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Convergence properties of an Objective-Function-Free
Optimization regularization algorithm, including
an O(e%/2) complexity bound

S. Gratton* S. Jerad” and Ph. L. Toint?

18 IIT 2022

Abstract

An adaptive regularization algorithm for unconstrained nonconvex optimization is
presented in which the objective function is never evaluated, but only derivatives are used.
This algorithm belongs to the class of adaptive regularization methods, for which optimal
worst-case complexity results are known for the standard framework where the objective
function is evaluated. It is shown in this paper that these excellent complexity bounds are
also valid for the new algorithm, despite the fact that significantly less information is used.
In particular, it is shown that, if derivatives of degree one to p are used, the algorithm
will find a e;-approximate first-order minimizer in at most O(el_(p +/p ) iterations, and an
(1, €2)-approximate second-order minimizer in at most O(max[e~+1/p ¢y P/ (=11
iterations. As a special case, the new algorithm using first and second derivatives, when
applied to functions with Lipschitz continuous Hess}an, will find an iterate x, at which

2
)

the gradient’s norm is less than €; in at most 0(6;3 iterations.

Keywords: nonlinear optimization, adaptive regularization methods, evaluation complexity,
objective-function-free optimization (OFFO).

1 Introduction

This paper is about the (complexity-wise) fastest known optimization method which does not
evaluate the objective function. Such methods, coined OFFO for Objective-Function-Free
Optimization, have recently been very popular in the context of noisy problems, in particular
in deep learning applications (see [24, 17, 30, 29] among many others), where they have shown
remarkable insensitivity to the noise level. This is a first motivation to consider them, and it is
our point of view that their deterministic (noiseless) counterparts are good stepping stones to
understand their behaviour. Another motivation is the observation that other more standard
methods (using objective function evaluations) have been proposed in the noisy case, but
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typically require the noise on the function values to be tightly controlled at a level lower than
that allowed for derivatives [12, 13, 6, 15, 4, 3, 2, 1]

The convergence anaysis of OFFO algorithms is not a new subject, and has been considered
for instance in [16, 29, 21, 20, 18, 30]. However, as far as the authors are aware, the existing
theory focuses on the case where only gradients are used (with the exception of [23]) and
establish a worst-case iteration complexity of, at best, O(¢~2) for finding an e-approximate
first-order stationary point [26] . It is already remarkable that this bound is, in order and
for the same goal, identical to that of standard methods using function values. But methods
using second-derivatives have proved to be globally more efficient in this latter context, , and
the (complexity-wise) fastest such method is known to have an O(¢~3/2) complexity bound
[27, 14, 28, 8, 5, 11]. Moreover, this better bound was shown to be sharp and optimal among
a large class of optimization algorithms using second-derivatives for the noiseless case [9].
Is such an improvement in complexity also possible for (noiseless) OFFO algorithms? We
answer this question positively in what follows.

The theory developed here combines elements of standard adaptive regularization methods
such as ARp [5] and of the OFFO approaches of [30] and [18]. We exhibit an OFFO regu-
larization method whose iteration complexity is identical to that obtained when objective
function values are used. In particular, we consider convergence to approximate first-order
and second-order critical points, and provide sharp complexity bounds depending on the
degree of derivatives used.

The paper is organized as follows. After introducing the new algorithm in Section 2,
we present a first-order worst-case complexity analysis in Section 3, while convergence to
approximate second-order minimizers is considered in Section 4. The results are then discussed
in Section 5 and some conclusions and perspectives outlined in Section 6.

2 An OFFO adaptive regularization algorithm

We now consider the problem of finding approximate minimizers of the unconstrained non-
convex optimization problem

min, f(z), (2.1)
where f is a sufficiently smooth function from IR" into IR. As motivated in the introduction,
our aim is to design an algorithm in which the objective function value is never computed.
Our approach is based on regularization methods. In such methods, a model of the objective
function is build by “regularizing” a truncated Taylor expansion of degree p > 1. We now
detail the assumption on the problems that ensure this approach makes sense.
AS.1 f is p times continuously Fréchet differentiable.
AS.2 There exists a constant fioy, such that f(x) > fiow for all z € R".
AS.3 The pth derivative of f is globally Lipshitz continuous, that is, there exist a non-negative
constant L, such that

IVEf () = VEFW)II < Lyl — y|| for all z,y € R, (2.2)
where ||.|| denotes the usual Euclidean norm in IR™.
AS.4 If p > 1, there exists a constant k., > 0 such that
min V. f(x)[d]" > —kpe, for all z € R™ and i€ {2,...,p}, (2.3)

lldll<1
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where V. f(z) is the ith derivative tensor of f computed at z, and where T[d]* denotes the
i-dimensional tensor T" applied on i copies of the vector d. (For notational convenience, we
set Kyign = 0if p=1.)

We note that AS.4 is weaker than assuming uniform boundedness of the derivative tensors
of degree two and above (there is no upper bound on the value of V¢ f(z)[d]?), or, equivalently,
Lipschitz continuity of derivatives of degree one to p — 1.

2.1 The OFFARp algorithm

Adaptive regularization methods are iterative schemes which compute a step from an iterate
xk to the next by approximately minimizing a pth degree regularized model my(s) of f(xp+s)
of the form et -
e 1
mi(s) = Tpp(zk, s) + ———||s|PT 2.4
1 (6) S Ty o) + T P, (24)
where T ,(x, s) is the pth order Taylor expansion of functional f at x truncated at order p,
that is,

Ty (,5) & () + 3 SV (25)
=1

In (2.4), the pth order Taylor series is “regularized” by adding the term (p‘jr’“l)! |s[|PT1, where
or is known as the “regularization parameter”. This term guarantees that mg(s) is bounded
below and thus makes the procedure of finding a step si by (approximately) minimizing my(s)
well-defined. Our proposed algorithm follows the outline line of existing ARp regularization
methods [8, 5, 11], with the significant difference that the objective function f(xy) is never
computed, and therefore that the ratio of achieved to predicted reduction (a standard feature
for these methods) cannot be used to accept or reject a potential new iterate and to update
the regularization parameter. Instead, such potential iterates are always accepted and the
regularization parameter is updated in a manner independent of this ratio. We now state the
resulting OFFARp algorithm in detail.

The test (2.9) follows [22] and extends the more usual condition where the step sj is chosen
to ensure that
IV emu(si)ll < Oullsrl”-

It is indeed easy to verify that (2.9) holds at a local minimizer of my with 6; > 1 (see [22] for
details).

3 Evaluation complexity for the OFFARp algorithm

Before discussing our analysis of evaluation complexity, we first restate some classical lemmas
of ARp algorithms, starting with Lipschitz error bounds.
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Algorithm 2.1: OFFO adaptive regularization of degree p (OFFARp)

Step 0: Initialization: An initial point zp € IR", a regularization parameter vy =
oo > 0 and a requested final gradient accuracy €; € (0, 1] are given, as well as the
parameters

61 >1 and 9 € (0,1]. (2.6)

Set k£ = 0.

Step 1: Check for termination: Evaluate g, = V;f(xk) Terminate with z. =
if
gkl < €1 (2.7)

Else, evaluate {V? f(zx)}_,.

Step 2: Step calculation: Compute a step s; which sufficiently reduces the model
my, defined in (2.4) in the sense that

mi(sk) — mi(0) <0 (2.8)

and -
IV Ty p (s 51| < 91gHSka‘ (2.9)

Step 3: Updates. Set
Tyl = T + Sp, (2.10)
U1 = vk + vk s|[PH! (2.11)
and select

Ok+1 € [191}]9_;,_1, vk+1] . (2.12)

Increment k& by one and go to Step 1.
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Lemma 3.1 Suppose that AS.1 and AS.3 hold. Then
Ly +1
[ @sn) = Typlon sl < 22 sl (3.1)
and
o = V3T pp(on, 0] < 2 sl (32
Proof. This is a standard result (see [10, Lemma 2.1] for instance). 0

We start by stating a simple lower bound on the Taylor series’ decrease.

Lemma 3.2

def Ok 1
AT =T 0)—-T > Pl 3.3
.p(Tk, 51) 7p(Tk, 0) — Ty p(wk, s1) > (p+1)!||3k|| (3.3)

Proof. The bound directly results from (2.8) and (2.4). O

This and AS.2 allow us to establish a lower bound on the decrease in the objective function
(although it is never computed).

Lemma 3.3 Suppose that AS.1 and AS.3 hold and that o, > 2L,,. Then

Ok
-~ > s [P 3.4
F@) = @) > 52 (34)
Proof. From (3.1) and (3.3), we obtain that
ok — Ly +1
xg) — f(z > skllP
and (3.4) immediately follows from our assumption on oy. O

The next lemma provides a useful lower bound on the step length, in the spirit of [5,
Lemma 2.3] or [22].

Lemma 3.4 Suppose that AS.1 and AS.3 hold. Then

p!

Sgl|P > —————
Isell? > e

lg(xrs1)]l- (3.5)
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Proof.  Successively using the triangle inequality,condition (2.9) and (3.2), we deduce
that

1 Ok
lg(zar)ll < Ng(@nsr) = ViTyp(zn, si)ll + Vi Trp(@n, i)l < ];LpHSka +91?H(9k||p-
The inequality (3.5) follows by rearranging the terms. O
Inspired by [18, Lemma 7|, we now establish an upper bound on the number of iterations

needed to enter the algorithm’s phase where Lemma 3.3 applies and thus all iterations produce
a decrease in the objective function.

Lemma 3.5 Suppose that AS.1 and AS.3 hold, and that the OFFARp algorithm does not
terminate before or at iteration of index
2L, (Ly + O100)\ 7
k> k3 oLy +0100) ) 7| (3.6)
pldoger
Then,
2L
> =2 3.7
vk = =5 (3.7)
which implies that
o > 2Ly, (3.8)

Proof. Note that (3.8) is a direct consequence of (2.12) if (3.7) is true. Suppose the
opposite and that for some k > k., v < Xr  Gince vk is a non-decreasing sequence, we
have that v; < 19 for j € {0,...,k}. Successwely using the form of the vy update rule
(2.11), (3.5), (2.12) and the fact that, if the algorithm has reached iteration k., it must
be that (2.7) has failed for all iterations of index at most k., we derive that

S ol = S, <p lo( %+1)|> o S, ( pllg 9UJ+1)”>
Uk vj||Sj AN nrall ARl
=0 =0 Ly + 6105 =0 Ly + 01v;
p+1
k—1 T el p+1
N, [ Pzl -3 M
_Zvj Z, P > v] Iy p
=0 v T = 2+ 6,
k—1 p+1 1 p+1
— _% p!UOH.g(xj—H)H p k*ﬂp(p!(foel) P
— 2%\ "L v ) 1 BiT
7=0 p 0100 (2Lp)7 (Ly + 6100) 7

Substituting the definition of k, in the last inequality, we obtain that

2Ly, 2
9 9

which is impossible. Hence no index k > k, exists such that v, < 222 and (3.7) and (3.8)
hold. O
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‘We now define

v

the first iterate such that significant objective function decrease is guaranteed. The next
series of Lemmas provide bounds on f(xg,) and og,, which in turn will allow establishing an
upper bound on the regularization paremeter. We start by proving an upper bound on sg
generalizing those proposed in [7, 22] to the case where p is arbitrary.

2L
klzmin{k21|vk2p}, (3.9)

Lemma 3.6 Suppose that AS.1 and AS.4 holds. At each iteration k, we have that for
1
+1)! »
ool < 22 (B ) (3.10)
Ok
where )
P 1
max|[0, —Kpign|(p + 1)!] ¢
= . A1
> [t 1)
1=
Proof. If p =1, we obtain from (2.8) and the Cauchy-Schwarz inequality that
Lonllskl® < —gii sk < llgell sl
and (3.10) holds with n = 0. Suppose now that p > 1. Again (2.8) gives that
Ok max|[0, — Ky, -
T sklPH! < —gf sk — ZVZ zi)[sk)" < llgwllllsell + Z —h o [[sxll"

Applying now the Lagrange bound for polynomial roots [31, Lecture VI, Lemma 5] with

= [lskll, n = p+1, a0 = 0, a1 = [[gkl, @i = max[0, —kym]/i! i € {2,...,p} and
ap+1 = oi/(p + 1)!, we know from (2. 8) that the equation ) ;" a;2" = 0 admits at least
a strictly positive root, and we may thus derive that

[

-+ 1)l (0, i+ 1)1]
sl < 2 (22 +2§Z

il o

[

IN

(p + 1)!f|gl ~ [max[0, —ri] (p +1)!]
2( —m 2
( Ok T Z il Yy,

[T

IN

2<@+mmquap max(0, — ] (p + 1)1
=2

o p i1 Jvg

and (3.10) holds with (3.11). O

Our next step is to prove that vy, is bounded by constants only depending on the problem
and the fixed algorithmic parameters.
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Lemma 3.7 Suppose that AS.1, AS.3 and AS.4 hold. Let k; be defined by (3.9). We
have that,

1\ p+1
1)! P 2L
Vg, < Umax = Max | op + 0p (277 + 2 ((p-l—)”go||> p) , K —2 (3.12)
00 %
where .
1 (0 ﬁ) v
)y G 2l pptl o2t e+ D)+ o, : (3.13)

v

Proof. if ky = 1, we have that
v1 = o0g + O'0||So||p+1.

Using Lemma 3.6 to bound ||so||P*!, we derive the first part of (3.12). Suppose now that
k1 > 2. Successively using (2.11), Lemma 3.6, the fact that (x + y)P*! < 2P(2P+1 4¢P +1)
the updates rule of v; (2.11) and oy, (2.12) and Lemma 3.4, we derive that,

Vg = Uky—1 + vk1—1”3k1—1Hp+1

T p+1
P
< Vky—1 + Uk —1 (2 <(p+ 1)!?) n 277)
k

p+1
< vty s + Py [2p+1np+1 oo (0 Wl ]
o Ok1—1

ptl
MH+<@+mwmﬂ>p]

Vg, —1

2p+1
<1+ 2T g

1 ptl ptl
P

< Uy -1+ 22p+1vk1—117p+1 4 92+l <(p_;1 )> P |l ge -1l
Vg -1

LA

2p+1 1
< Vi —1 +2 i Uk1—177P+

p+1
p+1!L + O10%, o -1
+ 22+l |:( ) ( gp' ! 2) Uk1p_1||3k1—2”p+1.




Gratton, Jerad, Toint: Adaptive Regularization Methods for OFFO

Now g, is a non decreasing sequence, and therefore

Uy < V-1 + 22P+1vk1_177p+1
r ptl
opt1 [ @+ D (Lp + 0108, 2)] 7 -1 )
+ 2%Pt gp' 1 Uk1p_2H5k1—2||p+

2p+1 +1
< g, -1+ 2P g, P
ptl

r | L P
(p+1)! (61 + Uhp—?) -5 pr1 p+1
V1 —29%k,—2 [y 2l

_|_ 22p+1

Ip!
L _ e
p+D (6 +52)]
< Uy -1 + 2% g, Pt 4 2204 op! - Uy —2 |5k, —2 [P
] L4t
e+ (0 +52)] 7
< Vi -1 + 22p+lvk1_1np+1 + 22p+1 ﬁp' 0 (Ukl—l . Uk1—2)
] Lo\t
e+ (0 +52)] 7
< Vky -1 + 22p+lvk1_1np+1 + 22p+1 ﬂp' 0 T
We then obtain the second part of (3.12) by observing that vi, —1 < %. O

This result allows us to establish an upperbound on f(xg,) as a function of vmax.

Lemma 3.8 Suppose that AS.1, AS.3 and AS.4 hold. Then

Lyvmax + 003

flar,) < f(@o) +  + Dlog (3.14)
Proof. From (3.1) and (3.3), we know that
g.||[p+1
Flagin) — flay) < (L — o) B (3.15

(p+ 1)
Using now (2.11) and the fact that vy is a non-decreasing function, we derive that

k1—1

vk, = 00+ 00y ls;]PT (3.16)
j=0

Summing the inequality (3.15) for j € {0,...,k; — 1} and using (3.16), (2.11) and (2.12),
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we deduce that

I k1—1 1 ki—1
p 1p+1 NP1
f(zg,) < flzo) + TE jE:O (EAl ) ;:0 ajlls;ll

< f(;po) i Lp <'Uk‘1 - O'O> . 1 klz_:l’ﬂ?)'HS'Herl
- P+ oo P+t =

Lp Vi, — 00 ¥
< f(wo) + ot 1) < p > - (p+1)!(vk1 — 00).

We then obtain (3.14) by ignoring the negative terms in the right-hand side of this last
inequality and using Lemma 3.7 to bound vy, . O

The two bounds in Lemma 3.8 and Lemma 3.7 are useful in that they now imply an upper
bound on the regularization parameter, a crucial step in standard theory for regularization
methods.

Lemma 3.9 Suppose that AS.1, AS.3 and AS.4 hold. Suppose also that k > k;. Then

def 2(p + 1)! Lpvmax + 1908
< Omax = - Jlow max- 3.17
op <o 3 f(20) = fiow + 0+ Do +v (3.17)

Proof. Letj € {ki,...,k}. By the definition of k; in (3.9), 0; > 2L,,. From Lemma 3.3,
we then have that

(o (Y
N 4 > g 1P+ S 9 j L
Flag) = Flagin) 2 5o s = 05 s ls )

Summing the previous inequality from j = k; to £ — 1 and using the v; update rule (2.11)

and AS.2, we deduce that

F@n) — fiow = flan) — flan) > 2@";1)!@;6 o)

Rearranging the previous inequality and using Lemma 3.7,

2(p+1)!
- v
Combining now Lemma 3.8 (to bound f(xy,)) and the fact that o; < v; gives (3.17). O

Uk (f(xlﬁ) - flow) + Umax-

We may now resort to the standard “telescoping sum” argument to obtain the desired evalu-
ation complexity bound.
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Theorem 3.10 Suppose that AS.1-AS.4 hold. Then the OFFARp algorithm requires at
most

p+l
Lypvmax + 907 2L,(L, + 6100)\ » | -2t
[KOFFARP <f(x0) - f]ow + (p T 1)'0_0 —+ p"lgo-o 61 P + 2)

iterations and evaluations of {V% f}!'_, to produce a vector z. € R" such that [g(z.)| <
€1, Where

p+1
def L, + 90100\ »
Korrary = 2(p + 1)1 oi/P, <1?ﬁphn)

where opmax 1S defined in Lemma 3.9 and vpax is defined in Lemma 3.7.

Proof. Suppose that the algorithm terminates at an iteration k < k1, where &y is given
by (3.9). The desired conclusion then follows from the fact that, by this definition and

Lemma 3.5,
pt1

2L,(Ly + 6100)\ » 1
pldoger

ky < ky < ( (3.18)

Suppose now that the algorithm has not terminated at iteration k; and consider an iter-
ation j > kq. From k; definition (3.9) and Lemma 3.9, we have that 2L, < 0; < opax.
Since o; > 2L,, Lemma 3.3 is valid for iteration j. But o; € [J00, omax] because of
Lemma 3.9 and ||g(z;+1)|| > €1 before termination, and we therefore deduce that

p+1 p+1 2L
G
p+1°

p+1l
Fz5) — flzj1) > Uj||3j‘|p+1 o;(p!) * |lg(zj41) ) * "
! =9+ 1) T RSN 1 FES)
P2 DU +000) 5 o Dtohee (42 +6)) 7

=

(3.19)
Summing this inequality from ki to k > k1 and using AS.3, we obtain that
k—kp) 2t
Fk) — fiow = flan,) — flan) > E=F S (3.20)

ROFFARp

Rearranging the terms of the last inequality and using (3.18) and Lemma 3.8 then yields
the desired result. O

While this theorem covers all model’s degrees, it is worthwhile to isolate the most commonly
used cases.
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Corollary 1 Suppose that AS.1-AS.4 hold and that p = 1. Then the OFFAR1 algorithm
requires at most

2 2 2
[4(7max <L1+1%’100> (f(:ro)—flow+ L1vmax+1900> n <2L1(L1+9100)> % 49

Yog 200 Yoy

iterations and evaluations of the gradient to produce a vector x. € IR"™ such that
llg(ze)|| < €1, where opmax is defined in Lemma 3.9 and vmax is defined in Lemma 3.7. If
p = 2, the OFFAR2 algorithm requires at most
3 3
Loy + 96100 2 Lovmax + Y0} 2Lo(Ly + 6100)\ 2
[1201111/a2x ( 2 ! O) (f(:EO) - flow+ 27ma O) + ( 2( 2 ! 0)>

3
2

1242
290 6og 2900 a’+t

iterations and evaluations of the gradient and Hessian to achieve the same result.

We now prove that the complexity bound stated by Theorem 3.10 is sharp in order.

Theorem 3.11 Let ¢; € (0,1] and p > 1. Then there exists a p times continuously
differentiable function f, from IR into IR such that the OFFARp applied to f, starting

_ptl
from the origin takes exactly ke = [e; ” | iterations and derivative’s evaluations to

produce an iterate xy_ such that |V.f,(zx.)| < €.

Proof. To prove this result, we first define a sequence of function and derivatives’ values
such that the gradients converge sufficiently slowly and then show that these sequences can
be generated by the OFFARp algorithm and also that there exists a function f, satisfying
AS.1-AS.4 which interpolate them.

First select ¥ = 1 (implying that o = v for all k), some op = vg > 0 and define, for all
ke{0,... ke,

ke — k
WE = €1 A S [0, 61] (3.21)
and
gr=—(e1+wy) and D=0, (i=2,...,p), (3.22)
so that
lgk| € [€1,2€1] € [0,2] for all k€ {0,...,k}. (3.23)

We then set, for all k € {0,...,k},

Ok

1
BN
s = (p'|g’f|> " (3.24)
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so that

ak = 00 —|—ZJ |s;|PHT (3.25)

p+1 k—1 p+1l

p! ] P+l €1+ w;) P
—Uo+Z ()7 —ar sy e

1
op\P+H1N\ » K2l pi1
S(m((p)) i,
j=0

Mw
S|+
AN
Q
(e
+
7N
=,
N~—
=
+
—
~_
I
x>
m
[0}
= ]
@\H
Q
(e
+
no
7 N\
—~
)
=
N—
]
+
—
~_

0o

def
= Omax;

where we successively used (3.24), (3.22), (3.21) and the definition of k.. We finally set

g0

1 1
2p+1 (pl\ P 1 pl\» pt1
fo=2"" () and fiy © fk+gk3k+z D i [si)’ —fk_<ak (€1 +wp) 7,

yielding, using (3.25) and the definition of k., that
ke—1 p! % pt1 p+t [ pl % ptl 2p+1 ([ pl %
fo— fr = Z <> (1 +wk) » <27 < ) keet? <277 <>
— \ ok 00 o0

AS a consequence
fr €0, fo] forall ke {0,... k} (3.26)

Observe that (3.24) satisfies (2.8) (for the model (2.4)) and (2.9) for ; = 1. Moreover
(3.25) is the same as (2.11)-(2.12). Hence the sequence {z}} generated by

o =0 and xg41 = xf + Sk

may be viewed as produced by the OFFARp algorithm given (3.22). Observe also that

p+1

L €1 + Wi P Omax
| fr1 = frl < (P17 omax ( p ) < T‘a |sp [P (3.27)
and
2p+1
€1 - g g
Jk+1 — Gk| > (W — WEk+1| = 7 > 61 < max €1 wy) = max sk .
| | < |=7-<¢" < (€1 + wk) |sk[” (3.28)
ke ok p!
_p+l
(we used ke <€, 7 +1and ¢ <1), while, if p > 1,
o .
[Dig+1— Digl=0< % |sp|P 10 (3.29)

for i = 2,...,p. In view of (3.23), (3.26) and (3.27)-(3.29), we may then apply classical
Hermite interpolation to the data given by {(z, fk, 9k, D2k, - - - Dp,k)}zezo (see [11, The-
orem A.9.2] with k; = max[2, fy, omax/p!], for instance) and deduce that there exists a
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p times continuously differentiable piecewise polynomial function f, satisfying AS.1-AS.4
and such that, for k € {0,..., k.},

fi = o), g = Vafp(zx) and Dy = Vify(zy), (i=2,...,p).

The sequence {z}} may thus be interpreted as being produced by the OFFARp algorithm
applied to f, starting from xy = 0. The desired conclusion then follows by observing that,
from (3.21) and (3.22),

lgk| > €1 for k€{0,..., ke —1} and |gx | = €1.

4 Second-order optimality

If second-derivatives are available and p > 2, it is also possible to modify the OFFARp algorithm
to obtain second-order optimality guarantees. We thus assume in this section that p > 2 and
restate the algorithm as follows.

The modified algorithm only differs from that of page 15 by the addition of condition (4.5)
on the step s;. As was the case for (2.9)/(4.4), note that (4.5) holds with 6 = 1 at a second-
order minimizer of the model my(s), and is thus achievable for 8 > 1. Moreover, because the
modified algorithm subsumes the original one, all properties derived in the previous section
continue to hold. In addition, we may complete the bounds of Lemma 3.1 by noting that
AS.3 for p > 1 also implies that

L _
V25 ) = V2T )l < ool (49)

We now derive a second-order analog of the step lower bound of Lemma 3.4.

Lemma 4.1 Suppose that AS.1 and AS.3 hold and that the modified algorithm is ap-
plied. Then
(p—1)!

" max [o, min[V2F(@re1)]] - (4.10)

sp||Pmt > ———
sl > 1
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Algorithm 4.1: Modified OFFO adaptive regularization of degree p

Step 0: Initialization: An initial point zg € IR", a regularization parameter vy =
oo > 0, a requested final gradient accuracy €; € (0,1] and a requested final curva-
ture accuracy ez € (0, 1] are given, as well as the parameters

01,00 >1 and o€ (0, 1] (4.1)
Set k= 0.

Step 1: Check for termination: Evaluate g, = V.f(x;) and V2f(z;). Terminate
with . = xy, if
lgrll < e and  Awin[VZf(21)] > —e2. (4.2)

Else, evaluate {V% f(z))}r_,.

Step 2: Step calculation: Compute a step s; which sufficiently reduces the model
my, defined in (2.4) in the sense that

my,(sk) — mk(0) <0, (4.3)
o

IV3Tsp(ns sl < 01 sl (4.4)

and -

. 2 _ p—1
Amin[ VT p (2, sk)] > —02 = 1) [[skllP" (4.5)
Step 3: Updates. Set
Tyl = Tk + Sk, (4.6)
ka1 = Uk + vkl skl[PH (4.7)
and select

Ok+1 € [VVk41, Vky1] - (4.8)

Increment k by one and go to Step 1.
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Proof. Successively using the triangle inequality, (4.9) and (4.5), we obtain that

MoV (wr)] = min Vo f (@) (d?

= min V2 @r) A = V2T (g, si)ld]? + V2T, 50)[d)

> min | V2 f(2p41)[d]? — VT (g, si)[d]? ] + ﬁ%v 2Ty p(ak, s1)[d]?

= min :(Vif (Th+1) — Vsz,p(%Sk))[dﬂ + Amin[VaTsp (s 55)]

lldll<1
g _
> —||V2f (@rsn) = ViTpp(an 50 — ezﬁnsw :
= —|IV3f(@rt1) = VaTpp(ar, i)l — 92( D llswlP!
Lp p—1 Ok —1
which proves (4.10). O

We now have to adapt our argument since the termination test (4.2) may fail if either its first
or its second part fails. Lemma 3.4 then gives a lower bound on the step if the first part fails,
while we have to use Lemma 4.1 if the second part fails. This is formalized in the following
lemma.

Lemma 4.2 Suppose that AS.1 and AS.3 hold, and that the OFFARp algorithm has
reached iteration of index

1 2
def | 2L, 20,\» [(2L,\r-1 _pil _pil
. o o [ v pﬂ, 411
= Pk {nbgﬁﬁmax [< 9 > >< 7 ) ]max € 7,6 ( )

where

1 1
! P -1 p—1
foon S mmin ( - ) : < (p—1) > . (4.12)
ﬁ + 91 190.0 + 92
Then of,
Zp 4.13
(% 9 ) ( )
which implies that
o > 2L,. (4.14)

Proof. Asin Lemma 3.5, (4.14) is a direct consequence of (4.8) if (4.13) is true. In
order to adapt the proof of Lemma 3.5, we observe that, at iteration k, (3.5) and (4.10)
hold and

-
%]} > min Iy L, + Og0%

(5Lt m)u)’l’ (2 0.~ Aunl 2 f(xm)]})"ll]
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which, given termination has not yet occured and v, > o > Yoy implies that
1 1
_1 ! P 1 — 1)\t 11
[sell > min |0} ? (L b ) N <(]—:p ) ) min {ef,eé’*l]
D P
Doo + 91 Joo + 92
1 1 11
> Kpogn, MIN [Uk YLu Pl} min {ef,eé’fl]. (4.15)

Suppose now that (4.13) fails, i.e. that for some k > ky., vp < %. Since v is a non-
decreasing sequence, we have that v; < % for j € {0,...,k}. Successively using (4.7)
and (4.15), we obtain that

k-1 . k-1 » 1 _ 2 11 qptl
. ||p+ D : P p—1 : D p—1
v > E v]||S]H > E Khoth 1N [vj » Uj } min [el , €9 ]
j=0 7=0
k—1

1 2
2L,\ "¢ [(2L,\ 1 L Llgp+l
> Z/ﬁﬁ:ﬁ min [(ﬁp) ’ , (;) ’ ] min {ef,eé’*l]p
j=0
1 2
2L,\ "» (2L,\ 71 11 aphl
= k**/{ﬁi& min [(;) ’ , (1970) ’ ] min [6{),65_1} .

Using the definition of k.. in the last inequality, we see that

2L, 2L,

— < < —
) K 9’

which is impossible. Hence no index k > k., exists such that v, < % and (4.13) and
(4.14) hold.

O
We then continue to use the theory of the previous section with a value of k; now satisfying
the improved bound

kl S k**,

(4.16)
instead of k1 < k,. This directly leads us to the following strengthened complexity result.

17
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Theorem 4.3 Suppose that AS.1-AS.4 hold and that p > 1 Then the modified OFFARp

algorithm requires at most
1 2
2L\ P (2L, \ P 1 o
0 "\ 9

iterations and evaluations of {V% f}!'_, to produce a vector z. € R" such that [g(z.)| <
€1 and Amin[V2f(2c)] > —€2, where

max

L, Umax + V02 2L
[KMOFFARp <f($0) — flow + L 0)] L

(p+ 1)log ptl

both

_ptl _ ptl
max{el p ,62”71}—#-2

p+1

p+1
def L,+ 9010 P _ L,+ Y020 p—1
K:MOFFARp :e 2(p + 1)' max [Jél/gx (p’[?p'aolo> 70.1?II/£X ! <M> ]

and where oy, is defined in Lemma 3.9, v,y is defined in Lemma 3.7 and Ky, in (4.12).

Proof. The bound of Theorem 3.10 remains valid for obtaining a vector z. € IR" such
that ||g(ze)|| < €1, but we are now interested to satisfy the second part of (4.2) as well.
Using (4.10) instead of (3.5), we deduce (in parallel to (3.19)) that before termination,

Flay) — fagen) > 2SI
~ 2(p+1)!
o 3((p = 1Y)77 max(0, ~Awin[V2 (z41)]) 7
- 2(p + DLy + ba0;) 71
pt1 Btl
((p—D)FTep !

A\

p+1

2 ptl
2(p+ 1)!ohax (19% + 02) ’

so that, summing this inequality from k; to k > k; and using AS.3 now gives (in parallel
to (3.20)) that, before the second part of (4.2) is satisfied,
(k= k) 24

Kand

f(@ry) = frow > f(ony) — f(zr) >

N3

where

pt1
def 2/p—1 Lp+19020'0 p—1
| p -y 47
Rona = 2(p + 1) Umax <,19(p _ 1)!0_0 °

As a consequence, we deduce, using (4.16), that the second part of (4.2) must hold at the

latest after 902 »
Lpvmax + Vo -1

n - W k;** 2

s (a0) = i + 2t R

iterations and evaluations of the derivatives, where k., is defined in (4.11). Combining
this result with that of Theorem 3.10 then yields the desired conclusion. O
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Focusing again on the case where p = 2 and upperbounding complicated constants, we
may state the following corollary.

Corollary 2 Suppose that AS.1-AS.4 hold and that p = 2. Then there exists constants
K« such that the modified OFFAR1 algorithm requires at most

-3/2 _3}

Ky INax [61 , €

iterations and evaluations of the gradient and Hessian to produce a vector x. € IR such
that ||g(z¢)|| < €1 and Apin [V2f(21,)] > —eo.

We finally prove that the complexity for reaching approximate second order points, as stated
by Theorem 4.3, is also sharp.

Theorem 4.4 Let €1,e2 € (0,1] and p > 1. Then there exists a p times continuously
differentiable function f,, from IR into IR such that the modified OFFARp applied to f,

_p+l

starting from the origin takes exactly ke = [e, *~' | iterations and derivative’s evaluations
to produce an iterate xy, such that |V. f,(2x. )] < €1 and Amin[V2f(25,.)] > —e€o.

Proof. The proof is very similar to that of Theorem 3.11, this time taking a uniformly
zero gradient but a minimal eigenvalue of the Hessian slowly converging to —es from below.
It is detailed in appendix. O

5 Discussion

It is remarkable that the complexity bound stated by Theorems 3.10 and 4.3 are identical
(in order) to that known for the standard setting where the objective function is evaluated
at each iteration. Moreover, the O(e=3/2) bound for p = 2 was shown in [9] to be optimal
within a very large class of second-order methods. One then concludes that, from the sole
viewpoint of evaluation complexity, the computation of the objective function’s values is an
unnecessary effort for achieving convergence at optimal speed.

The above results may be extended in different ways, which we have not included in our
development to avoid too much generality and reduce the noﬁa\tional burden. The first is to
allow errors in derivatives of orders 2 to p. If we denote by Vi f the approximation of Vi f,
it is easily seen in the proof of Lemma 3.4 that the argument remains valid as long as, for
some kp > 0,

IVE F(ax) — ViF (i)l < mpllselPt . (5.1)

Since the accuracy of derivatives of degree larger than one only occurs in this lemma, we
conclude that our results still hold if (5.1) holds.
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The second extension is to replace the gradient Lipschitz continuity in AS.3 by a weaker
Hélder continuity, namely that there exist non-negative constant L, and 3 € (0,1] such that

IV2f(2) = VEFW)II < Lyllz —y[|” for all z,y € R™. (5.2)

It then possible to verify that all our result remain valid with p + 1 replaced by p + 5.

A third possibility is to consider optimization in infinite-dimensional smooth Banach
spaces, a development presented for the standard framework in [19]. This requires specific
techniques for computing the step and a careful handling of the norms involved.

We may also consider non-smooth norms, as in [22], or imposing convex constraints on
the variables [11, Chapter 6].

Finally, an extension to guarantee third-order optimality conditions (in the case where
third derivatives are available) may be possible along the lines discussed in [11, Chapter 4].

6 Conclusions

We have presented an adaptive regularization algorithm for nonconvex unconstrained mini-
mization where the objective function is never calculated and which has, for a given degree of
used derivatives, the best-known worst-case complexity order, not only among OFFO meth-
ods, but also among all known optimization algorithms. In particular, the algorithm using
gradients and Hessians requires at most 0(61_3/ 2) iterations to produce an iterate such that
[VLf(z)| < e1, and at most O(e;?) iterations to additionally ensure that Apin[V2f(23)] >
—eg. Moreover, all stated complexity bounds are sharp.

Given the prowess of OFFO methods on noisy problems, the transition from the present
deterministic theory to the noisy context is clearly of interest and is the object of ongoing
research.
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Appendix

We give the detailed proof of Theorem 4.4.

Theorem A.1 Let e € (0,1] and p > 1. Then there exists a p times continuously
differentiable function f, from IR into IR such that the modified OFFARp applied to f,

_ptl
starting from the origin takes exactly ke = [e, *~' | iterations and derivative’s evaluations

to produce an iterate xy, such that |V.f,(2x. )| < €1 and Apin[V2 f(75,)] > —€2.

Proof. The proof of this result closely follows that of Theorem 3.11. First select ¢ = 1
(implying that of = vy for all k), some o¢g = vo > 0 and define, for all k € {0,..., k.},

ke —k
WE = €9 2 S [0, 62] (Al)
and
g =0, Hp=—(e24+wr) and D;p =0, (i=3,...,p), (A.2)
so that
|Hy| € [e2,2€2] C [0,2] for all k€ {0,..., k}. (A.3)

We then set, for all k € {0,..., ke},

1
| p—1

Ok
so that
def i
or = 09 +Zaj]sj|p+1 (A.5)
§=0
k—1 b+l k—1 o+l
NH;|\ T ptl €2+ wj)r-1
=00+ J<p1,,j’> oo+ (@)Y @ Lj)
3=0 J =0 o
1 1
opN\P+1\ 51 K21 i1 oplPH1I\ 7= el opl\PHL 72T
<O’0+<(p)2 > 651§00+<(p)2 > k6651§00+2<(p)2 >
90 =0 90 90
def
= Omax>

where we successively used (A.4), (A.2), (A.1) and the definition of k.. We finally set

2 P _2
pt1 ([ pl\ =1 def 1 ; pl\ p—1 p+1
fo=2r"1 <> and fri1 = fetiHpsi+ E = Diklskl = fr—3 < (e2twy)?=T,
i— 1! O

g0

yielding, using (3.25) and the definition of k., that

ke—1

2
1 p!\ T ptl 2 [(pl\ T = opfl pr1 [pl\ P 1
Jo— fr. = 9 Z <0k> (€2 + wg)P=1T < 291 <00 keey,” < 2p-1 - )

k=0
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As a consequence

fr €10, fo] forall ke {0,...,k}. (A.6)

Observe that (A.4) satisfies (4.3) (for the model (2.4)), (4.4) for 6; = 1 and (4.5) for
02 = 1. Moreover (A.5) is the same as (4.7)-(4.8). Hence the sequence {z\} generated by

29 =0 and xg41 = ok + Sk

may be viewed as produced by the modified OFFARp algorithm given (A.2). Observe also
that

ptl
2 1
Frot = fil < (P) 7T 0 (20 ) 7 < T ot (A7)
Ok p!
o
lgr+1 — gkl =0 < % |sklP, (A.8)
and
2p
€9 — (o2 g _
|Hir1 = Hi < Jwi —wp| = = <€)7 < % (e +wp) = o [suf"™ (A.9)
€ Ok p:
_p+l
(we used ke <€, 7' 4+ 1 and ez < 1), while, if p > 2,
o .
|Dik+1— Dig| =0< 7;&)( || P (A.10)

for i = 3,...,p. In view of (A.3), (A.6) and (A.7)-(A.10), we may then apply classical
Hermite interpolation to the data given by {(x, fx, 9k, Hi, D3k, - - .,an)}’,f;o (see [11,
Theorem A.9.2] with £y = max|2, fo, omax/p!], for instance) and deduce that there exists a

p times continuously differentiable piecewise polynomial function f, satisfying AS.1-AS.4
and such that, for k& € {0,..., k.},

fe = fo(x),  gx = Vifp(zr), Hp=V2fy(zr) and Dy = Vify(vg), (i=3,...,p).

The sequence {zx} may thus be interpreted as being produced by the OFFARp algorithm
applied to f, starting from xy = 0. The desired conclusion then follows by observing that,
from (A.1) and (A.2), gx = 0 < €; for all k£ while

)\min[Hk} = Hk < —€9 for k ¢ {0, .. .,ke — 1} and )\min[HkE] = er = —€9.



