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About the impossibility to prove P # NP or
P = NP and the pseudo-randomness in NP

Prof. Marcel Rémon

Abstract

The relationship between the complexity classes P and INP is an unsolved question in the
field of theoretical computer science. In this paper, we look at the link between the P - NP
question and the “Deterministic” versus “Non Deterministic” nature of a problem, and more
specifically at the temporal nature of the complexity within the NP class of problems. Let us
remind that the NP class is called the class of “Non Deterministic Polynomial” languages.
Using the meta argument that results in Mathematics should be “téme independent” as they
are reproducible, the paper shows that the P # NP assertion is impossible to prove in the
a-temporal framework of Mathematics. A similar argument based on randomness shows that
the P = NP assertion is also impossible to prove, so that the P - NP problem turns out
to be “unprovable” in Mathematics. This is not an undecidability theorem, as undecidability
points to the paradoxical nature of a proposition. In fact, this paper highlights the time
dependence of the complexity for any NP problem, linked to some pseudo-randomness in

its heart.

Index Terms

Algorithm Complexity, Non Deterministic Languages, P — NP problem, 3-CNF-SAT
problem
I. INTRODUCTION
A. The class P of languages

A decision problem is a problem that takes as input some string, and outputs ”yes” or "no”.
If there is an algorithm (say a Turing machine, or a computer program with unbounded
memory) which is able to produce the correct answer for any input string of length n in at
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most ¢ n¥ steps, where k and ¢ are constants independent of the input string, then we say

that the problem can be solved in polynomial time and we place it in the class P.

More formally, P is defined as the set of all languages which can be decided by a deterministic
polynomial-time Turing machine. Here we follow the framework proposed by Stephen [1].
Let ¥ be a finite alphabet with at least two elements, and let X* be the set of finite strings
over ¥. Then a language over ¥ is a subset L of ¥*. Each Turing Machine M has an
associated input alphabet . For each string w in ¥*, there is a computation associated
with M, with input w. We say that M accepts w if this computation terminates in the
accepting state “Yes’. Note that M fails to accept w either if this computation ends in the

rejecting state “No”, or if the computation fails to terminate.
The language accepted by M, denoted L(M), has associated alphabet ¥ and is defined by
L(M) = {w € E*|M accepts w}

We denote by tp;(w) the number of steps in the computation of M on input w. If this
computation never halts, then ¢y (w) = co. For n € IN, we denote by Tps(n) the worst case
run time of M; that is
Ty (n) = max{ty (w)|w € X"}
where X7 is the set of all strings over X of length n. We say that M runs in polynomial time
if :
3k € IN such that {Vn:Ty(n) <nfF+k }

Definition 1.1: We define the class P of languages by

P = {L|L = L(M) for a machine M which runs in polynomial time}

B. The class NP of languages

The notation NP stands for non deterministic polynomial time, since originally NP was
defined in terms of non deterministic machines. However, it is customary to give an equiv-
alent definition using the notion of a checking relation, which is simply a binary relation
R C ¥* x X7 for some finite alphabets ¥ and ¥;. We associate with each such relation R a
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THE P - NP QUESTION AND THE PSEUDO-RANDOMNESS OF NP PROBLEMS 3

language L over XU  U{#} defined by

Lr = {w#y|R(w,y)}

where the symbol # is not in 3. We say that R is polynomial-time iff L € P.

Definition 1.2: We define the class INP of languages by the condition that a language
L over ¥ is in NP iff there is k € IN and a polynomial-time checking relation R such that
for all w € X%,

we L& 3y(y| < w|* and R(w,y))

where |w| and |y| denote the lengths of w and y, respectively. We say that y is a certificate

associated to w.

C. The P - NP question

The “P wversus NP problem”, i.e. the question whether P = NP or P # NP | is an open
question and is the core of this paper. See [4] for the history of the question. Here, we
show that neither P = INP nor P # INP can be proved in the “a-temporal” framework
of Mathematics where results should always be reproducible. We link this assertion to the

existence of some pseudo-random part in the heart of any NP problem.

D. An example of NP problem : the 8-CNF-satisfiability problem

Boolean formulae are built in the usual way from propositional variables x; and the logical
connectives A, V and —, which are interpreted as conjunction, disjunction, and negation,
respectively. A literal is a propositional variable or the negation of a propositional variable,
and a clause is a disjunction of literals. A Boolean formula is in conjunctive normal form iff

it is a conjunction of clauses.

A 3-CNF formula ¢ is a Boolean formula in conjunctive normal form with exactly three
literals per clause, like ¢ := (z1 Va3V —x3) A (mxe V 23V ) := 1 Atpy. The 3-CNF-
satisfiability or 3-CNF-SAT problem is to decide whether there exists or not logical values

for the literals so that ¢ can be true (on the previous example, ¢ = 1(True) if 21 = —z9 = 1).

Until now, nobody knows whether or not it is possible to check the satisfiability of any given
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THE P - NP QUESTION AND THE PSEUDO-RANDOMNESS OF NP PROBLEMS 4

3-CNF formula ¢ in a polynomial time, as the 3-CNF-SAT problem is known to belong to

the class NP of problems. See [2] for details.
Let us give some general properties of the 3-CNF formulae.

The size s of a 3-CNF formula ¢ is defined as the size of the corresponding Boolean circuit,

i.e. the number of logical connectives in ¢. Let us note the following property of the size s :
s=0(m) = O(n?) (1)

where n is the number of propositional variables z; and m the number of clauses in ¢.

Indeed,

<m< 23n(n— 1)(n—2)

n
3 3% 2 and

(Bm—1)<s<(6m—1)

as there is a maximum of 23 x C§ possible clauses which corresponds to the choice of 3
different variables among n, each of them being in an affirmative or negative state. Note

w_"»
-

that s = 3m — 1 when there is no in ¢ [m x 2 logical connectives “V” for the 1; and

m—1 “A” as conjonctions] and s = 6m — 1 when all the litterals in ¢ are in a negative form.

In this paper, we define the dimension d of a 3-CNF formula as (n,m). And we represent
any 3-CNF formula by a matrix A of size 2n x m. The signature u; of a clause v; is defined
as the value of the binary number corresponding to the row in the matrix. The signature
of a formula is the ordered vector of these clause’s signatures : @y, m &~ (u1,u2, - ,Um) With

21 <w; <21-22"75 and u; > u; for i < j. See Table I.

3-CONF formula ¢ (dimenston d = (4,3))
Ty Xy | X2 Xy | Xz X3 | Tg Ty Uj
1 (LL'l VoV ﬁxg) 1 0 1 0 0 1 0 0 164
A o (ﬁl‘g VsV ﬁ$4) =2 0 0 0 1 1 0 0 1 25
A 3 : (ﬁl‘l \/ﬁxg\/le) 0 1 0 0 0 1 1 0 70
TABLE I

EXAMPLE OF MATRIX REPRESENTATION AND SIGNATURES OF A 3-CNF FORMULA.
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There are 23 x C} possible clauses with n variables. A 3-CNF formula with dimension (k,m)
with k& < n is composed of m different clauses drawn from the 23 x C§ possible clauses. So,

the total number of such formulae is

C2S><C§‘ _ (23 x Cy)!
" ml x (23 x C§ —m)!

=0(n’") (2)
Let ®,, ,,, denote the set of all these formulae :

@, m = {p: ¢ is a 3-CNF formula of dimension (k,m) with k <n }
The 3-CNF-Satisfiability problem is to find a function = :

=:9,, — {0,1} (3)

p o~ 0 if ¢ is non satisfiable and 1 otherwise

The 3-CNF-Satisfiability problem is known to belong to the NP class.

II. A “META MATHEMATICAL” PROOF THAT P # NP 1S IMPOSSIBLE TO PROVE

One way to prove that P # NP is to show that the complexity measure Ty (n) for some
NP problem, like the 3-CNF-SAT problem, cannot be reduced to a polynomial time. We
will show that the 3-CNF-SAT problem behaves as a common safe problem and that its
complexity is time dependent. In fact, at some specific time tg+ At, the 3-CNF-SAT problem

will be of polynomial complexity. So, P # NP will not be provable, as Ths(n) is not “always’

supra-polynomial.

A. The analogy with the safe problem and the time dependent nature of complexity

Finding whether or not a given 3-CNF formula ¢ is satisfiable is like being in front of a safe,
trying to find the opening combination. One has to try any possible value (0 or 1) for the
variable z; in ¢ to see whether some combination satisfies ¢, in the same way as one tries

any combination to get the one, if it exists, that opens the safe.

Let us consider more deeply the analogy between the 3-CNF-SAT problem and the safe
January 28, 2010—11:39 am DRAFT
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problem, especially by looking to the time dependent nature of the complexity involved here.
It is clear that when you are in front of a safe for the first time, it is a very hard problem,
as you do not have any information about the correct opening combination. In fact, in the
worst case, it takes an exponential time to find it. But as soon as you have succeeded in
opening the safe (or in finding that there is no solution), the problem becomes trivial. It

takes only one operation to open the safe or to declare it impossible to open.

Let us denote by tg the first time you try to open the safe, and by At the time needed to
find the solution. Let us remark that At can be huge but it is always finite as the number
of possible combinations is finite. Now we compute the complexity measure Ty, se(n) for the

safe problem at to and to + At.

In ¢y, one has to test all possible combinations. If the safe has n buttons with only two
positions (0 or 1), there will be 2™ possibilities. Because no information is available about
the solution, there is no way to reduce the number of cases to be tested. The exponential
complexity of the problem comes from the total lack of information about the solution. This
absence of information is strictly related to the random nature of the problem : the finding
of the opening combination is a random search process for anyone in front of the safe, at
least in tg. So, we get

Tsafe, to (n) =2"

But after At, the correct opening combination is known forever, and the complexity measure

is now

Tsafe, to+at(n) =1

As one can see, the complexity measure Tsqe(n) for the safe problem is time dependent.

The same occurs for the 3-CNF-SAT problem as well as for any NP problem. Their com-
plexity measure changes in time. The idea of this section about the impossibility to prove P
# NP is to show that, even if T5_cnp_sar, t,(n) is not known (exponential or polynomial
?7), there exists some At, even huge, such that the complexity measure is polynomial in

to + At.
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B. The Computation of Ts_cNF—SAT, to+At(1)

Let us take At large enough so that = [the 3-CNF-SAT decision function, see equation (3)]
is known for all the 3-CNF formulae in ®,, ,,,. At exists and is finite. In the analogy with the
safe problem, it corresponds to the time needed to find the solution for all safe equipments
of dimension n. Until now, we do not know whether = can be computed in polynomial time

or not, but this only changes the size of At.

The output of = is the set S, ,, of all satisfiable 3-CNF formulae of ®,, ,,,, or equivalently
Sn.m = Prm \ Snm, the set of all non satisfiable 3-CNF formulae. As equation (2) shows,
Sn.m contains at most O(n™) elements. The worst case occurs when m = (2% x C})/2 =

O(n?). As S,.m C ®,,.m, the equation (2) gives us the following result :
H(Snm} < #{ P} =003 = #{S,m}=0@2") asn?®>2 (4)

See Figure 1 for an example of #{®,,,,} and #{S, m} with n = 4. The figure shows that
#{®,, n} and #{S, m} behaves similarly.

So, one can now calculate Ts_cnF—saT, to+a:(n) : it is the time required to check whether a
specific 3-CNF formula belongs or not in Sy, n, after At large enough for the entire set S,, m
to be computed. If one can allocate an exponential space for memory to save the elements
of gmm (as accepted in Turing machines), then a hash algorithm, based on the clause’s
signatures, can be used to see whether a 3-CNF formula ¢ belongs or not to the set gn)m.
For instance, one can use u;, the i*" ordered signature of clauses, as the i*" successive hash
function h;(¢). It takes O(2n) operations to compute each of these m clause’s signatures of
¢ and O(mlogm) computations to sort them. We need then O(2% x C%) operations, which
corresponds to the maximum number of possible values for the signatures, to find whether
the signature belongs or not to the corresponding section of gn,m where the formulae are

also ordered, in a lexical ordering, following their clause’s signatures. Using equation (1)

[i.e. O(m) = O(n?)],

Ts_cNF-SAT, to+at(n) = O(m(2n) + (mlogm) +m(2°CY))
= O(m?)=0(n*) for some k € IN (5)

January 28, 2010—11:39 am DRAFT
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25

= = N
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Fig. 1
LOGARITHMIC SCALE : THE UPPER CURVE REPRESENTS THE TOTAL NUMBER OF ALL POSSIBLE 3-CNF IN
®4,m; THE SECOND ONE, THE TOTAL OF NON-SATISFIABLE 3-CNF, i.e. #{34,,”}, AND THE LOWER ONE,
THE TOTAL OF [rreducible Non-Satisfiable 3-CNF, i.e. #{gﬂf} (SEE SECTION B FOR THE DEFINITION).

C. The “unprovability” of P+ NP

Theorem II.1: It is impossible to prove that P# INP in the deterministic or time inde-
pendent framework of Mathematics.
Proof: The solution of the 3-CNF-SAT problem is equivalent to the setting of these two

functions =’ and =" :

o)

(Inty) Z': @, —{0,1} (the construction of Sy m)
¢ ~ 0 ifpeS,mand 1 otherwise (6)
(Into+At) Z':®, (9(_11’;) {0,1} (v é Sn.m when Sy, m is known)
¢ ~ 0 ifp€S,,and 1 otherwise (7)

The meta mathematical argument lies in the fact that any operation done by Z’ in ¢ can be

reduced to a polynomial time operation by Z in to + At 1.

' To make it easier to understand, let us think of the version of 3-CNF-SAT with n =4 : it took us several months
to build Sy, m, but now it only takes seconds to solve the 3-CNF-SAT problem with 4 variables. And this is done

January 28, 2010—11:39 am DRAFT
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Mathematically speaking, it is impossible to make a formal or mathematical distinction be-

Y

tween both functions Z' and Z”, as time does not interfere with proofs in mathematics.
More precisely, if someone proves that the 3-CNF-SAT problem = (or Z') is non polynomial,
this assertion, as well as the steps for the demonstration, should be true at any time, inde-
pendently of ¢, even in tg+ At. The proof could not introduce time in the demonstration.
But people will only be able to proof the non polynomial nature of 3-CNF-SAT for time t,
certainly not for time ¢y + At as shown in equation (5). And this argument holds for all
NP problems because all of them are equivalent, in term of complexity, to the 3-CNF-SAT
problem. |
This is exactly the same situation as with the safe problem : the complexity measure of the
problem is changing over time, becoming polynomial after some large A¢. But the P - NP
question does not consider time as far as complexity is concerned : if we do not consider the

time dependent nature of complexity, one should conclude that P = NP . The next section

will show that it is not so clear.

III. A “META MATHEMATICAL’ PROOF THAT P = INP IS IMPOSSIBLE TO PROVE

A. The “P = NP 7 assertion is not equivalent to “Not P # NP ”

The previous time dependent argument is no longer valid with respect to P=NP, as we can
have Tz 1o(n) = Tas to+at(n) = O(n*) in this case. Indeed, from a strict mathematical point
of view, one should accept that P = INP as soon as P # NP is proven to be impossible. But,
if we take into account the time dependence of the complexity measure Ths(n), the assertion
“P= NP7 does not mean solely the contrary of “P=# NP 7, even if both assertions are

mutually exclusive.
Indeed, “P=NP” can be rewritten as

Tare(n) = Tareyat(n) = O(n*) Vt,At and for any problem M in NP (8)

forever. A similar reasoning can be done for the i*" decimal of 7, or for the list of the n first prime numbers.
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The idea in this section is to show that for any NP problem M, there will be a time ¢
where Thri(n) >> O(n*) [Tar+(n) = Q(2"), for instance?]. Therefore, equation (8) will not
hold and the assertion “P=NP ” will be false. The idea here is to point out some random
property related to a special class of 3-CNF formulae, the INS 3-CNF formulae, as we did

with the safe problem when we computed Tsq e t, ().

B. The class of INS 3-CNF formulae

Let us first introduce the notion of Irreducible Non Satisfiable (or INS) 3-CNF formulae.
Definition I11.1: An INS 3-CNF' formula is a non satisfiable 3-CNF formula ¢y, ,, such

that any smaller sub-formulae ¢x; (K <n, I <m) of ©5,.m is satisfiable. This means that

the non satisfiability nature of ¢, ,,, requires the entire set of the m clauses of ¢y, ,,,.

The argument in the following section is to divide the 3-CNF-SAT problem into two separated

and “orthogonal” problems : the INS-3-CNF-SAT and the INS-Reduction problems.

C. The “unprovability” of P=NP

Lemma II1.1: For some time t+ 6t, the 3-CNF-SAT problem is Q(2"), even if one can
solve the INS-3-CNF-SAT problem in O(n*).
Proof: The core of this proof is to concentrate our attention, not on the satisfiability
characteristic of ¢,, ,,, but on the non necessary clauses in ¢, p,.
1. Let us suppose that, for some time ¢, we have got enough time to build the set

SN ot all the INS 3-CNF @ m- As shown in equation (5), at time ¢, it takes

n,m

INS

n,m

O(n*) computations to check whether or not a given formula ¢, ,, belongs to S
as gij\:f CSnm-

2. Let ¢y, ,,, be an INS 3-CNF formula in gi]\,lns From ¢, ,,,, we generate a new
non satisfiable formula ¢y, 2,,, with 2m clauses, by adding randomly m extra clauses.
These clauses can be considered as noisy extra clauses. This random generation is
over at time t + dt.

INS .
n,m » from time t), we want

3. At time t+ 6t (remember that we have knowledge of S
to check whether or not ¢y, 2., belongs to gnﬁgm [the general 3-CNF-SAT problem,
with no information about S,, 2]

2 Q(2") means that the computation time is larger than 2" (i.e. exponential).
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Our 3-CNF-SAT algorithm on ¢, 2,, will use the information about 321\7[5 as this
information is related to the most difficult part of the algorithm (the non satisfiability
property of a 3-CNF formula). Moreover, by hypothesis, at time ¢+ 6¢, this sub-
algorithm is supposed to be polynomial for any INS 3-CNF formula.

So, the 3-CNF-SAT algorithm will have to find, inside the clauses of ¢, 2y, the
added or noisy clauses, so that it can find the hidden INS sub-formula ¢} . in
©n.2m- Let us call this search the INS-Reduction problem. We have thus divided the
3-CNF-SAT problem in two orthogonal problems : the INS-3-CNF-SAT problem
(in O(n*)) and the INS-Reduction problem.

4. Let us now prove that, at time ¢+ ¢, the INS-Reduction problem is (2") for our
3-CNF formula ¢y, 2. Once again, we use a meta mathematical argument, based
on some property of true randomness.

To the Irreducible Non Satisfiable formula ¢J, ,,, one can add any extra clause with-
out changing the non satisfiable nature of the obtained formula. These added clauses
can be selected in a totally arbitrary way, with respect to ¢}, ,, (except that all
clauses should be unique). So, one can add to ¢}, ,,, many different clauses, in a ran-
dom way, without link with ¢}, ... One possible random output of this generation
process can be our peculiar formula ¢y, 2.

In fact, ¢n,2m can be seen as the final output at time ¢t + 0t of a random process
beginning with ¢y, ,,, at time ¢. If we look at the process in a backward way, we
see that there are C2™ different possible random processes beginning with different
©5.m> Which lead to a peculiar ¢, 2,,. Mathematically speaking, it is impossible to
distinguish the given formula ¢p 2m from the result of a true random process. And
if ¢y 2m is truly a random output, we are then in presence of a problem similar to
the safe problem in time ¢y, when a random search process was needed to find the
solution. There is no way to get useful information for the search of ¢j, ,, inside
©n,2m [the INS-Reduction problem]. So, one has to check all possible combinations

for the sub-formula ¢}, ,, and then see whether this sub-formula belongs or not to

SIS 0 O (k).

n,m

And this INS-Reduction algorithm takes at least an exponential number of operations

January 28, 2010—11:39 am
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(in fact® : C?m =Q(2™)). Using the fact that m = Q(n) (see equation (1)), the 3-
CNF-SAT problem for any formula like ¢, 2., is (2™ x n¥) = Q(2™) = Q(2"), at
least at time t + dt.
|
Theorem II1.2: Any 3-CNF-SAT algorithm should contain, at some time ¢ + dt, a sub-
algorithm equivalent to the INS-Reduction algorithm, and therefore is Q(2"). So, it is
impossible to prove that P=NP | in the sense defined in equation (8).

Proof: The proof of this assertion is based on the very nature of the 2m clauses of ¢, om, :
m of them are mathematically related to the non satisfiability property of ¢, 2, while the
other m clauses are totally unrelated (as noise) to it. Any 3-CNF-SAT algorithm for such
formula as ¢, 2, should handle, in some way, these noisy extra clauses. And, as these
extra clauses can be anything (totally random), there is no way to escape some exponential
INS-Reduction (or random search) process to get rid of them. |
Once again, the pseudo random nature of the NP problem arises in the reflection. It is
because of the possible randomness within the generation of the extra clauses (from ¢y, ,, to
©n,2m ) that there is no efficient or polynomial way to find back <p;§1m inside ¢y, 2m, and thus

3-CNF-SAT cannot be proved to be in P because of that.

IV. CONCLUSIONS

This paper tries to show that the PLINP problem is impossible to solve within the time
independent framework of Mathematics, as neither P= NP nor P# NP can be proved
without reference to time. The key concept of the paper is the temporal nature of the com-
plexity measure for the NP —hard problems. This time dependence is closely related to
some (pseudo) randomness in the heart of these problems. Some analogy can be found with

the Chaos theory, when pseudo randomness arises from deterministic processes.

For the author, NP is really different from P but the difference lies in the distinction be-
tween true randomness and mathematical pseudo-randomness, and this frontier is situated

3 See Appendix for a proof.
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on the limit border of Mathematics (which is deterministic).

The impossibility for a solution to P Z NP gives a new perspective on the pseudo non
deterministic (or random) nature of the most difficult problems, the NP —hard problems :
we can see these problems as so inextricable that we are in front of them like someone fac-
ing some random search problem (as the safe problem), even if they are deterministic (not

random) in their very essential nature, i.e. as quasi chaotic problems.

Therefore, the P — NP “unprovability” can be seen as the expression of the incapacity for

Mathematics to give a time independent definition of randomness.

V. APPENDIX : DETAILS ABOUT THE EXPONENTIAL COMPLEXITY OF THE

INS-REDUCTION PROCESS
A. Preliminaries

Let ¢}, 5,,, be the 3-CNF formula to be reduced, and ¢y, , be any sub-formulae of ¢y, 5,,,. We
INS

n,m

suppose that ¢}, 5, is a random extension of some ¢, ;, in S where gflj)\;s denotes the
set of all Irreducible Non Satisfiable 8-CNF formulae ¢, , of dimension (n,p). These sets

are supposed to be known here.

INS

n,p

The INS-Reduction Process checks whether there exists ¢y, , in S for some p < 2m, such
that ¢y, , is a sub-formula of ¢}, 5,,, and @, 5, is Irreducible Non Satisfiable. We will prove that
this process has an exponential complexity

TINS—Reduction,t-i-M (n) = Q(2n) .

B. The two approaches for the INS-Reduction Process

In fact, there are only two major ways to check whether or not there exists a sub-formula

of ¢}, 5, I gi{ls(p < 2m). Any INS-Reduction algorithm will be a mixture of these two
approaches :

1. From ¢}, 5, to EINS

np one considers all the possible sub-formulae of ¢, 5,

January 28, 2010—11:39 am
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with dimension (n,p) (p < 2m), and then checks whether these sub-formulae belong
to gi{is ; one stops as soon as such a sub-formula is found. By hypothesis, the
algorithm will stop with p=m as ¢}, ,,,, is an extension of some ¢, ,, € gfl]\:ns

2. From gi];s to ¢y, 9, ¢ for each formula ¢, ), in gi{\és(p < 2m), one checks

whether ¢, ;, is a sub-formula of ¢}, ,,, ; one stops as soon as such a sub-formula is

found. Here again, p =m at the end of the process.

C. Complexity of both approaches

1. Because of the pseudo random nature of ¢, 5,,, the first algorithm is required
to consider all the sub-formulae of 7, ,,, of dimension (n,p)(p <2m). As ¢}, 5, is
an extension of some ¢, ,,, the algorithm will consider Z;nzl Cam = Q(2m) differ-
ent sub-formulae. For each of these sub-formulae, it takes O(n*) operations (see
equation (5)) to check whether or not it belongs to 371111\1/)5' So, the first algorithm is
Q(2™) x O(nF) = Q(2™) = Q(2").

2. Because of the pseudo random nature of ¢y, 5,,, the second algorithm is required

INS
n,p

some @p, m, the algorithm will consider 377 | #{32{25} different INS 8-CNF formu-

to consider all the formulae belonging to S,, )~ (p < 2m). As ©r.2m 18 an extension of
lae. For each of these formulae, it takes O(n*) operations to check whether one gets
or not a sub-formula of ¢y, 5,,,. This is just a classical string searching algorithm,
which has polynomial complexity. So, the complexity of the second algorithm will
be S #5007} x O(nk).

By proving in the next section that 3" | #{gi{\;s} is 2(2™), we show that both approaches

for the INS-Reduction process are equivalent in terms of complexity. And this holds for any

mixture of these approaches.

=, _INS p2on
D. Theorem : Z#{Sn,p }=9Q(2") form = Wir%

p=1
D.1 Notations

Let ¢, m € ®,,m be a 3-CNF formula with propositional variables z1,--- ,x, and clauses
1, ,%m. Let ¥, be the set of the 23 x C?% possible clauses with n variables, and {0,1}"

be the set of all possible logical values for the variables.
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Let g: ¥, —{0,1}" : ¢; ~ g(¥;) =S; € {0,1}" where S; = {v € {0,1}" : ¢;(v) = 0}. For
instance, ; = 1 Va2 V z4(€ ¥y) leads to g(¢;) =S; = {(0,0,0,0),(0,0,1,0)}. See Table
II where v = (a,b,c,d) corresponds to the column i = a+b.2+c.22 +d.23. Tt is clear that

#Sj =2n73,

Let us define ¢g<W|enm) = {¢; @ ¥j(v) = 0,%; in ¢ m}. We have that

#{g= (v|n.m)} < CF as each v can correspond to maximum C¥ clauses.

Y 0O T2 34 5 6] 7 8910 Il 1213 ] 1415
—z1V-azV-z3 | 0] 00|00 0 0O 100 O 0 0 0 0 T
z1V-ozoV-ozs | Ol 0[O0 ] 0] o0 0 1lo]loflo] o 0 0 0 1 0
ziVaavV-z3 | 0| 0| o001 0 o|loflo]|ol| o 0 1 0 0 0
—ziV-maVas | 0| 0| 0| 1]0 0 o|loflo]|ol| o 1 0 0 0 0
z1V-ozovazy | 0| 0| 1] 0| o0 0 oloflo]|olf 1 0 0 0 0 0
—ziVaaVaes | 0| 1| 0] 0| o0 0 o|loflo]|1]| o 0 0 0 0
zyVaaVaes | 1 [ 0[O0 | o0]oO0 0 o|lofl1]of o 0 0 0 0 0
—zyVozgV-oay | 0] 00|00 0 o|loflo]|ol| o 1 0 0 0 1
ziV-zaV-ozy | O 0] 0| 0] O 0 oloflo|olf 1 0 0 0 1 0
—ziVaaV-ozy | 0| 0| 0| 0] O 0 o|loflo]|1]| o 0 0 1 0 0
ziVaaV-ay | 0| 0| 0| 0] O 0 o|lofl1]o| o 0 1 0 0 0
—z1V-ozovazy, | 0| 0| 0| 1|0 0 o|l1|lo]of o 0 0 0 0 0
ziV-zaVay | 0| 0| 1]|0]o0 0 1lo]loflo] o 0 0 0 0
—ziVazaVaey | 0] 1| 0] 0|0 1 o|loflo]|of| o 0 0 0 0 0
zyVaaVay, | 1] 0| 0] 0|1 0 o|loflo]|ol| o 0 0 0 0 0
—zyVozgV-oxy | 0] 00| 0] o0 0 o|loflo]|ol| o 0 0 1 0 1
z1V-ozgVozy | O O] 0] 0] O 0 o|loflo]|of| o 0 1 0 1 0
—zyVazV-zy | 0| 0| 0] 0]|O 0 o|loflo]|1]| o 1 0 0 0 0
ziVazzV-ozy | 0| 0] 0] 0| o0 0 ojlof|l1]|of 1 0 0 0 0 0
-z V-mgVay | 0| 0| 0| 0]|O 1 o|l1flo]of o 0 0 0 0 0
z1V-oz3Vazy | 0| 0| 0| 0|1 0 1lo]oflo]| o 0 0 0 0 0
—ziVazVaey | 0] 1| 0] 1|0 0 o|loflo]|ol| o 0 0 0 0 0
ziVagVay | 1|0 1[0]o0 0 o|loflo]|of| o 0 0 0 0 0
—zoV-ozgV-ozy | O O] O0] 0] O 0 o|loflo]|ol| o 0 0 0 1 1
zoV-mgV-ozy | O 0] 0| 0] O 0 o|loflo]|ol| o 0 1 1 0 0
—zoVazV-ozy | 0| 0| 0| 0| O 0 o|loflo]|olf| 1 1 0 0 0 0
zoVazV-zy | 0| 0| 0| 0] O 0 olofl1]1]|o0 0 0 0 0 0
—zoV-zgVvazy, | 0| 0| 0| O0foO 0 1l1]oflo] o 0 0 0 0 0
zoV-mgVay | 0| 0|00 | 1| 1 o|loflo]|ol| o 0 0 0 0 0
—zoVazVaey | 0] 0| 1] 1[0 0 o|loflo]|ol| o 0 0 0 0 0
zoVazVae, | 1| 1] 0] 0]o0 0 oJolo]o] o 0 0 0 0 0

TABLE II
GRAPH OF g : Value 1 in the it column corresponds to v € S;, where v = (a,b,c,d) with
a+b2+c224d.2% =1i. The box is the first pivot v1 and the underlined elements are the discarded values
for the next pivot va (see section (D.3)).

D.2 Sufficient and necessary conditions for non satisfiability

Theorem V.1: A 3-CNF formula ¢, ,, = /\ ®; is mnot satisfiable iff
j=1

Jj=1

U g() =J S ={0,1}".
.7:1P

roof:
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©n,m 1s not satisfiable < Vv € {0,1}" : @nm(v) =0
< WYoe{0,1}" : Fj:¢;(v)=0
< Yoe{0,1}" : Fj:veS,;

s{0,13"=Js;
j=1

Corollary V.1: As §; C {0,1}", a 3-CNF formula ¢,,, is not satisfiable iff
#HJsSp=2"

j=1
Looking at Table II, it is easy to verify if some formula 4 ., is satisfiable or not : one
just has to check the existence of a “1” in each column, when one looks only at the lines

corresponding to the clauses 1; of ¢4 ,,. For instance, it is clear that the first 8 clauses taken

together are non satisfiable.

Theorem V.2: A 3-CNF formula ¢y, », is not satisfiable in the INS-3-CNF-SAT sense,
ie. pnm€ {gij\:f}, iff U;S; ={0,1}" and Vp;,3v € S; such that g= (v]en,m) = {¢;}.
Definition V.3: This variable v is called the pivot for ;.
Proof:  On the contrary, let us suppose that Uj S; ={0,1}" but 3 ¢; such that Vv e

S5, 95 (v|on,m) # {1;}. Of course, ¥; C g<(v|¢nm) as v € S;. Thus,

Vv eS;, ) #1; such that ¥ C g=(v]onm)
& VveS;, 3k #jsuch that ve Sy
<~ USZZUSZZ{O,l}n

i=1

=1
i#£j
& n,m is not satisfiable, even when the clause 1, is deleted.

& n,m is not an Irreducible Non Satisfiable formula.

|
From Table II, we see that a formula ¢4 »,, is a INS formula if for each clause in ¢4 ,, there
exists at least one column with only one “1” in it. For instance, it is clear that the first 9

clauses taken together are not Irreducible Non Satisfiable, as there exists two “1” in columns
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11 and 15 for the 9*" clause. This last clause can be considered as a noisy clause, as there
is no pivot for it.
Theorem V.4: Only formulae ¢, with 8 <m < % def Mmaz Can be non
satisfiable in the INS-3-CNF-SAT sense.
Proof: e As #8; =273 :
©n,m is non satisfiable < 6 S; ={0,1}"

j=1

=D #8522 =#{0,1}"
j=1
=m2"3 > 2"

=m>8
o As ¢, m is not satisfiable in the INS-3-CNF-SAT sense :

¥n,m 1s not satisfiable < USj ={0,1}" and Vj Jv; € S; : ¢g* (vj) = {¢;}
J

#Ho=lenm)} =1 ifv=uy;
#{g=(0|pnm)} <CF  otherwise

=Yve{0,1}" : {

= Z #{97 (vlonm)} <m+C3 (2" —m)

ve{0,1}"

[ Z #{9" (v|n.m)} is the total number
ve{0,1}n

of relations between the m clauses v; and {0,1}" ]

But we know that this total number of relations is also equal to
SO#{S =D 2 =mx 23
j=1 j=1

So, we have :

m x 2" 7% <m 4 CH (2" —m)

- cp2on
m ar—2 . A 1 mma;ﬂ
T340 -1
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m
D.3 An asymptotic exponential lower bound for Z #{gi{\és} for m > Mmas

p=1
Theorem V.5:
4

n [Jl2rcs —if2r2cg + "~ 1)(eh — D)}

—INS i=
Y S, 1= = ———
p=1 [ it B

g 2n=3 40 —1
=Q2")
(fOI‘ m 2 Mipar = %)

Proof: The idea is to build the set of all INS-3-CNF formulae from the graph of g, by
choosing recursively the pivots for these formulae. Indeed, any INS-3-CNF formula ¢, , is
characterized by (v1,- -+, v ), where v; is the pivot for the clause ¢;. We will get Y #{gﬁ\f}
by counting the number of possible choices for (vy,--+,vp,), with 8 <m < my,q,. Remember

that Vv, : g€ (v;]pn,m) = {1¥;} (see definition V.3).

e The first step is to choose a clause v from the 23C% possible clauses, and then a pivot
v1 among the 2"~3 elements associated to 11 (see Table II for an example of pivot). So,

there is 2"C% possible choices for the first pivot.

e For the choice of the second clause ¥ and pivot v, we have to discard those clauses 1 such
that ¥ € g (v1|pn,1 = 11), i.e. those clauses with a “1” in the column of v; in the table.
C% clauses (and the 2"~ corresponding table elements) should be discarded at that stage,
otherwise g (v1]pn,2) # {t1}. Looking at the other elements v in S; (the line corresponding
to 1), we have to reject as future candidate for the next pivot, the elements of the table
in the columns of these v € §;. We should discard (2”73 —1)(C% — 1) elements, i.e. the
number of elements in S; different from v times the number of non null elements in each
column, not in §;. Indeed, if we take such an element as our next pivot vo, we will get
9= (v2]on,2 = Y1 A1) = {1,902} # {12} and that is contrary to the definition of a pivot.
In Table II, this corresponds to the 3 underlined “1” in column 13, the third line S not
being taken into account. In summary, there are 2"C% — {2"73C% + (2773 — 1)(C} — 1)}

possibilities for the second pivot vo. In Table II, this means “32 - 11”7 possibilities.

January 28, 2010—11:39 am DRAFT



THE P - NP QUESTION AND THE PSEUDO-RANDOMNESS OF NP PROBLEMS 19

e The third (v3) and following steps are similar. We discard the same number of elements
from the table at each stage, or less if we choose a pivot such that some redundancy appears
with previous deletions. From any previous choice of pivots (vi,va,vs,---), it is always
possible to build at least one INS-3-CNF formula ¢, , with 8 < m < my,e, : as soon
as there is no possible choice for the next pivot, this means that we have a INS-3-CNF
formula. We then put the value “1” for the following terms in our product, so that the total
number of possibilities remains unchanged. This is done by introducing the following term

max{1,[2"C§ —i(2"3C% + (23 — 1)(c} — 1))]} in our overall product.

e Let us note that for large n, the term [2"CH —i{2"3C% + (2773 — 1)(c§ — 1)}], which
corresponds to the minimum value for the number of possibilities at stage i, becomes negative
for i > 5, so we get that max{1,[2"C} —i(2"3CF + (2" 3 —1)(ch —1))]} =1Vi>5. We

can thus limit our product to ¢ =4. Indeed, the overall product

Momaz—1
[I max{1,[2"Cy —i2"—*Cy + (2" = 1)(c5 — 1))}
1=0
4
=[[2"cy —i{2r2cy + 2" * = 1)(c5 — D}
=0

corresponds to a minimum value for the number of possible ways for choosing the five first

pivots in the building of our INS-3-CNF formulae.

e We have now the pivots v; and their corresponding clauses 1;, such that
9= (vilon,m) = {¥i}. The number m of the so-selected pivots will depend on the selec-
tion, with 8 < m < mye,. For each choice of (vg,---,v4), one can build a INS-3-CNF
formula in (m — 5)! ways, depending on the ordering of (vs,:-- ,v;,). So, we get that
H?ZO[TCQ —i{2" 7307 + (2" 3 —1)(c% —1)}] x (m —5)! is a minimum value for the number
of possible choices for the m pivots. Let us remark that these m pivots, as well as their cor-
responding m clauses can be selected in m! different orders, as all these ordered selections

are equivalent in terms of Irreducible Non Satisfiability. We should therefore retrieve the

ordering by dividing by m/!.
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e Putting all together, we have

[T12rcy —if2n—3cy + (2% = 1)(c§ — 1)}] x
1=0

(m —5)!
m!

possible different INS-3-CNF formulae built with our m pivots. As the term (m —5)!/m!

depends on the selected pivots, we replace it by a lower bound :

(m —5)! > (Mmaz — 5)! _ 1

m! (Mmaz)! 4

Finally, we get :

Y #EL =Y #5000
p=1 p=8
4
[Ti2rcy —if2n 20y + (22 - 1)(c - Y]
=0

> K3
- 4
[Tmmas — il
=0
>Q(2°™)
cpon
= n > - "9 -
Q2"  for m > mpmax =1
|
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