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Data driven models:

» Model created from data, usually o |
large number of parameters and §

Abstract models: |
+ Simple/simplified models, with }
relatively few variables and§

parameters, relatively under conirol. | variables.
+ Generic questions and answers model |  + Specific questions and model
independent. : dependent. ‘

» Ex.: researchers careers, synthefic | :
. populations, circadian rhy’rhms in |
Wlklpedlu :

+ Ex.: networked systems, chaos/ }
{ stability, emergent behaviours ...

Heurlshc op’nmlzuhon ulgorlthms
» Neural networks.
Numerlcul solvers
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1 A repeated decorative design:

) pattem <) ‘a neat biue herringbone pattern’
. T— r‘!v ;LS(\" wiaide & More exampie sersences ¢ Synonyrrs
Proaunciation: /pat{a)n/ ()
1.1 An arrangement or design regularly found in
comparable objects:
‘the house had been built on the usual
pattern’

o b cturcl?y, the tumor cells were arranged in " Py
A medullary partern composed of polygonal tumor P,

” are geometrics, florals and foliates, mt
Yo  mature motifs and other decorative repeat patterns.’ ;

‘These aspects then become ornamentded with Islamic~ "The hair-cells withén the spiraliling cochlear duct

inspired decorative parterns and Islamic cuftural are arranged in a pattern [ike the bristles of a brush '
arrifaces.”

‘The fossils indicate the wings had feathers,
‘It featured exuberant decorative patterns, designs in the arranged in a similor partern to that of modern
brickwork and wooden attachments.’ birds."
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Reaction

Autocatalysis
(positive feedback)

Inhibition
(negative feedback)

Activator I -
—>

Catalysis
(positive feedback)

4

Diffusion

WWW.unamur.be

s

u(x, y, t): Amount of activator
af time t and position (x,y)

v(z, Yy, t): Amount of inhibitor
af time t and position (x,y)

X = f(u,v) + D,V
% = g(u,v) + Dy Vv
(z,y) € Q

+ houndary conditions
+ initial condition
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—_—

u(x, y, t): Amount of activator

Reu("on at time t und pOSiﬁon (XIY) orememmmmmarommmliii e —————eew——y
e, o Ot Diffusion candrive an instability by
(negative feedback) g . “,
e T | perfurbing a homogeneous stable}
Activat ([ ‘ |
(posit(i\(:;uflzzzisbuck) { g;) = g(u ’U) -+ D V2 ’( On (I _ Sc ’ fUS »'l

+

Diffusion

(z,y) € Q

+ boundary conditions
+ initial condition

Hence s the perturbuhon grows non-ingarities enter info the gume yleldlng un
asymptotic, spafially inhomogeneous, steady state (stationary pattern) or time vurylng
jone (wave like pattern). o 00|

A.M.Turing,
The chemical basis of morphogenesis, Phil. Trans. R Soc London B, 237, (1952), pp.37
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aat_u = f(u’ ’U) T Duvzu
5v 0 Assume () to be a square/rectangle
e Q(U, 'U) +va (Y and to use periodic boundary

( ) O conditions
T,Y) c

1) Assume there exists a spatially homogeneous solution:
u(z,y,t) =0 and v(x,y,t) =0 V(xr,y) € Q and Vt > 0

which moreover is stable when there is no diffusion:
D,=D, =0
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2) Linearise around this solution
u(z,y,t) =u+ ou(z,y, t) S [ u
v(@,yt) =0+ 0v(@yt) \ sv )2\ ow

j - fu _|_Duv2 fv
- Ju gy + D, V?

3) Prove that the spatially homogeneous solution:
u(z,y,t) =0 and v(z,y,t) =0

turns out to be unstable once the diffusion is in action
D, >0and D, >0
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Sketch of the proof

i) decompose the solution on the Fourier modes (Laplacian eigenbasis)
and use the ansatz

5?1/(33, y) t) — Z Ck627Ti(k1x—|—k2’y) eAkt
k=(k1,k2)

ii) Az, is solution of

_ o fu o Dqu fv _ o
det _)\k < Ju gv — kaz _ =0
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ii) if there exists &% € (k2 , k2 ) suchthat RA; > O then Turing patterns
do emerge.
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patterns do emerge patterns do not emerge
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profeins networks technological networks
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A network is a set of nodes connected by links (edges)

Ex.: 5 nodes and 4 edges (undirected)

Adjacency matrix
" {1 if nodes 7 and j are linked
ij =

0 otherwise

The number of links entering (going out) from each node is called in-degree (out-degree)

Ex.: degree node 1=13
degree nodes 2 & 4 =2
degree node 3 =1
degree node 5 =10

A network is said to be complex if the degree
distribution is not trivial i.e. not constant
(lattice) nor Poissonian (random, Erdds-Rényi)
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Metapopulation models
e.g. in the framework of ecology:

May R., Will a large complex system be stable?
Nature, 238, pp. 413, (1972)

Reactions occur at each node. Diffusion occurs across edges.

Patterns
| _sets of nodes whose asymptofic state is far from the homogeneous equilibrium. |
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vi(t) = g(u;(t),v;(t)) Vie=1,...,nand t > 0.

At each node i=1...,n, “species” u and v react through some non-linear
functions f and g depending on the quantities available at node i-th
(metapopulation assumption)
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Diffusive transport of species into a certain node i is given by the sum of
incoming fluxes to node i from other connected nodes j, fluxes are proportional
to the concentration difference between the nodes (Fick's law).

Ex.: consider the amount of v in node 1,
u can enter from 2, 3 and 4
u can leave 1fo goto 2, 3 and 4

5
U2 + U3 + Ug — 3u1 — ZAljuj — klul — Z (Alj — 51jkj) Ug = ZLljuj
J J

J

L is called Laplacian matrix of the network
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The model:

(ui(t),vi(t)) + Du 325 Liju;(t)
(u; (1), v;(t)) + D, Z?Zl Livi(t) Vi=1,...,nandt>0.

—N—
~~ o~
NN
|
KQ =

Du and Dv are the diffusion coefficients of species u and v

Observe that because the network is undirected, the matrices A and L are
symmetric
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1) Assume there exists a spatially homogeneous solution:

(ui,vi) — (?AL,?A}) Vi = 1,...,7L

which moreover is stable when there is no diffusion:
D,=D,=0

2) Linearize around this solution

u; = U+ ouy Su _ 7 ou
B g1, guX, + D, L
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3) Prove that (possibly) the spatially homogeneous solution:

(ui,vi) — (?AL,?A}) Vi = 1,...,7L

turns out to be unstable once the diffusion is in action
D, >0and D, >0

Sketch of the proof
Jlet Lo® =A% a=1,....n  ¢*=(¢%,...,6%)
Y e = bup A® <0

ii) decompose the solution on the eigenbasis and use the ansatz
n

oui(t) = Z Ca e

a=1
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iii) A (called relation dispersion) is solution of

_ o fu"‘DuAa fv _ o
det _)\a ( 0 go + DyA® ) =0

iv) if there exists A%< such that :*A,_ > O then Turing patterns do emerge.

057
0

051




Social networks
layers=different social networks | |
nodes=same agent ineach SN |

- Transportation networks u
| | layers=different modalities
| | nodes=same spatial location
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i Y st layer

adjacency matrix of
| |u)¥er K degree of i-th note

Laplacian matrix of '
layer K The same €2 nodes are present in each layer

2nd layer

D;; , inter-ayer diffusion coefficient

D.?, intra-layer diffusion coefficient

af = fuF,vf) + DEYS | LEu + DL (uf T — ul)
o = g, o) + DE Y LEvE + D12 (1 — oK)

NAXUS
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let us consider a multigraph, e.g. two nodes can be connected through
different edges

v-layer : AZ-

AV (0) = A" AV(e) = AY 4+ ¢(A% — AY) AY(1) = A?
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Coarse-grained pafterns in multiplex networks, D.M. Busiello, T. Carletti D. Fanelli arXiv:
1801.08487, (2018)

Tune the topology to create or destroy patterns, M. Asllani, T. Carletti, D. Fanelli, European Physical
Journal B. 89, pp. 260 (2016)

Turing instabilities on Cartesian product networks, M. Asllani, D.M. Busiello, T. Carletti, D. Fanelli, G.
Planchon, Scientific Reports. 5, pp. 12927, (2015)

Turing patterns in multiplex networks, M. Asllani, D.M. Busiello, T. Carletti, D. Fanelli, G. Planchon,
Physical Review E 90, 4, pp. 042814, (2014)
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Oscillation death induced by time-varying network, M. Lucas, D. Fanelli, T. Carletti, J. Petit,
arXiv:1802.06580, (2018)

Theory of Turing Patterns on Time Varying Networks, J. Petit, B. Lauwens, D. Fanelli T.
Carletti, Physical Review Letters, 119, pp. 148301-1-5, ( 2017)

Pattern formation in a two-component reaction-diffusion system with delayed processes on

a network, J. Petit, M. Asllani, D. Fanelli, B. Lauwens, T. Carletti, Physica A, 462, pp.
230, ( 2016)

Delay induced Turing-like waves for one species reaction-diffusion model on a network,
J. Petit, T. Carletti, M. Asllani, D. Fanelli, Europhysics Letters. 111, 5, pp. 58002, (2015)
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1) Assume there exists a spatially homogeneous solution:

(ui*, vi) = (2,0) Vi=1,...,n

2) Linearise around this solution

ut =4+ ou; <5Zu)_j<5u>
UJK = 0+ 51{7]-{ 0V 0V
7 fuloq + L, + DT Jolon
guIZQ gUIQQ + ﬁv -+ D}JQI
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3) Study the spectrum of

7 fuloq + L, + DX°T Joloq
guI2Q ngQQ + Ev -+ D%QI

to defermine the existence of eigenvalues such that
RA(D,%,, Dy ) > 0

Very hard for generic topologies, however ...
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Assume D}* =e<<1 D2 = O(e)

j: ( fuIQQ ﬁu fUIZQ >_|_€( gg Ll 0 )

guIQQ ngQQ + Ev
- j() —+ GDQ

Perturbative approach to compute the spectrum

)\maa:(e) — )\Snax -+ E(U()D()V())k -+ 0(62)

mad kmaac

Ay = max A\g (e = 0) kmaz = argmax g (e = 0)
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