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THE COULATZ CONJECTORE STATES THAT IF YOU
PICK A NUMBER, AND IF ITS EVEN DIVIDE 1T BY(
TWO AND |F 1T5 0DD MULTIPLY IT BY THREE AND
ADD ONE, AND Yo REPEAT THIS PROCEDURE LONG
ENOUGH, EVENTUALLY YOUR FRIENDS WiLL SToP

CAWNG TO SEE IF YOU WANT TO HANG OUT.

NAXYS



% if n 1s even

VneN T —
" (n) {3n+1 if n 1s odd.

— - —— e e

| Conjecture
For any given positive integer ng € N the iterates of the Collatz map

ni, = T°%(n) eventually converge to the period-3 cycle {1,2,4} as
k — oo -

J.C. lLagarias, "The Ultimate Challenge: the 3x+1 problem".
American Mathematical Society, (2010).

Numerically verified up to 1.9x10"”
T. Oliveira E Silva, Math. Comp. 68 No. 1 (1999), 371

WWW.unamur.be timoteo.carletti@unamur.be




1) Introduce the third iterate of the Collatz map and consider
the equivalence classes of integer numbers modulo 8;

2) Define a finite state Markov chain with a suvitable invariant
probability measure, whose transition probabilities reflect
the deterministic map;

3) Prove a weak version of the conjecture: diverging orbits
cannot exist due to the bound on the average stationary
distribution;

4) Prove the conjecture by excluding other periodic orbits.
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B(k,8):={neN:9meN, n=8m+k} ke{0,...,7}

2 if n € B(0, 8)
\v/n c N 6”;2 ln n < B(l, 8)
ontdifn e B(2,8)
Son 2l if noe B(3,8)
)= ents g, B(4,8)
8 - Y,
ks ifn e B(5,8)
ontdifn € B(6,8)
620 if p € B(7,8) .

The 3-cycle {1,2,4} becomes a fixed point
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B(k,8):={neN:9meN, n=8m+k} ke{0,...,7}

) if n € B(0,8) contraction by 1/8

Vn € N P2\ if n € B(1,8) contraction by 3/4
(2,8) contraction by 3/4

3 ion by 9/2

S(n) = (3,8) expcm5|c.>n y 9/

(4,8) contraction by 3/4
ﬁ (5,8) contraction by 3/4
,, if n € B(6,8) contraction by 3/4

"" if n € B(7,8) .expansion by 9/2

N
N 5
i

The 3-cycle {1,2,4} becomes a fixed point
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® given a probability space (N, )
® 8 symbols alphabet: B(k,8) k=0,...,7
® Transition probabilities: ¢;; = P [S(x) € B(j,8)|z € B(4,8)]

. 1[BG8NSTIB(Y)]
Gi; = LIBGS) (4,7 =0,...,7)
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(m)

o
q;; = Versus gq;; -
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(m)

o9
q;; = Versus ¢;; !

0] =
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® /liny invariant (probability) measure

qik' o Minv [8(278) a S_lB(ja 8)}
e Hinv [8(27 8)]

Chapman-Komogorov equation

Let P 0(7]?) be the probability to be in B(j, 8) after m steps
being initially in (7, 8). Then:

pmo(ﬂi) — Z pmm—l(ﬂkm—l)pm—l m—Q(km—1|km—2) . -plo(k1|i)
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Let n € N, there exist k > 1 and So,---,5k-1 €{0,...,7}

n = Sk_18k_1 + .- 4 518 4+ s

|
|

Wino(Sk—1- .. 8180) =

e —

Note: Ltiny > 0 on all integers.

1 1
V(sp) = 5 if sop =0,2,4,6 and v(sg) = 5 if sp=1,3,5,7.
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- Theorem

| For any integer m > land forallj =0,...,8" — 1 we have

Hinv [S_lB(j, Sm)} — Minv [B(]a Sm)]

LE e — =

Step 1: compute fliny [B(J,8™))

Step 2: compute [liny [S_lB(j, 8"™)| by induction on m
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Proposition 4. Let j =0,...,7, then ST1B(j,8) is the union of disjoint congruence classes mod64, B(l;,64), where
the indexes l; depend on the mod8 congruence class j.
In explicit form:

S™1B(0,8) = B(0,64) UB(10,64) U B(42,64) U B(3,64) U B(19,64) U B(35,64) U B(51,64) U B(20,64) U B(52,64) U
UB(21,64) U B(53,64)

S71B(1,8) = B(1,64) UB(33,64) U B(22,64) U B(54,64) U B(8,64)

= B(2,64) UB(34,64) U B(12,64) U B(44,64) U B(13,64) U B(45,64) U B(7,64) U B(23,64) U B(39,64) U

UB(55,64) U B(16, 64)

= B(25,64) UB(57,64) U B(14,64) U B(46,64) U B(24, 64)

S™1B(4,8) = B(26,64) U B(58,64) U B(11,64) U B(27,64) U B(43,64) U B(59,64) U B(4,64) U B(36,64) U B(5,64) U
UB(37,64) U B(32,64)

ST1B(5,8) = B(17,64) U B(49,64) U B(6,64) U B(38,64) U B(40, 64)

S™1B(6,8) = B(18,64) U B(50,64) U B(28,64) U B(60,64) U B(29,64) U B(61,64) U B(15,64) U B(31,64) U B(47,64) U
UB(63,64) U B(48, 64)

STIB(7,8) = B(9,64) UB(41,64) U B(30,64) U B(62,64) U B(56,64) . (9)

Remark (On the solution of congruence linear equations)
Given positive integers a, b and n, then the equation ax=b mod n has solution iff

d=gcd(a,n) (greatest common divisor) is a divisor of b, in this case the number of
distinct solutions is given by d.
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Proposition 6. For any m > 1 and for all j =0,...,8™ — 1 we have
ST'B(4,8™) = AU () U AU (j) (14)

where A.(j) is the union of disjoint classes B(l,8™ 1) with | even and Alm) (j) is the union of disjoint classes

B(l,8™ ) with | odd. Moreover if j is even then Al (j) contains five elements and Alm) (j) siz elements, while if j
is odd then AS™ (j) contains three elements and Al (7) two elements.
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Proposition 6. For any m > 1 and for all j =0,...,8™ — 1 we have
ST'B(4,8™) = AU () U AT (j), (14)

where A.(j) is the union of disjoint classes B(l,8™ 1) with | even and Alm )( ) s the union of disjoint classes

B(l,8™ ) with | odd. Moreover if j is even then A(gm)( ') contains five elements and Alm j! siz elements, while if j
is odd then AS™ (j) contains three elements and Al (7) two elements.

Compute fliny | S~ B(4,8™)]

fimo [S71B(,8™)] = prin [A<m>< )|+ tine | AT ()
1
Alm) Alm)
= S HALVG) + o #AT ()
. 11 11 11 .

WWW.Uunamur.be timoteo.carletti@unamur.be NAaAUS



/

W

N

tiny |B(i,8) N ST1B(4,8)
fino [B(2,8)]

7
N

\|/
—lo—HIT O O O O IO

q;: :

—00 O —HIF O It O —IAN
oI O O O O —HIFO
— 00 O —HIF—INH|IHIH O O
oI O O O O —HIFO
=0 O =IO —HIT—F O —|A
—o—HIT O O O O =IO

00 O | NPT O O

N~
|

*

o

U

timoteo.ca

Qo
=
W
S
©
cC
=
=
=
=



® Q¥ is a stochastic matrix Vi=0,...,7 Z q;; = 1
J
® The Markov process with stochastic matrix Q™ is ergodic.

® The left eigenvector associated to A = 1 is PgQ* = Pg

Ps = (1/6,1/12,1/6,1/12,1/6,1/12,1/6,1/12)

Liny(B(k,8)) = Ps invariant (stationary) distribution
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Ergodic Theorem

For (1;n, - almost every g € N

s #HOS <k -1 5% (no) € B(3,8)}

— 1ine (B(i,8)) Vi€ {0,...,7)
k— oo k

s = —— ——— .
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Given any ng € N, then there exists a positive integer M(no) |
| such that for S°%(ng) < M(ng) all k>O0.

Proof
Assume there exists a diverging orbit for S.

By the ergodic theorem

. H{0<j<k—1:8%(ng) € B(i,8)}

— 1w (B(i,8)) Vi€ {0,....7)
k— o0 k
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(0,8)
(1,8)
= EBRS) L B8) = L if j e {0,2,4,6}
360420 if ¢ (3, 8) 0
S(n) =4 ents | Qv Lo
- if n € B(4, 8) pinw [B(5,8)] = 5 1 j €11,3,5,7}
ont2 - ifn e B(5,8)
ontd  if n € B(6,8)
360420 it ¢ B(7,8)
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(0,8)
(1,8)
s ifneB28) L iRGig) = Lt j e {0,2,4,6)
360420 if ¢ (3, 8) 0
S(n) — 6n—|E—;8 - . ‘ — i if 1
- if n € B(4, 8) pinw [B(5,8)] = 5 1 j €11,3,5,7}
ont2 - ifn e B(5,8)
ontd  if n € B(6,8)
360420 if € B(7,8) .

e — — ——— e —— = = g

average contracting/expanding factor:

- 1 1/6 2 2/3 9 1/6
far = @ (ﬂ (5>

- B _ o _ _ - — — e

Contradiction with the unboundedness of the orbit.
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The result of the ergodic theorem holds for ftin-a.e. g € N
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The result of the ergodic theorem holds for ftin-a.e. g € N

The existence of zero (1;,,,measure sets can be ruled out because
Winv(ng) > 0 forall ng € N

So ALL the orbits are bounded
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Let us observe that once we have proved the weak Collatz
conjecture we can conclude using the following finite state
Markov process

Co = B(0,8)
Ci =B(1,8)\ {1}
Co = B(2,8)\ {2}
C; = B(3,8)

Cs = 0B(4,8)\ {4}
Cs = B(5,8)

Cs = B(6,8)

C; = B(7,8)

Cs =1{1,2,4}
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h No periodic orbits of period different from 1 exist for S

Proof

WWW.unamur.be timoteo.carletti@unamur.be




—— _ ———— — e —

* ]
|

L No periodic orbits of period different from 1 exist for S
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Proof

Assume there exists a L-periodic orbit for S with L > 1. Observe it is a

possible realisation of the Markov chain, hence it should infinitely visit
the 8 classes.
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L No periodic orbits of period differen from 1 exist or S
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Proof

Assume there exists a L-periodic orbit for S with L > 1. Observe it is a

possible realisation of the Markov chain, hence it should infinitely visit
the 8 classes.

Invoking the ergodic theorem this orbit should have fo+ < 1
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L N‘o periodic orbits of period differen from 1 exist or S
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Proof

Assume there exists a L-periodic orbit for S with L > 1. Observe it is a

possible realisation of the Markov chain, hence it should infinitely visit
the 8 classes.

Invoking the ergodic theorem this orbit should have fo+ < 1

Contradicting the periodicity (that would require fo- = 1)
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L N‘o periodic orbits of period differen from 1 exist or S

Proof

Assume there exists a L-periodic orbit for S with L > 1. Observe it is a

possible realisation of the Markov chain, hence it should infinitely visit
the 8 classes.

Invoking the ergodic theorem this orbit should have fo+ < 1

Contradicting the periodicity (that would require fo- = 1)

The existence of zero j1;,,,measure sets can be ruled out as previously done
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