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Hopping in the crowd to unveil network 
topology

Timoteo Carletti (a) 
Malbor Asllani (a),  Francesca Di Patti (b),  

Duccio Fanelli (b)  and Francesco Piazza (c)
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Random walk on networks

j

Aij = Aji = 1

⌦Number of nodes:

Adjacency matrix:

ki =
X

j

AijNodes degree:

Transition probability 
form i to j :

Probability to find the 
walker on node i at time t:

T (j|i) = Aij

ki

Pi(t)

Pi(t) ⇠ ki (asymptotically)

i

j
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Crowding Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

N=5

j
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Crowding Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

Transition probability form i to j :

P (n1, . . . , n⌦, t) Probability to find the system in the state  
at time t

(n1, . . . , n⌦)

T (ni � 1, nj + 1|ni, nj) =
Aji

ki

ni

N

(N � nj)

N

N=5
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A new non-linear transport operator

hnii ⌘
X

n

niP (n1, . . . , n⌦, t) ⇢i = lim
N!1

hnii/N

�ij = Aij/kj � �ij

@

@t
⇢i =

⌦X

j=1

�ij


⇢j (1� ⇢i)�

kj
ki

⇢i (1� ⇢j)

�

⇢1i =
aki

1 + aki
(asymptotically)

� =
⌦X

i=1

⇢i(t)
The total “mass” is 

preserved
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Application: reconstruction of p(k)

✓ The “mass” conservation provides 

✓ Let      walkers to diffuse in the crowded network 

✓ From a single node measure        and 

✓ Compute 

✓ Repeat s times the experiment and compute 

✓ Solve

�1

⇢11 k1

a1 := a(�1) =
⇢11

1� ⇢11

1

k1

� =
X

k

p(k)
a(�)k

1 + a(�)k

as = a(�s)

 
�1

...
�s

!
= F

 
p(1)

...
p(s)

!

Flr =
ral

1 + ral

“experiment”
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Application: reconstruction of p(k)
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Erdos-Renyi 

⌦ = 1000 , p = 0.5

Scale free 
⌦ = 500 , � = 2

C. Elegans Zachary Karate Club 
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Thank you for your attention

Random walk on a crowded network.
Given an undirected network made by      nodes, let                   be its adjacency matrix and
the nodes degree. Assume each node can host at most N agents and let      be the number of agents in 
node i.

⌦

Walkers hop from node to node (using  
existing links and if space at destination is 
available) according to the transition 
probability:

T (ni � 1, nj + 1|ni, nj) =
Aji

ki

ni

N

(N � nj)

N

Timoteo Carletti (a), Malbor Asllani (a),  Francesca Di Patti (b), Duccio Fanelli (b)  and Francesco Piazza (c)

Hopping in the crowd to unveil network topology
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ni

Network reconstruction.
The mass conservation implies

A new non-linear transport 
operator.
Let                                be the probability 
to find the system in state 
at time t. Let denote the average density of 
node i :
Then

where                                  is the Random-
walk Laplacian.

P (n1, . . . , n⌦, t)
(n1, . . . , n⌦)

⇢i = lim
N!1

hnii/N

@

@t
⇢i =

⌦X

j=1

�ij


⇢j (1� ⇢i)�

kj
ki

⇢i (1� ⇢j)

�

�ij = Aij/kj � �ij

⇢1i =
aki

1 + aki

� =
⌦X

i=1

⇢i(t)

asymptotically

The “total mass” 
is preserved 

� =
X

k

p(k)
a(�)k

1 + a(�)k
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Erd
os

-Re
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i

i) Let     walkers to diffuse in a crowded network ;
ii) From a single node, measure      and
iii) Then compute
iv) Repeat s times and get
v) Solve

�1

⇢11 k1

a1 := a(�1) =
⇢11

1� ⇢11

1

k1
as = a(�s)

 
�1

...
�s

!
= F

 
p(1)

...
p(s)

!

Flr =
ral

1 + ral

⌦ = 453.76

ki =
X

AijAij=Aji

a)

b)

The poster The preprint: 
Arxiv:1711.06733
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