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Abstract

This paper presents a general introduction to the optimization methods which form the
basis of the large-scale nonlinear optimization package LANCELOT written by Conn,
Gould and Toint. That is, we propose here a comprehensive overview of the principal
tools selected by the authors of LANCELOT, among the classical large-scale nonlinear
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1 Introduction

Optimization problems arise within many areas (mathematics, applied science, engineering, eco-
nomics, medicine, statistics, ...) and require, in particular, the development of mathematical
models, in order to analyze and understand the phenomena. It is of great importance that the
models chosen correspond most closely to reality, while being manageable under existing means.
However, accurate modelling often leads to large-scale nonlinear optimization problems. For-
tunately, advances in computer technology are nowadays making the solution of such problems
more and more possible. Hence an increasing interest, from both the researchers and practition-
ers, for developing and using, respectively, software designed to solve larger and larger nonlinear
problems.

Our primary interest here is thus in nonlinear problems that involve a large number of variables
and/or constraints. Let us then elaborate as to what we generally mean by large. As discussed
by Conn, Gould and Toint (1992b), this notion is first clearly computer dependent. What is large
on a personal computer is significantly different from what is large on a super computer. The first
machine has a substantially smaller memory and storage than the second one, and therefore has
more difficulty handling problems involving a large amount of data. Secondly, a highly nonlinear
problem in one hundred variables could be considered large, whereas in linear programming it is
possible to solve problems in five million variables. The notion of size is thus problem dependent.
It also depends upon the structure of the problem. Many large-scale nonlinear problems arise
from the modelling of very complicated systems that may be subdivided into loosely connected
subsystems. This structure may often be reflected in the mathematical formulation of the problem
and exploiting it is often crucial if one wants to obtain an answer efficiently. The complexity of
the structure is often a key factor in assessing the size of a problem. Lastly, the notion of a large
problem depends upon the frequency with which one expects to solve a particular instance or
closely related problem. When one anticipates solving the same class of problems many times,
one can afford to expend a significant amount of energy analyzing and exploiting the underlying
structure. Thus, although it is not possible to say categorically that a problem in say seven
hundred variables is large, suffice it to say that, today, a problem in fifty variables is small and
a generally nonlinear problem in five thousand variables and one thousand nonlinear constraints
is large.

Efficient algorithms for small-scale problems do not necessarily translate into efficient al-
gorithms for large-scale problems. This is unfortunate, since in the past twenty years rather
sophisticated and reliable techniques for small-scale problems have been developed (see Kan and
Timmer, 1989, for good surveys). Perhaps the main reason is that, in order to be able to handle
large problems, the algorithms have to necessarily be as simple as possible. Consequently, relative
to many of the more successful algorithms for small, dense problems, the amount of information
available at any given iteration may be severely restricted. This makes designing algorithms that
are scale invariant (in the sense that, assuming infinite precision arithmetic, quasi-Newton meth-
ods for unconstrained optimization are invariant under linear transformations) more difficult for

large-scale problems. Scaling is hence a significant difficulty in the large-scale context.



Another important difficulty is that of exploiting structure. The fact that we are able to solve
large problems at all is because they are structured. Thus, it is absolutely essential for efficient
algorithms to exploit structure. Moreover, this means exploiting more than just sparsity. Un-
fortunately, this exploitation often complicates the question of stability, that is, the ability of an
algorithm to guarantee that small perturbations in the data will only result in small perturba-
tions to the solution for ‘satisfactorily conditioned’ problems. By contrast, algorithms for small
problems have the possibility to ignore structure.

Our main purpose in this paper is to give a general introduction to the optimization methods
which form the basis of the large-scale nonlinear optimization package LANCELOT (see Conn,
Gould and Toint, 1992a). That is, we propose here a comprehensive overview of the principal
tools selected by the authors of LANCELOT, among the large-scale nonlinear optimization tools,
to develop their code. Doing so, we hope to be complementary to the description given in Conn
et al. (1992a) (see Chapter 3), while furnishing to the reader a further insight of the underlying
ingredients of the LANCELOT package.

The most general form of the problem that is addressed in LANCELOT is

minimize f(z) (1.1)

reR?

subject to the general (possibly nonlinear) inequality constraints
cj(z) <0, 1<5<U, (1.2)
to the (possibly nonlinear) equality constraints
c;(z) =0, I+1<5<m, (1.3)

and the simple bounds
L <z; <wy,y 1<1<n. (1.4)

Here, f and the ¢ are all assumed to be twice-continuously differentiable and any of the
bounds in (1.4) may be infinite.

Calling a feasible point a vector  satisfying all the constraints (1.2), (1.3) and (1.4), LANCELOT
finds a local minimizer of problem (1.1)-(1.4), that is a feasible point z, such that f(z.) < f(z)
for all feasible @ in a neighbourhood of .. For general nonlinear (non convex) problems indeed,
the task of finding a global minimizer (a feasible point z, such that f(z.) < f(z) for each feasible
point 2) may be computationally intractable, and it is only generally practicable to locate a local
minimizer.

When solving the above problem, LANCELOT first transforms automatically the inequality
constraints (1.2) to equality constraints by the addition of extra slack or surplus variables. There-
after, the objective function and general (equality) constraints are combined into a composite
function, the augmented Lagrangian function,

m m
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where the components A; of the vector A are known as Lagrange multiplier estimates, the entries
s3; of the diagonal matrix 5 are positive scaling factors, and p is known as the penalty parameter.

A solution of the constrained minimization problem (1.1)-(1.4) is then sought by solving
a sequence of problems in which the current augmented Lagrangian function is approximately
minimized within the region defined by the simple bounds (1.4). More precisely, at a major
iteration of the process, an approximate minimizer of ®(z,\, S, u) in the feasible box (1.4) is
found for given A, S and pu. These three quantities are then carefully updated in such a way that
convergence is ultimately guaranteed. We refer the reader to Conn, Gould and Toint (1991) for
a complete discussion of this approach.

In this paper, we will rather focus on the methods used to solve the subproblem mentioned
above at each major iteration, that is, the minimization of a twice continuously function subject
to bound constraints. Moreover, in order to simplify the presentation, we will present the methods
in an unconstrained context, giving further explanations for the handling of the bound constraints
when necessary.

The paper is organized as follows. Section 2 introduces the classical Newton’s method, with its
advantages and its inconvenients. Section 3 presents methods designed to globalize the Newton
one. The iterative solution of the Newton equations through a preconditioned truncated conjugate
gradient method is then given in Section 4. The concept of partially separable function as a tool
to exploit the structure of a problem is introduced in Section 5. Finally some conclusions are

given in Section 6.

2 Newton’s method

Newton’s method is an iterative method for finding a solution of a system of n nonlinear equations
of n variables. In many existing methods for solving nonlinear programming problems, these
nonlinear equations form the gradient of some twice continuously differentiable function f'. That
is, if we have to solve, as a subproblem of a nonlinear programming method, the unconstrained
minimization problem

min f(z),

a first-order necessary condition for z, to be the minimizer of f is that Vf(z.) = 0. In this
context, Newton’s method may be described as an iterative method for finding a point z, such
that V f(z,) = 0.

Using the Taylor’s expansion of V f at a particular iterate xy,

Vi(ze+p) = V(zr) + Vif(ze)p + r(ze,p), (2.1)

where r(ak, p) is the remainder term, the basic idea of Newton’s method is to approximate V f
by an affine function, that is, neglecting the remainder term. Given this linearization, py is then

determined so that the right-hand side of (2.1) is zero, that is, py satisfies the linear system of

!For instance in LANCELOT, this function is the function ®(z,, S, ) defined in (1.5).



equations
V2 f(ar)pr = =V f(x). (2.2)

If V2f(zy) is nonsingular, p; is the unique solution of (2.2). Consequently, if V2 f(xz) is
nonsingular for all z, Newton’s method is well defined and generates a sequence of iterates {z}

as given by the following algorithm.

NT Algorithm.
Step 0. The starting point 2o € R” is given. Set k& = 0.
Step 1. Set

pr = —Vf(zk) 'V f(ak)
and

Thy1 = Tk + Pk-

Increment k& by one and go to Step 1.

If V2 f(2.) is nonsingular and V2 f is Lipschitz continuous in a neighbourhood of the solution
x4, then there exists a region surrounding z, in which Newton’s method converges, and the
asymptotic rate of convergence is quadratic. For a complete discussion of Newton’s method, see
Dennis and Schnabel (1983) and Ortega and Rheinboldt (1970).

When Newton’s method converges, it is generally agreed to be the most efficient method for
solving a system of equations of the type V f(z) = 0. However, the method may not converge
from every starting point, and if at some iterate z, the Hessian V2 f(x}) is singular, (2.2) does not
necessarily have a solution. Also, the need to solve a system of linear equations and to evaluate
the second derivatives at each iteration may require a prohibitive amount of calculation if the
dimension n is large. Moreover, from an optimization point of vue, what is desired is convergence
to a point where not only the gradient vanishes, but where in addition the Hessian has some
particular properties in order to ensure the minimizer character of the limit point. Consequently,
Newton’s method without suitable modifications is generally not an appropriate method. The

next sections introduce the most important among these modifications which are used in the

LANCELOT package.

3 Globalization methods

Globalization methods are methods that ensure convergence of the iterative process to a station-
ary point (that is a point that satisfies the first-order necessary conditions for optimality) from
every starting point. There are two major approaches to obtain global convergence. One is called
the linesearch method and the other is called the trust region method. Both methods are very
important in nonlinear optimization, and even though the trust region approach has been chosen

to be implemented in LANCELOT, we shall give here an overview of the two methods.



3.1 The linesearch approach

The idea of the linesearch method is simple: given a descent direction py (such that V f(zz) pr <
0), we select a steplength aj in that direction that yields an “acceptable” next iterate zpi1; =
x + appg, that is, an iterate that sufficiently decreases the value of the function f in order to
assure convergence.

The simple requirement “f(zxp+arpr) < f(zr)” is not acceptable to guarantee the convergence
of {z}} to a minimizer of f, and we list here some of the main rules used in practice for choosing

a stepsize that enforces the desired sufficient decrease in f (see Bertsekas, 1982, for instance).
1. Minimization rule: Choose ay so that
f(er + appr) = min f(ar + apy).
a>0
2. Limited minimization rule: Select a fixed number s > 0 and choose aj, so that
fler + agpr) = min_ f(zr + apg).
a€0,s]

3. Goldstein rule: Select a fixed scalar o € (0, %) and choose aj, so that

" flzy + agpr) — f(zr)
- arV f(xr)Tpr

<1l-o.

4. Armijo rule: Select fixed scalars s > 0, 8 € (0,1) and ¢ € (0, %) and set aj = 3" s where

ny is the first nonegative integer n for which
f(xr) = [z + B spr) > —o8"sV f(a1) pr.

The minimization and limited minimization rules are usually implemented with the aid of
one-dimensional linesearch algorithms. In practice, the linesearch is stopped once a stepsize ay
satisfying some termination criterion is obtained. An example of such criterion is that ay satisfies

simultaneously
f(zr) — f(zr + arpr) > =00V f(z1) pr (3.1)

and
Vf(xr+ arpe) pe > 7V f(21) pr (3.2)

for some scalars o € (0,%) and 7 € (0,1). The condition ¥ > o ensures that (3.1) and (3.2)
can be satisfied simultaneously. Condition (3.1) in fact guarantees a sufficient function decrease,
while condition (3.2) is a test on the accuracy of the minimization, also interpreted as a test of
sufficiently large step.

When a backtracking strategy is used, condition (3.2) needs not to be implemented, as this

type of strategy avoids excessively small steps. The framework of such a strategy is the following.

BT Algorithm.
Step 0. Choose o € (0, %) and [, u satisfying 0 <l < u < 1. Set g =1 and ¢ = 0.



Step 1. If
flar) = flag + aipr) < —oa;V f(zr) i,

then set

a;11 = p;ay; for some p; € [1,u],

increment ¢ by one and go to Step 1. Else set
Th41 = Tk + Qipk

and STOP.

The Armijo rule is a particular case of this last algorithm where s = 1 and p; = (3 for all ¢
(see Sartenaer, 1993). Another strategy for reducing «; (choosing p) is to minimize a quadratic
(or even cubic) model of f(a) = f(z, + api), the one-dimensional restriction of f to the line
through z; in the direction pg, using the current information about f to model it (see Dennis
and Schnabel, 1983).

Convergence results for the above list of rules or strategies may be found in Bertsekas (1982)
and Dennis and Schunabel (1983), where superlinear asymptotic rate of convergence is obtained.
It is important to note that these convergence results are derived under the condition that a full
step (Newton step for instance) is tried first, as suggested in the backtracking algorithm given
above by setting ag = 1. Therefore, the performance of such algorithms will depend on the
properties of fast local convergence of the full step used.

When constraints are present in the problem, we can adapt the linesearch methods so that
the iterates be feasible, thus using feasible search directions and selecting feasible steplengths.
For bound constraints, for instance, a method that maintains feasibility is appropriate and quite

simple.

3.2 The trust region approach

When the full Newton step is unsatisfactory, in order to achieve global convergence, the linesearch
approach will retain the same step direction and then search for an approximate local minimizer
along the line defined by that direction, selecting a shorter steplength. The alternate approach to
obtain global convergence is based on the observation that Newton’s method models the function
by a quadratic approximation around the current iterate and that if the full Newton step is
not acceptable, that is because the quadratic model does not adequately model f in a region
containing this full step. The quadratic being accurate only in a neighbourhood of the current
iterate, the new approach consists in choosing the next iterate to be an (approximate) minimizer
of the quadratic constrained to be in a region where we trust the approximation. Consequently,
in trust region methods, when we need to take a shorter step, we first will choose a shorter
steplength and then use the full n-dimensional quadratic model to choose the step direction.
Trust region methods can also be introduced as a way to circumvent the difficulty caused by
non positive definite Hessian matrices in Newton’s method. Indeed, in this case, the underlying

quadratic model does not have a unique minimizer and the method is not defined. Another way



of regarding this fact is that the region around z; in which the model is adequate does not include
a minimizing point of this model, and one more time, a more realistic approach is to assume that

some neighbourhood of zj is defined in which the model agrees with the function in some sense.

If
, e oy def e N\, 9 TT72 £\, 9«
mg(zr +p) = f(ar) + Vf(ar) p+1/2p" V= f(ar)p (3.3)

denotes the quadratic approximation of f around the current iterate xy, the trust region problem
is to find pg so that
m(zk + pr) = min{mg(zr + p) | ||p|] < Ax} (3.4)

for some given norm || - || and some positive scalar Ay called the trust region radius. Note
that in practice, pr will be chosen as an approzimate minimizer of problem (3.4) (see below).
Once a step py is selected, that guarantees a sufficient decrease on the model inside the trust
region, the objective function is then evaluated at the new point zp+ py. If its value has decreased
enough, the new point is accepted as next iterate and the trust region radius is possibly increased.
Otherwise, the new point is rejected and the trust region radius is reduced. The updating of the
trust region radius is directly depending on a certain measure of agreement existing between the
model and the objective function, namely, the quantity pi below, defined as the actual reduction
in f divided by the predicted reduction, that is the reduction in my. The trust region approach

may be summarized by the following general framework.

TR Algorithm.
Step 0. Choose 1y, 1y satisfying 0 < gy < 12 < 1 and 71,72, 7s satisfying 0 < 1 <12 < 1 <

73-
Step 1. Calculate f(zy) and the model my(zx + p).
Step 2. Determine a solution pj to problem (3.4).
Step 3. Compute the ratio

flzy) — flzp + pr)

mi(2r) — mp(zg + pr)

P =

Step 4. If pr > np, then set

Tk41 = Tk + Sk
and
Apy1 € [Ap, 734, il pr >,
or
Agry1 € [12Ak, Ar], if pr < na.
Otherwise, set
Thk41 = Tk

and

Agi1 € [11A%, 72AL].



In practice, a more sophisticated update of the trust region radius is used in Step 4, in which if
pr < n1, then Agiq is chosen in an interval (0.1,0.5)Ax on the basis of a polynomial interpolation
(see Dennis and Schnabel, 1983). It can be shown (see Fletcher, 1987) that this framework is
globally convergent and also retains the rapid rate of convergence of Newton’s method. In fact,
the heuristic of restricting the step by ||p|| < Ay ensures that significant reductions in f are
made until zj is close to a local solution. At this stage, the restriction becomes inactive and the
iteration then reduces to the basic Newton’s method with its rapid rate of convergence.

When (3.4) is defined in term of the Euclidean norm, a necessary and sufficient condition for

the step px to be a global solution of (3.4) is that it solves the system
(V2 f(zk) + M)p = =V f(xk) (3.5)

for some nonnegative scalar A such that the matrix V2 f(2;)+ Al is at least positive semi-definite

and

MAL = [lpell*) = 0.

(For a proof, see Fletcher, 1987, for instance.) Thus, if Ay is large enough and V2 f(x},) is positive
definite, the solution of (3.4) is simply the Newton direction. Otherwise, the restriction on the
norm will apply and ||px|| = Ax. Methods for solving (3.5) where first suggested by Levenberg
(1944) and Marquardt (1963) in the context of nonlinear least squares problems, and then by
Goldfeldt, Quandt and Trotter (1966) for general nonlinear problems. All Levenberg-Marquardt
algorithms find a value A > 0 such that V?f(zx) + Al is positive definite and solve (3.5) to
determine p;. There are many variations on this theme, and in some earlier methods, the precise
restriction ||px|| < Ag on the length of py is not imposed. Instead, A is used as the controlling
parameter in the iteration and the length of p; is determine by whatever value A happens to
take. However, this has disadvantages, and more recent Levenberg-Marquardt type methods (see
Hebden, 1973 and Moré, 1978) follow the model of Algorithm TR much more closely, controlling
the iteration by using the radius Ag. In this case, equation (3.5) is regarded as defining a
trajectory p(A), and the precise value of A which makes ||[p(A)|| = Ag (or an approximation of it)
is sought (see Fletcher, 1987). This may be carried out with any standard method, but Hebden
(1973) suggested a very efficient method using safeguarded rational approximation (see Dennis
and Schnabel, 1983, and Moré, 1978).

Another approach related indirectly to the use of (3.5) and introduced by Powell (1970) is
based on the observation that the trajectory p(A) runs smoothly from the Newton step [p(0) =
—V2f(2) 'V f(21)] to an incremental steepest descent step [p(A) — —(1/A)V f(zx) when A —
oo]. In the general case, p(\) can be interpreted as interpolating these extreme cases, and it is
therefore possible to approximate p(A) by a piecewise linear trajectory made up of two (three)
line segments and called the dogleg (double dogleg) trajectory. This path connects first p = 0
to the Cauchy step, that is the step p® minimizing the quadratic model my in the steepest
descent direction, and then the Cauchy step to the Newton step, p" say. (p© and pV are
defined by p© = —V f(z)[|Vf(zi)|?/V f(z)T V2 [(2x)V f(ap) and p" = =V2f(2) 7'V f(zy),
respectively.) In the double dogleg trajectory is introduced the extra point vpN, where 0 < v < 1,



giving an earlier bias to the Newton step. The resulting trajectory is used in an algorithm similar
to Algorithm TR, but the computation of p(A) from (3.5) is replaced by using the point p of
length Ay on the (double) dogleg trajectory (see Dennis and Schnabel, 1983 for more details on
that method).

In the LANCELOT package, an algorithm similar to Algorithm TR is used, where the function
[ is replaced by the augmented Lagrangian function ®(z, A, 5, 1) defined in (1.5), and the bound
constraints (1.4) are added in the trust region problem (3.4). Moreover, the norm used to define
the trust region in problem (3.4) may be either the Euclidean one or the infinity one. The
advantage of this last possibility is that the trust region constraint and the bound constraints
may then be merged together and be handled more easily.

Problem (3.4) in Step 2 of Algorithm TR is solved in two stages by LANCELOT. In the
first stage, the generalized Cauchy step p®© is computed. This step is defined as the (possibly
approximate) minimizer of the quadratic model my in the steepest descent direction subject to
the bound constraints (1.4). This step is important for two reasons. Firstly, convergence of the
algorithm can be guaranteed provided the value of the quadratic model at the step pi is no larger
than that at the generalized Cauchy step (see Conn, Gould and Toint, 1988). Secondly, the set
of variables which lie on their bounds at the generalized Cauchy point, zj 4+ p©“, often provide
an excellent prediction of those which will ultimately be fixed at the solution to the problem.

The second stage consists in further reducing the quadratic model (in order to guarantee a
reasonable rate of convergence), by solving problem (3.4) starting from the generalized Cauchy
point and keeping fized the variables which lie on their bounds at the generalized Cauchy point.
LANCELOT offers two possibilities to perform this stage. Either a direct method (using matrix
factorization) is used to approximately solve the Newton equations of problem (3.4) (see Conn et
al., 1992a), or an iterative method called the conjugate gradient method is performed. The next
section gives a general introduction to this last method, which is reputed to be well suited in the

context of large-scale nonlinear optimization, as explained below.

4 The conjugate gradient method

4.1 The preconditioned truncated conjugate gradient method

The conjugate gradient method is a particular case of the class of conjugate direction methods,
originally developed for minimizing a quadratic function in a known finite number of iterations.
Indeed, if we define a set of non-zero vectors dy, . . ., d, as mutually conjugate with respect to some

positive definite matriz A when they satisfy the condition
dZTAdj =0 for i#j5, i=1,...,n and j=1,...,n,

a conjugate direction method is one which generates such directions, when applied to a quadratic
function with positive definite Hessian H, and terminates in at most n exact linesearches, each
Z;+1 being the minimizer in the subspace generated by z1 and the directions dy,...,d; (that is
the set of points {z € R"|z = 21 + Z;-:l a;d; Va;}). In particular, 2,41 is the minimizer of the

quadratic function over R" (see Fletcher, 1987 for a proof).



The aim of the conjugate gradient method is to generate mutually conjugate directions by
associating conjugacy properties with the steepest descent method in an attempt to achieve
both efficiency and reliability. This method, credited to Fletcher and Reeves (1964), deflects the
direction of steepest descent by adding to it a positive multiple of the direction used in the last
step. When applied for solving a set of positive definite symmetric linear equations Az = —b,
the conjugate gradient method may be described by the following algorithm, using the notation
r; for the residual vector b + Az; (see Gill, Murray and Wright, 1981):

CG Algorithm.
Step 0. The starting point zg € R™ is given. Set §_1 =0,d_1 =0, rg = b+ Azg and ¢ = 0.
Step 1. If r; = 0, then STOP. Else set

di = =1 + Bi—1di—q,

12
" dTAd;

Tip1 = 4 + agd;,
Tip1 = T + a; Ad;

and )
5 = l|rigall3

=
Imill3

increment ¢ by one and go to Step 1.

The remarkable feature of the conjugate gradient method is that it computes the solution
of a linear system using only products of the matrix with a vector, and does not require the
elements of the matrix explicitly. It has also the property that, if exact arithmetic is used,
convergence will occur in m (m < n) iterations, where m is the number of distinct eigenvalues
of A. Very fast convergence may thus be obtained if the eigenvalues of A are clustered into
groups of approximately equal value. Therefore, the rate of convergence should be significantly
improved if the original system can be replaced by an equivalent one, in which the matrix has
many unit eigenvalues. This is the idea of preconditioning, that constructs a transformation,
using a symmetric positive definite preconditioning matriz, to have this effect on A (see Gill
et al., 1981). (Note that the LANCELOT package proposes a list of preconditioning which are
presented in Conn et al., 1992a).

Preconditioned conjugate gradient methods are also well suited when applied to solve approz-
imately the linear system that arises in Newton’s method. Indeed, when far from the minimizer
of the nonlinear objective function, it may not be useful to solve the Newton equations with full
accuracy, and we may then perform only a limited number of iterations of the conjugate gradient
method, computing a vector that interpolates between the steepest descent direction and Newton
direction. This has been termed a truncated Newton method and is especially successful when
combined with a preconditioning, since then a good direction can be produced in a small number

of conjugate gradient iterations.
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4.2 The conjugate gradient—trust region method

Of particular interest is the use of the preconditioned truncated conjugate gradient method to find
an approximate solution of the trust region problem (3.4) (see Steihaug, 1983, and Toint, 1981).
In that case, three different termination rules are included in the method. We terminate when
we have a sufficiently good approximation to the Newton step (cf. truncated Newton method).
Secondly, we terminate when the norm of the approximation is too large (with respect to the
trust region constraint), in which case we take a linear combination of the previous iterate and
the current one. Finally, when we encounter a direction of negative curvature, then we move to
the boundary. This may be regarded as a generalized dogleg scheme. Consider the trust region
problem (3.4) where my is defined in (3.3) and the preconditioning is used under the form of a

weighted norm

1|2 = d"Cd, (4.1)

where (' is a symmetric positive definite matrix. If we use the notations H for V2 f(z}), g for
V f(zr) and r; for —(g + Hp;), the algorithm is:

TRCG Algorithm.
Step 0. Set pg = 0 and rg = —g. Solve C'7g = rg. Set dp = 7o and ¢ = 0.
Step 1. Compute

vi =d'Hd;.

If v; > 0, then go to Step 2. Otherwise, compute 7 > 0 so that

lpi + Tdil|c = A,

set
Pe = pi+ 7d;
and STOP.
Step 2. Compute
TZT'FZ-
a; =
Vi

and
Piv1 = pi + a;d;.

If ||pi+1]lc < Ag, then go to Step 3. Otherwise, compute 7 > 0 so that
lpi + 7dillc = A,

set

pE = pi + 7d;

and STOP.
Step 3. Compute
riy1 =1 — o Hd;.
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If

lIrisille <e
llgllc
then set
Pk = Pig1

and STOP. Otherwise, go to Step 4.
Step 4. Solve
CTiy1 = Tig1-

Compute
T ~
ﬁ' _ it
Ty
3 k3
and
diy1 = Tip1 + Bid;.

Increment ¢ by one and go to Step 1.

In Steihaug (1983), the author has shown that, for the piecewise linear trajectory p(A) that
connects p;,j = 0,1,...,4, and py, we have that my(z; + p(A)) is strictly monotonic decreasing
and ||p(A)||c is strictly monotonic increasing. The method is thus well defined and reasonable,
as there exists a unique step of length Ay (for Ax < |[[H 1g||c) on the trajectory p()) that
minimizes the model my on that trajectory. When the previous algorithm is used in Step 2 of
Algorithm TR, we obtain a globally convergent method that retains the rapid rate of convergence
of Newton’s method (see Steihaug, 1983, for a complete summary of convergence results for that
method).

The LANCELOT package uses a slightly modified version of Algorithm TRCG. That is, in order
to take the bound constraints into account, LANCELOT temporarily stops Algorithm TRCG when
a bound constraint is encountered, then fixes the correspondent variable to its bound and restarts
the algorithm from the current point. This is intended to restore the conjugacy of the directions

which may be lost when a bound is encountered.

5 Partial separability

An important feature of the LANCELOT package is the way it exploits the structure of the
problem to be solved. Techniques for exploiting the structure of a problem — as sparsity in large
systems of linear equations for instance — are indeed playing a crucial role in the development
of practical computational methods for large-scale problems. In nonlinear optimization (and in
particular in LANCELOT), the technique chosen makes use of the notion of partial separability, as
introduced by Griewank and Toint (1982), and can be viewed as a way to describe the structure
of a nonlinear function in terms of an underlying geometry (i. e. subspaces and their relations).

In order to indroduce and illustrate the concept of partial separability, we will consider a
simple example, inspired by a more complex problem called “the discretised minimum surface

problem over the unit square” (see Conn, Gould and Toint, 1990).
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Consider the minimization of the objective function

3
@)= Y7 si (@i, Tiga jy Tijr, Tig1 ), (5.1)
ij=1
where
$i,i(Tijs Tig1,j> Tijb1, Ti1,j41) = \/1 +(zij — Tip1,i41)° H (Tijp — Tip )%, (5.2)

and where the 16 variables correspond to the vertices of a unit square discretised in 9 smaller

squares, as shown in Fig. 1.

(+1,5)  (+1,j+1)

‘i, i) (i,j+1).

Figure 1: Discretisation of the unit square

It is easy to see that the Hessian, V2f(z), has a block-tridiagonal sparsity pattern with
tridiagonal blocks (see Fig. 2). Actually, this sparsity structure may be discovered by considering
the Hessian of each of the 9 functions s;; (when taken as functions of the complete set of 16
variables), and by putting them on top of one another (see Fig. 3). So, considering each function
s; ; as a function of only ; ;, 2,41, ©; j+1 and &4 ;41 (hence with a dense 4 x 4 Hessian matrix),
the full Hessian V2 f(x) may then be reconstituted by assigning each of the rows and columns of
each 4 x 4 matrix to the relevant row and column of the larger V2 f(z).

Let denote by s; ;(z) the function s; ; when considered as a function of the complete set of

variables. We see that it satisfies the important property that
sij(2) = sij(z +w) (5.3)
for all vectors w in the invariant subspace
N ={we %16|wm- = W41 = Wig1,; = Wig1,j4+1 = 0} (5.4)

Each s; ;(z) is therefore invariant with respect to all translations corresponding to vectors of

N#. From this invariance, it is again easy to deduce that V2s; ;(x) is a (very) sparse matrix, but

13



Figure 2: The Hessian pattern of function f(z) in (5.1)

(5.3)~(5.4) is in fact the most important observation when analysing the structure of V2f(z).
So, the sparsity pattern of this last matrix may be interpreted as a consequence of the problem
structure: sparsily is easily derived from the structure, but the reverse is not true.

Examining the function s; ; in more detail, we also see that, instead of being a function of the

four variables z; ;, ®;41 ;, ®; j41 and ;44 ;41, it is, in fact, a function of the two internal variables

def

def
Ui = @i = Tiprge and v = @ = Tiga (5.5)
If we write the simple linear transformation
Tij
Ui\ 1 0 0 -1 2541 (5.6)
v; 5 01 -1 0 ziy1; | '
Lit1,5+1

we can then reformulate s; ; in terms of these internal variables as
$ig(2ig Tiet g Tijat, T 1) = 8i(uig, i), (5.7)
where the new function §; ;(u; ;,v; ;) is given by
§i7]‘(u2‘d‘, vm-) =4/1+ (u2 + v? ) (5.8)

] 0]
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Figure 3: The Hessian pattern of function s 1(z)

Computing now the gradient and Hessian of 3; ; with respect to its two arguments, we obtain
that

WV j(ui gy vi) = Vi (2igs Tig g Tij1s Tig, 1), (5.9)
where the matrix
W:(é?_? _(1)) (5.10)
and also that
WIN28, (i, 0 )W = V28 (@i, @ig1 4, Tijp1s Tigr, i), (5.11)

where s; ; is again considered as a function of four variables. Observe that the Hessian of 3; ; is
now a 2 X 2 symmetric matrix, while that of s; ; is 4 X 4. Furthermore, the matrix W needs not
to be indexed, because the same linear transformation holds for all values of ¢ and j. Storing the
second derivatives of our problem therefore requires storing W once, plus storing the 9 Hessians
of the functions 3; ;.

In order to abstract from these observations, it is important to note that (5.3) holds not only

for the vectors w in N7, but for all w in
Nij=Nij&{we R%wi; = wigrjm and wijp = wip;}, (5.12)

where the symbol @ denotes the direct sum of two subspaces. We can then use all the above

remarks to define partially separable functions as follows.
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We say that f(z) is partially separable if and only if

1. it can be written as a sum of element functions, that is
f(z) =" filx), (5.13)

2. each of these element functions has a nontrivial invariant subspace, that is, for each 7 €
{1,...p}, there exists a subspace N; # {0} such that, for every z € R and w € N;, we
have that

fi(z) = fi(z + w). (5.14)

As in the example above, we may then set up a linear transformation for each element, that
transforms the problem variables {z;}7_, into internal variables for the element, {u;}, say, as
expressed by the relation

u = Wz. (5.15)

Once the transformation from problem variables to internal ones is defined, it is only necessary

to store, compute and/or update the derivatives
Vji(u) and V2fi(u), (5.16)

whose dimensions are smaller.
As we have seen, the notion of partial separability extends that of sparsity. More formally,

we may state the following result.

Theorem 1 Fuvery twice continuously differentiable function from R™ into ® having a sparse

Hessian matriz is partially separable.

The reader is referred to Griewank and Toint (1982) for a more detailed discussion of this basic
property.

The definition (5.13)-(5.14) is not the most general one (see, for example, Griewank and
Toint, 1982), but has the advantage of being rather intuitive. The LANCELOT package uses the
notion of group partial separability which is somewhat more complicated but allows to go one

step further in the exploitation of the problem structure (see Conn et al., 1992a).

6 Conclusions

In this paper, we propose a general introduction to some classical optimization methods which
have been used in the nonlinear optimization package LANCELOT. This package, written by Conn
et al. (1992a) and particularly designed to solve large-scale nonlinear optimization problems, has
been built using a performing combination of classical optimization methods together with new
approaches which have been developed by the authors. While those approaches are extensively
detailed in the literature, this paper presents the classical optimization background used in the
framework of LANCELOT, showing how this background has been actually embedded in the

somehow more complex structure and composition of the package.
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