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Word cloud of the titles of my papers
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My research in a nutshell

Abstract models: 
• Simple/simplified models, with 

relat ively few var iables and 
parameters, relatively under control.  

• Generic questions and answers model 
independent. 

• Ex.: networked systems, chaos/
stability, emergent behaviours … 

Data driven models: 
• Model created from data, usually a 

large number of parameters and 
variables.  

• Specific questions and model 
dependent. 

• Ex.: researchers careers, synthetic 
populations, circadian rhythms in 
wikipedia … 

Algorithms & tools 
• Heuristic optimization algorithms.  
• Neural networks. 
• Numerical solvers, …
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Today talk

Abstract models: 
• Simple/simplified models, with 

relat ively few var iables and 
parameters, relatively under control.  

• Generic questions and answers model 
independent. 

• Ex.: networked systems, chaos/
stability, emergent behaviours … 

Outlook: 
• Introduction 
• Networked systems 
• Turing patterns (static networks) 
• TP in time varying networks 
• Two examples 
• Desynchronization (if time 

allows) 

• Conclusions

Patterns formation 
in networked systems
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Pattern ? [ref. Oxford dictionary]
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Patterns are ubiquitous

ChemistryAnimal kingdom

Internet Twitter

Math models



www.unamur.be timoteo.carletti@unamur.be

One possible mechanism: Turing instability

Diffusion�

Ac#vator) Inhibitor)

Autocatalysis�
(positive feedback) �

Catalysis �
(positive feedback) �

Inhibition�
(negative feedback) �

Reaction �

+ boundary conditions�
+ initial condition�

                   : Amount of activator �
at time t and position (x,y) �

                   : Amount of inhibitor �
at time t and position (x,y) �

A.M.Turing, The chemical basis of morphogenesis, Phil. Trans. R Soc London B, 237, (1952), pp.37
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The Brusselator model

Prigogine I. & Nicolis G., Symmetry Breaking Instabilities in Dissipative Systems, Journal of Chemical 
Physics (1967) 

Prigogine I. & Lefever R., Symmetry Breaking Instabilities in Dissipative Systems. II, Journal of 
Chemical Physics (1968) 

(
ẋ = 1� (b+ 1)x+ cx2y

ẏ = bx� cx2y
<latexit sha1_base64="jL3QdULHjTLNE6EDDVGzbX92xLo="></latexit><latexit sha1_base64="jL3QdULHjTLNE6EDDVGzbX92xLo="></latexit><latexit sha1_base64="jL3QdULHjTLNE6EDDVGzbX92xLo="></latexit><latexit sha1_base64="jL3QdULHjTLNE6EDDVGzbX92xLo="></latexit>
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Networks are everywhere

world flights map

social networks

proteins networks technological networks
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(complex) Networks: some definitions

A network is a set of nodes connected by links (edges)

1

2

3

4

5

e1 e2

e3e4

Ex.: 5 nodes and 4 edges (undirected)

The number of links entering (going out) from each node is called in-degree (out-degree)

Ex.: degree node 1 = 3 
degree nodes 2 & 4 = 2 
degree node 3 = 1 
degree node 5 = 0

A network is said to be complex if the degree 
distribution is not trivial, i.e. not constant 
(lattice) nor Poissonian (random, Erdős-Rényi)

Adjacency matrix

Aij =

(
1 if nodes i and j are linked

0 otherwise
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Reactions occur at each node.  Diffusion occurs across edges.

Extension to networks

Metapopulation models 
e.g. in the framework of ecology: 

May R., Will a large complex system be stable? 
Nature, 238, pp. 413, (1972)

Patterns 
sets of nodes whose asymptotic state is far from the homogeneous equilibrium.
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Reaction term:

Nakao H. and Mikhailov A. S.,  
Turing patterns in network-organized activator–inhibitor systems, Nature Physics, 6, pp. 544 (2010)

(
u̇i(t) = f(ui(t), vi(t))

v̇i(t) = g(ui(t), vi(t)) 8i = 1, . . . , n and t > 0.

At each node i=1,…,n, “species” u and v react through some non-linear 
functions f and g depending on the quantities available at node i-th 
(metapopulation assumption)
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Nakao H. and Mikhailov A. S.,  
Turing patterns in network-organized activator–inhibitor systems, Nature Physics, 6, pp. 544 (2010)

Diffusion term:
Diffusive transport of species into a certain node i is given by the sum of 
incoming fluxes to node i from other connected nodes j, fluxes are proportional 
to the concentration difference between the nodes (Fick's law).

1

2

3

4

5

e1 e2

e3e4

Ex.: consider the amount of u in node 1, 
u can enter from 2, 3 and 4 
u can leave 1 to go to 2, 3 and 4

u2 + u3 + u4 � 3u1 =
X

j

A1juj � k1u1 =
X

j

(A1j � �1jkj)uj :=
X

j

L1juj

L is called Laplacian matrix of the network
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Nakao H. and Mikhailov A. S.,  
Turing patterns in network-organized activator–inhibitor systems, Nature Physics, 6, pp. 544 (2010)

(
u̇i(t) = f(ui(t), vi(t)) +Du

Pn
j=1 Lijuj(t)

v̇i(t) = g(ui(t), vi(t)) +Dv
Pn

j=1 Lijvj(t) 8i = 1, . . . , n and t > 0.

Du and Dv are the diffusion coefficients of species u and v

The model:

Observe that because the network is undirected, the matrices A and L are 
symmetric
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General strategy for the network case

1) Assume there exists a spatially homogeneous solution:  
 
 
which moreover is stable when there is no diffusion:

(ui, vi) = (û, v̂) 8i = 1, . . . , n

Du = Dv = 0

2) Linearize around this solution

ui = û+ �ui

vi = v̂ + �vi

✓
˙�u
˙�v

◆
= J̃

✓
�u
�v

◆

J̃ =

✓
fuIn +DuL fvIn

guIn gvIn +DvL

◆
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General strategy for the network case

(ui, vi) = (û, v̂) 8i = 1, . . . , n

Du > 0 and Dv > 0

3) Prove that (possibly) the spatially homogeneous solution: 
 
 
turns out to be unstable once the diffusion is in action

Sketch of the proof
i) Let

ii) decompose the solution on the eigenbasis and use the ansatz

L~�↵ = ⇤↵~�↵, ↵ = 1, . . . , n ~�↵ = (�↵
1 , . . . ,�

↵
n)X

i

�↵
i �

�
i = �↵�

�ui(t) =
nX

↵=1

c↵�
↵
i e

�↵t

⇤↵  0
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General strategy

iii)         (whose real part is called relation dispersion) is solution of �↵

det


�↵ �

✓
fu +Du⇤↵ fv

gu gv +Dv⇤↵

◆�
= 0

iv) if there exists           such that                       then Turing patterns do emerge.⇤↵c

-$,
0 1 2 3 4 5 6 7

<
 6
,
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Networks are dynamical objects

Contact social networks

Phone calls
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The model: dynamical network

Links can change their weights, fade away, be created or be rewired:

Species can relocate, as follows a standard diffusive mechanism, ruled by the (time dependent) 
Laplacian operator:

Lij(t) = Aij(t)� si(t)�ij

Aij(t) =

(
wij(t) > 0 if i and j are linked at time t

0 otherwise

si(t) =
X

j

Aij(t)
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The model: reaction-diffusion on dynamical network

(
u̇i(t) = f(ui, vi) +Du

PN
j=1 Lij(t/✏)uj(t)

v̇i(t) = g(ui, vi) +Dv
PN

j=1 Lij(t/✏)vj(t)

possible different time scale

Can the system exhibit Turing patterns, 
once the static version doesn’t? 

Which is the role of network time scale?

(1)
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Main result: periodic case

(
u̇i(t) = f(ui, vi) +Du

PN
j=1hLijiuj

v̇i(t) = g(ui, vi) +Dv
PN

j=1hLijivj

Assume the existence of the averaged Laplacian:

hLi = 1

T

Z T

0
L(t)dt

And let us introduce the averaged reaction-diffusion system:

(2)

Then, if (2) exhibits Turing patterns, there exists                 such  

that (1) also exhibits Turing patterns 

✏⇤ > 0

8✏ : 0 < ✏ < ✏⇤
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Sketch of the proof

a) Theorem of averaging
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Sketch of the proof

d) Conclude: 9 ✏⇤ > 0 8✏ : 0 < ✏ < ✏⇤

Solutions of   (b1) & (b2)  stay    -close for ✏ t = O(1)

e) Hence if the averaged system is unstable and exhibits Turing patterns, also the 
“accelerated” does.

c) Rescale time:

b) Rewrite 1 and 2 in compact form:

(b1)

(b2)
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An exemple: twins network
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An exemple: twins network

Dynamics on A1 (or A2) fixed
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An exemple: twins network

“fast” switch
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An exemple: twins network

“slow” switch
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An exemple: twins network
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Critical threshold: twins network

Monodromy matrix (acc. case): 

0 0.1 0.2 0.3 0.4 0.5
0

0.2

0.4

0.6

0.8

1

1.2

a) b)S(✏) =

sX

i

[(ui(tfin)� ū)2 + (vi(tfin)� v̄)2]

✏ = 0.1
✏ = 0.3

✏⇤

4 12 20 28 36 44 52
N

0.1

0.15

0.2

0.25

*

4 12 20 28 36 44 52
N

0.1

0.15

0.2

0.25

0.3
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A second example: “Chinese whispers” 
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<latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="rTHvw3BsamMiwkulv5Fv7u4B95U=">AAAB6XicbZBLSwMxFIXv1FetVatbN8EiuBoyBdGNILhxWcE+oB1KJr1tQzOZMckUytDf4caFIv4hd/4b08dCWw8EPs5JuDcnSqUwltJvr7C1vbO7V9wvHZQPj44rJ+WmSTLNscETmeh2xAxKobBhhZXYTjWyOJLYisb387w1QW1Eop7sNMUwZkMlBoIz66ywi6kRMlG31K9d9SpV6tOFyCYEK6jCSvVe5avbT3gWo7JcMmM6AU1tmDNtBZc4K3UzgynjYzbEjkPFYjRhvlh6Ri6c0yeDRLujLFm4v1/kLDZmGkfuZszsyKxnc/O/rJPZwU2YC5VmFhVfDhpkktiEzBsgfaGRWzl1wLgWblfCR0wzbl1PJVdCsP7lTWjW/ID6wSOFIpzBOVxCANdwBw9QhwZweIYXeIN3b+K9eh/LugreqrdT+CPv8wddP4/1</latexit><latexit sha1_base64="rTHvw3BsamMiwkulv5Fv7u4B95U=">AAAB6XicbZBLSwMxFIXv1FetVatbN8EiuBoyBdGNILhxWcE+oB1KJr1tQzOZMckUytDf4caFIv4hd/4b08dCWw8EPs5JuDcnSqUwltJvr7C1vbO7V9wvHZQPj44rJ+WmSTLNscETmeh2xAxKobBhhZXYTjWyOJLYisb387w1QW1Eop7sNMUwZkMlBoIz66ywi6kRMlG31K9d9SpV6tOFyCYEK6jCSvVe5avbT3gWo7JcMmM6AU1tmDNtBZc4K3UzgynjYzbEjkPFYjRhvlh6Ri6c0yeDRLujLFm4v1/kLDZmGkfuZszsyKxnc/O/rJPZwU2YC5VmFhVfDhpkktiEzBsgfaGRWzl1wLgWblfCR0wzbl1PJVdCsP7lTWjW/ID6wSOFIpzBOVxCANdwBw9QhwZweIYXeIN3b+K9eh/LugreqrdT+CPv8wddP4/1</latexit><latexit sha1_base64="fTfn8s1d1tnn4hbmx2Dz2R8hpok=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8LdmC6EUoevFYwX5Au5RsOtuGZpM1yRZK6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzolRwYwn59tbWNza3tgs7xd29/YPD0tFxw6hMM6gzJZRuRdSA4BLqllsBrVQDTSIBzWh4N/ObI9CGK/loxymECe1LHnNGrZPCDqSGCyVviF+57JbKxCdz4FUS5KSMctS6pa9OT7EsAWmZoMa0A5LacEK15UzAtNjJDKSUDWkf2o5KmoAJJ/Ojp/jcKT0cK+1KWjxXf09MaGLMOIlcZ0LtwCx7M/E/r53Z+DqccJlmFiRbLIozga3CswRwj2tgVowdoUxzdytmA6opsy6nogshWH55lTQqfkD84IGUq7d5HAV0is7QBQrQFaqie1RDdcTQE3pGr+jNG3kv3rv3sWhd8/KZE/QH3ucPnkWRUA==</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit>

✏ = 0.9
<latexit sha1_base64="lPXvD0tPakB8Zck7GIUnjXrmr+o=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVQT0IRS8eK1hb6C4lm862odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1GcGRsE315pZXVtfaO8Wdna3tndq+4fPBqZawpNKrnU7YQY4ExA0zLLoa00kCzh0EqGt1O/9QTaMCke7EhBnJG+YCmjxDopikAZxqW4DvyrbrUW+MEMeJmEBamhAo1u9SvqSZpnICzlxJhOGCgbj4m2jHKYVKLcgCJ0SPrQcVSQDEw8nt08wSdO6eFUalfC4pn6e2JMMmNGWeI6M2IHZtGbiv95ndyml/GYCZVbEHS+KM05thJPA8A9poFaPnKEUM3crZgOiCbUupgqLoRw8eVl8njmh4Ef3p/X6jdFHGV0hI7RKQrRBaqjO9RATUSRQs/oFb15uffivXsf89aSV8wcoj/wPn8AMLCRHA==</latexit><latexit sha1_base64="lPXvD0tPakB8Zck7GIUnjXrmr+o=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVQT0IRS8eK1hb6C4lm862odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1GcGRsE315pZXVtfaO8Wdna3tndq+4fPBqZawpNKrnU7YQY4ExA0zLLoa00kCzh0EqGt1O/9QTaMCke7EhBnJG+YCmjxDopikAZxqW4DvyrbrUW+MEMeJmEBamhAo1u9SvqSZpnICzlxJhOGCgbj4m2jHKYVKLcgCJ0SPrQcVSQDEw8nt08wSdO6eFUalfC4pn6e2JMMmNGWeI6M2IHZtGbiv95ndyml/GYCZVbEHS+KM05thJPA8A9poFaPnKEUM3crZgOiCbUupgqLoRw8eVl8njmh4Ef3p/X6jdFHGV0hI7RKQrRBaqjO9RATUSRQs/oFb15uffivXsf89aSV8wcoj/wPn8AMLCRHA==</latexit><latexit sha1_base64="lPXvD0tPakB8Zck7GIUnjXrmr+o=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVQT0IRS8eK1hb6C4lm862odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1GcGRsE315pZXVtfaO8Wdna3tndq+4fPBqZawpNKrnU7YQY4ExA0zLLoa00kCzh0EqGt1O/9QTaMCke7EhBnJG+YCmjxDopikAZxqW4DvyrbrUW+MEMeJmEBamhAo1u9SvqSZpnICzlxJhOGCgbj4m2jHKYVKLcgCJ0SPrQcVSQDEw8nt08wSdO6eFUalfC4pn6e2JMMmNGWeI6M2IHZtGbiv95ndyml/GYCZVbEHS+KM05thJPA8A9poFaPnKEUM3crZgOiCbUupgqLoRw8eVl8njmh4Ef3p/X6jdFHGV0hI7RKQrRBaqjO9RATUSRQs/oFb15uffivXsf89aSV8wcoj/wPn8AMLCRHA==</latexit><latexit sha1_base64="lPXvD0tPakB8Zck7GIUnjXrmr+o=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVQT0IRS8eK1hb6C4lm862odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1GcGRsE315pZXVtfaO8Wdna3tndq+4fPBqZawpNKrnU7YQY4ExA0zLLoa00kCzh0EqGt1O/9QTaMCke7EhBnJG+YCmjxDopikAZxqW4DvyrbrUW+MEMeJmEBamhAo1u9SvqSZpnICzlxJhOGCgbj4m2jHKYVKLcgCJ0SPrQcVSQDEw8nt08wSdO6eFUalfC4pn6e2JMMmNGWeI6M2IHZtGbiv95ndyml/GYCZVbEHS+KM05thJPA8A9poFaPnKEUM3crZgOiCbUupgqLoRw8eVl8njmh4Ef3p/X6jdFHGV0hI7RKQrRBaqjO9RATUSRQs/oFb15uffivXsf89aSV8wcoj/wPn8AMLCRHA==</latexit>
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A second example: “Chinese whispers” 

✏ = 0.9
<latexit sha1_base64="lPXvD0tPakB8Zck7GIUnjXrmr+o=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVQT0IRS8eK1hb6C4lm862odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1GcGRsE315pZXVtfaO8Wdna3tndq+4fPBqZawpNKrnU7YQY4ExA0zLLoa00kCzh0EqGt1O/9QTaMCke7EhBnJG+YCmjxDopikAZxqW4DvyrbrUW+MEMeJmEBamhAo1u9SvqSZpnICzlxJhOGCgbj4m2jHKYVKLcgCJ0SPrQcVSQDEw8nt08wSdO6eFUalfC4pn6e2JMMmNGWeI6M2IHZtGbiv95ndyml/GYCZVbEHS+KM05thJPA8A9poFaPnKEUM3crZgOiCbUupgqLoRw8eVl8njmh4Ef3p/X6jdFHGV0hI7RKQrRBaqjO9RATUSRQs/oFb15uffivXsf89aSV8wcoj/wPn8AMLCRHA==</latexit><latexit sha1_base64="lPXvD0tPakB8Zck7GIUnjXrmr+o=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVQT0IRS8eK1hb6C4lm862odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1GcGRsE315pZXVtfaO8Wdna3tndq+4fPBqZawpNKrnU7YQY4ExA0zLLoa00kCzh0EqGt1O/9QTaMCke7EhBnJG+YCmjxDopikAZxqW4DvyrbrUW+MEMeJmEBamhAo1u9SvqSZpnICzlxJhOGCgbj4m2jHKYVKLcgCJ0SPrQcVSQDEw8nt08wSdO6eFUalfC4pn6e2JMMmNGWeI6M2IHZtGbiv95ndyml/GYCZVbEHS+KM05thJPA8A9poFaPnKEUM3crZgOiCbUupgqLoRw8eVl8njmh4Ef3p/X6jdFHGV0hI7RKQrRBaqjO9RATUSRQs/oFb15uffivXsf89aSV8wcoj/wPn8AMLCRHA==</latexit><latexit sha1_base64="lPXvD0tPakB8Zck7GIUnjXrmr+o=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVQT0IRS8eK1hb6C4lm862odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1GcGRsE315pZXVtfaO8Wdna3tndq+4fPBqZawpNKrnU7YQY4ExA0zLLoa00kCzh0EqGt1O/9QTaMCke7EhBnJG+YCmjxDopikAZxqW4DvyrbrUW+MEMeJmEBamhAo1u9SvqSZpnICzlxJhOGCgbj4m2jHKYVKLcgCJ0SPrQcVSQDEw8nt08wSdO6eFUalfC4pn6e2JMMmNGWeI6M2IHZtGbiv95ndyml/GYCZVbEHS+KM05thJPA8A9poFaPnKEUM3crZgOiCbUupgqLoRw8eVl8njmh4Ef3p/X6jdFHGV0hI7RKQrRBaqjO9RATUSRQs/oFb15uffivXsf89aSV8wcoj/wPn8AMLCRHA==</latexit><latexit sha1_base64="lPXvD0tPakB8Zck7GIUnjXrmr+o=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVQT0IRS8eK1hb6C4lm862odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1GcGRsE315pZXVtfaO8Wdna3tndq+4fPBqZawpNKrnU7YQY4ExA0zLLoa00kCzh0EqGt1O/9QTaMCke7EhBnJG+YCmjxDopikAZxqW4DvyrbrUW+MEMeJmEBamhAo1u9SvqSZpnICzlxJhOGCgbj4m2jHKYVKLcgCJ0SPrQcVSQDEw8nt08wSdO6eFUalfC4pn6e2JMMmNGWeI6M2IHZtGbiv95ndyml/GYCZVbEHS+KM05thJPA8A9poFaPnKEUM3crZgOiCbUupgqLoRw8eVl8njmh4Ef3p/X6jdFHGV0hI7RKQrRBaqjO9RATUSRQs/oFb15uffivXsf89aSV8wcoj/wPn8AMLCRHA==</latexit>

✏ = 0.25
<latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit><latexit sha1_base64="EYn5ghGbaxKmnCrgoiO9wUytnkM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgadktil6EohePFewHtEvJprNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKG8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQdZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUand5nEU0Qk6RefIR1eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5+FkVQ=</latexit>



www.unamur.be timoteo.carletti@unamur.be

Generalizations

i) Continuous non-periodic case (use Floquet-Magnus expansion)

hLi = lim
T!1

1

T

Z T

0
L(t) dt

ii) Discrete time random switching:
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Part II. Oscillation death & time varying network

Can the intrinsic network dynamics suppress the 
existing synchrony?

Namely from (global) limit cycle behavior to 
stationary homogeneous equilibrium.
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Oscillation death & time varying networks

Admits a T-periodic solution                                                 once(xi, yi) = (x̄(t), ȳ(t)) Dx = Dy = 0

The system synchronizes, if such solution is stable.

The oscillations can die out, if stability is lost. 

Dx > 0 and Dy > 0Let
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Oscillation death induced by fast switching

(Twins network)

{{
Synchronization is stableOscillation death

hSi = 1

Ts

Z t+Ts

t
S(✏, u) du



www.unamur.be timoteo.carletti@unamur.be

Sketch of the proof
Use again the theorem of averaging but in two steps

linearize close to T-periodic solution and 
change time scale

hLi = 1

Ts

Z Ts

0
L(t)dt

1

2

�y0 = ✏ [J (✏⌧) + hLi] �y

partial averaging

Linearization  
and change time scale

Use Floquet and the eigenbasis of hLi
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Conclusions

Main (possible) applications: social contact network & epidemics spreadings; 

The theory of Turing Patterns has been extended as to consider “fast” time 
varying networks;

Other ideas/suggestions for a collaboration ?
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