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Abstract

Synchronisation and pattern formation have been intensely addressed for sys-
tems evolving on static networks. Extending the study to include the inherent
ability of the network to adjust over time proved cumbersome and led to con-
clusions which lack of generality, as relying on peculiar assumptions. Here,
the master stability formalism is extended to account, in a thoroughly general
prospect, for the additional contributions as stemming from the time evolution
of the underlying network. The theory is successfully challenged against two
illustrative testbeds, which can be respectively ascribed to synchronisation and
Turing settings.

1. Introduction

Networks define versatile mathematical tools which can be conveniently in-
voked for modelling a plethora of physical systems [1, 2]. Local interactions
among elementary constituents take place on isolated patches, the nodes of the
network, while long-ranged exchanges crawls across the links, typically driven
by diffusion, bridging thereby adjacent nodes of the collection. Networks of
coupled oscillators can self-organise to operate in unison [3, 4], a condition that
is necessary to sustain normal brain activity but which can yield pathological
states in case of hyper-synchronisation, i.e., the inability of neurones to desyn-
chronise [5]. In a completely different context, favouring a perfect synchrony of
cyclic rhythms is vital for an optimal handling of energy production and distri-
bution in power grids [6]. Moreover, spatial non homogenous stationary stable
motifs can spontaneously emerge following a symmetry breaking mechanism [7],
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the analogue of a Turing instability for reaction-diffusion systems anchored on
networks [8], which amplifies small perturbations acting on a uniform back-
ground.

These phenomena have been mainly characterised with reference to static
networks. That is, the network connections do not change over time, or, alter-
natively, the rate of modulation is very slow as compared to the typical time
scales that regulate the dynamics of the state variables. The few attempts
reported in the literature to generalise beyond this setting, focused either on
fast switching networks [9, 10, 11] among distinct static configurations, thus
implying that the natural time scale of the network evolution is extremely fast
as compared to that associated to the underlying dynamical system. Whereas
in [12, 13, 14] commutative temporal networks are instead invoked, a working
hypothesis which may prove too restrictive because it assumes the eigenvectors
of the relevant involved matrices, e.g., the Laplacian or the adjacency matrix,
to not evolve in time. Other attempts to tackle the problem of a comprehensive
theory of pattern formation on time dependent networks do not bear the sought
generality, because they are once again implicitly based on the assumption of
static, or very slowly varying, Laplace eigenvectors [15], as we will show in the
following. The interested reader can refer to [16] for an updated overview on
the current state of the art of synchronisation in time varying networks.

All endeavours must however deal with revisiting the seminal concept of
master stability equation [17], so as to incorporate an explicit account of the in-
herent plasticity of the underlying network [18, 19]. The intent is accomplished
in this work, where the master stability formalism is expanded to include the
contributions stemming from an imposed time evolution of the links weight. Let
us observe that the same conclusion has been reached in [20]. In this latter work,
however, the time varying network is obtained by looking for a rotation (in the
space of matrices) connecting two a priori assigned Laplace matrices, associated
to respectively the initial and final networks. Our approach is different in that
we allow for the network to freely evolve, removing thus any constrains on the
imposed functional time evolution and as well as the degeneracy in the choice
of the rotation connecting the networks snapshots. Moreover the theory is here
tested against two distinct applications designed to tackle both synchronisation
and Turing settings. The general framework that we shall here address assumes
(nonlinear) diffusive inter-node exchanges. This is a mandatory pre-requisite
for a uniform solution of the extended system to exist and, as such, it is rou-
tinely invoked in different realms. Another viable scenario is found when the
coupling term is a nonlinear function of the difference of the state variables
referred to connected nodes (e.g., the paradigmatic Kuramoto model [21] and
its extension). This falls also under the umbrella of the developed theory, as
we shall hereafter argue. As we will show, the theory hereby developed con-
firms that synchronisation can be enhanced by temporal networks as reported
in the literature [16, 20]; we moreover take a step forward by showing that such
a claim holds true beyond the limited setting of commuting networks [13, 14].
Similarly, we also show that the constraint on the curvature of the master sta-
bility function recently introduced in [14] can be relaxed once we remove the



assumption of commutative temporal networks; indeed there exist time vary-
ing networks whose dynamics synchronise for a larger interval of the coupling
strength without meeting the above condition on the curvature of the Master
Stability Function. Finally, the proposed general framework contributes to sig-
nificantly expand our current understanding on Turing patterns on time varying
networks, beyond the settings so far considered which relied on the fast switch-
ing assumption [10] or on peculiar choices of the evolution of the eigenvectors
of the Laplace matrix [15].

2. Materials and Methods

To set the stage for further analysis, we will begin our discussion by inspect-
ing the spectral characteristics of a time dependent discrete Laplacian operator.
Consider a symmetric time varying network made by n nodes, characterised by
the adjacency matrix A(t): A;;(t) = Aji(t) # 0 whenever nodes i and j are con-
nected at time ¢ and A;;(t) = A;;(t) = 0 otherwise. Given the adjacency matrix
one can construct the (combinatorial) Laplace matrix, L;;(t) = A;;(t) — §;;ki(t),
where k;(t) = > A;;(t) denotes the degree of node ¢ at time ¢ and J;; is the
Kronecker-¢. Since L(t) is a symmetric matrix, for all ¢, one can find a (time
dependent) orthonormal basis of eigenvectors, d_;(o‘) (t), associated with the eigen-
values A(®)(t) < 0 such that

Moreover -
(5(@ (t)) . (E(B) (t) = bas (1)

where the dot represents the scalar product and ()T stands for the transpose
operation. Finally, with no loss of generality, we order the eigenvalues in such
a way that 0 = AM(t) > AU)(¢) for all j € {2,...,n} and we recall that
FO() = (1,...,1)T V.

Assume that the eigenvectors evolve smoothly in time. Then, one can express
the eigenvectors change rate onto the basis given by the eigenvectors at time t,
ie.

7e) .
d";t ) = Zﬂ:caﬁ(w(@(t) Va=1,...n. @)

where c(t) is a n x n time dependent matrix that quantifies the projections on
the independent eigendirections. By recalling the orthonormality condition (1)
we can straightforwardly conclude that c is a real skew symmetric matrix with
a null first row and first column, i.e., cog + cgo = 0 and c1o = 0.

The time evolution of the eigenvectors is hence self-consistently ruled by the
system of ODEs (2), complemented by the initial conditions, i.e., the Laplace
eigenbasis at t = 0. Notice that the case of switching networks can be also



brought back to the above scenario, by approximating piecewise regular func-
tions with smooth profiles or, alternatively, using the Fourier transform (see Ap-
pendix B). Finally, we require the eigenvalues to satisfy standard conditions
ensuring the existence and uniqueness of the linear system (6), so in particular
differentiability is no longer required as in [15]. Let us observe that by using
the relation L = ®A® T, one can impose the sought regularity independently
on the eigenvectors, ®, and the eigenvalues, A. In other words, one can obtain
a Laplace matrix whose regularity follows from the latter choices, or vice-versa
by setting the matrix L and then computing eigenvectors and eigenvalue whose
regularity if thus given.

We are now in a position to elaborate on the conditions that generalise the
master stability formalism to systems defined on time varying networks. To this
end, consider a d-dimensional system described locally, i.e., at each node, by the

following ODE:
dx

dt
where F is an arbitrary nonlinear function. Further, assume n identical copies
of the above system to be coupled via a time varying network through diffusive
interactions modified with the inclusion of a nonlinear function H:

=F(x) xecR?, (3)

= Pxi) e 3 Ly (H (). ()

where x; = (a;l(.l), . ,xz(-d))T photographs the state of the system on node i,

e > 0 is the strength of the coupling and L;;(t) are the entries of the time
varying Laplace matrix.

Let us now fix a reference orbit, s(t), of the aspatial system (3). By exploiting
the obvious condition Zj Lij(t)=0foralli=1,...,nand all ¢, it is immediate
to conclude that s(t) is also solution of Eq. (4). Namely the coupled system
exhibits a spatially homogeneous synchronous solution. Assuming the latter
solution to be stable for the decoupled system (3), the question to be answered is
whether it can turn unstable (or conversely, preserve its stability) when the inter-
nodes couplings get activated by a small heterogeneous perturbation. Denote
by dx; = x; — s the deviations from the reference orbit and by assuming these
latter ones to be small, one can derive a self-consistent set of linear ODE for
tracking the evolution of the perturbation in time. To this end, we introduce 0x;
in Eq. (4) and perform a Taylor expansion arrested to linear order, to eventually

get:
déx;
dtl = Jp(s(t)0x; + Y Lij(t)Tu(s(t))dx; , (5)
J
where Jp(s(t)) (resp. Ju(s(t))) denotes the Jacobian matrix of the function F
(resp. H) evaluated on the trajectory s(t). Remark that a completely equivalent
governing equation is obtained when starting from an inter-nodes coupling of
the type >, Ai;H(x; — x;), with H(0) = 0, as anticipated above.
To make further progress in the study of the linear non-autonomous system
(5), we project 0x; onto the orthonormal basis formed by the eigenvectors of




L(t), to yield éx; = )", 5§<a¢l(-a). By inserting the latter into (5) and recalling
the definition of matrix c(¢), one obtains for all 5 (see Appendix A):

d(sf(g ~ B &
=L = %: Caa(l)%a + [Tu(s(0)) + AP ()Ina(s(0))| 65%s (6)
By introducing 6x = (6%; ,...,6%, )T one can cast Eq. (6) in compact form:
déx N N

where ® denotes the Kronecker product, A = diag (A(l)7 e ,A(”)) and, given
any positive integer m, 1,, denotes the m dimensional identity matrix. Let
us observe that the latter formula and the following analysis differ from the
one presented in [15] where the perturbation is assumed to align onto a single
mode, hypothesis that ultimately translates in the stationarity of the Laplace
eigenvectors, that is ¢ = 0. The same assumption is also at the root of the
results by [14]; indeed commuting time varying networks implies to deal with
a constant eigenbasis. In conclusion, Eq. (6) or Eq. (7) are capable to describe
the projection of the linearised dynamics on a generic time varying Laplace
eigenbasis, and thus allow us to draw general conclusions without simplifying
assumptions.

The above system (6) represents the generalised version of the celebrated
Master Stability Equation (MSE) [17, 22], which includes an explicit account of
the network evolution as encoded in matrix c(t), as well as in the dependence of
AB) (t) against time. Its largest Lyapunov exponent quantifies the exponential
rate at which an infinitesimal perturbation in the transverse subspace grows: it
defines an improved version of the Master Stability Function (MSF) and enables
one to draw conclusions about the stability of the reference orbit. In concrete
terms, consider the matrix equation dO/dt = MO where O(0) = 1,,4. Solve
the preceding equation numerically and compute v;(t) (i = 1,...,nd) the (time
dependent) eigenvalues of O(t). The Lyapunov exponents are then computed
by A; = lim;_,, Iny;/t. Notice that (7) — or its equivalent counterpart (6) from
which matrix M originates — displays two independent time scales (in addition
to the ones characterising the reactive dynamics), one reflecting the dynam-
ics of the isolated units, i.e., s(t), and the other stemming from the network
modulation over time, as mirrored in c(t) and AP (¢). Hence, the examined
system cannot be managed via standard Floquet methods, not even when pe-
riodic homogeneous s(t) are concerned. Further, classical MSF approaches —
carried out over static networks — can be conveniently simplified by consider-
ing the evolution of the imposed perturbation along each independent direction
(the eigenvectors), associated to different eigenvalues of the Laplacian. This
path cannot be pursued here as the matrix c(t) is responsible for a non trivial
entanglement of different modes, as also remarked in [23]. In general, system
(7) should be hence handled numerically (see e.g., [22] for an account of the
subtleties to be faced when carrying the numerical computation).



For demonstrative purposes and to highlight the consequences resulting from
the form of Eq. (6), we will hereby concentrate onto two illustrative examples,
which are constructed so as to yield a time independent generalised MSF. In
both cases, the network is made of just three nodes, the eigenvalues are assumed
constant and the time derivative of the eigenvectors projected on the eigenbasis
returns a matrix ¢ that does not change in time (details are supplied in Appendix
B). In the first example, the reference orbit is stationary and we will operate in
the furrow of the Turing instability 7, 8]. In the second case, we will assume a set
of nonlinearly coupled Stuart-Landau (SL) oscillators [24, 25, 26], to investigate
the impact of the network dynamics on the onset of synchronisation.

3. Turing instability on time varying network

The reference solution s = sy is assumed stationary and the coupling linear,
i.e., H(x) = Dx, where D is a suitable diagonal matrix with positive entries.
To reduce to the usual Turing setting we posit d = 2, namely x; = (u;,v;),
F(x;) = (f(ui,v;), g(ui,v;)) and D = diag(D,, D,). Then, Eq. (4) rewrites for
alli=1,...,n

dui i
dt = f(ul, Ui) + Du Z Lij(t)u]‘
. o , (8)
v
ditz = g(ui,vi) + D, Z Lij(t)v;
j=1

where D,, > 0 (resp. D, > 0) is the diffusion coefficients of species u (resp.
v) and L;;(t) are the elements of the above defined Laplace matrix of the time
varying network. Recall that sg = (u*,v*) is a stable equilibrium solution for the
reaction part, therefore f(u*,v*) = g(u*,v*) = 0, tr(Jo) < 0 and det(Jg) > 0,
where Jy is the Jacobian of the reaction part evaluated at the equilibrium.
Notice that sq is also an equilibrium solution for the whole system of coupled
equations (8). We are thus interested in studying its stability under an imposed
node-dependent, hence heterogeneous perturbation.

By setting dz; = u; — u*, dy; = v; — v*, one can follow the main steps of
the theory presented above to eventually obtain (we refer the interested reader
to Appendix C for a more detailed discussion) the analogous of Eq. (7),

Ao .
d—f:[c®12+1n®Jo+A®D}5x7 9)

where 0% = (0%{,...,0%,))" and 6%5 = (d2p, 695) represents the projection of
the i-th perturbation (dx;,dy;) on the S-eigenvector.

For a definite application, we focus on the three-nodes time dependent net-
work mentioned above and further characterised in Appendix B. For sake of
definitiveness let us hereby recall that the matrix ¢ defined by Eq. (2) is assumed
to be given by

0 0 0
c=[(0 0o o,
0 0



for some 2 > 0. That together with the following initial Laplace eigenbasis

80 = 2 (1) 20 = 5= (%) 300 = 55 (3)

returns the following adjacency matrix

0 cos(%+252t>

3
_cos(%+2§lt) o %_cos(g—QQt) ] (10)

3 3

cos(2Qt) | 1
3 t3

(NI

Aij(t) =

=

cos(% 729t)

cos(2Qt) | 1
3 +3 3

1
1_ 0

Moreover, we assume the paradigmatic Brusselator scheme as the reference
reaction model, namely f(u,v) =1 — (b+ 1)u + cu?v and g(u,v) = bu — cu?v,
where b and c are the positive parameters. The stationary equilibrium is thus
u* =1 and v* = b/c, while the Jacobian of the reaction part evaluated on the
equilibrium is 9, f = b—1, 0, f = ¢, 0,9 = —b and 9,9 = —c. To exemplify our
conclusion we will further set D,, = 0.01 and D, = 1, compute the eigenvalues
of the linear system (9) (here straightforward as the linear system has constant
coefficients) and then characterise the region in the (b, ¢) plane where the insta-
bility is predicted to take place for (i) the standard Turing setting, i.e., when
the network is made time independent (€2 = 0, which implies ¢ to be the null
matrix); (ii) the extended scenario when the network is made to evolve in time
(€2 > 0, hence ¢ # 0).

The results reported in Fig. 1 show that, for this specific choice of the pa-
rameters, the region deputed to the instability (black shadow) shrinks when the
system is made to evolve on a time varying network !. The outcome of the
simulations corroborates the predictions, thus confirming the adequacy of the
theory and the crucial role played by the extra contribution to the MSF which
can be traced back to matrix c¢. For instance in the case b = 10 and ¢ = 15,
by neglecting the matrix term ¢ in Eq. (9) (i.e., setting ¢ = 0) will incorrectly
predict the emergence of patterns (see top left panel of Fig. 1), while the true
dynamics returns a stable homogeneous equilibrium (see bottom left panel of
Fig. 1).

By visual inspection of Fig. 1 one can appreciate that the instability region
shrinks once €2 increases. In Fig. 2 we report the size of the Turing instability
region ©(Q) as a function of 2 (black dots) and one can clearly conclude that
indeed ©(0) > ©(Q2) for all Q2. We can also observe a non-monotone behaviour
with a minimum for 2 = 1. The Figure also supports the correctness of the

IThroughout this work the numerical simulations have been performed using a 4-th order
Runge-Kutta scheme implemented in Matlab [27]. The initial conditions have been realised
by drawing uniformly random perturbations §-close to the homogeneous equilibrium and the
simulation time has been taken of the order of (—logd)/pmsr, where pysr is the maximum
of the MSF. This is indeed the time necessary to (possibly) increase the d-perturbation up to
a macroscopic size. In the rest of the work we set § = 10~2, small enough to discriminate
between the onset of the instability using a reasonable simulation time for the values of pyisp
we are dealing with.
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Figure 1: Turing instability on time varying networks. Middle panels report the param-
eters region associated to the emergence of Turing instability (black region) for the Brusselator
model, on respectively a static (top panel) and time varying network (bottom panel, Q = 2).
The remaining panels display the computed trajectories for b = 10, ¢ = 15 (left, yielding to
Turing patterns just for the case of a static network) and b = ¢ = 15 (right, patterns develop
in both considered situations). Here, D, = 0.01 and D, = 1.0.

results proved in [10]. Indeed, for sufficiently fast network dynamics, the emer-
gence of Turing pattern can be proved by looking at the behaviour of the system
defined on the averaged network, whose associated size (i.e., the extension of
the deputed region in the parameters plane) is given by the green (on line)
horizontal line.

4. Synchronisation of Stuart-Landau oscillators nonlinearly coupled
via time varying networks

Consider a Stuart-Landau (SL) oscillator, the normal form for a generic
system close to a supercritical Hopf-bifurcation. It is characterised by a complex
amplitude w which evolves in time according to w = ow — B|w|?*w, where o =
ox +iog and B8 = By + ifs are complex control parameters. The oscillator
admits a limit cycle 2(t) = \/ox/Bre’™?, where w = o5 — Bgon/Br. The latter
is a stable solution of an isolated SL equation, provided ox > 0 and Sy > 0,
conditions that we hereby assume. To proceed in the analysis we couple together
n identical SL oscillators, each bearing a complex amplitude w;, with j =1, ..., n:

dw]'

7 oW Bwjlw;® + 1Y Lie(t)H (wy) ,

14

(11)

where p = pugp + iug is a complex parameter that sets the strength of the
coupling and where H(w) = w|w|™!, for some integer m > 1, is a nonlinear

20 25
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Figure 2: Size of the Turing region as a function of 2. For a fixed range of model
parameters (b, c) € [0, 25] x [0, 25] we report the size of the region associated to the emergence
of Turing patterns for a given €2, assuming the network defined above as the underlying support
for the dynamics. The horizontal green (on line) line stands for the size of the instability region

as obtained for the averaged network. The diffusion coefficients have been set to D, = 0.01
and D, = 1.0.

coupling function. The above system falls in the class of Eq. (4). We focus now
on the extended solution w; = £(t) Vj and inspect its stability, as a function of
the model parameters, namely to the emergence of global synchronisation. To
achieve this goal we set:

w;(t) = 2(8)(1+ p; ()™, (12)

where the real functions p;(t) and 0;(t) are assumed to be small. A straightfor-
ward computation (more details can be found in Appendix D) leads to :

déx

—r =le®@l+ 1, @3+ A Tpy]ix, (13)

where 6% = (0%],...,0%)T and where 6% = (j3,0;) denotes the projection of
(pi, 0;) on the B-eigenvector. The Jacobian of the isolated SL system is given by

Jo = _25; _2:;’%/ B 8), whereas the contributions stemming from the nonlinear
m—1
coupling correspond to J g = (%) : ( ke —pie ) To illustrate the outcome of
the analysis, we set n = 3 and deal with the time dependent network introduced
above (see also Appendix B). We let Sg and ug to vary freely, and freeze
the other parameters to nominal values, for the sake convenience. In Fig. 3 we
depict in black the region of the parameters plane (8g, (1) where the generalised
MSF is positive, i.e., where the uniform limit cycle solution is predicted to be



unstable and thus synchronisation is excluded. The complementary domain
points hence to the choice of the parameters that yields stable synchronous
oscillations. The inherent dynamics of the network enhances the ability of the
system to synchronise, at a global scale. Indeed the region in black shrinks
when the network is made to evolve in time. However, the parameters Sy and
it can be chosen in such a way that the coupled collection of SL oscillators turns
unstable when evolved on a dynamical support (2 # 0), while being stable on
its static counterpart (Q = 0).

Q=0 Q=0 Q=0

Ruw; (t)

1
05
2 0
-05
3
0

450 460 470 480 490 500

il

450 460 470 480 490 500

time n time
O=4 O=4 0=4
1 S
1
05 ’
€ : >
32 o Ko =
-05
3 - 3
. 5l ‘ A | B
450 460 470 480 490 500 -5 0 5 450 460 470 480 490
time s time

Figure 3: Synchronisation on time varying networks. Middle panels identify the regions
in the parameters plane (8g, ) where the synchronous solution is unstable (back domains)
on, respectively, a static (top panel) and time varying network (bottom panel, Q = 4). The
remaining panels show the evolution in time of the real part of w;, for different choices of
the parameters (as indicated by the arrows). The two selected working points are Sg = 4.9,
ng = —2.3 and By = 4.9, ug = —3.6. Here, 0 = 1.0 + 4.3¢, B = 1.0, ux = 0.1 and m = 3.

To study the interplay of the coupling strength and the parameter 2 on
synchronisation, let us set in Eq. (11) g = epq for a fixed complex parameter pg
(hereby fixed, without loss of generality, to up = 0.1 — 0.5¢) and a positive real
parameter €. In Fig. 4 we report the behaviour of the MSF as a function of the
coupling strength ¢ for two values of © (blue (on line) curve Q = 2.0, red (on
line) curve 2 = 0.0, i.e., static network). Let us recall that values of € associated
to a positive MSF correspond to an unstable limit cycle solution for the SL and
thus to desynchronisation. The size of such interval of desynchronisation is
given by the first nonzero value of € for which the MSF is zero, say 9. The
latter clearly depends on © and moreover €y(2.0) > £¢(0.0), namely the time
varying network exhibits a larger domain of synchronisation, being the interval
of instability smaller than in the static network case.

The latter claim is further supported by the results displayed in Fig. 5 where
we report the dependence of £¢(f2) as a function of . One can observe that

10




0.5
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MSF
=)

Eo(Q) 50(0)

-0.5

Figure 4: Master Stability Function for the Stuart-Landau nonlinearly coupled
oscillators. We report the MSF computed for the SL system coupled with the simple 3
nodes network as a function of e. The remaining parameters have been fixed to the values,
Q=20,0=10+43i, 8 = 1.0+ 1.14, yo = 0.1 — 0.5¢ and m = 3. We emphasised the
first nontrivial zeros of the MSF, €¢(Q2), as as a function of the coupling strength and its
dependence of Q.

€0(0) > e9(Q) for all the considered values of 2 and thus conclude that the time
varying network exhibits a larger domain of synchronisation. Let us observe that
such result is not limited to the small network here considered as numerically
shown in Appendix D.

Let us remark that the MSF has a negative second derivative evaluated at
e0(Q) for all Q (see Fig. 4), we can thus conclude that the result here presented
generalises the one recently found in [14] without resorting to the restrictive
assumption of commuting time varying networks: if the MSF is convex, with
respect to the coupling strength, then the time varying network can synchronise
for a range of ¢ larger than that associated to its static analogue.

5. Conclusions

Summing up we have here extended the Master Stability theory to a set-
ting where the time evolution of the underlying network support is explicitly
accounted for. The dynamics of the network is reflected in a time dependent
skew symmetric matrix c(t), that stems from the time evolution of the Lapla-
cian eigenvectors. The corresponding eigenvalues can also adjust in time and
contribute to shape the evolution of the imposed perturbation at a linear order
of approximation. The proposed theory is general and applies to all systems
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Figure 5: Size of the synchronisation region for the Stuart-Landau nonlinearly
coupled oscillators. We report the value of €9(2) as a function of Q. The remaining
parameters have been fixed to the values, 0 = 1.0 +4.37, 8 = 1.0 4+ 1.14, po = 0.1 — 0.5¢ and
m = 3. Let us observe the existence of an interval of values I = [Q1, 2] such that for all
Q € I there exist three values of £0(f2) (see Appendix D).

for which the Master Stability formalism was originally conceived. For illustra-
tive purposes we have here decided to test it against two simple cases study,
which can be respectively ascribed to synchronisation and Turing instability.
The method applies however to more complex settings, as e.g., synchronisation
of chaotic trajectories (see Appendix E). In particular, we showed that the
condition of the negative curvature of the MSF invoked in [14] to ensure that
commuting time varying networks do synchronise, is no longer required when
general time varying networks are accounted for. Indeed we have numerically
demonstrated that coupled Lorenz systems can easily synchronise once coupled
with a time varying network, even if the associated MSF has a positive curvature
(see Appendix E).
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Appendix A. Master Stability Equation of time varying networks

The goal of this section is to provide to the interested reader the detailed
computations allowing to derive the Master Stability Equation (MSE), Eq. (7)
in the main text.

Let us start by obtaining equation (4), which rules the dynamics of the
generic nonlinear system obtained by coupling together n copies of a basic as-
patial system ‘(%‘ = F(x). Observe that we here assume the number of nodes n
to be constant. This is not however a restrictive working hypothesis; indeed one
can always assume to deal with a larger reservoir of nodes, disconnected from
each other, and mimic the creation of a new node with the appearance of a link
pointing to a node of the reservoir.

Finally we assume the coupling to vary in time and to exhibit a diffusive-like
character, i.e., to depend on the difference of some nonlinear coupling function,

H, computed on adjacent nodes. In formula

d; =F(x) +¢ Z Ay () [H(x;) — H(x:)]

where x; = (chl), ... ,l‘gd))—r represents the state of the i-th node, € > 0 is the
strength of the coupling and A;;(t) are the entries of the (symmetric) adjacency
matrix encoding for the underlying time dependent network. By recalling the
definition of node degree, k;(t) = >_, A;;(t), and of the Laplace matrix, L;;(t) =
A;;(t) — 0;5ki(t), we can rewrite the previous equation as

Let us observe that to keep the notation consistent throughout the work, we

hereby define the Laplace matrix to be nonpositive defined at odd with the

assumption elsewhere used in the literature. This choice yields the plus sign in

front of the coupling term. Consider now a solution s(t) of the basic system,
ds

i.e., 9 = F(s), and assume it to be stable. Recalling the zero-sum property of
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the Laplace matrix, i.e., Zj Lij(t) =0 for all ¢ = 1,...,n and all ¢, one can
straightforwardly show that s(t) solves also Eq. (A.1). Moreover, because of the
stability assumption, one can prove that s(¢) is also a stable solution for the
coupled system with respect to homogeneous perturbation, which corresponds
to simultaneously applying the same noisy small term to all the nodes. In this
way the system is able to display a global synchronous behaviour.

To analyse the stability of the reference solution with respect to hetero-
geneous, i.e., node dependent, perturbations one can introduce the variables
0x; = x; — s, and, under the assumption of small displacements, determine
their time evolution at the linear order of approximation. We hence linearise
Eq. (A.1) about the reference solution to obtain

df;i = Jr(s(t))dx; + 6%:Lij(t)JH(s(t))§xj, (A.2)

where Jp(s(t)) is the Jacobian of the function F evaluated on the reference
solution and, similarly, Jg(s(¢)) is the Jacobian of the function H. In this way
we obtained a linear non-autonomous (matrix) ODE, whose solution allows us to
determine the asymptotic decay (or growth) of the heterogeneous perturbation
and thus conclude on the stability of the homogenous state.

The information about the coupling is fully contained in the matrix L. In
the spirit of the works by Pecora and collaborators [17 22], we can project the
displacements dx; onto the Laplace eigenbasis, ¢ ), a=1,...,n, to decouple
the contribution coming from each eigenmode. Inserting thus x; =), 5)2a¢§a)
into Eq. (A.2) we get

(c)
5 a5k déxa om Z 5% ¢’ = Y Ie(3)0%a bl 42 53 Lidu(s)i%a0
«@ a o J

S Ip(8)0%a0 + ey A T(s)0%a00"

where we used the eigenvector definition to write Y Ly QS(a) a)¢(a)
to lighten the notations we did not explicitly write the dependence on t of
the involved variables. We can further exploit the orthonormality condition,

> (bga)gbl(.ﬁ) = 0qop. Hence, by multiplying the latter equation by d)l(.’B) and
summing over i, we get

‘”Xﬂ +ZZ6 a¢<ﬂ>d¢ = Jp(s)0%s + AP Tu(s)0xs.  (A3)

dt

Let us now introduce the matrix c(t) given by (2) to rewrite

dox

dtB + anﬁaxa = Jp(s)d%s + AP Iy (s)6%5 | (A.4)
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and recalling that c,g = —cgo We eventually get:

d‘%@):z%(tma(tw Te(s(t)) + AP (0 Tu(s(1)] 6%a() . (A5)

The whole system state is described by % = (d%{ ,...,6%,)". By introduc-
ing the Kronecker product, ®, one can rewrite the previous equation as

C%X:[c®1d+1n®JF+5A®JH]5§<;=M5§<7 (A.6)

where we denoted by A the diagonal matrix containing the eigenvalues A(®) on
the diagonal. Let us observe that because of the Perron effect, the negativity
(resp. positivity) of the eigenvalues of the matrix M defined by the right hand

side of the latter equation, does not allow to conclude on the stability (resp.
instability) of the reference solution [28, 29].

Appendix B. About the small network used in the main text

In the main text we decided to test our theory by using a small time depen-
dent network, whose eigenvalues and eigenvectors exhibit a simple behaviour.
In this way we aimed at removing any unnecessary complications and focusing
our attention on the crucial role played by matrix c(t). Moreover, the example
was constructed in such a way to yield a constant c, allowing to analytically
solve Eq. (7). Of course the theory hereby developed goes beyond this simpli-
fied case; however once the Laplace matrix exhibits eigenvectors resulting into
a time varying matrix c(t¢), and a possible time dependent set of eigenvalues,
one has to generically resort to numerical methods to solve Eq. (7).

Let us thus fix n = 3, a real positive 2 and define

0 0
c=10 0
0o -9

o Do

Our goal is to determine the network adjacency matrix and for this we need to

. . o 7(8)
compute the time evolution of its eigenvectors. By Eq. (2), we have o —

@t
3. Caad' @), that is

dp™)
=0
dt
5(2) . -
W =3 d™ = 0
53
e
«
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The eigenvector associated to A1) = 0 is constant and given by 5(1) =(1,1,1)T/V3.
The two other eigenvectors are solutions of

¢ (t) = @cos() + bsin(Qt) and ¢ (t) = —asin(Q) + beos(Q) .

The unknown vectors @ and_al_)' should be determined by using the initial condi-
tions for the eigenvectors, $(?(0) = @ and ¢(® (0) = b. Moreover they should
satisfy the following constraints to have an orthonormal basis for all ¢

@ =b=1,a"-b=0anda -¢M =p" .M =0,
for a sake of definitiveness let us take

1 —1

1 - 1
id=—|—-2] andb=—1 0
V6 \ V2 \

Finally the eigenvectors are given by

g5(2) (t) — % ({2) cos(ﬂt) + % (_(1)1> Sin(ﬂt) and
790 = 7% () sin(@t) + % (70" costa). (B.1)

To compute the Laplace matrix, let us fix the remaining two eigenvalues
A® = —1 and A® = —2, then recalling that L;;(t) = >, A(O‘)gbl(-a) (t)qS;a)(t)
we have

Lij(t) = =67 (1) (1) — 2617 (1)6\P (1)

Finally, A;;(t) = L;;(t) for all ¢ # j and A;;(t) = 0, whose explicit formula and
time evolution are reported in panel b) of Fig. B.6 2. We can observe that for
all @ # j, A;;(t) > 0 for all t, we thus have a connected network whose links
have weights that oscillate in time.

Remark 1 (About the derivative of the Laplace matrix). Given the adjacency
matriz of the time varying network, we can compute its associated time varying
Laplace matriz that can be decomposed into the eigenbasis as :

Lij =Y Al (B.2)

We are interested in relating the time derivative of L to known quantities, i.e.,
A (t) and ¢ (t).

2To better appreciate the dynamics of the network, we provide in the accompanying Sup-
plementary Movie 1, a graphical evolution of the network, the value of A;;(t) and the position
of the eigenvectors in space. The latter ones appear to rotate with constant angular velocity
Q in the plane orthogonal to the eigenvector ¢(1), as it should being et an orthogonal matrix.
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a) b)

Ay) ==08P —28030  Vi#j
cos( 5 +20t (2001
0 1 (54200 cose) 4 1
cos( 5420t sos( E —2Q
At = | 1 - conlEree) (() ) 1 (3 o2)
cos(2Qt) 1 1 cos(§—2Qt
5 t3 a3 — 0

|—Au(t) — Aw(t) — Ass(t)

08

AV @) =0,AD (1) = —1,A® (1) = -2 02

Figure B.6: Construction of the simple network. In panel a) we show the time evolution
of the eigenvectors ruled by Eq. (2). For a given choice of the matrix ¢ and of the initial
eigenbasis, we schematically represents the dynamics of the latter: ¢(2(t) and ¢(3)(t) rotate
by an angle Qt while laying on the plane (grey) orthogonal to (5(”. For a given choice of the
eigenvalues, we report in panel b) the analytical expression of the adjacency matrix A and
the time evolution of its entries.

This can be done by observing that one can write dst” = Zaﬁ Eag(t)(bga)qbgm

or suitable coefficients n5(t), that is the projections of the matriz Lii onto
B dt
the matriz basis (¢§a)¢§5)> . From the definition
ij

(@)
dLy; dA®) " (0) (a) (@48 (o) (@) (o) 995
:za: o ¢l +§:A % +;A o ——

dt dt
and thus
o (@dLi s dA@ A@ _A@) 5 B ) _ dA@ A@) _ A®)
gab’ _;(ﬁz ar ¢j I 6aﬁ+( ); dt ¢j T 5a6+( )CQB.
In conclusion
dA(®)
loo = g Va and log = (A(a) - A('B)) cap VB # . (B.3)

Remark 2 (About the periodicity). Let us assume the network varies period-
tcally in time with some period T' > 0. We are interested in determining the
conditions for which the spectrum, i.e., A (t) and ¢(®)(t), also exhibits the
same behaviour.
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Being the network T-periodic means that the adjacency matrix is T-periodic
and so does the Laplace matrix and its derivative. We can then use the first
relation of (B.3) to write

T A (@) 4T t T
At +T) = A (0) = / pr (s)ds = / Loe(8) ds = / Lo (s)ds + / loa(s)ds
0 0 0 t

t+T
_ MMQ—AWWD+/ laa(s)ds = A (t) = A (0) + T (laa) ,

where in the last step we used the periodicity of Lno to rewrite the integral as
the time average of the function. We can then conclude that A% is T-periodic
if and only if (ne) = 0.

Let us now consider the eigenvectors, then by definition
Lit+T)p Mt +T) = At +T)p ™ (t 4+ T),
and by recalling the periodicity of L and A% we can also write
L) (t+T) = A ()p ™ (t+T).

Namely ¢\ (t + T) satisfies the same eigenvector equation than ¢ (t) and by
the uniqueness of the eigenvectors we conclude that ¢\ (t + T) = ¢\ (t), that
18 the eigenvector is also T-periodic.

To conclude this section let us briefly introduce a generalisation of the simple
network shown above allowing us to deal with the possibility to “suddenly” add
or remove a link. For sake of simplicity we still consider the network to be made
by three nodes. We will thus construct a network whose adjacency matrix at
time ¢ = 0 is given by
0 1 0
1 01

010
namely node 2 is connected to both node 1 and 3, that are instead disconnected.
Then periodically, the latter nodes are linked together during a give time interval
and then disconnected again.

More precisely, let us thus consider a time dependent matrix c(¢) given by:

A0) = (B.4)

0 0 O
c=¢'t)[0 0 1
0 -1 0

where 1)’ is the derivative of a given periodic function hereafter sEeciﬁed, such
that 1)(0) = 0. We are interested in solving Eq. (2) to determine ¢(® and thus
L and A, namely:
dé®
4 =0
dt
dg®@ 5
= e
dg®
a

P (1),
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for the following initial eigenbasis resulting from the choice of the adjacency
matrix (B.4) at time ¢t = 0:

. 1 /1 - 1 /-1 - 1 /-1
(o :—(1) @ (0 :—<0) G0 :—(2).
300 = 5= (1) 320 = 5 (7) 390 - = (3
The associated eigenvalues are fixed to the values AV = 0, A®® = —1 and
A®) = —3. Once again, to focus on the impact of the eigenvectors evolution,

we set stationary eigenvalues, so to disentangle the two possible factors.
A straightforward computation allows to determine

3D = %({2>cos(w(t))+%(_?1>sin(z/)(t)) and
FO) = f%({2)sin<w<t>>+%(‘gl)cosw(t)). (B.5)

To reproduce the sought variation of the link 13 one can use the following
function

P(t) = {1 — tanh [M (1/2 —sin®t)] }g,

whose graph is shown in the left panel of Fig. (B.7), for the value of the param-
eter M = 10. By using the relation existing among the adjacency matrix and
the Laplace matrix and the above obtained time varying eigenvectors, we can
explicitly compute the entries of the adjacency matrix, whose time behaviour is
reported in the right panel of Fig. (B.7). One can observe that for a relatively
long period of time the link 13 is not present, indeed A;3(t) = 0 (blue line); then
quite quickly the link 13 is created and at the same time the two other links
change of intensity reaching each one the null value for a single time instant
(black and red lines). Finally the weight of the link 13 decreases and reaches
again the null value. This scheme is then periodically repeated in time 3.

Appendix C. Turing instability on time varying network. Applica-
tion to the Brusselator.

The aim of this section is to show how the formalism of Turing instability can
be included in the description given by Eq. (4) and the analysis resulting from
Eq. (7). The first step is to assume a linear coupling H(x) = Dx. Moreover in
absence of cross-diffusion the latter takes a diagonal form with positive entries
D = diag(D1,...,Dy). Finally, the Turing instability is often studied in a 2
dimensional setting, i.e., d = 2. In conclusion Eq. (4) can be rewritten as

dXi
at F(x;) + EJ: L;j(t)Dx; ,

3To emphasise the sudden creation / removing dynamics, we provide in the accompanying
Supplementary Movie 2, a graphical evolution of the network, the value of A;;(t) and the
position of the eigenvectors in space. The latter ones appear to rotate with non constant
angular velocity ¥ (t) in the plane orthogonal to the eigenvector o) as it should, being

t
eloe(s)ds 5 orthogonal matrix.
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3?2 =
e <06
I 04
0.2
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t time

Figure B.7: Construction of a second simple network. In the left panel a) we show the
“almost step” function 1 (¢) used to create and to destroy a given link. In the right panel b)
we report the time evolution of the entries of the computed adjacency matrix A(t).

where we recall that the system state of the i-th unit is described by x; = (u;, v;).
Let us notice that the parameter € has been incorporated into the matrix D.

The second key ingredient is the assumption that the reference solution has
to be stationary, s(t) = so, and stable with respect to homogeneous perturba-
tion. The Turing instability is obtained once the reference solution becomes
unstable for a suitable choice of the matrix D, of the model parameters and of
the topology of the underlying network.

By setting F(x;) = (f(us,v;),9(us,v;)) and D = diag(D,, D,) the latter
equation returns Eq. (8). The conditions for the stability of the homogeneous
equilibrium sy = (u*,v*) are tr(Jo) < 0 and det(Jy) > 0, where Jg is the
Jacobian of the reaction part evaluated on such equilibrium.

The condition for the onset of a Turing instability can be checked by perform-
ing a linear stability analysis of the complete system. We thus set dz; = u; — u*,
0y; = v; —v* and linearise (8) about the equilibrium, to get

gt = uf(SLEZ —+ 8Uf6yz + Du Z; Lij (t)5$j
. - Vi=1,....,n, (C1)
Yi
= = 0ugdz; + 0ygdy; + D, ; Li;(t)dy;

where the partial derivatives have been computed at the equilibrium. To proceed
in the analysis we develop, as done above, the perturbation on the basis of
eigenvectors of the Laplace matrix, that is

dui(t) = 0aa(t)p™ () and dyi(t) = Y 0ga (i () Vi=1,....n.
) ) (C.2)
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Inserting this ansatz into Eq. (C.1) we get (to lighten the notation we did not
explicitly write the time dependence of the variables)

Py () n
I RO DR S N S R TP UL S DN
[e « « « J=1 «
d8fa ,(a) - dg” (@) () - @
Do Y e = 0ug) 05t + 009D 690t + Dy Y Lij Y bGad;
a « « a j=1 [}

(C.3)
for all 4 = 1,...,n. By using the definition of Zj Lijqbg,a) = A(O‘)(;SEO‘), by
projecting on the eigenvector ¢(#) and by recalling the definition of the matrix
c given by Eq. (2), we get

d‘;”;ﬂ =" Coabta + 0ufods +0,f505 + DA Dby
dsi “ vo=1,...,n.
# =" cgadia + Bugdis + 0ugdis + DuAPgs

’ (C.4)

Let us observe that at variance from for the classical Turing setting, we
cannot decouple the original linear system into n systems, each referred to a
single mode. Indeed, matrix ¢ mixes the modes and their contribution.

For a sake of definitiveness, let us consider the Brusselator model defined
on the small time varying network previously defined. This amounts to set
flu,v) = 1 — (b + Du + cu?v and g(u,v) = bu — cu?v, where b and c are
the positive model parameters. The stationary equilibrium is thus «* = 1 and
v* = b/c, while the Jacobian of the reaction part evaluated on the equilibrium is
Ouf =b—1,0,f =¢, 0,9 = —band 9,9 = —c. The condition for the stability of
the homogeneous equilibrium is thus tr(Jo) = b—1—¢ < 0 and det(Jg) = ¢ > 0.

Consider thus Eq. (C.4) for the possible values of 8. The case § = 1 is
straightforward, being ¢1, = 0 for all & and A(Y) = 0, it returns the decoupled
system

L L
doT . N
Wm = 0y,90%1 + 0,9071 ,

The condition for the stability of the homogeneous equilibrium, (u*,v*), i.e.,
Ouf+0,f < 0and 0y, fO,g—0y fOug > 0, ensures that 621 (t) — 0 and 69 (t) — 0.
The remaining modes, 3 = 2 and § = 3, do satisfy (recall that A?) = —1
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and A®) = —2):

dfjf? = Q0 + 0y [0y + Oy S5 — Dybiia
% = Q633 + 9ugdia + 0,909z — Dy
dfi? — —Q0&y + 0, fSis + 0, [ 53 — 2D, Sk
% = —Q69> + 0,923 + 0,967 — 2D, 073 .

To determine the (in)stability character of the solution we have to compute
the eigenvalues of the linear system and consider the one with the largest real
part. If this latter results to be positive, then the homogenous equilibrium is
destabilised otherwise it remains stable and the perturbation fades away.

Appendix D. Synchronisation on time varying network. Application
to the Stuart-Landau model

Let us consider a system made of n identical Stuart-Landau (SL) oscillators.
It can be cast in the framework of Eq. (4) by observing that the SLisa d =1
dimensional but complex system. Thus by setting x; = w;, i.e., the complex
amplitude, F(w) = ocw — Bw|w|? and H(w) = w|w|™"!, we eventually obtain
Eq. (11) in the main text.

We assume the parameters to ensure that the isolated SL converges (that
is o > 0 and By > 0) to the limit cycle solution, 2(t) = \/on/Bre’?, where
w = og — Pgon/Px. To study its stability with respect to heterogeneous pertur-
bation we introduce two functions, p,(t) and 6,(t), and we rewrite the complex
amplitude as follows

w; () = 2()(L+ py (1) O (D.1)

Let us observe that invoking the smallness of p;(t) and 6;(t) the previous equa-
tion can be rewritten as

w;(t) = 2(t)(1+p;(t)+i6;(t))+h.o.t. = w;(t)—2(t) = 2(t)(p; (t)+16,(t))+h.0.t. = dw; ,
(D.2)

that measures the distance with respect to the reference solution as done in the

main text. In the same limit, the nonlinear coupling reduces to

m—1

H(we) =2 (;%) (1+mpg+i6y) + h.o.t..
R

Inserting the relation (D.1) into Eq. (11), by performing a Taylor expansion
to first order and by separating the real and the imaginary parts of w;, one can
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obtain two ODEs ruling the time evolution of p; and ¢

dp; on) T
T = —20mp; + (B%) D Lyelt) (muspe = psbe)
» ¢ (D.3)

do;
= -2
s B 72 3
This is a linear non-autonomous system. The information on the network
evolution is stored in the Laplace matrix L;;(t). We can again decompose p;(t)
,n

(o ’2_1
(%> D Lie(t) (mps pe + pnfe) -
¢

and 6;(t) on the eigenbasis ), a=1

pj = Zﬁaqﬁga) and 0; = Zéa¢§a) ,

to eventually obtain the equation analogous of Eq. (A.5)
m;l
—20mpy + <g%> AD (t) (mﬂﬂ?ﬁ'y - M%éfy)

di
apy _ Zc'va .
—1

dt

@:Zc ()00 — 285225, + (22 MTA”)U) (m““ﬁ th é)

i 4 ~o o \rﬁé}% y /BER SPy RV~ | -
(D.4)

For the sake of definitiveness let us consider the coupling being defined by
the small network presented above. The general system (D.4) returns thus for

mode v =1
dp R
% = —20%)1

dél OR .

dt p B P1
whose solutions are py (t) = e=27%! 5 (0) and 01 (t) = 61(0)+52p1 (0) (e 27# — 1)

Bsp1(0)/ By

) = —1 and

and thus py () = 0 (recall o > 0) and 6 (t) — 61(0) —
The remaining modes v = 2 and v = 3 return (recall that A(?) =

AB) = —2)

5 A on) T

E = Qp3 — 20wp2 — <an (mumpz — ps 92)

dp ) .

% = —Qps — 20%p3 — 2 ( > mugpP3 — M%93)

dfs .

2 =Qfy—2 5 6
il 3 ﬁ < > mpspe + pp 2)
déB 0. m2 1 A .
yT —Qf, — 284 ﬁfps -2 (6%> (muspg + /mﬁg) .
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The synchronisation is thus obtained if all the eigenvalues of the latter sys-
tem have negative real part, while if at least one eigenvalue exists with positive
real part, then the system desynchronises and converges to a (generically) het-
erogeneous solution.

In Fig. 5 we have shown the position of the nontrivial zeros of the MSF,
€0(€2), as a function of Q, and we have observed the existence of an interval
of values T = [Q1,8], Q1 ~ 0.106 and Q3 ~ 0.162, such that for all Q € I
there exist three values of €9(2). The particular shape of MSF for the SL model
can explain this behaviour. Indeed as 2 — 0 the blue curve (see Fig. 4) tends
toward the red one, however for large {2 the blue curve presents a “cusp” and
thus three zeros can emerge if the cusp is “deep enough” (see Fig. D.8). The
existence of such interval is interesting because we can find a “window” in €2 for
which the time varying network synchronises, while the static one does not.
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Figure D.8: Peculiar behaviour of the MSF for the Stuart-Landau nonlinearly
coupled oscillators. We report the MSF for two values of 2, one below the abrupt transition
(left panel) and one above the same transition (right panel). The remaining parameters have
been fixed to the values, o = 1.0 4+4.3i, 8 = 1.0 + 1.1%, o = 0.1 — 0.5¢ and m = 3.

In the main text we have shown that the simple 3-nodes network allows an
interval of coupling strength for which the SL synchronises that is larger than
once assume a static network. Let us conclude this section by showing that
this results holds true for networks of arbitrary size built using a constant skew
symmetric matrix c, as done in the case of the small network with three nodes.
To support this claim we build 1000 skew symmetric matrices ¢, whose first
row and column are zeros. For each matrix we computed the MSF for the SL
defined on top of the networks obtained using such matrix and by assigning also
a random nonpositive set of eigenvalues; eventually we determined the smallest
non trivial zero of the MSF, £¢(c). We computed also the same quantity in
the case of a null matrix, corresponding thus to a static network, £0(0), with
the same random eigenvalues. Let A(c) := £¢(0) — eo(c), then we observed
that A(c) > 0, implying that the SL defined on top of time varying network
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always exhibits a larger range of coupling strength associated to synchronisation.
In Fig. D.9 we report the probability distribution function (pdf) of A(c) for
networks of 50 nodes (left panel) and 100 nodes (right panel). One can observe
that both distributions are broad, which implies the existence of static networks
requiring an extremely large coupling strength to synchronise with respect to
the case go time varying network. Moreover the minimum value of A(c) is
~ 1.17 once considering networks of 50 nodes, while it raises to ~ 2.31 for 100
nodes, this implies that SL defined on top of large stationary networks are more
difficult to synchronise than in the case of time varying networks.
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Figure D.9: Synchronisation threshold. We report the pdf of A(c) := £9(0) — eo(c) for
1000 networks composed by 50 nodes (left panel) and 100 nodes (right panel).

Appendix E. Synchronisation of chaotic trajectories on time varying
network. The Lorenz model.

As previously stated, the results hereby presented are of general nature and
go beyond the specific examples we exposed. To support this claim, let us con-
clude this section by presenting an application of the above theory to the phe-
nomenon of synchronisation of chaotic trajectories on time varying networks and
to stress the central role played by the matrix c(¢) in the generalised MSF (7).

Without loss of generality we will use for a demonstrative application the
Lorenz model [30]

i =oly—a)
gy =z(p—2)—y (E.1)
Z =uxy-— Pz

In the following we will fix the model parameters to the “standard values”,
B =2, 0 =10 and p = 28 for which the system exhibits the chaotic orbit with
a “butterfly shape”. We then consider n identical copies of the above system,
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interacting through the simple 3-nodes time varying network presented above,
by using a linear diffusive 1 — 1 coupling, as defined in [22]

T; :O'(yz 7Ii)+€ZLij(t)Ij
J

. E.2
Yi =wilp—z) =y (£2)
Z =Y — B

Let s(t) = (x(t),yr(t), z1(t)) be the reference chaotic trajectory, we can de-
fine the deviation 6% = (6% ,...,0%,} )", where 6%, = (z;(t) — 21 (t),y:(t) — yr(t), z:(t) — zL.(1)),
and eventually obtain the analogous of the MSF (6):

dj—tx =lc®1l3+1, 0T +cA ®Jug]dx := Mdx,
where
0 0 0 —0 o 0 1 00
A=10 -1 0 | ,Jes@t)=|p—2(t) -1 —z(t)] and Ju(s(*))=10 0 0
0 0 =2 yr(t) xp(t) -3 0 0O

Solving numerically the previous non-autonomous linear system one can
compute the associated Master Stability Function (as introduced in the main
body of the paper) as a function of the coupling strength &, for both a static
and time varying network. To this end we will consider the three nodes network
introduced above. Results reported in Fig. E.10 show that the synchronisation
depends on the matrix c¢. Indeed, the parameter € can be chosen in such a
way that synchrony is achieved on a time varying network while trajectories
are found to behave differently (and hence patterns develop) on its static ana-
logue. As already shown for the Stuart-Landau, the small 3-nodes time varying
network seems to enhance the synchronisation.

To conclude let us consider again the synchronisation of the chaotic solution
of the Lorenz model as a function of the parameter ¢, i.e., the strength of the
coupling. Results reported in Fig. E.11 show once again that £¢(0) > ()
for the considered €2 allowing to conclude that the Lorenz system defined on
a time varying network can synchronise more easily than the static network.
Observe that now the MSF is convex, namely its second derivative with respect
to the coupling strength is positive, and still the dynamic network “more easily”
synchronises than the static one; we can thus conclude that the assumption
about the convexity of the MSF used in [14] is not in general required.

Let us also note that the data are a bit noisy with respect to the SL case
studied in the main text see Fig. 5, the reason being that for the Lorenz case
the MSF should be computed numerically by solving the nonlinear system and
its linearised version for the deviation vector, while in the case of SL the MSF
can be computed analytically as the involved matrix is constant.
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Figure E.10: Synchronisation of Lorenz oscillators on time varying networks. Middle
panels report the MSF for the time varying network, Q = 3, (blue curve) and the static one
Q = 0 (red curve) as a function of the coupling strength €. We can observe that the former
has a zero for € ~ 5.12 while the latter for e ~ 7.31; this implies the existence of an interval
of coupling strength for which the Lorenz trajectories synchronise once coupled via the time
varying network (left panel), while they do not on the static network (right panel). The
displayed pictures (x; vs. time) are obtained for £ = 6.0, 3 = 2, 0 = 10 and p = 28 and by
using a linear diffusive 1 — 1 coupling, as defined in [22].
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Figure E.11: Size of the synchronisation region for the Lorenz oscillators on time
varying networks. We report the value of £0(f2) as a function of , for the parameters
choice § = 2, 0 = 10 and p = 28 and by using a linear diffusive 1 — 1 coupling, as defined
in [22]. We can observe that for all the inspected values of Q, £0(2) < €0(0), thus implying
that synchronisation can be achieved “more easily” on a time varying network than on a static
one; observe also that for “large” €2, function €o(2) seems to stabilise to a fixed values ~ 5.1.
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