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On Recursive Multiscale Trust-Region Algorithms for Unconstrained
Minimization
ANNICK SARTENAER, PHILIPPE L. TOINT
(joint work with Serge Gratton)

A large class of large-scale finite-dimensional minimization programs arise from
the discretization of infinite-dimensional problems, such as optimal-control prob-
lems defined in terms of either ordinary or partial differential equations. We re-
port here on a potentially efficient new class of algorithms using this structure and
briefly discuss a first set of numerical experiments.

A simple first approach is to use coarser grids in order to compute approximate
solutions which can then be used as starting points for the optimization problem on
a finer grid (see [10], [3], [5] or [4], for instance). However, potentially more efficient
techniques are inspired from the multigrid paradigm in the solution of partial
differential equations and associated systems of linear algebraic equations (see, for
example, [6] or [7]). The work presented here was in particular motivated by the
“generalized truncated Newton algorithm” presented in Fisher [9], a talk by Moré
[13], the contributions by Nash and Lewis [11, 12] and the computational success
of the low/high-fidelity model management techniques of Alexandrov, Lewis and
co-authors [1, 2].

We consider the solution of the unconstrained optimization problem

1) min f(z),

TERT

where f is a twice-continuously differentiable objective function which maps R"
into R and is bounded below. The trust-region methods which we study produce,
given an initial point zg, a sequence {z} of iterates (hopefully) converging to a
local first-order ciritical point for the problem. At each iterate xj, these methods
build a (typically quadratic) model mg(zy + s) of f(xr + s). This model is then
assumed to be adequate in a “trust region”, defined as a sphere of radius Ag > 0
centered at xy, and a step sy is then computed that sufficiently reduces this model
in the region. The objective function is computed at the trial point zj + s and
this trial point is accepted as the next iterate if and only if the achieved reduction
in f is sufficiently large compared to the predicted reduction in my. The value
of the radius is finally updated to ensure that it is decreased when the trial point
cannot be accepted as the next iterate, and is increased otherwise. Obtaining
sufficient decrease on this model then amounts to (approximately) solving the
problem min”susAk mk(;vk + S).

We investigate what can be done to reduce the cost of solving (1) if one attempts
to exploit the knowledge of simplified expressions of the objective function, when
available. More specifically, we assume that we know a collection of functions
{fi}i_, such that each f; is a twice-continuously differentiable function from R™:
to ® (with n; > n;_1), the connection with our original problem being that n, = n
and f.(z) = f(z) for all z € R". We will also assume that, for each i = 1,...,r,
fi is “more costly” to minimize than f;_;. This may be because f; has more
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variables than f;_; (as would typically be the case if the f; represent increasingly
finer discretizations of the same infinite-dimensional objective), or because the
structure (in terms of partial separability, sparsity or eigenstructure) of f; is more
complex than that of f;_1, or for any other reason. To fix terminology, we will refer
to a particular ¢ as a level. Of course, for f;_; to be useful at all in minimizing
fi, there should be some relation between the variables of these two functions.
We henceforth assume that, for each i = 1,...,r, there exist a full-rank linear
operator R; from R™ into R™-' and another full-rank operator P; from R"i-!
into R™ such that P; = RzT, where P; and R; are interpreted as restriction and
prolongation between a fine and a coarse grid. The idea is then to use f,_1 to
construct an alternative model h,_; for f. = f in the neighbourhood of the current
iterate, that is cheaper than my, and to use this alternative model to define the
step in the trust-region algorithm whenever possible. If more than two levels are
available (r > 1), this can be done recursively, the approximation process stopping
at level 0, where the usual quadratic model is always used. The resulting algorithm
can then be specified as a variant of the Basic Trust-Region Algorithm of [8].

We briefly describe the global convergence theory associated with this algorithm
and show convergence from arbitrary starting points to first-order critical points
under classical assumptions. We also discuss an associated dimension-independent
worst-case complexity result. We finally present a first numerical application for
one of the possible implementations. This implementation specifies the nature
of the non-recursive iterations, which fall into two classes: smoothing iterations,
aimed at decreasing high-frequency components of the gradient, and damping
iterations, which decrease their low-frequency components (an important question
is to modify these iterations as to ensure “sufficient decrease” in the sense of the
Cauchy condition). Other implementation questions are concerned with the form
of the recursive iterations, ranging from free form (where the optimization at lower
levels is governed purely by accuracy requirements) to fixed cycles (such as the V
and W cycles inspired by multigrid techniques). Demonstration of the efficiency
of the method is done on a minimum surface problem with highly oscillatory
boundary conditions. Problems of this type involving up to 1.1 million variables
were solved by the new algorithm in MATLAB on an oldish laptop PC (Pentium
4 Mobile, 1.6 GHz). Perspectives are finally described, which are both numerous
and interesting.
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