∕2
+ 144

20 �2
4∕2

+ 27
.

(22)DR�
THS = lim

�4∕2→0
DRTHS =

28

3
�2
0∕2

+
16

3
,

so that the depolarization ratio tends to the “pure” quadru-
polar limit of 16

3
 when �0∕2 → 0 , and to ∞ when �0∕2 → ∞ , 

i.e., in the isotropic limit.

3 � Computational methodology

For the water molecule, the geometry from Ref. [40] was 
used to facilitate the comparison with previous results 
on electric field-induced second harmonic generation 
(EFISHG) quantities. The geometry of the five other mol-
ecules was optimized at the MP2/cc-pVTZ level of approxi-
mation. Static first and second hyperpolarizabilities were 
computed with the Dalton 2016 program [52] with a hierar-
chy of coupled clusters (CC) methods in combination with 
the quadratic/cubic response function approaches [53–56]. 
Unrelaxed orbitals were assumed. The employed CC hierar-
chy, given in increasing order of electron correlation content, 
is HF, CCS, CC2, and CCSD [53–56]. Following the results 
of a previous investigation on related properties showing 
that CCSD and CC3 results are very close [40], no attempt 
was made to go beyond CCSD. The correlation consistent 
polarized valence basis sets of Dunning [57], singly or dou-
bly augmented with diffuse functions, (d-)aug-cc-pVXZ, 
were employed, in a consistent way with respect to previous 
investigations on small reference molecules for nonlinear 
optics [37, 39, 40]. Both static and dynamic quantities were 
calculated. Wavelengths of 1500, 1300 (typical for �THS ), and 

Fig. 2   Evolution of the THS depolarization ratio as a function of �
4∕2 

for different values of �
0∕2 . A logarithmic scale is used. When �

4∕2 
increases, the curves tend to the hexadecapolar limit (8∕5) , while the 
quadrupolar limit (16∕3) is visible at the beginning of the curve for 
�
0∕2 = 0 (see text for more details)
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1064 nm (typical for �SHS ) were selected to analyze the fre-
quency dispersion of � and � using the following frequency 
dispersion factor:

where � is either � or � and �(0) is the corresponding static 
value. All reported � and � values are given in a.u. [1 a.u. 
of � = 3.6212 × 10−42 m4 V−1 = 3.2064 × 10−53 C3 m3 J−2 
= 8.639 × 10−33 esu; 1 a.u. of � = 7.423 × 10−54 m5 V−2 = 
6.2354 × 10−65C4 m4 J−3 = 5.0367 × 10−40 esu] and within 
the T-convention.

4 � Results and discussion

4.1 � Basis sets and electron correlation effects

The SHS and THS responses of water and acetonitrile mol-
ecules were calculated first in order to investigate the basis 
sets and electron correlation effects. For water, the results 
are reported in Table 1 for the static first and second hyper-
polarizabilities, and they are summarized in Fig. 3. The con-
vergence with the size of the basis set is fast for �SHS . At the 
four levels of approximation considered, the differences with 

(23)D
(
�2
L

)
=

�(�� ;�1,…)

�(0)
− 1, with �2

L
=

�,1,…∑
i

�2
i

respect to d-aug-cc-pV5Z are already below 10% when using 
the smallest basis set (aug-cc-pVDZ). Moreover, although 
the singly and doubly augmented cc-pVDZ basis sets pre-
sent similar efficiency, d-aug-cc-pVTZ is clearly superior 
to aug-cc-pVTZ. DRSHS is systematically underestimated 
no matter which basis set is used, which corresponds to an 
overestimation of the octupolar contribution (which was pre-
viously reported [37]). Its convergence with basis set size is 
consistent with that of �SHS.

On the other hand, the basis set convergence of �THS is 
much slower than that of �SHS . A clear difference between the 
singly and doubly augmented basis sets appears for the tri-
ple-� basis sets: �THS is underestimated by up to 25–30% with 
aug-cc-pVTZ, whereas the error is reduced to < 5% with 
d-aug-cc-pVTZ. A similar behavior with respect to adding 
diffuse functions has already been reported for the two-pho-
ton absorption cross section of water and has been explained 
by the contribution of very diffuse Rydberg excited states 
[58]. Moreover, differences with respect to d-aug-cc-pV5Z 
are still of the order of 10% when using aug-cc-pV5Z. A 
satisfactory ( < 5% of difference) agreement requires d-aug-
cc-pVTZ. When using singly-augmented basis sets, DRTHS 
is systematically overestimated (with relative errors of about 
20% for the aug-cc-pV5Z basis set), whereas the opposite 
behavior is observed for the doubly augmented ones, but the 
amplitude of the underestimations is smaller. These basis set 
effects on both �SHS and �THS are supported by an analysis 

Fig. 3   Effect of the basis set 
(aug-cc-pVXZ, dashed lines and 
d-aug-cc-pVXZ, plain lines) 
and of the level of approxima-
tion on the first (above) and 
second (below) hyperpolariz-
abilities of water. Left panels 
report averaged quantities ( �

SHS
 , 

�
THS

 , a.u.), while right panels 
report the depolarization ratios
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of the different tensor components (Figs. S1 and S2), for 
which the convergence with respect to the basis set follows 
the same trend as for the average quantities.

The magnitude of both �SHS and �THS responses as a func-
tion of electron correlation content follows a systematic 
trend: HF < CCS < CCSD < CC2. Employing the results 
obtained with the largest basis set, the HF and CCS levels 
underestimate the reference CCSD �SHS ( �THS ) values by 32 
and 16% (42 and 32%), respectively. On the other hand, CC2 

overestimates both quantities, by 40% (38%) for the first 
(second) hyperpolarizability. These results are comparable 
to those reported for �|| (although the error with respect to 
the largest basis set is larger for this EFISHG quantity) and 
�|| [40]. The dipolar contribution to DRSHS increases from 
HF and CCS (34 and 16% of underestimation with respect 
to CCSD, for the largest basis set) to CC2 (7% of overesti-
mation). The DRSHS values satisfy the following ordering: 
HF < CCS < CCSD < CC2. The almost opposite order is 

Table 1   Basis set and electron 
correlation effects on the static 
�SHS (a.u.) and �THS (a.u.) of 
water (geometry from Ref. [40]) 
and on their depolarization 
ratios (DR)

Relative differences (in %) with respect to d-aug-cc-pV5Z are given in parentheses
For aug-cc-pVXZ, the number of contracted GTOs (Gaussian Type Orbitals) is 41 (X = D) , 92 (X = T) , 
172 (X = Q) , and 287 (X = 5) ; for d-aug-cc-pVXZ, it is 58 (X = D), 126 (X = T), 229 (X = Q) , 564 (X = 5)

HF CCS CC2 CCSD

�SHS(0)
 aug-cc-pVDZ 8.24 (7.6) 9.91 (4.5) 14.36 ( − 9.1) 11.37 (0.4)
 aug-cc-pVTZ 8.29 (8.2) 10.07 (6.2) 15.83 (0.2) 11.85 (4.7)
 aug-cc-pVQZ 7.85 (2.5) 9.63 (1.5) 15.66 ( − 0.9) 11.42 (0.9)
 aug-cc-pV5Z 7.83 (2.3) 9.63 (1.6) 15.85 (0.3) 11.46 (1.3)
 d-aug-cc-pVDZ 6.89 ( − 10.1) 8.49 ( − 10.5) 13.57 ( − 14.1) 9.87 ( − 12.7)
 d-aug-cc-pVTZ 7.52 ( − 1.9) 9.32 ( − 1.7) 15.71 ( − 0.6) 11.19 ( − 1.1)
 d-aug-cc-pVQZ 7.66 (0.0) 9.48 (0.0) 15.89 (0.6) 11.37 (0.5)
 d-aug-cc-pV5Z 7.66 9.48 15.80 11.32

DRSHS

 aug-cc-pVDZ 3.41 ( − 33.0) 4.14 ( − 32.1) 5.27 ( − 36.9) 4.77 ( − 38.7)
 aug-cc-pVTZ 4.56 ( − 10.5) 5.45 ( − 10.6) 7.15 ( − 14.3) 6.58 ( − 15.4)
 aug-cc-pVQZ 4.77 ( − 6.3) 5.74 ( − 5.9) 7.75 ( − 7.2) 7.16 ( − 7.9)
 aug-cc-pV5Z 4.98 ( − 2.3) 5.95 ( − 2.4) 8.06 ( − 3.4) 7.48 ( − 3.7)
 d-aug-cc-pVDZ 3.79 ( − 25.7) 4.76 ( − 21.9) 6.90 ( − 17.4) 6.01 ( − 22.6)
 d-aug-cc-pVTZ 4.94 ( − 3.1) 5.96 ( − 2.2) 8.27 ( − 1.0) 7.65 ( − 1.6)
 d-aug-cc-pVQZ 5.10 (0.2) 6.10 (0.1) 8.35 (0.1) 7.79 (0.2)
 d-aug-cc-pV5Z 5.09 6.10 8.35 7.77
�THS(0)
 aug-cc-pVDZ 610 ( − 40.5) 719 ( − 39.6) 1363 ( − 43.9) 1066 ( − 39.5)
 aug-cc-pVTZ 751 ( − 26.7) 890 ( − 25.3) 1686 ( − 30.6) 1278 ( − 27.4)
 aug-cc-pVQZ 854 ( − 16.7) 1008 ( − 15.4) 1924 ( − 20.7) 1439 ( − 18.3)
 aug-cc-pV5Z 924 ( − 9.9) 1084 ( − 9.0) 2097 ( − 13.6) 1554 ( − 11.8)
 d-aug-cc-pVDZ 940 ( − 8.3) 1095 ( − 8.1) 2436 (0.4) 1801 (2.2)
 d-aug-cc-pVTZ 1028 (0.3) 1193 (0.2) 2546 (4.9) 1849 (4.9)
 d-aug-cc-pVQZ 1028 (0.3) 1194 (0.3) 2475 (1.9) 1792 (1.7)
 d-aug-cc-pV5Z 1025 1191 2428 1762

DRTHS

 aug-cc-pVDZ 236 (98.0) 301 (116.2) 102 (38.9) 117 (40.9)
 aug-cc-pVTZ 212 (77.9) 257 (84.6) 103 (39.7) 118 (42.1)
 aug-cc-pVQZ 165 (38.5) 196 (40.4) 92 (25.4) 104 (25.7)
 aug-cc-pV5Z 145 (21.8) 170 (22.3) 85 (16.1) 97 (16.2)
 d-aug-cc-pVDZ 90 ( − 24.8) 106 ( − 24.0) 54 ( − 26.3) 60 ( − 28.4)
 d-aug-cc-pVTZ 115 ( − 3.3) 135 ( − 3.1) 69 ( − 5.7) 78 ( − 6.5)
 d-aug-cc-pVQZ 118 ( − 1.2) 138 ( − 1.2) 72 ( − 2.3) 81 ( − 2.3)
 d-aug-cc-pV5Z 119 139 74 83
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observed for DRTHS : CCS > HF > CCSD > CC2. Still, the 
differences with respect to CCSD are larger than in the case 
of DRSHS : 68 and 48% of overestimation for CCS and HF, 
11% of underestimation for CC2. Clearly, HF and CCS do 
not appear as reliable methods to predict DRTHS values.

The first and second hyperpolarizabilities of acetoni-
trile were computed at the HF, CCS, CC2, and CCSD lev-
els with both the aug-cc-pVTZ and d-aug-cc-pVTZ basis 
sets (Tables 2 and S1 and Fig. 4). For �SHS , the differences 
between these two basis sets are similar to those observed for 
the water case discussed above. For �SHS , the basis set effects 
are smaller (smaller than 4%), underlying the cooperation 
effects between basis functions on different atomic centers. 
The effects of adding a second set of diffuse functions on the 
depolarization ratio are larger for the second than for the first 
hyperpolarizability responses. With respect to the reference 
CCSD/d-aug-cc-pVTZ values, frequency dispersion effects 
on �SHS are generally slightly overestimated when using the 
aug-cc-pVTZ basis set as well as when adopting the CCS 
and CC2 levels of approximation. These effects get smaller 
when going from SHS to THS quantities. Electron correla-
tion effects are substantial on �SHS of acetonitrile, with an 
increase by a factor of 3 between CCS (and HF) and CCSD 
(and CC2) (together with an increase in the depolarization 
ratio from octupolar at the HF and CCS level to dipolar at 

the CC2 and CCSD level). On the other hand, the differences 
between the CC2 and CCSD �SHS and �SHS values are much 
smaller than for water. Moreover, the CCS method strongly 
underestimates (overestimates) the CCSD DRSHS (DRTHS ) 
values.

4.2 � SHS and THS of 6 reference molecules

Based on the results of the previous section, the CCSD/d-
aug-cc-pVDZ level of approximation has been used to cal-
culate the static and dynamic first and second hyperpolariz-
abilities of the whole set of 6 reference molecules (Tables 3, 
4). As previously reported [37], this set of molecules spreads 
over a broad range of dipolar/octupolar character, as evi-
denced by DRSHS values ranging from 1.5 (octupolar CCl4 
molecule) to circa six (dipolar, H2O and CH3CN molecules). 
The octupolar contribution dominates the �SHS value of chlo-
rinated methanes (since 𝜌3∕1 > 1 ), especially in the case of 
chloroform and dichloromethane. In the CHxCly series, 
CHCl3 presents the largest �SHS value, followed by CCl4 , 
which has no dipolar contribution, and then the CH2Cl2 
and CH3Cl molecules. The acetonitrile displays a large � 
response, due its dipolar contribution (originating from the 
cyano group).

Table 2   Basis set and electron 
correlation effects on the static 
and dynamic (1500, 1300 and 
1064 nm) �SHS (a.u.) and �THS 
(a.u.) of acetonitrile, with their 
corresponding depolarization 
ratios (DR)

Relative errors with respect to d-aug-cc-pVTZ (right) are given in parentheses for the d-aug-cc-pVDZ 
(left) values
aFor d-aug-cc-pVXZ: 135 (X = D) and 282 (X = T) contracted GTOs are used

d-aug-cc-pVDZa d-aug-cc-pVTZ

HF CCS CC2 CCSD HF CCS CC2 CCSD

�SHS(− 2�;�,�)

 Static 6.42 ( − 2.7) 4.42 ( − 9.3) 17.26 (2.4) 16.74 (6.8) 6.59 4.83 16.84 15.61
 1500 nm 6.65 ( − 2.4) 4.52 ( − 8.8) 17.91 (2.6) 17.41 (6.9) 6.81 4.92 17.45 16.21
 1300 nm 6.73 ( − 2.3) 4.56 ( − 8.7) 18.14 (2.6) 17.64 (6.9) 6.88 4.96 17.66 16.42
 1064 nm 6.89 ( − 2.1) 4.64 ( − 8.3) 18.59 (2.7) 18.11 (7.0) 7.03 5.02 18.09 16.84

DRSHS

 Static 2.53 (10.1) 1.52 (1.4) 5.96 (9.8) 5.87 (11.7) 2.27 1.50 5.38 5.18
 1500 nm 2.58 (10.3) 1.54 (2.2) 5.92 (9.7) 5.84 (11.6) 2.31 1.50 5.35 5.16
 1300 nm 2.60 (10.4) 1.54 (2.5) 5.90 (9.6) 5.82 (11.5) 2.33 1.50 5.33 5.15
 1064 nm 2.64 (10.5) 1.55 (3.1) 5.87 (9.5) 5.80 (11.4) 2.36 1.51 5.31 5.14
�THS(− 3�;�,�,�)

 Static 2986 ( − 2.6) 3559 ( − 3.0) 4577 (3.1) 4037 (3.2) 3064 3664 4435 3907
 1500 nm 3256 ( − 2.5) 3862 ( − 2.9) 5030 (3.4) 4420 (3.5) 3339 3973 4860 4263
 1300 nm 3355 ( − 2.5) 3972 ( − 2.8) 5196 (3.5) 4558 (3.6) 3439 4084 5014 4392
 1064 nm 3562 ( − 2.5) 4203 ( − 2.8) 5548 (3.7) 4853 (3.9) 3650 4319 5342 4666

DRTHS

 Static 156 ( − 42.9) 175 ( − 45.1) 56 ( − 15.9) 70 ( − 22.1) 223 253 65 85
 1500 nm 153 ( − 40.1) 170 ( − 42.4) 54 ( − 14.8) 67 ( − 20.7) 214 243 62 81
 1300 nm 152 ( − 39.2) 169 ( − 41.6) 53 ( − 14.4) 66 ( − 20.3) 211 239 61 80
 1064 nm 149 ( − 37.4) 167 ( − 39.9) 51 ( − 13.8) 64 ( − 19.4) 205 233 58 77
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The � responses vary over a broader range of amplitudes, 
with �THS of CCl4 150% larger than in CH3Cl . With its 
four polarizable chlorine atoms, CCl4 possesses the larg-
est �THS response and each time a chlorine atom is replaced 
by an hydrogen atom, �THS decreases by about 20%. The 
smaller �THS values of acetonitrile and water are explained 
by their correspondingly lower J = 0 contribution. For all 
compounds, the isotropic component is in fact dominant, 
followed by the quadrupolar contribution (except for CCl4 , 

where it is zero by symmetry). Therefore, �THS is governed 
by the ⟨�2

ZZZZ
⟩ term (Eq. 19), all �0∕2 values are larger than 1, 

and all �4∕2 values are smaller than 1 (the �4∕2 values are far 
from the hexadecapolar limit).

These analyses are confirmed for the dynamic quantities 
(Table 4) because the photon energies of the second and third 
harmonics are still far from the electronic resonances of the 
molecules. Indeed, for a wavelength of 1064 nm, the third 
harmonics photons have an energy close to 3.5 eV, while the 

Fig. 4   Effect of the electron 
correlation and basis set on 
the frequency dispersion [
D
(
�2

L

)]
 of the first ( �

SHS
 ) 

and second ( �
THS

 ) hyperpo-
larizabilities of acetonitrile 
( �

1
= 1500 nm, �

2
= 1300 nm, 

and �
3
= 1064 nm)

Table 3   CCSD/d-aug-cc-
pVDZ static SHS and THS 
responses for the six reference 
molecules: �SHS (a.u.) and �THS 
(a.u.), their depolarization 
ratios (DR), their spherical 
tensor decompositions, and 
the corresponding nonlinear 
anisotropy parameters

CCl4 CH2Cl2 CHCl3 CH3Cl CH3CN H2O

�SHS 15.63 13.41 16.32 12.32 16.74 9.87
DRSHS 1.50 1.53 1.57 2.94 5.87 6.01
|�J=1| ∼ 0 3.67 6.59 18.22 32.71 19.40
|�J=3| 50.65 43.09 51.91 28.61 21.14 12.06
�3∕1 ∼ ∞ 11.75 7.88 1.57 0.65 0.62
�THS 12,719 8474 10,993 5065 4037 1801
DRTHS 5744 90 169 414 70 60
DR′

THS
∼ ∞ 94 176 440 72 61

|�J=0| 28,434 18,296 24,130 11,241 8623 3813
|�J=2| ∼ 0 5923 5638 1647 3221 1565
|�J=4| 1332 1522 1412 475 680 263
�0∕2 ∼ ∞ 3.089 4.280 6.823 2.677 2.437
�4∕2 ∼ ∞ 0.257 0.250 0.288 0.211 0.168
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first excitation energy is, at least, twice larger (for example, it 
amounts to 7.4 eV in the case of water [59]).

For the three wavelengths considered, frequency dispersion 
(Table S2) remains (i) between 8 and 16% for �SHS (at 1064 nm 
the ordering of the D(�2

L
) values satisfies CH3CN ≈ CCl4 ≈ 

H2O < CHCl3 < CH2Cl2 < CH3Cl ) and (ii) between 20 and 
30% for �THS ( CH3CN < CCl4 ≈ CH3Cl < CHCl3 ≈ H2O < 
CH2Cl2 ). The frequency dispersion has a negligible effect on 
DRSHS , with the exception of water where the increase attains 
7% for 1064 nm. The variations are larger for DRTHS , of about 
10% at 1064 nm, except for chloromethane and water (24 and 
36%, respectively). These DRTHS variations are associated with 
an increase of the quadrupolar (hexacapolar) contribution for 
water (chloromethane).

Though experiments have been carried out in solutions, it 
is interesting to see how good is the agreement with the CCSD 
�THS values obtained for the isolated molecule. This compari-
son is achieved for a wavelength of 1300 nm, employed in 
Ref. [11]. Note that in the latter reference, the B-convention 
was adopted so that their �THS values have been multiplied by 
a factor of 6 to match with the T-convention. For acetonitrile, 
the experimental value ( 68 × 102 a.u.) is about 30% larger than 
our CCSD prediction ( 46 × 102 a.u., Table 4). The agreement 
is however much better for dichloromethane (exp. value of 
111 × 102a.u. vs 100 × 102a.u. at the CCSD level), chloroform 
( 126 × 102 a.u. vs 129 × 102a.u. at the CCSD level), and car-
bon tetrachloride ( 152 × 102 a.u. vs 149 × 102 a.u. at the CCSD 
level), with differences with respect to the CCSD values of 
10% or less. These good agreements suggest that the Liq/Gas 
ratios are close to one, at least for the chlorinated species. This 
contrasts with what has been observed for the �SHS response 
[37].

5 � Conclusions

The static and dynamic second harmonic ( �SHS ) and third 
harmonic ( �THS ) scattering hyperpolarizabilities of water, 
carbon tetrachloride, chloroform, dichloromethane, chlo-
romethane, and acetonitrile have been evaluated by using a 
hierarchy of coupled cluster response methods in combina-
tion with atomic basis sets of increasing size. The focus of 
this paper goes beyond the prediction of benchmark �SHS 
and �THS quantities and deals with the depolarization ratios 
as well as with the decomposition of the rank-3 and rank-4 
tensors into their spherical invariants (dipolar and octupo-
lar for �SHS , isotropic, quadrupolar, and hexadecapolar for 
�THS ). To our knowledge, this is the first quantum chemical 
investigation of �THS , following two recent papers on their 
measurements [11, 12]. Substantial electron correlation and 
basis set effects are evidenced and depend on the nature of 
the molecule. On the basis of a detailed investigation of the 
second- and third-order responses of water and acetonitrile, 
the CCSD/d-aug-cc-pVDZ level has been selected to study 
the chlorinated methane derivatives. CCSD results dem-
onstrate that �THS of these compounds is dominated by its 
isotropic component, while the second largest contribution 
is the quadrupolar one (with the exception of carbon tetra-
chloride, where it is zero). In the case of �SHS , its dipolar 
character increases from carbon tetrachloride to chlorometh-
ane. Comparisons with experimental data obtained from 
measurements in liquid phase show that the increase of �THS 
with the number for chlorine atoms is well reproduced by 
the calculations. These comparisons also suggest that the 
solvation effects are smaller for �THS than for �SHS.

Acknowledgements  At the occasion of his 60th birthday, it is a pleas-
ure to dedicate this paper to Prof. Antonio RIZZO, who is pioneering 
since several decades the evaluation of high-order optical effects and 

Table 4   Static and dynamic 
(1500, 1300 and 1064 nm) �SHS 
(a.u.) and �THS (a.u.) of the six 
reference compounds, together 
with their depolarization 
ratios (DR) in parentheses, as 
obtained at the CCSD/d-aug-cc-
pVDZ level

CCl4 CH2Cl2 CHCl3 CH3Cl CH3CN H2O

�SHS(−2�;�,�) (DRSHS)
 Static 15.63 (1.50) 13.41 (1.53) 16.32 (1.57) 12.32 (2.94) 16.74 (5.87) 9.87 (6.01)
 1500 nm 16.28 (1.50) 14.22 (1.54) 17.12 (1.57) 13.25 (2.96) 17.41 (5.84) 10.29 (6.22)
 1300 nm 16.50 (1.50) 14.51 (1.54) 17.40 (1.57) 13.59 (2.97) 17.64 (5.82) 10.43 (6.30)
 1064 nm 16.97 (1.50) 15.11 (1.54) 17.99 (1.57) 14.27 (2.98) 18.11 (5.80) 10.73 (6.46)
�THS(−3�;�,�,�) (DRTHS)
 Static 12,719 (5744) 8474 (90) 10,993 (169) 5065 (414) 4037 (70) 1801 (60)
 1500 nm 14,279 (5451) 9575 (85) 12,389 (161) 5672 (454) 4420 (67) 2027 (48)
 1300 nm 14,859 (5358) 9989 (84) 12,910 (158) 5899 (471) 4558 (66) 2113 (44)
 1064 nm 16,118 (5182) 10,892 (80) 14,044 (152) 6394 (512) 4853 (64) 2304 (38)
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