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REFINING THE LOWER BOUND ON THE POSITIVE
EIGENVALUES OF SADDLE POINT MATRICES WITH INSIGHTS
ON THE INTERACTIONS BETWEEN THE BLOCKS*

DANIEL RUIZ', ANNICK SARTENAER}, AND CHARLOTTE TANNIER?

Abstract. Efficiently solving saddle point systems like Karush—-Kuhn—Tucker (KKT) systems is
crucial for many algorithms in constrained nonlinear continuous optimization. Such systems can be
very ill conditioned, in particular when the (1,1) block has few very small eigenvalues (see Rusten and
Winther [SIAM J. Matriz Anal. Appl., 13 (1992), pp. 887-904]). However, it is commonly observed
that despite these small eigenvalues, some sort of interaction between this (1,1) block and the (1,2)
block actually occurs that may influence strongly the convergence of Krylov subspace methods like
MINRES. In this paper, we highlight some aspects of this interaction. We illustrate in particular,
with some examples, how and in which circumstances the convergence of MINRES might be affected
by these few very small eigenvalues in the (1,1) block. We further derive theoretically a tighter lower
bound on the positive eigenvalues of saddle point matrices of the KKT form.
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1. Introduction. We consider the (possibly large and sparse) saddle point linear
system

(1.1) Ax_b:{;T ?HH_H]

where A € R™™"™ and B € R"™™, with n > m. We assume that A is symmetric
and positive definite and that B has full column rank. These assumptions imply the
nonsingularity of A. Such kinds of systems typically arise in constrained nonlinear
optimization, as the result of first-order optimality conditions (see [7, section 16.1]),
where A is known as the Karush-Kuhn-Tucker (KKT) matrix. The assumption of
positive definiteness of A is met, in particular, when solving strictly convex quadratic
optimization problems (see [5] for less restrictive assumptions on A in a constrained
optimization context, as well as [1] for a nice survey about saddle point theory and
applications). On the application side, systems structured as (1.1) where A is natu-
rally symmetric and positive definite arise in CFD or in magnetostatics, for instance,
from the numerical solution of PDEs (see [2, section 5.5] and [9], respectively) or in
PDE-constrained optimal control (see [11] and the references therein).

A fundamental result from [10, Lemma 2.1] states that if {y;}?; denote the eigen-
values of the symmetric positive definite matrix A and {o;}7; denote the singular
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REFINING THE BOUNDS FROM RUSTEN AND WINTHER 713

values of the full rank constraint matrix B, then the eigenvalues of A are bounded
within I~ U I, where

(12) I~ = [ﬂ/min - lu?nin + 401211&x Mmax — / /J:IQnaX + 40-1211in‘|

2 ’ 2

and

2 102

As pointed out in [10], the bounds given in (1.2) and (1.3) are sharp, in the sense that
there are examples where they are obtained. However, these are worst cases that are
not often met in practice, and the purpose of this work is to investigate this in more
detail.

Assuming now that the matrix B in (1.1) has orthonormal columns, i.e., BT B =
I, and that the matrix A has been scaled so as to ensure that its largest eigenvalue
Hmax 18 close to one, (1.2) and (1.3) then yield the following intervals for the eigenvalues
of A (with pimax = 1):

(1 4) I— _ Hmin — V 'LLI2nln+4 1_\/5
’ N 2 2

1+5
2

and It = [Nmim

That is, by orthonormalizing the columns of B and scaling the matrix A, the negative
eigenvalues of A (in I7) are guaranteed to be well bounded and away from zero, and
the positive ones (in IT) are guaranteed to be well bounded too. This, however, does
not exclude the possibility for A to have very small positive eigenvalues if the smallest
eigenvalue of A, piyi,, is very close to zero.

Let us illustrate this possibility on the 3 x 3 matrix

(15) -Acs =

o Ox

0
1
s

SO »w O

where 0 < i < 1 and ¢ + s? = 1. First, observe that if ¢> = 0, then the eigenvalues
of Acs are {(1—+/5)/2, 1, (14++/5)/2}, and its smallest positive eigenvalue is directly
given by the smallest positive eigenvalue in its (1,1) block (this illustrates the worst
cases mentioned above). Now, if we take ¢*> = 1, then the eigenvalues of A, are
{(pg — /2 +4)/2,1,(u + /pu? +4)/2} and thus well bounded and isolated away
from zero no matter how close p is to zero. A simple analytical analysis, given in
Appendix A, also shows that the smallest positive eigenvalue of A, is O (02 /(1 + 02)),
and thus bounded away from zero, when 1 < ¢ < 1. This shows the role played by the
constraint block B = (¢ s)7 (even orthonormalized) in relaying the bad conditioning
(if p is close to zero) of the (1,1) block into the saddle point matrix A.s and highlights
the existence of some sort of interaction between the blocks in A.s. Note that ¢ € [0, 1],
whose size plays a fundamental role in this interaction, is nothing else than the cosine
of the principal angle between Zm(B) and the invariant subspace associated to the
smallest eigenvalue p of the (1,1) block A (see [4, section 6.4.3]).

The above example motivates the purpose of this paper, which is to present some
insights on the interaction between the blocks in saddle point systems of the form
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(1.1) and to identify some circumstances in which the smallest eigenvalues contained
in the (1,1) block will, or will not, spoil the convergence of Krylov subspace methods
like MINRES. It is indeed well known that, for a saddle point matrix A, the effective
condition number of its (1,1) block A on the null space of BT plays a central role.
Indeed, even if A is semipositive definite with several zero eigenvalues, the matrix A
can be well conditioned and easy to work with, as long as the null spaces of A and BT
are well separated. With respect to the above discussion, this corresponds to cosines
close to 1 between the range of B and the null space of A. These considerations will
lead us to refine the lower bound in (1.3) given in [10] on the positive eigenvalues of
saddle point matrices of the form (1.1).

The paper is organized as follows. Section 2 illustrates in two different ways, and
through the convergence of MINRES, the influence of the cosines of the principal angles
between Zm(B) and the invariant subspace associated to the smallest eigenvalues of
the (1,1) block A. In section 3, we present theoretical results refining the lower bound
Lmin Of the right interval in (1.4). We shall restrict our analysis to the case where the
(1,1) block largest eigenvalue is scaled to 1 and the constraint matrix has orthonormal
columns. These assumptions can be met in practice when preconditioning the saddle
point matrix A (see section 2.2). Before getting into the details of the theroretical
analysis itself, which are conducted throughout subsections 3.1-3.3, we suggest that
the reader gives first a quick look at subsection 3.4, in which the conclusions are raised
and a plot of the different important steps within the analysis is recalled, so as to
clearly have in mind the target and the reasoning as well. Finally, in section 4, we
conclude with our main result and some prospective remarks.

2. Interaction between the blocks in KKT matrices. In the introduction,
we have raised the possible influence of the cosines of the principal angles between
ZIm(B) and the invariant subspace associated to the smallest eigenvalues of the (1,1)
block A and shown that they can have a sizeable impact on the lower bound of the
positive interval in (1.4) for the spectrum of the KKT matrix A in (1.1). We now
present some illustrations of this effect through the convergence of MINRES.

2.1. Illustration on a toy example. We first introduce a “hand-made” exam-
ple to illustrate how these cosines values can impact and eventually spoil the conver-
gence of MINRES. To build the matrix 4, we consider a diagonal matrix A of order
n = 500 with diagonal entries in ]0,1] and such that

A o0
St

with A; € R®*® being set as

Ay = diag(p1, 2, 13, fa, fs)
= diag(107%,107%,107*,1072,1071)

and Ay € R("=5)%(7=5) heing a diagonal matrix with uniform values from the interval
[a,b] = [0.101, 1] and randomly generated by the MATLAB code

diag(a + (b-a).*rand(n-5,1)).
The eigenvectors of A are therefore given by the canonical basis of R™. The matrix
B € R™*™_ where m = 200, is set to

c o0
2= s 5|

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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TABLE 2.1
Values of the cosines of the principal angles between Im(B) and Im(U1) for four configurations.

(@ () (o ()

cos 01 0.3 0.3 10— 0
cos 62 0.3 1073 1073 0
cos 63 03 03 1072 0
cos Oy 0.3 0.3 10-1 0
cos 05 0.3 0.3 0.3 0

where C = diag{cos §;}>_,, S = diag{sin6,}2_,, B; € R"=5*5 B, ¢ R=5)x(m=5)
with Q = [B; Bs] € R(»=2)*™ dense and satisfying Q7'Q = I,,, so as to ensure that
B has orthonormal columns. We also have, considering U; = [ Is 0 ]T the set of
eigenvectors corresponding to the first five eigenvalues of A,

., | C
BU1_|:0 )

so that we explicitly get—and this is done on purpose in this particular example—a
one-to-one matching between eigenvectors versus principal vectors and eigenvalues
versus cosines of the principal angles between Zm(B) and Zm(U;). We consider four
different configurations (a), (b), (c), and (d) for

C = diag{cos0;};_;,

with values of the cosines of the principal angles between Zm(B) and Zm(U;) given in
Table 2.1. Figure 2.1 illustrates and compares the impact of the values of the cosines of
the principal angles between Zm(B) and Zm(U;) on the behavior of MINRES applied
to this toy KKT matrix for the four cases. For reference, we indicate with the dashed
(red) curve on each graph the convergence profile of MINRES when all the five cosines
are set to one, and in all cases the iterations are stopped when the scaled residual
Il7%(//]I7°] in 2-norm is less than 10~!°. For particular values of the cosines, the
phenomenon of plateau occurs and, as indicated by the preliminary comments made
in the introduction, we can observe that when the squares of the cosines of some
principal angles are equal to the corresponding eigenvalues (in this particular one-
to-one cosine-eigenvalue matching test example), the corresponding bad conditioning
of A is showing up. For instance, if we change the value of the second cosine cos -
from 0.3 to 1073 (corresponding to the square root of the corresponding eigenvalue)
between situations (a) and (b), the speed of convergence of MINRES is disrupted. One
such phenomenon of plateau in the convergence curve occurs in Figure 2.1, case (b).
Case (c) corresponds to a generalized case where each of the five values of the cosines
reveals the corresponding eigenvalue in A, leading to five phenomena of plateau in
Figure 2.1, case (¢). What is interesting to observe in case (d) is that setting even the
five cosine values to zero, which corresponds to the case where the bound from Rusten
and Winther is sharp, does not change the behavior of MINRES much compared to case
(c) (in which the squares of the cosines are already at the level of their corresponding
eigenvalue). At last, in case (a), the square of theses cosines is of the same order of
magnitude as that of the smallest eigenvalue in A;. We can see that the behavior of
MINRES exhibits a linear rate of convergence and does not depart too much from the
reference case in which all theses cosines are actually set to one. This reference case

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Fic. 2.1. Convergence profiles (2-norm of scaled residuals) for the four cosines configurations.

corresponds to the extreme opposite case where the invariant subspace associated to
the five smallest eigenvalues is actually orthogonal to Ker(BT) and thus not active in
the degrees of freedom of the constraint set.

2.2. Varying the constraint matrix. The various observations previously
raised suggest that if all the cosines of the principal angles between Zm(B) and the
invariant subspace associated to the smallest eigenvalues in the (1,1) block A are large
enough, the convergence of MINRES preconditioned with the classical block diagonal
preconditioner

,UfmaxIn 0
0 -1 BTRB |-

Hmax

(2.1) P=

which essentially scales the largest eigenvalue of A and orthonormalizes the constraint
matrix B, should be reasonably fast, independently of any consideration with respect
to the ill-conditioning in A.

To illustrate this point, we now consider a KKT matrix built in the following
way. We first generate in MATLAB a symmetric positive definite test matrix of
order n = 300, with a relatively well clustered spectrum showing 42 eigenvalues less
than v = % ~ 3.81072 but with extreme eigenvalues Mmin = 1.7 10~7 and
Umax = 3.8. The condition number of this (1,1) block test matrix A is then 2.2107.
The constraint matrix B € R3%9%150 ig generated by means of the MATLAB function
sprandn (with a density of 0.05 and a condition number of 10*). We then slightly
modify this constraint matrix B into B s0 as to enforce the cosines of the principal
angles between Zm(B) and Zm(U,), the invariant subspace associated to the p = 42

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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TABLE 2.2
Values of the £ = 22 cosines of the principal angles between Zm(B) and Im(U) below 0.362.

cos 0;
4981073 6.881073 821102 1.2310~2 1.721072 2.3910"2
3.03102 4.001072 4.321072 4.6210~2 5.5110~2 6.0510~2
720102 7.8310"2 8.861072 1.4610~' 1.4910~! 1.6910°1
2.0210~! 2.8310-! 3.2210°! 3.3310°!

scaled residual (in the 2-norm)

i | i
0 100 200 300 400 500
iteration number

F1G. 2.2. Convergence profiles of preconditioned MINRES (with P ). Case with constraint matriz
B in solid (blue) curve, and case with constraint matriz B in dashed (red) curve.

eigenvalues smaller than v ~ 3.81072, to be larger than a certain threshold, e.g.,
min{cos ;}7_, > 2,/ ~ 0.362,
6!

with a = 1.16 corresponding to the average of the eigenvalues of A above ~.

The details on how the constraint matrix B is modified into B are given in [12,
section 6.2.2]. This results from some particular linear combination between B and
U, that essentially preserves the normal equations of B, so that BTB = ETE, and
ensures the above condition on the cosines.

In the case of this test example, amongst the p = 42 cosines, only the ¢ =
22 smallest ones are actually below the threshold 21/v/a ~ 0.362, and these are
displayed in increasing order in Table 2.2. In the modified constraint matrix é,
all these 22 cosines have been raised to the value 0.362 explicitly, leaving the other
principal angles unchanged. Figure 2.2 shows the convergence profiles of MINRES
preconditioned with P in both cases (e.g., with either B or B). It is important to
note that the preconditioning matrix (2.1) is the same in both cases, since BT B =
BTB and the (1,1) block is unchanged. In the case with large enough cosines, the
smallest eigenvalues in the (1,1) block A have almost no impact, and a simple implicit
orthonormalization of the constraints (with P) is enough to reach linear convergence
in MINRES.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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3. A refined eigenvalue bound for KKT matrices. In this section, we aim
at refining the lower bound g, of the positive interval in (1.4) through a theoretical
analysis in terms of cosines of principal angles between the subspace spanned by
the constraint equations and the subspace spanned by the eigenvectors associated to
the smallest eigenvalues of the (1,1) block A. Doing so, we expect to clarify those
situations where this lower bound is guaranteed to be bounded away from zero.

Before going into the theoretical developments of the following subsections, we
first introduce some notation and the specific assumptions underlying the analysis.
In what follows, we consider a particular case of the KKT matrix,

1) a=lge g

with A € R™*", Q € R™*™ satisfying QTQ = I,,,, and n > m. This corresponds to
a constraint matrix B in (1.1) whose columns are orthonormal. We also assume that
some scaling has also been applied so that the largest eigenvalue of the symmetric
positive definite matrix A is equal to one (fimax = 1).

To analyze the spectrum of A in (3.1), we rewrite this matrix into two successively
similar matrices. We first consider the eigendecomposition of the (1,1) block

A=UAUT,

where the diagonal matrix A € R™*™ contains the eigenvalues {u;}? ; of A and the or-
thonormal matrix U € R™*"™ contains the associated orthonormal set of eigenvectors,
and observe that

i

QT 0 QT 0
U 0 A UTQL[UT o
0 I||Q°U 0 0 I
We next split the spectrum of A in two parts, with A, € RP*P the diagonal
matrix containing the p eigenvalues 0 < pmin = 1 < -+ < pp strictly less than a

given positive number v € [tmin, 1], and with Z,y € R("=P)*x(n=p) the diagonal matrix
containing all the other (n — p) eigenvalues v < pip41 < -+ < py, = pimax = 1. The
matrix U = [U,, (77] € R"*™ is orthogonal, where the columns of the rectangular
matrices U, € R™*P and 17., e R™("=P) are the orthonormal sets of eigenvectors
corresponding to A, and EV, respectively.

We now introduce the cosine-sine (CS) decomposition of matrix K € R™*" de-
fined as

(3.3) K =Q"U =[Q"U,, Q"U,| = [K,, K.,

where Q = B(BT B)~1/2 € R"*™ satisfies Q7' Q = I,,, by definition, and U = [U,, (77]
is an orthogonal matrix made with those eigenvectors of A. The columns of K T are
orthonormal, implying that K,YKA? + KVKI = I,,. If we next complete the matrix
KT by m — n orthonormal columns to provide an orthogonal matrix of R?*" and if
we apply the CS decomposition as in [8, section 4], one can guarantee the existence
of orthogonal matrices V, € RP*P, 177 e R»=P) x (»=p) and W € R™*™ such that

(3.4) VVTKWTW = C = diag(cos by, ...,cos80,) € RP*™  r =min{p, m},

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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and
(3.5) ‘N/WTI?,?W = S = diag(sinby,...,sinf,) € R™=P)xm o — min{n — p,m},

where CTC + STS = I,,,. The singular values cos §; and sin §; of K%F and I~($7 respec-
tively, are cosines and sines satisfying (without loss of generality)

1>cos; >--->cosb, >0 and 0<sinf; <--- <sinf, < 1.

Among these values, min{r, ¢} correspond to the cosines and sines of the principal
angles between Zm(B) and Zm(U,), the other values being equal to either zero or
one, depending on the dimensions p,m, and n. The associated min{r,q} principal
vectors (see [4, section 6.4.3]) are defined by the min{r, ¢} first columns of matrix
QW and matrix U, V, in Zm(B) and Zm(U,), respectively.

For simplicity, we shall restrict ourselves to the case where p < m and m < n —p,
so that » = p and ¢ = m, and

S 0
(3.6) C=[C 0]eR and S=| 0 Iy, | € RP*m
0 0

with C € RP*P and S € RP*P. Extracting K, and R'w from (3.4) and (3.5) also yields
K, =WCTV! and K, = WSTV. Using these expressions and remembering that
QTU = K = [K,, I?W] by (3.3), we rewrite the central matrix in (3.2) in terms of
cosines and sines as

A, 0 V,ewT
0 A, V,SWT
werver wsTvE o

We next obtain

vie oo A, 0 V,ewr v, o o M, 0 C
0o v o 0 A, VSWTI o V, 0l=|0 M, S
0 o0 wr]wervi wsTvr o 0 0 W cr st o
where

(3.7) M,=VIAV, and M,=VIAV,

which is also similar to A due to the fact that matrices V5, 177, and W are orthogonal.
Finally, using (3.6), we end up with the following similar matrix:

M, 0 C 0

- ST

0 M. 0,1

(3.8) g 010
C[]Ss 0 o0]l0,0

00 I 0[0'0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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We are now ready to analyze the minimal positive eigenvalue of this matrix in
block form. In section 3.1, we first deduce some general spectral relations before
focusing, in section 3.2, on the positive eigenvalues of the matrix (3.1) that are smaller
than the value of v/2. Finally, based on these spectral relations, we successively define
in section 3.3 two constrained optimization problems whose minimal value will lead
to a refined lower bound for the positive interval in (1.4). The norm considered in the
following is the 2-norm || - ||2, and we use in short the notation || - ||.

3.1. General spectral relations. Let A € R denote an eigenvalue of the matrix

given in (3.8), with the associated eigenvector [:L‘l Ty Y1 yQ]T in which z; € RP,
xo € R*P y; € RP, and yo, € R™7P. We then have the following equalities:

_ Sty1
(3.9) Myxzi +Cyr = Ax1 and Myxa+ | y2 | = Axa,
0
together with
(3.10) Crxq + [S 0 O} T9 = Ay; and [O I 0] To = AyYs.

Let us introduce now the positive quantities p1 € [ftmin, itp) and pa € [ppt1, 1]
satisfying

(3.11) P Mywy = pifea]? and @] Moz = po|aa|.

Note that if both z; # 0 and z2 # 0, then p; and py are Rayleigh quotients and
satisfy p1 € [tmin, f4p] and p2 € [pt+1,1] by (3.7). Otherwise, if 1 = 0 or z2 = 0 or
both, it is always possible to find positive quantities p1 € [timin, ttp] and pa € [ppt1, 1]
to satisfy (3.11).

The following lemma gives some spectral relations, which will be useful in the
next sections (for the proof, see Appendix B).

LEMMA 3.1. Let A € R be an eigenvalue of the matriz (3.8) associated to the
eigenvector r = [azl To Y1 yg]T with ©1 € RP, 2o € R*P, y; € RP, and y»
€ R™~P, Then x satisfies the following relations:

(3.12) Nlz1|? = Apillza || + 21 C?z1 + 2] [CS 0 0] 2o,
S?2 0 0
(3.13) N 22|? = Mpallz2)®* + 27 [CS 0 0]za+a3 |0 I 0fao,
0 0 0
S?2 0 0
(3.14) Mlyl? = 2{C%x1 +22] [CS 0 0lza+a3 |0 0 0] ao,
0 0 0
0 0 0
(3.15) Nyol2 =2 [0 T 0] o,
2
0 0 0

where p1 € [fimin, tp| and p2 € [ppy1, 1] satisfy (3.11).

3.2. Specific relations for small positive eigenvalues. As we have seen
in (1.4), the lower bound of the interval associated to the positive eigenvalues of

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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A given in (3.1) is not necessarily isolated away from zero (especially when fimin
is extremely small). In this section, we thus focus our analysis on the eigenvalues
of A smaller than the given threshold v and we deduce, from Lemma 3.1, specific
relations associated to these eigenvalues. As we will see, small positive eigenvalues of
A require that the weights in the eigencomponents of the associated eigenvectors are
more important on the part relative to the small eigenvalues of A. In particular, for
the existence of a positive eigenvalue ) less than v/2, we will demonstrate that it is
mandatory to have ||Z1]| > ||Z2| within the blocks of the corresponding eigenvector
T=[T1 T 1 i

We therefore start our analysis by assuming that the eigenvalue problem defined
by the equalities in (3.9) and (3.10) has a positive eigenvalue A > 0 such that A < /2,
and we shall then study, under this hypothesis, possible lower bound values for this
eigenvalue A. We also make the assumption that the minimum cosine value in C' is
strictly positive; otherwise, we already know, from the example in the introduction,
that the positive lower bound from Rusten and Winther can be sharp. The following
lemma summarizes the various necessary conditions that must be met due to the
existence of such an eigenvalue A < /2, together with strictly positive cosines (for
the proof, see Appendix C).

LEMMA 3.2. Assume the matriz (3.8) has a positive eigenvalue X satisfying A <
/2, with v € [ftmin, 1], and with the associated eigenvector T = [3_31 To U1 gg]T,
where Ty € RP, Zp € R" P, 43 € RP, and g2 € R™P. Let also C and S € RP*P
given by (3.6) satisfy cmin = min;—1.,{cos#;} > 0. Then it is necessary to have
|Z1]] > |Z2]] > 0 and cmin < 1.

These necessary conditions allow us to divide the previous relations by either
[|Z1]] or ||Z2|| and to derive some new relations based only on some specific scalar
quantities in prescribed intervals. These scalar quantities actually correspond to en-
ergy estimates, in the spirit of what is done by Rusten and Winter to derive their
well-known bounds on the eigenvalues of the KKT matrix. We first introduce these
specific energy estimates associated to the existing eigenvalue 0 < A < 7/2, together
with the assumption that cpi, > 0 (for which [|Z1]| > ||Z2]| > 0, as guaranteed by
Lemma 3.2):

__ lE?
3.16 W= = > 1,
(310) EE
- TMz Mz
(17 pr= Tt € ] and g = = € e, 1,
together with
520 0
,T —
25|10 I 0]z
(3.18) d—@G[CQ 1] and B= 0 00 €[0,1]
' |21 i 221 ’
and
T [0S 0 0]z
(3.19) Ao | 72
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In the next theorem, we transform the relations derived in Lemma 3.1 and intro-
duce scalar relations based on the above quantities @, pi, p2, @, 3, and 7. The key
point is actually to identify some particular inequalities, in order to derive a set of
nonlinear equations and inequations that we shall study in the next section to obtain
a lower bound on the given positive eigenvalue 0 < \ < /2.

THEOREM 3.3. Assume that the matriz in (3.8) has a positive eigenvalue A sat-
isfying A < v/2, with v € [tmin, 1], and with the associated eigenvector

9?2[1‘1 T2 U1 ﬂz]T,

with T; € RP, Ty € R" P, 4, € RP, and ij, € R™P. Let @, p1, p2, @, 3, and T be
given by (3.16)—(3.19), respectively, and let cpin > 0. We then have

(3.20) XN+ Apr+a+7=0,
(3.21) N4+ Ap2 + B+ Tw =0,
(3.22) F+a>0,

(3.23) 7o+ B <0,

(3.24)

Proof. It is straightforward to derive (3.20) and (3.21) by dividing (3.12) and
(3.13) by ||Z1]|? and ||Z2||?, respectively (where Z; # 0 and Z3 # 0 by Lemma 3.2).
We next prove (3.22). Adding (3.14) to (3.15) gives

(3.25) 0 < N([171* + 17211%) = a@ll@1 1 + 27|21 ]| + Bl|z21?,

which again, with the quantities above, can be written as
(3.26) (@+7)|31]? + (7@ + B)||Z2|* > o.

Observing also that (3.13) can be written as (7@ + 3)[|Z2]|? = A\ — p2)[|Z2]|?, (3.26)
becomes

(@+7)|Z1]* + A = p2)[1Z2]* > 0,
or equivalently, after division by ||Z2]|?, (& + 7)@ > A(p2 — A). Now, since 0 < X <
v/2 < pg and @ > 1, we can deduce that @ + 7 > 0, which proves (3.22).

We next prove (3.23) by contradiction. Assume that 7w + 3 > 0; then from
equality (3.21) we can write that

A2 — S\ﬁg = ;\(5\ — ,52) >0,
which implies, since A > 0, that A > p > /2 and contradicts the assumption
A <v/2.
We finally prove (3.24). Multiplying the left equality in (3.10) by 27 C gives
T1C?T1+71 [CS 0 0]2 = (a+7)|71]? = Az O

Combining this last equality with (3.22) and the Cauchy—Schwarz inequality, we ob-
tain

(3.27) 0 < (a+7)al? =z Cy < A|Cai|g ]l = Walzlllz,
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where the last equality derives from the definition of & in (3.18). Squaring both sides
of (3.27), we also have that

(@ +7) 2] < Nallg|* < Na(llgl® + llz21).

Combining this last inequality with (3.25) and dividing by [|Z2]|? gives

(a+7)%0 < (@ 4 2a7)@ + af,
which, after simplification, yields the desired result (3.24). d

3.3. Analyzing possible lower bounds. In the previous section, we have as-
sumed the existence of a positive eigenvalue A of A satisfying A < /2 and shown,
under the assumption that ¢y, > 0, that X and its associated eigenvector T satisfy the
relations (3.20)—(3.24). In order to refine the positive lower bound in (1.4) as given
by Rusten and Winther [10], we proceed in two steps by introducing two optimization
problems successively, whose optimal solution will provide the desired refined positive
lower bound on the eigenvalue \.

To build the feasible domain of the first of these two optimization problems,
we relax the relations (3.20)—(3.24) by relaxing the quantities A, 7, and @ in these
relations, which now become the variables A, 7, and w verifying

ﬁlS)\S% and 1 <w < wmax,

where wpax is an upper bound satisfying wpax > @. The constraints of this opti-

mization problem, which we shall denote as P(p1, p2, @, 3, Wmax ), are defined by the
following relations:

(3.28a) ~ N4\ +a+T1=0,

(3.28Db) — XN F M+ B+ Tw=0,

(3.28¢) pr <A< %7

(3.284) 1< w < W, =F(P)
(3.28¢) T > —a,

(3.28) Tw < B,

(3.28g) Tw < af

We then minimize A over the set (A, 7, w) satisfying these constraints; i.e., we consider
the following optimization problem:

(3.29) P(ﬁ1;527da37wmax) = A

min
(A 7,w)EF(P)
Note that F(P) is nonempty, since (\,7,@) € F(P), and that A no longer represents
an eigenvalue of the matrix A in this problem. Instead, the optimal value g of (3.29),
whose existence is guaranteed by the compactness of the feasible set F(P) (see the
Weierstrass theorem in [6]), gives a lower bound on A (since (A, 7,w) € F(P)). To
assess the compactness of F(P), observe that 7 in (3.29) satisfies 7 < 0 by (3.28f),
since w > 1 and 3 € [0,1] by (3.18).

We shall now study the global optimum of the optimization problem (3.29). In
that respect, we establish a first useful lower bound in the next lemma, whose proof
is rather quick and given in Appendix D.
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LEMMA 3.4. Given the scalar values & > 0, 3 > 0, w > 1, and 7 < 0 satisfying
(3.28g), the system of equations (3.28a) and (3.28b) in A\ has a unique positive solution
satisfying

wp1 + p2 + VA
. > —
(3.30) Az 2w+1)

where A = (wpy + p2)? + 4(w + 1) (Vaw — \/E)Q
Our study of an optimal solution of the optimization problem (3.29) continues
with the identification of the constraints which are potentially active at optimality.

THEOREM 3.5. Consider problem P(p1, p2, @, B, wmax) defined in (3.29) where
Wiax > @ and @, p1, p2, @, and B are given by (3.16)—(3.18). Then the only constraints
in (3.29) possibly active at a global solution are

W < Wmax and 2w < aB.

Proof. First, let us prove that the lower bound in constraint (3.28d) (w = 1) is
not active. By Lemma 3.4 when w = 1, we have that

NS ﬁ1+ﬁz+\/(ﬁ1+ﬁz)2+8(x/5+\/§)2 S (Ltp) P
= 4 - 2 2’

since p; > 0. This is incompatible with (3.28c).
In a second step, we prove that the constraint (3.28e) is not active. Assuming
that 7 = —@, (3.28a) and (3.28b) then become

(3.31) X451 =0 and — AN+ Apa+ S —aw=0,

respectively. The first equation in (3.31) implies that either A = 0 or A = p;. Since
A > p1 >0 by (3.28¢c), we have that its unique solution is A = p;, and it follows that
the second equation in (3.31) becomes —(p1)? + p1p2 + 3 — aw = 0, or equivalently,

(3.32) aw = p1(p2 — p1) + B.

Multiplying (3.32) by &, we obtain

a’w =710 =a(pi(p2 — pr) + B)-
Since & > 0, p; > 0, and po —p; > 0, we can deduce that 72w > @3, which contradicts
(3.28g).

We next prove that (3.28f) is not active by contradiction. Assuming that Tw+3 =
0, (3.28b) becomes —\% + A\py = 0, so that either A = 0 or A = py, which is impossible
by (3.28c¢).

We finally prove that both bounds of (3.28¢) are inactive at a global solution.
First, A = p; implies by (3.28a) that (3.28e) is active, which is impossible by the second
step of the proof. If A = py/2, then it is not a global solution, since (), 7, @) € F(P)
and A < /2 < p/2 = X provides a lower objective function value. 0

The last step in the study of the optimization problem (3.29) is to show that either
one or the other of the two constraints identified in Theorem 3.5 is actually active,
giving then fundamental information to raise a lower bound of the global optimal
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solution Ag, which we recall is itself a lower bound of the assumed existing positive
eigenvalue 0 < \ < v/2 of A.

Let us first assume that w = wpax (i.e., the inequality constraint (3.28d) is active)
at a global solution of problem P(py1, pa, @, 3, Wmax) given by (3.29). The lower bound
in Lemma 3.4, with w = wpax, gives us a first possible value for a lower bound on the
optimal solution of problem (3.29):

1 axP1+ P A
(3.33) Ao > = (“‘“ pl+p2+\ﬁ),

-2 Wmax + 1

where A = (Wmaxp1 + p2)? + 4(wmax + 1) (v EWmax — \/) We can observe that this
lower bound actually depends essentially on the choice for the value of wy.x > @, the
other scalar values py, p2, @, 3 being fixed in the setting of problem (3.29). Defining
now the quantities

~ Wmaxﬁl + ﬁ2 ~ — Wmax B
=———= and a= \/51 / —A [
P Wmax T 1 Wmax + 1 Wmax + 1

we can rewrite (3.33) as

(3.34) 0> % (p +VPP+ 4a2)

This lower bound thu§ holds in the case where w = wyax > @ at an optimal solution of
problem P(p1, pa2, @, 8, wmax). Note also, for further use, that since wyax can a priori
be taken as large as we want, one has that

(3.35) lim p=p; and lim &=+ a.
Wmax 00 Wmax —>00

We now study the case where w < wpax to raise a second possible lower bound
value. The minimum of these two bounds will finally enable us to give a refined lower
bound on the set of positive eigenvalues of A. If w < wpax at a global solution of
problem (3.29), the first thing to point out is that it is then necessary to have 72w =
a3, that is, the constraint (3.28g) must be active. To see that, let us consider the
most general first-order necessary optimality conditions that must hold at the optimal
solution of problem (3.29), given by the F. John theorem (see [6, Theorem 3.1]), which
states that there exist ¢, u, v, ( € R not all equal to zero, such that

1 —2\+ py —2\ + po 0 0
(3.36) 0ft— 1 u— w v— |=21w| (= |0],
0 0 T —72 0

with ¢ > 0 and the complementarity condition
(3.37) ¢(aB —T%w) = 0.

Note first that 7 # 0. Indeed, otherwise B < 0 by (3.28f), implying that 3 = 0, since
B €10, 1], which in turn would give, by (3.28b),

AN+ XApe = A(p2 — A) =0,
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so that A = 0 or A = pa, in contradiction with (3.28¢c). We next have that ¢ # 0,
since otherwise 7v = 0 by the third equality in (3.36), and thus v = 0, which in turn
implies u = 0 by the second equality in (3.36), followed by ¢ = 0 by the first equality
in (3.36). This is incompatible with the assumption that ¢, u, v, and ¢ cannot be all
equal to zero. The complementarity condition (3.37) then ensures that the constraint
(3.28g) must be active, i.e., 72w = @f. Note that, since we know that 7 < 0 (we have
seen before that 7 < 0, and just above that 7 # 0 under the current assumption, e.g.,
W < Wmax), We can then set

3.38 T=—1/—.
(3.39) !

To continue our study of possible solutions when w < wpax, let us now denote
by 7o and wp < wmax the associated quantities to such a solution A of problem
P(p1, p2, @, B, wmax). From (3.38), we then have 70 = —\/af/wp, and remembering
that 8 # 0, we can set

&wo
do=4/—
B
Observing that 79 = —a& /8y = —do3/wo, we can then rewrite (3.28a) and (3.28b) as
2 — _ T0 2 _ _ 1
(3.39) —/\0+)\0p1+a(1—|—5):—)\0+/\0p1+a 1-5) =0
0
and
2 - 2 TowWo 2 - 2
(3.40) —A& + op2 + B (1 + ﬁ) = =Xy + Aop2 + B (1 —do) = 0.
We also have by (3.28¢) (which is inactive at a solution) that 70 = —a/dy > —@, so
that dg > 1.

In order to conclude our search for a refined positive lower bound in (1.4), we
next consider a second (and last) constrained optimization problem, also built in the
same spirit, i.e., with the aim to derive this time a lower bound on the above solution
Ao of the optimization problem P(py, p2, @, B,wmax)7 under the assumption that the
associated value wy is strictly less than wpax. To this end, we relax the quantities Ao,
8o, @, and § and consider the optimization problem

(341) P(ﬁl, f)g) = min _ )\,
(X,0,0,B)EF(P)

where the feasible set F(P) is now defined by

(3.42a) — N+ Mo +a (1 — ;) =0,

(3.42b) N X\ +B(1—-6)=0,

(3.42¢) a2 = F(P),
(3.42d) 1 <0 < dmax,

(3.42e) i <a<l,

(3.42f) 0<pB<1
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with dpax an upper bound satisfying dmax > do > 1 and with cpin < 1 (from
the necessary condition raised in Lemma 3.2). Note that F(P) is nonempty, since
(Mo, 0o, @, B) € F(P) by (3.39), (3.40), (3.28¢) satisfied by Ao and by (3.18). Again,
the compactness of the feasible set F (]3) guarantees the existence of an optimal value
Aint for problem P(py, p2) with At < Ao.

The next theorem identifies the constraints of P(py,52) which are potentially
active at optimality.

THEOREM 3.6. Consider problem ]3(;31752) defined in (3.41), where dmax > dg
and p1 and py are given by (3.17). Then the constraints in (3.41) possibly active at a
global solution are

0 < Omax, A <a<l, and 8 <1.

min

Proof. Let us first show that the lower bound in (3.42d) (§ = 1) is not active at
optimality. Indeed, if § = 1, we get by (3.42b) that —\% + A\p2 = A (p2 — \) = 0, so
that A = 0 or A = pg, in contradiction with (3.42¢). Using the same argument, we
have that the lower bound in (3.42f) (8 = 0) is not active.

It remains to prove that both bounds of (3.42c) are inactive at a global so-
lution. First, A = p; implies by (3.42a) that a(1 — %) = 0, which is impossi-

ble, since a > 0 and § # 1. If A = £, then it is not a global solution, since
Ao <A< § < = Xprovides a lower objective function value and (Ao, do, @, ) €
F(P). 0

Similarly to the way we proceeded for problem (3.29), we first consider the case
where § = Opax (i-e., the upper bound of (3.42d) is active) at a global solution of
problem P(p1, p2). Equation (3.42a), together with § = dpax, gives

1
—>\2+)\p1+a(1— >:0,
5max

1/(_ » 1
A1 = B (Pl + \/P% +4a (1 - 5max>> ;

where p? +4a(1 — =) > 0 as @ > 0 and dpax > do > 1. Excluding the negative

Omax

root, one then gets

1 1
(3.43) )\inf=2<P1+\/P%+404 (1—5 )>,

which raises a first lower bound for the solution A\¢ of problem P(p1, p2, @, B,wmax),
under the assumption that the associated value wy is strictly less than wpax.-

We next, and finally, consider the case where § < dax, and we shall see that it is
then necessary that both the lower bound in constraint (3.42¢) and the upper bound
B =1 1in (3.42f) actually be active. To see that, we use Theorem 3.6 and again the
F. John theorem (see [6, Theorem 3.1]) to state that there exist ¢, u, v, ¢, , ¢ € R
not all equal to zero such that

whose roots are

1 —2\+ 7y —2\+ 7 0 0 0 0
0 % -8 0 0 0 0
_ 462 _ _ _ —
] A R (R A Y e Y R N R R TR
0 0 1-4 0 0 1 0
(3.44)
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with ¢ > 0,7 >0, ¢ > 0 and with the associated complementarity conditions

(3.45) (B — @) =0,
(3.46) n(a—1) =0,
(3.47) w(B—1)=0.

If o = 0, then v = 0 by the last equality in (3.44), since § > 1, and consequently
u = 0 by the second equality in (3.44) and since a/6? # 0. The first and third
equalities of (3.44) then imply ¢ = 0 and { = 7, respectively. Since ¢, u, v, {, 1, ¢
cannot all be equal to zero, then one must have ( = n # 0, which implies, by the
complementarity conditions (3.45) and (3.46), that & = 1 = ¢2; , which is impossible
from the necessary condition raised in Lemma 3.2. Assume now that ¢ > 0. Then
B =1 by (3.47), and the last equality in (3.44) yields (1 — §)v = . This, together
with ¢ > 0 and § > 1, implies that v < 0. The second equality in (3.44) then gives

—%u+v=0,

implying that u < 0, since « > 0. By the third equality in (3.44), we get

1

that is, ( —n > 0, since 6 > 1. As (3.45) and (3.46) with ¢2, < 1 imply that either

¢ or n must be zero, the only possibility is to have n = 0 and ¢ > 0 (since otherwise
¢ =0 and n < 0, in contradiction with the sign condition n > 0 on the multiplier 7).
We thus have a = c2.. by (3.45).

2

min

Rewriting P(p1, p2) with =1 and a = ¢
of two equations in (A, J),

finally results in a nonlinear system

1
—A D +c?nm<1 - 5) =0,

A+ Ap2+ (1-06) =0,

(3.48)

in which we look for the unique solution such that p; < A < ‘_’2—2 and 6 > 1 and from
which we can deduce the second possible lower bound on the positive eigenvalues of
A as stated in the next theorem. The fact that this solution is indeed unique will be
seen in the course of the proof that follows.

THEOREM 3.7. Consider the nonlinear system of equations defined in (3.48), where
p1 and p2 are given by (3.17). Then the unique positive solution satisfies

P14 2ckinpo
14 4¢2

5 “min

(349) )\sol >

Proof. Multiplying the first equation in (3.48) by § and the second by ¢ and
summing, we have

—N2(0 + o) + A(p16 + p2ciiy) = 0.

This last equation has a single strictly positive solution that we can express as a
function of 6,
)\(5) _ ﬁlé + 52012nin
§+c2 '

min
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Observing that its derivative

(6 + C?nin)2 (6 + C?nin)2

N(§) = 20 Cin) = (P10 + Daiin) _ (PL = 22)Chin

since p1 < pa, we have that A\() is a strictly decreasing function. Also observe that, in
order to have a solution, the second equation in (3.48) requires that p3 +4(1—4) > 0,
that is, the largest possible value for § to get a solution is (p3 + 4)/4. We can thus
conclude, since py < 1 by (3.17), that

) _ 4 2 =

P2 +4 p1+ 5 CminP2
Aot > A (22 S a(5/4) = LT 5GminP2
: ( 4 ) ( / ) 1+%C?nin

which ends the proof. 0

3.4. Collecting the various results. In the previous subsection, we have
raised several possible lower bounds for the set of positive eigenvalues of matrix A
in (3.1). Before gathering these various bounds to formulate our main result, let us
redraw the plot of the reasoning underlying the technical parts and developments
conducted so far.

The rationale was the following, starting from two ground basis assumptions. The
first one is that we consider the existence of some very small positive eigenvalue of
Ain (3.1), 0 < X\ < /2, for some given cut-off value ¥ € [tmin,1]. The second
one is that cpy, > 0, with ¢y, being the minimum value for the cosines of the
principal angles between the subspace spanned by the constraint equations and the
subspace spanned by the eigenvectors of the (1,1) block matrix A associated to the
eigenvalues strictly less than . From these two assumptions, we could raise first in
Lemma 3.2 some important necessary conditions. Out of these, it was then possible
to introduce specific scalar quantities in prescribed intervals, given by (3.16)—(3.19),
respectively, and to show in Theorem 3.3 some equalities and inequalities that they
naturally verify. We then introduced the optimization problem defined in (3.29),
which resumes in finding the minimum value of A\ within a compact constraint set
F(P) of equalities and inequalities, defined by (3.28a)—(3.28g) and directly derived
from the relations raised in Theorem 3.3. The global minimum \g of this problem is
naturally a lower bound on the positive eigenvalue ), since A belongs to F(P). Now,
the structure of this optimization problem, due to the number of parameters involved,
does not allow us to easily derive some analytical formulation for a global solution \g.
We therefore studied instead the possible active constraints at an optimal solution,
so as to be able to transform the problem by eliminating some dependent variables.
With careful study of the first-order necessary optimality conditions given by the
F. John theorem (see [6, Theorem 3.1]), and with some logic arguments based on
the complementarity conditions that are provided within these necessary conditions,
we could reduce the possible states to only two alternative cases (see Theorem 3.5
and the discussion that follows). The first of these two cases, which corresponds
to saturating the constraint w = wmax in (3.28d), provides a first possible lower
bound value (3.34) for the optimal solution Ag. The second and alternative case is to
saturate the inequality constraint (3.28g), and it was used to eliminate one variable
and to consider a second but simpler optimization problem, defined in (3.41), where
the compact feasible set of constraints F(P), defined by (3.42a)-(3.42f), contains
the solution Ay currently considered. Therefore, a new global solution Ajy¢ of this
last optimization problem must verify Ajnr < Mg, and it provides a second possible
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lower bound value. Similarly to the way we proceeded for problem (3.29), we again
identified, from the first-order necessary optimality conditions, two alternative feasible
cases at a solution, the first one raising the possible value (3.43) for Ai,¢, and the second
one enabling us to finally reduce the problem to the algebraic set of two nonlinear
equations (3.48), whose positive solution can be bounded below by (3.49).
Gathering these three results together, we can now formulate our main result.

THEOREM 3.8. Assume that the matriz A in (3.1) (in which QTQ = I, fimin >
0, and fimax = 1) has an eigenvalue \ satisfying 0 < X\ < /2 (with v € [pmin, 1]), and
let C € RP*P given by (3.6) be such that cmin = min;—1.p{cos6,;} > 0, together with
p<m and m <n—p. Then the eigenvalues of A are bounded within

(3.50)

i

Hmin — /’Lr2nin+4 17\/5 1+\/5
) U binfy — a0
2 2 2

v umin+%0,2mn’y)
29 122 .

where by = min ( T
5 “min

Proof. As proved below, the lower bound b;,¢ for the set of positive eigenvalues
of A results from the minimum of the three bounds obtained in (3.34), (3.43), and
(3.49). From the rationale recalled just above, the minimum of these three values
actually provides a lower bound on any existing positive eigenvalue of matrix A that
would be less than /2. This main assumption implies first that the minimal value for
a lower bound that we are able to raise cannot be greater than /2. The second value
included in the definition of by, is simply derived by replacing p; and py in (3.49) by
their minimal possible values pmin, and =, respectively.

Remember that the first two lower bounds in (3.34) and (3.43) have been obtained
when considering that w = whyax in (3.28d) and § = dpax in (3.42d), respectively. As
both values of wyax and dpax can a priori be taken as large as we want, we can
notice that the two lower bounds (3.34) and (3.43) have a limit when wpax — o
and dmax — 00, respectively, using (3.35) for the former. Taking into account that
a > 2, for (3.34) and a > ¢, by (3.42e) for (3.43), both of these two limits can
actually be bounded below by the same value,

1
(3.51) 3 <Hmin +\/ i T 4Cr2nin> -

At last, we can see that the value in (3.51) is strictly greater, for any choice of
0 < emin <1 and pgin < v <1, than the second value raised in the definition of b,¢
above. Indeed, proving this inequality is equivalent to showing that

/ Bfbmin + 82 v — 4C2 . fimi
2 4 2 > min min min//min
N’mln + Cmm 5 i 462 )

min

and squaring both sides and subtracting, it is finally also equivalent to 64c8. +

(160 — 6492 + 647 ftmin ) Corsy + (100 + 4042, — 80V pmin )2, > 0. This last inequality
is actually always true, since i, > 0, and since (160 — 6492 + 64 pmin) > 96 and
(100 + 4042, — 80Yfmin) > 20 (because 0 < fimin < v < 1). Consequently, for
sufficiently large values of wpax and dmax, the three lower bounds given in (3.34),

(3.43), and (3.49) can all be bounded below by the single value

4.2
Hmin + gcmin’Y

3.52 .
( ) 1 + %C?nin ]
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We can easily see that the lower bound (3.52) belongs to the interval |gmin, ¥[ as
a convex combination of pnyi, and ~, since pmin < v and cpin > 0. In that respect,
the lower bound of the right interval in (1.4) is refined. We can also observe that,
when ¢y — 0, we have that bins — tmin, Which is consistent with the result given by
Rusten and Winther [10]. At last, the bound gets close to fimin only when ¢2 .~ pii,.

4. Synthesis and perspectives. The analysis that has enabled us to draw the
conclusions in Theorem 3.8 is actually independent of the splitting of the spectrum of
the (1,1) block matrix A, which is defined by the choice of the cut-off value v € [tmin, 1]
(with the maximum eigenvalue of A being equal to 1 after appropriate initial scaling).
We can therefore vary the value of v and consider the maximum of the values of
bint in (3.50) as a function of v, to propose a maximal least value for the positive
eigenvalues of matrix A in (3.1). The only issue, when varying v, is to take care that
the dimension p of the invariant subspace of A associated to all eigenvalues strictly less
than v verifies p < min(m,n — m), so as to ensure that the decomposition proposed
in (3.6) remains valid. These last considerations lead to the conclusive result below.

THEOREM 4.1. Consider the matriz A in (3.1), with QT Q = I, pmin > 0, and
Pmax = 1. Let 0 < piin = p1 < po < -+ <l = Umax = 1 be the eigenvalues of the
symmetric and positive definite (1,1) block A ranged in increasing order. Denote by r
the minimum dimension min(m,n —m), and consider the decreasing sequence

where ¢, is the minimum cosine value of the principal angles between Im(Q) and
Im(U,), with U, being the matriz made with the p eigenvectors of A associated to the
p smallest eigenvalues {u1,. .., up}t. Then the minimum positive eigenvalue of A is
bounded below by

(4.1) max min

4.2
Hp+1 Hmin + gcpup—&-l
1<p<r—1 '

27 1+33

The proof of this theorem is straightforward, as a consequence of Theorem 3.8.
We have just a few comments, however. We do not need to assume that the cosines
are isolated from 0, simply because the value of

4.2

Hmin + ng/J,erl
4.2
1+ 36

is equal to Umin Whenever ¢, = 0, and the result from Rusten and Winther actually
shows that pgi, is an absolute lower bound for the positive eigenvalues of matrix A
n (3.1). In the eventuality that p,./2 < pmin, the above theorem would then give a
bound lower than that of Rusten and Winther, but this is not really an issue. Indeed,
one can replace in (4.1) the value pip+1/2 by max(fmin, #p+1/2), to incorporate the
result from Rusten and Winther at any rate. Finally, note that the sequence of
minimum cosine values is necessarily decreasing, since the invariant subspaces U, are
embedded one into the other with increasing values of p.

The maximal least value in Theorem 4.1 results from a compromise between the
distribution of the eigenvalues of the (1,1) block A and the distribution of the sequence
of cosines as well. We illustrate this compromise on the small KKT system already
introduced in section 2.2. We scale the largest eigenvalue of A, and orthonormalize
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the constraint matrix B, which is essentially equivalent to applying the block diagonal
preconditioner (2.1) to the saddle point linear system (1.1).

Figure 4.1 shows the various elements to illustrate the compromise in Theorem 4.1.
The (targeted) real value of the minimum positive eigenvalue of A is indicated by the
horizontal solid (blue) line, and the value of i, is indicated by the horizontal dashed
(black) line, respectively. The increasing curve with diamonds (in green) shows the
increasing sequence of eigenvalues i, and the decreasing curve with circles (in pink)
shows the decreasing sequence of the cosines squared 012, for1<p<r-—1(r=150
in this example). The sequence of values involved in the bound (4.1), from which
results the above mentioned compromise, is displayed in the solid (red) curve for
1 < p <r—1. The right plot corresponds to the case where some cosines were raised
above the value 0.362, as discussed in section 2.2, and where MINRES would converge
in linear mode (see Figure 2.2), and the left one corresponds to the original case with
nonmodified cosines and with a more erratic convergence profile. We can observe that,
in both cases, the mazimal least value (4.1) reached, indicated by a star on the solid
(red) curve, is slightly closer to the real value of the minimum positive eigenvalue of
A than is Mmin-

L

F
10° \\&kﬁ 4 10° k& i
107"° \ 107° \
10" 10" T 0

0 50 100 150 0 50 100 150

F1G. 4.1. Illustration of the bound in (4.1).

The theoretical results we presented allow us to clarify those situations where
the spectral distribution of a saddle point matrix might effectively be affected by the
presence of very small eigenvalues in its (1,1) block. The compromise between the
distribution of the eigenvalues i, and the distribution of the sequence of cosines ¢,
that is involved is obviously problem dependent. Still, the knowledge of the value of
the very first cosine can already be very informative, since the sequence of cosines
is necessarily decreasing. Theorem 4.1 also indicates that there can be alternative
directions to improve the condition number of a saddle point linear system, which is
to either use a preconditioner that shifts the smallest eigenvalues of A to sufficiently
larger values or to modify the system so as to improve the distribution of the cosines
of the principal angles above. An idea could be, for instance, to augment the (1,1)
block of A in the spirit of what is done in [3]. At last, an erratic convergence profile
of MINRES, after scaling of the (1,1) block and normalization (or near normalization)
of the constraints, with a preconditioner of the type just above, for instance, may
indicate a very rapidly decreasing sequence of cosines or a very small starting cosine
value c;.
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It could be worth investigating the extensions of this theoretical analysis to the
case of a semipositive definite (1,1) block A, using perturbation theory, for instance,
and to the more general case where this (1,1) block is unscaled and the constraint
equations are not necessarily orthonormalized as well. We still hope that this analysis
can be useful to give some deeper insights in various situations.

Appendix A. Analytical study of example (1.5). To analyze a little further
the case of the 3 x 3 matrix A.s given in (1.5), consider its characteristic polynomial,
XN = A = (L + @) = (1= A+ (¢ + s°p),

which we rewrite as x(A) = A3+ Q(A), where Q(\) = —(14+u)A% — (1 —p) A+ (2 +52p).
Observing that x(A) > Q(A) for A > 0 and that x(0) = Q(0) and x'(0) = Q'(0) =
uw—1<0,since p < 1, the two positive eigenvalues of A,y are bounded below by the
positive root of Q(X), that is,

(1= 1)+ V= 7 A0+ (@ F 77
N (Ae) 2 e

1 2 2,2 1—
2 Jipa s 1k
2 1+p)? 1+4np
Al —p) +p

VU+ 2+ 40— ) +p2) +1—p

after simplifications, using ¢? + s2 = 1 and multiplying both the top and bottom by
the conjugate. This lower bound is O(u), as expected, when ¢ = 0, O(2u) when
¢? = p, and O(c?/(1+ ¢?)), and thus bounded away from zero, when p < ¢? < 1.

Appendix B. Proof of Lemma 3.1. Multiplying the left equality in (3.9) by
AzT and using (3.11), we have

(B.1) N2 ||? = Ao Myzy + Aot Cyy = Apy||@1 || + Azl Oy
Multiplying now the left equality in (3.10) by 27'C, we obtain
Ao Cyy = 21 CPzy + 2] [CS 0 0] 2o,

which together with (B.1) implies (3.12). Similarly, multiplying the right equality in
(3.9) by Azl and using (3.11), we get

S 0
Nlzall® = Apzllazll* + Axg | 0] g1+ Awg | 1| ge.
0 0

Then, using (3.10) to replace Ay; and Ays, we can derive

S 0
Nlz2|? = Apallza|* + 23 |0 (Czi+[S 0 0] ao)+ai [I|[0 I 0]z,
0 0

implying (3.13). Finally, (3.14) and (3.15) immediately follow from (3.10).

Appendix C. Proof of Lemma 3.2. We first recall that A is invertible, and
consequently A > 0, under the hypotheses that are made (e.g., a KKT system with a
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positive definite (1,1) block and a full rank constraint matrix). Let us show first that

Z1 is nonzero. Summing (3.12) and (3.13) and combining with (3.14) and (3.15), we
have that

(C.1) N ([lz1)? + 122l”) = Aprllza 12 + pallz=2l®) = A2 (g ll* + 1321%),
with g1 € [fimin, tp], P2 € [p+1, 1] and satisfying
H Mz =gl and 35 M72 = o3
Observe that [|Z1]|* + [|Z2|* # 0, since otherwise we would have that z; = Zy = 0

and consequently that g3 = g2 = 0, since A > 0, implying a zero eigenvector . From
(C.1), we can then deduce, since A > 0, that

ol + pellzl? s w4 Ig0? ozl + pellzel® _
A= — — + A= - > — = = 1—0) + pab,
211 + [|22]|? 1Z1]12 + [|Z2|? |21 + [|22]|? 2 )+
where
= 2
g l=l" €[0,1].

IRENEEEAR

Assuming ||Z2]|? > [|Z1]|? (e.g., 0 > 1/2) leads to

T = _ 01+ P2 _
A>pi(1—0)+pb € [pl p2702}

2

and in turn that A > /2 (since pmin < p1 < 7 < Hp+1 < p2 < 1). This contradicts the
assumption that A\ < /2, and hence it is necessary to have ||Z»||?> < ||Z1]|?, implying
that T 75 0.

Assume now that T = 0; we then directly have, from the right equality in (3.9)
and the left one in (3.10), that

(CQ) Sﬂl =0 and Cz; = 5\@1
Let us show that this also implies that
(03) Czy = 7.
First, observe that from the assumption ¢y, > 0, one has that cos#; > 0 for all
i =1,...,p. If cos§; = 1, then obviously (C.3) holds for index i. If cosf; # 1,
implying that sin6; # 0 (since cos 67 +sin §? = 1), then the corresponding component
in 7 is equal to zero by the first equality in (C.2), and so is the corresponding
component in Z; by the second equality in (C.2), so that again (C.3) is satisfied for
this index 4. Finally, from (C.3) we get C*Z; = CZ; = Z1, and from (C.2) we also
have SCZz1 = ASy1 = 0, so that we can rewrite (3.12) as

N[z [* + M|z ]* + (|74 = 0,

and therefore, since Z; # 0, we then get —\? + Ap; + 1 = 0. The positive root of this
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last equation in A gives
Lt V/p 4
= — > 1,

i.e., A > fmax = 1, which leads to a contradiction with the assumption that A < /2.
Hence we must also have zo # 0.

The necessary condition cpj, < 1 is also induced by the same considerations.
Indeed, if ¢ipin = 1 (meaning that all cosines are equal to 1), then the first equalities
in (C.2) and (C.3) both hold (since in this case C' = I and S = 0), and (3.12) leads
again to —A? + A\p; + 1 = 0, with the same contradiction.

Appendix D. Proof of Lemma 3.4.
Proof. Multiplying (3.28a) by w and adding it to (3.28b), we get the equation

(W + DA = (wpr + p2)A — (w(@ +27) + §) =0,

whose roots are given by
Mg = wp1 + p2 £ VA
’ 2w+1) 7’
where A = (wp1 + p2)? + 4(w + 1)(wa + 2wT + B). By (3.28g), together with w > 0,
we have that 72w? < afw, or equivalently that 7w > —\/@fBw, since 7 < 0, & > 0,
and 8 > 0. This last inequality implies that

2
wa 4 2wt + B > wa — 2\/afw + B = (\/@-\/E) >0,

so that, on the one hand, A > (wpr +ﬁ2)2 for w > 1, yielding A\; < 0. On the
other hand, it implies that A > A, so that the unique positive solution of (3.28a) and
(3.28b) is A2 and satisfies (3.30). d
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