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Reaction

Autocatalysis
(positive feedback)

Inhibition
(neguhve feedback)

Actlvator -
—>

Catalysis
(positive feedback)

4

Diffusion
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u(x, y, t): Amount of activator
af time t and position (x,y)

v(x, y, t): Amount of inhibitor
af time t and position (x,y)

% = f(u,v) + Dy Vu
% = g(u,v) + Dy Vv
(z,y) € Q

+ houndary conditions
+ initial condition
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Reaction

Autocatalysis
(positive feedback)

Inhibition
(negative feedback)

Activator I -
—

Catalysis
(positive feedhack)

4

Diffusion
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u(z, y, t): Amount of acfivator
af time t and position (xy)

i - ——
l

Diffusion can drive an|
| instability by perturbing aj
lhomogeneous stable (inf
| absence of diffusion) fixed “
| point. |

v(z, y, t): Amount of inhibitor
af time t and position (xy)

{g—g = f(u,v) + DyV?u

% = g(u,v) + D,V
(z,y) € O

+ boundary conditions
+ initial condition
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u(z, y, t): Amount of activator

Reaction af time t and position (xy) |

Diffusion can drive anj

Jutoclalyis v(z, y, t): Amount of inhibitor | o JF . ,
il k: - s ) instability by perturbmg( af
s lhomogeneous stable (in}]
Activator = - - % — f(u,v) + Dy, V?u ([ - |

o % () pve, |absence of diffusion) fixed d
(positive feedback) 9t q ('u/, 'U) -+ v () | |

== (z,y) € Q ] v o J“
f + boundary conditions
Diffusion + initial condition

i‘ Hence as the perturbation grows, non-inearities enter into the ga

yielding an asymptotic, spatially inhomogeneous, steady state (stationary ]
pattern) or time varying one (wave like pattern). w

p.37 }

| A.M.Turing, The chemical basis of morphogenesis, Phil. Trans. R Soc London B, 237, (1952),
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A network is a set of nodes connected by links (edges)

Ex.: 5 nodes and 4 edges (undirected)

A network can be described by its Adjacency
matrix

Aij —

1 if nodes 7 and j are linked
0 otherwise

The number of links entering (going out) from each node is

called in-degree (out-degree)

Ex.: degree node 1 =3 A network is said to be complex if
degree nodes 2 & 4 = 2 the degree distribution is not trivial,
degree node 3 = 1 i.e. not constant (lattice) nor
degree node 5 =0 Poissonian (random, Erd&s-Rényi)
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metapopulation model
= macro scale

= Metapopulation models
e.g. in the framework of ecology:

s .. T May R., Will a large complex system be
@q% stable? Nature, 238, pp. 413, (1972)

Reactions occur at each node. Diffusion occurs across edges.

Patterns : sets of nodes whose asymptotic state is far from the
homogeneous equilibrium. \
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Reaction term:

0i(t) = g(u;(t),vi(t)) Ve=1,...,nandt > 0.

W

At each node i=1...,n, “species” u and v react through some non-linear
functions f and g depending on the quantities available at node i-th
(metapopulation assumption)
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Diffusion term:

Diffusive transport of species into a certain node i is given by the sum of
incoming fluxes to node i from other connected nodes j, fluxes are proportional
to the concentration difference between the nodes (Fick's law).

Ex.: consider the amount of u in node 1,
u can enter from 2, 3 and 4
u can leave 1fo goto 2, 3 and 4

5
U2 + U3 + Ug — 3u1 — ZAljuj — klul — Z (Alj — 51jkj) Ug = ZLljuj
J J

J

L is called Laplacian matrix of the network
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The model:
qut — i(t),vi(t)) +Du23 1 Lijug(¢)
(1) = g(u(t),v;(t)) + D, 27  Lijvui(t) Vi=1,...,nandt >0
_—_

Du and Dv are the diffusion coefficients of species u and v

Observe that because the network is undirected, the matrices A and L are
symmetric
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1) Assume there exists a spatially homogeneous solution:

(ui,vi) — (?AL,TAJ) Vi = 1,...,n

which moreover is stable when there is no diffusion:
D,=D,=0
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1) Assume there exists a spatially homogeneous solution:

(ui,vi) — (?AL,TA}) Vi = 1,...,n

which moreover is stable when there is no diffusion:
D,=D,=0

2) Linearize around this solution

u; = U+ ou; du _ 7 ou
v; = v+ 5?)2' 5’() o 5’0
B g1, guX, + D, L

WWW.unamur.be timoteo.carletti@unamur.be NAaAUS



3) Prove that (possibly) the spatially homogeneous solution:

(ui,vi) — (?AL,TAJ) Vi = 1,...,n

turns out to be unstable once the diffusion is in action
D, >0and D, >0
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3) Prove that (possibly) the spatially homogeneous solution:

(ui,vi) — (?AL,?A}) Vi = 1,...,n

turns out to be unstable once the diffusion is in action
D, >0and D, >0

Sketch of the proof
Jlet Lo® =A% a=1,....n ¢~ =(¢%,...,6%)
Y e = bup A® <0

ii) decompose the solution on the eigenbasis and use the ansatz
n

oui(t) = Z Ca e
a=1
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iii) Ao, (colled relation dispersion) is solution of

W [ fut DyA® fo 1 _
det _)\a ( 0 go + DyA® ) =0
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iii) A (called relation dispersion) is solution of

W [ fut DyA® fo 1 _
det _)\a ( 0 go + DyA® ) =0

iv) if there exists A%< such that :*A,_ > O then Turing patterns do emerge.
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Social networks
layers=different social networks | |
nodes=same agent ineach SN |

- Transportation networks

layers=different modalities ‘

| | nodes=same spatial location (
J
l
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udiucency matrix of

layer K degree of i-th note

b 7@ in layer K _
’ The same €2 nodes are present in each layer

Laplacian matrix of
layer K

D;; , inter-ayer diffusion coefficient
D.%, intra-ayer diffusion coefficient

] ]
LKUK+D12( K—I—l UZK)

Lty _J

NAXYS
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1) Assume there exists a spafially homogeneous solution:

(ui*, vl) = (2,0) Vi=1,...,n
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1) Assume there exists a spafially homogeneous solution:
(ui*, vi) = (2,0) Vi=1,...,n
2) Linearize around this solution
ut =4+ ou; (&“)-j(&“)
vE =0+ 51)]]-{ v | v

J

7 _ fulog + L, + DT Jvlon
guIZQ gUIQQ + ﬁv -+ D%QI

.KSUpru-Lupluciun matrix 1

DL} 0
_ [ Pu T
L ( 0 DL >

(2 1)
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3) Study the spectrum of

7 — fulog + L, + D 2T Joloq
guI2Q ngQQ + Ev -+ D%QI

to defermine the existence of eigenvalues such that
RA(D,%,, Dy ) > 0

U,V

WWW.unamur.be timoteo.carletti@unamur.be NAaAUS



3) Study the spectrum of

7 — fulog + L, + D 2T Joloq
guI2Q ngQQ + Ev -+ D%QI

to defermine the existence of eigenvalues such that
RA(D,%,, Dy ) > 0

U,V

Very hard for generic topologies, however ...
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Assume D}* =e<<1 D2 = O(e)

j: ( fuIQQ £u vaQQ >_|_€( gg Ll 0 )

guIQQ ngQQ + Ev
- j() —+ GDQ

Perturbative approach to compute the spectrum

)\maa:(e) — )\Snax -+ E(U()D()V())k -+ 0(62)

mad kma:c

Ay = max A\g (e = 0) kmaz = argmax g (e = 0)
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1) The large intra-layer ditfusion - can be handled as well

2) One can be interested in the effect of adding/removing layers

0 200 400
10

5

100 150
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Movement across links takes fime, so the diffusion part should contain o
delay term.

Also reactions can take time, so the reaction part should contain a delay term.
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Movement across links takes fime, so the diffusion part should contain o
delay term.

Also reactions can take time, so the reaction part should contain a delay term.
mz(t) — f(:vz(t — Tr)) —+- D Z Lija?j(t — Td)

Observe that one single species is enough to hate Turing patterns
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Movement across links takes fime, so the diffusion part should contain o
delay term.

Also reactions can take time, so the reaction part should contain a delay term.
$Z(t) — f(il?z(t — ’77,»)) —+- D Z Lz'jiEj(t — Td)

Observe that one single species is enough to hate Turing patterns

The relation dispersion can be analytically S
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