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Simples rules to explain the complex 
beauty of fractals
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?
What exactly is a fractal?

Why are they so widespread?

How can we measure/recognize fractality?

How difficult is to create a (synthetic) fractal object?
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Benoit Mandelbrot (1924-2010)

Georg Cantor 
(1845-1918)

Helge von Koch 
(1870-1924)

Wacław Sierpiński 
(1882-1969)

Giuseppe Peano 
(1858-1932)
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Fractal (etymology)

Latin : fractus, frangere  
=  

broken / rough not smooth

English : fraction, 
not an integer number

Linked ideas
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Dimension … an operational definition

Ruler  
[U]

Object }
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

Length  
1 U
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Dimension … an operational definition

Object

Ruler  
[U’]= [U/2]

}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

Length  
1 U

L = 2x U’
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Dimension … an operational definition

Object

Ruler  
[U”]= [U/4]

Length  
1 U}

<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

L = 4x U”
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Dimension … an operational definition

number of small rulers =

✓
1

reduction factor

◆1

<latexit sha1_base64="m3KQypzr2KrNcV0opPmDgt+Am+s="></latexit><latexit sha1_base64="m3KQypzr2KrNcV0opPmDgt+Am+s="></latexit><latexit sha1_base64="m3KQypzr2KrNcV0opPmDgt+Am+s="></latexit><latexit sha1_base64="m3KQypzr2KrNcV0opPmDgt+Am+s="></latexit>
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Dimension … an operational definition

Ruler  
[U]

Object

Area  
1 U2}

<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>
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Dimension … an operational definition

Object

Area  
1 U2

Ruler  
[U’]=[U/2]

}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

A=4x(U’)2
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Dimension … an operational definition

Object

Area  
1 U2}

<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

A=16x(U”)2

Ruler  
[U”]=[U/4]
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Dimension … an operational definition

number of small rulers =

✓
1

reduction factor

◆2

<latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit><latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit><latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ybP8yalIIT81VyMVorMhR2iUmcU="></latexit><latexit sha1_base64="ybP8yalIIT81VyMVorMhR2iUmcU="></latexit><latexit sha1_base64="FXU74UHbb4+1IDDqp8GhHbujBlA="></latexit><latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit><latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit><latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit><latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit><latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit><latexit sha1_base64="S8HDdbYZ+/VWHih8jtHdTZ/vZsc="></latexit>
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Dimension … an operational definition

number of small rulers =

✓
1

reduction factor

◆D

<latexit sha1_base64="LwWhJR2zMTHu7740YmYUBemQhRM="></latexit><latexit sha1_base64="LwWhJR2zMTHu7740YmYUBemQhRM="></latexit><latexit sha1_base64="LwWhJR2zMTHu7740YmYUBemQhRM="></latexit><latexit sha1_base64="LwWhJR2zMTHu7740YmYUBemQhRM="></latexit>

Given object (i.e. a set), then define:

D =
log(number of small rulers)

� log(reduction factor)
<latexit sha1_base64="zHACIYpKLhx1wGDS2oMyrxKnF2E="></latexit><latexit sha1_base64="zHACIYpKLhx1wGDS2oMyrxKnF2E="></latexit><latexit sha1_base64="zHACIYpKLhx1wGDS2oMyrxKnF2E="></latexit><latexit sha1_base64="zHACIYpKLhx1wGDS2oMyrxKnF2E="></latexit>

Fractal dimension / self-similarity dimension / counting box dimension
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Reduct.  
fact.

Numb.  
rulers

1 2



www.unamur.be timoteo.carletti@unamur.be

Reduct.  
fact.

Numb.  
rulers

1 2

1/2 6
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Reduct.  
fact.

Numb.  
rulers

1 2

1/2 6=2x3

1/4=1/22 18=2x32

… …

1/2n 2x3n

D =
log(number of small rulers)

� log(reduction factor)
<latexit sha1_base64="zHACIYpKLhx1wGDS2oMyrxKnF2E="></latexit><latexit sha1_base64="zHACIYpKLhx1wGDS2oMyrxKnF2E="></latexit><latexit sha1_base64="zHACIYpKLhx1wGDS2oMyrxKnF2E="></latexit><latexit sha1_base64="zHACIYpKLhx1wGDS2oMyrxKnF2E="></latexit>

=
log(2⇥ 3n)

� log(1/2n)
<latexit sha1_base64="QjAdxssxk2W3K19D53h5kHUvtsQ=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUgZIUJFiQKlgYi0QfUhMqx3Vaq44T2Q5SFfUTWPgVFgYQYmVk429w0gzQciRL555zr67v8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+vUbz8QIWnI79Q4Im6ABpz6FCOlpZ55eOn4AuHEYeGgUnMUDYiEp/f8aJIcZ5p9Ukurnlm2qlYGOE/snJRBjkbP/HL6IY4DwhVmSMqubUXKTZBQFDMyKTmxJBHCIzQgXU050ovdJDtoAg+00od+KPTjCmbq74kEBVKOA093BkgN5ayXiv953Vj5F25CeRQrwvF0kR8zqEKYpgP7VBCs2FgThAXVf4V4iHRASmdY0iHYsyfPk1ataltV+/asXL/K4yiCPbAPKsAG56AObkADNAEGj+AZvII348l4Md6Nj2lrwchndsEfGJ8/dQabjg==</latexit><latexit sha1_base64="QjAdxssxk2W3K19D53h5kHUvtsQ=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUgZIUJFiQKlgYi0QfUhMqx3Vaq44T2Q5SFfUTWPgVFgYQYmVk429w0gzQciRL555zr67v8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+vUbz8QIWnI79Q4Im6ABpz6FCOlpZ55eOn4AuHEYeGgUnMUDYiEp/f8aJIcZ5p9Ukurnlm2qlYGOE/snJRBjkbP/HL6IY4DwhVmSMqubUXKTZBQFDMyKTmxJBHCIzQgXU050ovdJDtoAg+00od+KPTjCmbq74kEBVKOA093BkgN5ayXiv953Vj5F25CeRQrwvF0kR8zqEKYpgP7VBCs2FgThAXVf4V4iHRASmdY0iHYsyfPk1ataltV+/asXL/K4yiCPbAPKsAG56AObkADNAEGj+AZvII348l4Md6Nj2lrwchndsEfGJ8/dQabjg==</latexit><latexit sha1_base64="QjAdxssxk2W3K19D53h5kHUvtsQ=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUgZIUJFiQKlgYi0QfUhMqx3Vaq44T2Q5SFfUTWPgVFgYQYmVk429w0gzQciRL555zr67v8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+vUbz8QIWnI79Q4Im6ABpz6FCOlpZ55eOn4AuHEYeGgUnMUDYiEp/f8aJIcZ5p9Ukurnlm2qlYGOE/snJRBjkbP/HL6IY4DwhVmSMqubUXKTZBQFDMyKTmxJBHCIzQgXU050ovdJDtoAg+00od+KPTjCmbq74kEBVKOA093BkgN5ayXiv953Vj5F25CeRQrwvF0kR8zqEKYpgP7VBCs2FgThAXVf4V4iHRASmdY0iHYsyfPk1ataltV+/asXL/K4yiCPbAPKsAG56AObkADNAEGj+AZvII348l4Md6Nj2lrwchndsEfGJ8/dQabjg==</latexit><latexit sha1_base64="QjAdxssxk2W3K19D53h5kHUvtsQ=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUgZIUJFiQKlgYi0QfUhMqx3Vaq44T2Q5SFfUTWPgVFgYQYmVk429w0gzQciRL555zr67v8SJGpbKsb6OwsLi0vFJcLa2tb2xumds7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+vUbz8QIWnI79Q4Im6ABpz6FCOlpZ55eOn4AuHEYeGgUnMUDYiEp/f8aJIcZ5p9Ukurnlm2qlYGOE/snJRBjkbP/HL6IY4DwhVmSMqubUXKTZBQFDMyKTmxJBHCIzQgXU050ovdJDtoAg+00od+KPTjCmbq74kEBVKOA093BkgN5ayXiv953Vj5F25CeRQrwvF0kR8zqEKYpgP7VBCs2FgThAXVf4V4iHRASmdY0iHYsyfPk1ataltV+/asXL/K4yiCPbAPKsAG56AObkADNAEGj+AZvII348l4Md6Nj2lrwchndsEfGJ8/dQabjg==</latexit>

=
n log(3) + log(2)

n log(2)
<latexit sha1_base64="oW3VE8XfKNnRsOf7Os1rmWfum58=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qEFqHMVEE3QtGNywr2Ap2hZNJMG5pJhiQjlKF7N76KGxeKuPUF3Pk2ptNZaOuBkI//P4fk/EHMqNKO822trK6tb2wWtorbO7t7+/bBYVuJRGLSwoIJ2Q2QIoxy0tJUM9KNJUFRwEgnGN/M/M4DkYoKfq8nMfEjNOQ0pBhpI/Xt0pUXSoRT7jExrJxVT7O7Xp3miqG+XXZqTlZwGdwcyiCvZt/+8gYCJxHhGjOkVM91Yu2nSGqKGZkWvUSRGOExGpKeQY4iovw022UKT4wygKGQ5nANM/X3RIoipSZRYDojpEdq0ZuJ/3m9RIeXfkp5nGjC8fyhMGFQCzgLBg6oJFiziQGEJTV/hXiETDbaxFc0IbiLKy9Du15znZp7d15uXOdxFMAxKIEKcMEFaIBb0AQtgMEjeAav4M16sl6sd+tj3rpi5TNH4E9Znz+7ZJmP</latexit><latexit sha1_base64="oW3VE8XfKNnRsOf7Os1rmWfum58=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qEFqHMVEE3QtGNywr2Ap2hZNJMG5pJhiQjlKF7N76KGxeKuPUF3Pk2ptNZaOuBkI//P4fk/EHMqNKO822trK6tb2wWtorbO7t7+/bBYVuJRGLSwoIJ2Q2QIoxy0tJUM9KNJUFRwEgnGN/M/M4DkYoKfq8nMfEjNOQ0pBhpI/Xt0pUXSoRT7jExrJxVT7O7Xp3miqG+XXZqTlZwGdwcyiCvZt/+8gYCJxHhGjOkVM91Yu2nSGqKGZkWvUSRGOExGpKeQY4iovw022UKT4wygKGQ5nANM/X3RIoipSZRYDojpEdq0ZuJ/3m9RIeXfkp5nGjC8fyhMGFQCzgLBg6oJFiziQGEJTV/hXiETDbaxFc0IbiLKy9Du15znZp7d15uXOdxFMAxKIEKcMEFaIBb0AQtgMEjeAav4M16sl6sd+tj3rpi5TNH4E9Znz+7ZJmP</latexit><latexit sha1_base64="oW3VE8XfKNnRsOf7Os1rmWfum58=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qEFqHMVEE3QtGNywr2Ap2hZNJMG5pJhiQjlKF7N76KGxeKuPUF3Pk2ptNZaOuBkI//P4fk/EHMqNKO822trK6tb2wWtorbO7t7+/bBYVuJRGLSwoIJ2Q2QIoxy0tJUM9KNJUFRwEgnGN/M/M4DkYoKfq8nMfEjNOQ0pBhpI/Xt0pUXSoRT7jExrJxVT7O7Xp3miqG+XXZqTlZwGdwcyiCvZt/+8gYCJxHhGjOkVM91Yu2nSGqKGZkWvUSRGOExGpKeQY4iovw022UKT4wygKGQ5nANM/X3RIoipSZRYDojpEdq0ZuJ/3m9RIeXfkp5nGjC8fyhMGFQCzgLBg6oJFiziQGEJTV/hXiETDbaxFc0IbiLKy9Du15znZp7d15uXOdxFMAxKIEKcMEFaIBb0AQtgMEjeAav4M16sl6sd+tj3rpi5TNH4E9Znz+7ZJmP</latexit><latexit sha1_base64="oW3VE8XfKNnRsOf7Os1rmWfum58=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qEFqHMVEE3QtGNywr2Ap2hZNJMG5pJhiQjlKF7N76KGxeKuPUF3Pk2ptNZaOuBkI//P4fk/EHMqNKO822trK6tb2wWtorbO7t7+/bBYVuJRGLSwoIJ2Q2QIoxy0tJUM9KNJUFRwEgnGN/M/M4DkYoKfq8nMfEjNOQ0pBhpI/Xt0pUXSoRT7jExrJxVT7O7Xp3miqG+XXZqTlZwGdwcyiCvZt/+8gYCJxHhGjOkVM91Yu2nSGqKGZkWvUSRGOExGpKeQY4iovw022UKT4wygKGQ5nANM/X3RIoipSZRYDojpEdq0ZuJ/3m9RIeXfkp5nGjC8fyhMGFQCzgLBg6oJFiziQGEJTV/hXiETDbaxFc0IbiLKy9Du15znZp7d15uXOdxFMAxKIEKcMEFaIBb0AQtgMEjeAav4M16sl6sd+tj3rpi5TNH4E9Znz+7ZJmP</latexit>

! log(3)

log(2)
⇠ 1.585

<latexit sha1_base64="VOWzi9mWBbg2PHzgkmNfErIT52A=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCu7Ak1WKXRTcuK9gLNKFMppN06CQTZiZKCXkKN76KGxeKuBV3vo3TNgtt/WHg4z/ncOb8XsyoVJb1baysrq1vbBa2its7u3v75sFhR/JEYNLGnHHR85AkjEakrahipBcLgkKPka43vp7Wu/dESMqjOzWJiRuiIKI+xUhpa2CeOYIGI4WE4A/Q8QXCqcN4UD6vZHOoVTJH0hDa1XqjPjBLVtWaCS6DnUMJ5GoNzC9nyHESkkhhhqTs21as3BQJRTEjWdFJJIkRHqOA9DVGKCTSTWdnZfBUO0Poc6FfpODM/T2RolDKSejpzhCpkVysTc3/av1E+Q03pVGcKBLh+SI/YVBxOM0IDqkgWLGJBoQF1X+FeIR0NkonWdQh2IsnL0OnVrWtqn17UWpe5XEUwDE4AWVgg0vQBDegBdoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP1O8niM=</latexit><latexit sha1_base64="VOWzi9mWBbg2PHzgkmNfErIT52A=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCu7Ak1WKXRTcuK9gLNKFMppN06CQTZiZKCXkKN76KGxeKuBV3vo3TNgtt/WHg4z/ncOb8XsyoVJb1baysrq1vbBa2its7u3v75sFhR/JEYNLGnHHR85AkjEakrahipBcLgkKPka43vp7Wu/dESMqjOzWJiRuiIKI+xUhpa2CeOYIGI4WE4A/Q8QXCqcN4UD6vZHOoVTJH0hDa1XqjPjBLVtWaCS6DnUMJ5GoNzC9nyHESkkhhhqTs21as3BQJRTEjWdFJJIkRHqOA9DVGKCTSTWdnZfBUO0Poc6FfpODM/T2RolDKSejpzhCpkVysTc3/av1E+Q03pVGcKBLh+SI/YVBxOM0IDqkgWLGJBoQF1X+FeIR0NkonWdQh2IsnL0OnVrWtqn17UWpe5XEUwDE4AWVgg0vQBDegBdoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP1O8niM=</latexit><latexit sha1_base64="VOWzi9mWBbg2PHzgkmNfErIT52A=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCu7Ak1WKXRTcuK9gLNKFMppN06CQTZiZKCXkKN76KGxeKuBV3vo3TNgtt/WHg4z/ncOb8XsyoVJb1baysrq1vbBa2its7u3v75sFhR/JEYNLGnHHR85AkjEakrahipBcLgkKPka43vp7Wu/dESMqjOzWJiRuiIKI+xUhpa2CeOYIGI4WE4A/Q8QXCqcN4UD6vZHOoVTJH0hDa1XqjPjBLVtWaCS6DnUMJ5GoNzC9nyHESkkhhhqTs21as3BQJRTEjWdFJJIkRHqOA9DVGKCTSTWdnZfBUO0Poc6FfpODM/T2RolDKSejpzhCpkVysTc3/av1E+Q03pVGcKBLh+SI/YVBxOM0IDqkgWLGJBoQF1X+FeIR0NkonWdQh2IsnL0OnVrWtqn17UWpe5XEUwDE4AWVgg0vQBDegBdoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP1O8niM=</latexit><latexit sha1_base64="VOWzi9mWBbg2PHzgkmNfErIT52A=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCu7Ak1WKXRTcuK9gLNKFMppN06CQTZiZKCXkKN76KGxeKuBV3vo3TNgtt/WHg4z/ncOb8XsyoVJb1baysrq1vbBa2its7u3v75sFhR/JEYNLGnHHR85AkjEakrahipBcLgkKPka43vp7Wu/dESMqjOzWJiRuiIKI+xUhpa2CeOYIGI4WE4A/Q8QXCqcN4UD6vZHOoVTJH0hDa1XqjPjBLVtWaCS6DnUMJ5GoNzC9nyHESkkhhhqTs21as3BQJRTEjWdFJJIkRHqOA9DVGKCTSTWdnZfBUO0Poc6FfpODM/T2RolDKSejpzhCpkVysTc3/av1E+Q03pVGcKBLh+SI/YVBxOM0IDqkgWLGJBoQF1X+FeIR0NkonWdQh2IsnL0OnVrWtqn17UWpe5XEUwDE4AWVgg0vQBDegBdoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP1O8niM=</latexit>
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Why are they “weird”?

Let us compute its area  
using successive approximations:

Step Area

1 A1}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

Side L

2

}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

L/2

A2 = 3⇥ (area A1/4)
<latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit><latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit><latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="1idKBRs9bVS3rr1BP3iG6G5uBO0=">AAAB/3icbVC7TgJBFL2LL0RUtLUZBRNscBdNtDGR2FhiIo8EyGZ2GGDC7CMzd41kQ23jr9hYaIx/YeffODwKBU8yyck59zH3eJEUGm3720qtrK6tb6Q3M1vZ7Z3d3F62rsNYMV5joQxV06OaSxHwGgqUvBkpTn1P8oY3vJn4jQeutAiDexxFvOPTfiB6glE0kps7rLjlq7M2Cp9r0kb+iEmRmgGkUHGd0/PCydjN5e2SPQVZJs6c5GGOqpv7andDFvs8QCap1i3HjrCTUIWCST7OtGPNI8qGtM9bhgbUrO4k01PG5NgoXdILlXkBkqn6uyOhvtYj3zOVPsWBXvQm4n9eK8beZScRQRQjD9hsUS+WBEMyyYV0heIM5cgQypQwfyVsQBVlaNLLmBCcxZOXSb1ccuySc2dDGg7gCIrgwAVcwy1UoQYMnuAF3uDderZerY9ZXClrnts+/IH1+QNYDZb/</latexit><latexit sha1_base64="1idKBRs9bVS3rr1BP3iG6G5uBO0=">AAAB/3icbVC7TgJBFL2LL0RUtLUZBRNscBdNtDGR2FhiIo8EyGZ2GGDC7CMzd41kQ23jr9hYaIx/YeffODwKBU8yyck59zH3eJEUGm3720qtrK6tb6Q3M1vZ7Z3d3F62rsNYMV5joQxV06OaSxHwGgqUvBkpTn1P8oY3vJn4jQeutAiDexxFvOPTfiB6glE0kps7rLjlq7M2Cp9r0kb+iEmRmgGkUHGd0/PCydjN5e2SPQVZJs6c5GGOqpv7andDFvs8QCap1i3HjrCTUIWCST7OtGPNI8qGtM9bhgbUrO4k01PG5NgoXdILlXkBkqn6uyOhvtYj3zOVPsWBXvQm4n9eK8beZScRQRQjD9hsUS+WBEMyyYV0heIM5cgQypQwfyVsQBVlaNLLmBCcxZOXSb1ccuySc2dDGg7gCIrgwAVcwy1UoQYMnuAF3uDderZerY9ZXClrnts+/IH1+QNYDZb/</latexit><latexit sha1_base64="UX9Iwe6EoAunNaSzKCGh3xejr1k=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV000cYEtLHERB4JSzazwwATZh+ZuWskG2obf8XGQmNs/QI7/8YBtlD0JJOcnHMfc48XCa7Asr6MzMLi0vJKdjW3tr6xuWVu7zRUGEvK6jQUoWx5RDHBA1YHDoK1IsmI7wnW9IZXE795x6TiYXALo4h1fNIPeI9TAlpyzf2qW744cYD7TGEH2D0kRaIH4ELVtY9PC0dj18xbJWsK/JfYKcmjFDXX/HS6IY19FgAVRKm2bUXQSYgETgUb55xYsYjQIemztqYB0as7yfSUMT7UShf3QqlfAHiq/uxIiK/UyPd0pU9goOa9ifif146hd95JeBDFwAI6W9SLBYYQT3LBXS4ZBTHShFDJ9V8xHRBJKOj0cjoEe/7kv6RRLtlWyb6x8pXLNI4s2kMHqIhsdIYq6BrVUB1R9ICe0At6NR6NZ+PNeJ+VZoy0Zxf9gvHxDeN/mHA=</latexit><latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit><latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit><latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit><latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit><latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit><latexit sha1_base64="smBPZXH+Bhx2TarJr24hgBVLE/Q=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEywwV0k0cYEtLHERB4JkM3sMMCE2Udm7hrJhtrGX7Gx0Bhbv8DOv3GALRQ8ySQn59zH3OOGgiuwrG8jtbS8srqWXs9sbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OH1xG/cM6l44N/BKGQdj/R93uOUgJYc87DiFC/P2sA9pnAb2APEeaIH4FzFsU9LuZOxY2atgjUFXiR2QrIoQdUxv9rdgEYe84EKolTLtkLoxEQCp4KNM+1IsZDQIemzlqY+0as78fSUMT7WShf3AqmfD3iq/u6IiafUyHN1pUdgoOa9ifif14qgd9GJuR9GwHw6W9SLBIYAT3LBXS4ZBTHShFDJ9V8xHRBJKOj0MjoEe/7kRVIvFmyrYN+WsuWrJI40OkBHKI9sdI7K6AZVUQ1R9Iie0St6M56MF+Pd+JiVpoykZx/9gfH5A+S/mHQ=</latexit>

A2 =
3

4
A1

<latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit>



www.unamur.be timoteo.carletti@unamur.be

Why are they “weird”?

Let us compute its area  
using successive approximations:

Step Area

1 A1}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

Side L

2

}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

L/2

3

A2 =
3

4
A1

<latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit>

}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

L/4

A2 = 9⇥ (area A1/16)
<latexit sha1_base64="onFUCNQ7RVHCobvgfnbsRZGg2r0=">AAACC3icbVA5TwJBGJ3FC/FatbSZACbY4C4xHoUJaGOJiRwJSzazwwATZo/MfGskG3ob/4qNhcbY+gfs/DcOR6HgSyZ5ee875nteJLgCy/o2UkvLK6tr6fXMxubW9o65u1dXYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxtcj/3GPZOKh8EdDCPW9kkv4F1OCWjJNbMVt3R54QD3mcIOsAdICkQPwPmKax/bp/mjkWvmrKI1AV4k9ozk0AxV1/xyOiGNfRYAFUSplm1F0E6IBE4FG2WcWLGI0AHpsZamAdG728nklhE+1EoHd0OpXwB4ov7uSIiv1ND3dKVPoK/mvbH4n9eKoXveTngQxcACOl3UjQWGEI+DwR0uGQUx1IRQyfVfMe0TSSjo+DI6BHv+5EVSLxVtq2jfnuTKV7M40ugAZVEB2egMldENqqIaougRPaNX9GY8GS/Gu/ExLU0Zs5599AfG5w9rbpi3</latexit><latexit sha1_base64="onFUCNQ7RVHCobvgfnbsRZGg2r0=">AAACC3icbVA5TwJBGJ3FC/FatbSZACbY4C4xHoUJaGOJiRwJSzazwwATZo/MfGskG3ob/4qNhcbY+gfs/DcOR6HgSyZ5ee875nteJLgCy/o2UkvLK6tr6fXMxubW9o65u1dXYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxtcj/3GPZOKh8EdDCPW9kkv4F1OCWjJNbMVt3R54QD3mcIOsAdICkQPwPmKax/bp/mjkWvmrKI1AV4k9ozk0AxV1/xyOiGNfRYAFUSplm1F0E6IBE4FG2WcWLGI0AHpsZamAdG728nklhE+1EoHd0OpXwB4ov7uSIiv1ND3dKVPoK/mvbH4n9eKoXveTngQxcACOl3UjQWGEI+DwR0uGQUx1IRQyfVfMe0TSSjo+DI6BHv+5EVSLxVtq2jfnuTKV7M40ugAZVEB2egMldENqqIaougRPaNX9GY8GS/Gu/ExLU0Zs5599AfG5w9rbpi3</latexit><latexit sha1_base64="onFUCNQ7RVHCobvgfnbsRZGg2r0=">AAACC3icbVA5TwJBGJ3FC/FatbSZACbY4C4xHoUJaGOJiRwJSzazwwATZo/MfGskG3ob/4qNhcbY+gfs/DcOR6HgSyZ5ee875nteJLgCy/o2UkvLK6tr6fXMxubW9o65u1dXYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxtcj/3GPZOKh8EdDCPW9kkv4F1OCWjJNbMVt3R54QD3mcIOsAdICkQPwPmKax/bp/mjkWvmrKI1AV4k9ozk0AxV1/xyOiGNfRYAFUSplm1F0E6IBE4FG2WcWLGI0AHpsZamAdG728nklhE+1EoHd0OpXwB4ov7uSIiv1ND3dKVPoK/mvbH4n9eKoXveTngQxcACOl3UjQWGEI+DwR0uGQUx1IRQyfVfMe0TSSjo+DI6BHv+5EVSLxVtq2jfnuTKV7M40ugAZVEB2egMldENqqIaougRPaNX9GY8GS/Gu/ExLU0Zs5599AfG5w9rbpi3</latexit><latexit sha1_base64="onFUCNQ7RVHCobvgfnbsRZGg2r0=">AAACC3icbVA5TwJBGJ3FC/FatbSZACbY4C4xHoUJaGOJiRwJSzazwwATZo/MfGskG3ob/4qNhcbY+gfs/DcOR6HgSyZ5ee875nteJLgCy/o2UkvLK6tr6fXMxubW9o65u1dXYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxtcj/3GPZOKh8EdDCPW9kkv4F1OCWjJNbMVt3R54QD3mcIOsAdICkQPwPmKax/bp/mjkWvmrKI1AV4k9ozk0AxV1/xyOiGNfRYAFUSplm1F0E6IBE4FG2WcWLGI0AHpsZamAdG728nklhE+1EoHd0OpXwB4ov7uSIiv1ND3dKVPoK/mvbH4n9eKoXveTngQxcACOl3UjQWGEI+DwR0uGQUx1IRQyfVfMe0TSSjo+DI6BHv+5EVSLxVtq2jfnuTKV7M40ugAZVEB2egMldENqqIaougRPaNX9GY8GS/Gu/ExLU0Zs5599AfG5w9rbpi3</latexit>

A3 =

✓
3

4

◆2

A1
<latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="CRnng6g1edYkafxRw6pGcUa4jpI=">AAACAHicbZDNSgMxFIXv1P9adXTrJliEuikzKuhGsLhxqWC10BmHTJppQzM/JHeEMszeja/ixoUiPoU738a0dqGtBwKHcxJu7hdmUmh0nC+rsrC4tLyyulZdr21sbtnbtVud5orxNktlqjoh1VyKhLdRoOSdTHEah5LfhcOLcX/3wJUWaXKDo4z7Me0nIhKMookCe68VHJ15kkfY8CJFWXFUFselp0R/gAf3h6QVuIFdd5rORGTeuFNTh6muAvvT66Usj3mCTFKtu66ToV9QhYJJXla9XPOMsiHt866xCY259ovJLiXZN0mPRKkyJ0EySX+/KGis9SgOzc2Y4kDPduPwv66bY3TqFyLJcuQJ+xkU5ZJgSsZgSE8ozlCOjKFMCfNXwgbUIEGDr2oguLMrz5vbw6brNN1rB1ZhF/agAS6cwDlcwhW0gcEjPMMrvFlP1ov1/oOrYk257cAfWR/fVoKYOw==</latexit><latexit sha1_base64="CRnng6g1edYkafxRw6pGcUa4jpI=">AAACAHicbZDNSgMxFIXv1P9adXTrJliEuikzKuhGsLhxqWC10BmHTJppQzM/JHeEMszeja/ixoUiPoU738a0dqGtBwKHcxJu7hdmUmh0nC+rsrC4tLyyulZdr21sbtnbtVud5orxNktlqjoh1VyKhLdRoOSdTHEah5LfhcOLcX/3wJUWaXKDo4z7Me0nIhKMookCe68VHJ15kkfY8CJFWXFUFselp0R/gAf3h6QVuIFdd5rORGTeuFNTh6muAvvT66Usj3mCTFKtu66ToV9QhYJJXla9XPOMsiHt866xCY259ovJLiXZN0mPRKkyJ0EySX+/KGis9SgOzc2Y4kDPduPwv66bY3TqFyLJcuQJ+xkU5ZJgSsZgSE8ozlCOjKFMCfNXwgbUIEGDr2oguLMrz5vbw6brNN1rB1ZhF/agAS6cwDlcwhW0gcEjPMMrvFlP1ov1/oOrYk257cAfWR/fVoKYOw==</latexit><latexit sha1_base64="0AZdKOqaTE7v73OrUrFf0F+bw3I=">AAACC3icbVC7SgNBFJ31GeMramkzJAixCbuJoI2QaGMZwTwguy6zk9lkyOyDmbtCWLa38VdsLBSx9Qfs/Bsnj0ITD1w4nHMv997jxYIrMM1vY2V1bX1jM7eV397Z3dsvHBy2VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vFG1xO/88Ck4lF4B+OYOQEZhNznlICW3EKx4dYubcF8KNu+JDStZelZZks+GMLpfRU3XMstlMyKOQVeJtaclNAcTbfwZfcjmgQsBCqIUj3LjMFJiQROBcvydqJYTOiIDFhP05AETDnp9JcMn2ilj/1I6goBT9XfEykJlBoHnu4MCAzVojcR//N6CfgXTsrDOAEW0tkiPxEYIjwJBve5ZBTEWBNCJde3YjokOhLQ8eV1CNbiy8ukXa1YZsW6NUv1q3kcOXSMiqiMLHSO6ugGNVELUfSIntErejOejBfj3fiYta4Y85kj9AfG5w/vZZmt</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit>
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Why are they “weird”?

Let us compute its area  
using successive approximations:

Step Area

1 A1}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

Side L

2

}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

L/2

3

A2 =
3

4
A1

<latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit><latexit sha1_base64="blW863HY7UfkYiZKNAUKOjtCQsQ=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJJa0IvQ6sVjBfsBbQmb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439ba+sbm1nZhp7i7t39waB+V2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7czv/NIpWKReNDTmA5CPBIsYARrI3l2qeFVr/uBxCS9yNJa1vBczy47FWcOtErcnJQhR9Ozv/rDiCQhFZpwrFTPdWI9SLHUjHCaFfuJojEmEzyiPUMFDqkapPPbM3RmlCEKImlKaDRXf0+kOFRqGvqmM8R6rJa9mfif10t0cDVImYgTTQVZLAoSjnSEZkGgIZOUaD41BBPJzK2IjLEJQpu4iiYEd/nlVdKuVlyn4t7XyvWbPI4CnMApnIMLl1CHO2hCCwg8wTO8wpuVWS/Wu/WxaF2z8plj+APr8wewbZOO</latexit>

}
<latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit><latexit sha1_base64="RlH2tdjr0xMRC8QkwnZnHd0h1Fs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoTftu1Wv5s1BVolfkCoUaPTdr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0HeRCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1kXN92r+/WW1flPEUYYTOIVz8OEK6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/noyNZw==</latexit>

L/4

A3 =

✓
3

4

◆2

A1
<latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="CRnng6g1edYkafxRw6pGcUa4jpI=">AAACAHicbZDNSgMxFIXv1P9adXTrJliEuikzKuhGsLhxqWC10BmHTJppQzM/JHeEMszeja/ixoUiPoU738a0dqGtBwKHcxJu7hdmUmh0nC+rsrC4tLyyulZdr21sbtnbtVud5orxNktlqjoh1VyKhLdRoOSdTHEah5LfhcOLcX/3wJUWaXKDo4z7Me0nIhKMookCe68VHJ15kkfY8CJFWXFUFselp0R/gAf3h6QVuIFdd5rORGTeuFNTh6muAvvT66Usj3mCTFKtu66ToV9QhYJJXla9XPOMsiHt866xCY259ovJLiXZN0mPRKkyJ0EySX+/KGis9SgOzc2Y4kDPduPwv66bY3TqFyLJcuQJ+xkU5ZJgSsZgSE8ozlCOjKFMCfNXwgbUIEGDr2oguLMrz5vbw6brNN1rB1ZhF/agAS6cwDlcwhW0gcEjPMMrvFlP1ov1/oOrYk257cAfWR/fVoKYOw==</latexit><latexit sha1_base64="CRnng6g1edYkafxRw6pGcUa4jpI=">AAACAHicbZDNSgMxFIXv1P9adXTrJliEuikzKuhGsLhxqWC10BmHTJppQzM/JHeEMszeja/ixoUiPoU738a0dqGtBwKHcxJu7hdmUmh0nC+rsrC4tLyyulZdr21sbtnbtVud5orxNktlqjoh1VyKhLdRoOSdTHEah5LfhcOLcX/3wJUWaXKDo4z7Me0nIhKMookCe68VHJ15kkfY8CJFWXFUFselp0R/gAf3h6QVuIFdd5rORGTeuFNTh6muAvvT66Usj3mCTFKtu66ToV9QhYJJXla9XPOMsiHt866xCY259ovJLiXZN0mPRKkyJ0EySX+/KGis9SgOzc2Y4kDPduPwv66bY3TqFyLJcuQJ+xkU5ZJgSsZgSE8ozlCOjKFMCfNXwgbUIEGDr2oguLMrz5vbw6brNN1rB1ZhF/agAS6cwDlcwhW0gcEjPMMrvFlP1ov1/oOrYk257cAfWR/fVoKYOw==</latexit><latexit sha1_base64="0AZdKOqaTE7v73OrUrFf0F+bw3I=">AAACC3icbVC7SgNBFJ31GeMramkzJAixCbuJoI2QaGMZwTwguy6zk9lkyOyDmbtCWLa38VdsLBSx9Qfs/Bsnj0ITD1w4nHMv997jxYIrMM1vY2V1bX1jM7eV397Z3dsvHBy2VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vFG1xO/88Ck4lF4B+OYOQEZhNznlICW3EKx4dYubcF8KNu+JDStZelZZks+GMLpfRU3XMstlMyKOQVeJtaclNAcTbfwZfcjmgQsBCqIUj3LjMFJiQROBcvydqJYTOiIDFhP05AETDnp9JcMn2ilj/1I6goBT9XfEykJlBoHnu4MCAzVojcR//N6CfgXTsrDOAEW0tkiPxEYIjwJBve5ZBTEWBNCJde3YjokOhLQ8eV1CNbiy8ukXa1YZsW6NUv1q3kcOXSMiqiMLHSO6ugGNVELUfSIntErejOejBfj3fiYta4Y85kj9AfG5w/vZZmt</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit><latexit sha1_base64="yprDxXorOM3O+jbaOVvX95BDirc=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQm7CbBLQREm0sI5gHZOMyO5lNhsw+mLkrhCW9jb9iY6GIrT9g5984eRSaeODC4Zx7ufceLxZcgWV9G5m19Y3Nrex2bmd3b//APDxqqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqd++4FJxaPwDsYx6wVkEHKfUwJacs183a1cOoL5UHR8SWhamaTViSP5YAhn92Vcd23XLFglawa8SuwFKaAFGq755fQjmgQsBCqIUl3biqGXEgmcCjbJOYliMaEjMmBdTUMSMNVLZ79M8KlW+tiPpK4Q8Ez9PZGSQKlx4OnOgMBQLXtT8T+vm4B/0Ut5GCfAQjpf5CcCQ4SnweA+l4yCGGtCqOT6VkyHREcCOr6cDsFefnmVtMol2yrZt9VC7WoRRxadoDwqIhudoxq6QQ3URBQ9omf0it6MJ+PFeDc+5q0ZYzFzjP7A+PwB8KWZsQ==</latexit>
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HOW LONG IS THE COAST OF BRITAIN? 

 

How long is the coast of Britain? 
Statistical self-similarity and fractional dimension 
Science: 156, 1967, 636-638 
 
 
B. B. Mandelbrot 
 
 
 Geographical curves are so involved in their detail that their lengths are often infinite or more 
accurately, undefinable. However, many are statistically ‘‘self-similar,’’ meaning that each portion can be 
considered a reduced-scale image of the whole. In that case, the degree of complication can be described by 
a quantity D that has many properties of a ‘‘dimension,’’ though it is fractional. In particular, it exceeds the 
value unity associated with ordinary curves. 
 
1. Introduction 
 Seacoast shapes are examples of highly involved curves with the property that -----. in a statistical 
sense -----. each portion can be considered a reduced-scale image of the whole. This property will be referred to 
as ‘‘statistical self-similarity.’’  The concept of ‘‘length’’ is usually meaningless for geographical curves. They 
can be considered superpositions of features of widely scattered characteristic sizes; as even finer features 
are taken into account, the total measured length increases, and there is usually no clear-cut gap or 
crossover, between the realm of geography and details with which geography need not be concerned. 
 Quantities other than length are therefore needed to discriminate between various degrees of 
complication for a geographical curve. When a curve is self-similar, it is characterized by an exponent of 
similarity, D, which possesses many properties of a dimension, though it is usually a fraction greater that 
the dimension 1 commonly attributed to curves. I propose to reexamine in this light, some empirical 
observations in Richardson 1961 and interpret them as implying, for example, that the dimension of the 
west coast of Great Britain is D = 1.25. Thus, the so far esoteric concept of a ‘‘random figure of fractional 
dimension’’ is shown to have simple and concrete applications of great usefulness. 
Figure 1 :fig width=page frame=none depth='4.25i' place=bottom. :figcap. :figdesc. Data from Richardson 
1961, Fig. 17, reporting on measurements of lengths of geographical curves by way of polygons which have 
equal sides and have their corners on the curve. For the circle, the total length tends to a limit as the side 
goes to zero. In all other cases, it increases as the side becomes shorter, the slope of the doubly logarithmic 
graph having an absolute value equal to D - 1 . (Reproduced by permission.) :efig. 
 Self-similarity methods are a potent tool in the study of chance phenomena, wherever they appear, 
from geostatistics to economics (M 1963b{E }), and physics (M 1967i{N9}).  Very similar considerations apply 
in the study of turbulence, where the characteristic sizes of the ‘‘features’’ (which are the eddies) are also 
very widely scattered, a fact first pointed out by Richardson himself in the 1920’s. In fact, many noises have 
dimensions Dbetween 0 and 1; therefore, scientists ought to consider dimension as a continuous quantity 
ranging from 0 to infinity.  
 
2. Review of the methods used when attempting to measure the length of a seacoast 
 Since geography is unconcerned with minute details, one may choose a positive scale G as a lower 
limit to the length of geographically meaningful features. Then, to evaluate the length of a coast between 
two of its points A and B , one may draw the shortest inland curve joining A and B  while staying within a 
distance G of the sea. Alternatively, one may draw the shortest line made of straight segments of length at 
most G, whose vertices are points of the coast which include A and B . There are many other possible 
definitions. In practice, of course, the shortest paths must be approximated. We shall suppose that 
measurements are made by walking a pair of dividers along a map so as to count the number of equal sides 
of length G of an open polygon whose corners lie on the curve. If G is small enough, it does not  matter 
whether one starts from A or B. Thus, one obtains an estimate of the length to be called L(G). 
 Unfortunately, geographers will disagree about the value of G, and L(G) depends greatly upon G. 
Consequently, it is necessary to know L(G) for several values of G. It would be better still to have an analytic 
formula linking L(G) with G. Such a formula was proposed in Richardson 1961, but unfortunately it has 
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A fractal is an object that (among other things):

It has a non trivial fine structure at arbitrarily small scales 
(self-similarity).

It is too irregular (“rough”) to be easily described by 
Euclidean geometry.

It can have a fractional dimension.

It has a “simple” and recursive definition.
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Romanesco broccoli
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Kleiber’s law

The metabolic rate (energy consumption per hour) vs body mass

Y = cM3/4
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Explanation: “The flask cow assumption”

1) The animal is a “bag of blood”: 

2) Metabolism to regulate the body temperature

body mass ⇠ animal volume ⇠ L3
<latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit><latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit><latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="+odejDsYVTJnqiDvlRflwr1RY3s=">AAACEHicbVC7SgNBFL3r2xh1tbUZDIJV2NVCS8HGwiKCUSGJYXZ2YgbnsczcDYYl/2Hjr9hYKGJl59842aRQ44GBwzn3MfckmRQOo+grmJtfWFxaXlmtrFXXNzbDreqVM7llvMmMNPYmoY5LoXkTBUp+k1lOVSL5dXJ/OvavB9w6YfQlDjPeUfROi55gFL3UDQ/ayB+wSEw6JIo6N2o7ochEpFooKsnAyFzxESmd89vDbliL6lEJMkviKanBFI1u+NlODfMzNDLpd7TiKMNOQS0KJvmo0s4dzyi7p3e85ammirtOUd42InteSUnPWP80klL92VFQ5dxQJb5SUey7v95Y/M9r5dg77hRCZzlyzSaLerkkaMg4KJIKyxnKoSeUWeH/SlifWsrQx1nxIcR/T54lVwf1OKrHFxGswA7swj7EcAQncAYNaAKDR3iGV3gLnoKX4H0S11wwzW0bfiH4+AYnOqB+</latexit><latexit sha1_base64="+odejDsYVTJnqiDvlRflwr1RY3s=">AAACEHicbVC7SgNBFL3r2xh1tbUZDIJV2NVCS8HGwiKCUSGJYXZ2YgbnsczcDYYl/2Hjr9hYKGJl59842aRQ44GBwzn3MfckmRQOo+grmJtfWFxaXlmtrFXXNzbDreqVM7llvMmMNPYmoY5LoXkTBUp+k1lOVSL5dXJ/OvavB9w6YfQlDjPeUfROi55gFL3UDQ/ayB+wSEw6JIo6N2o7ochEpFooKsnAyFzxESmd89vDbliL6lEJMkviKanBFI1u+NlODfMzNDLpd7TiKMNOQS0KJvmo0s4dzyi7p3e85ammirtOUd42InteSUnPWP80klL92VFQ5dxQJb5SUey7v95Y/M9r5dg77hRCZzlyzSaLerkkaMg4KJIKyxnKoSeUWeH/SlifWsrQx1nxIcR/T54lVwf1OKrHFxGswA7swj7EcAQncAYNaAKDR3iGV3gLnoKX4H0S11wwzW0bfiH4+AYnOqB+</latexit><latexit sha1_base64="k4ufkdP1Rr8u1z/hKAjLjZRlZNw=">AAACG3icbVC7SgNBFJ2NrxhfUUubwSBYhd1YaBm0sbCIYB6QxDA7mSRD5rHM3A0uS/7Dxl+xsVDESrDwb5w8Ck08MHA45z7mnjAS3ILvf3uZldW19Y3sZm5re2d3L79/ULM6NpRVqRbaNEJimeCKVYGDYI3IMCJDwerh8Gri10fMWK7VHSQRa0vSV7zHKQEndfKlFrAHSEPdTbAk1o5blks8E4nikgg80iKWbIynzs39WSdf8Iv+FHiZBHNSQHNUOvnPVldTN0MBFW5HM/AjaKfEAKeCjXOt2LKI0CHps6ajikhm2+n0tjE+cUoX97RxTwGeqr87UiKtTWToKiWBgV30JuJ/XjOG3kU75SqKgSk6W9SLBQaNJ0HhLjeMgkgcIdRw91dMB8QQCi7OnAshWDx5mdRKxcAvBrd+oXw5jyOLjtAxOkUBOkdldI0qqIooekTP6BW9eU/ei/fufcxKM9685xD9gff1AxjdogA=</latexit><latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit><latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit><latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit><latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit><latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit><latexit sha1_base64="7P9mctaUWY/bPKRkR2QgyzXR2Z4=">AAACG3icbVC7SgNBFJ31GeNr1dJmMAhWYTcKWgZtLCwimAckMcxOJsmQeSwzd4NhyX/Y+Cs2FopYCRb+jZNHoYkHBg7n3MfcE8WCWwiCb29peWV1bT2zkd3c2t7Z9ff2K1YnhrIy1UKbWkQsE1yxMnAQrBYbRmQkWDXqX4396oAZy7W6g2HMmpJ0Fe9wSsBJLb/QAPYAaaTbQyyJtaOG5RJPRaK4JAIPtEgkG+GJc3N/2vJzQT6YAC+ScEZyaIZSy/9stDV1MxRQ4XbUwyCGZkoMcCrYKNtILIsJ7ZMuqzuqiGS2mU5uG+Fjp7RxRxv3FOCJ+rsjJdLaoYxcpSTQs/PeWPzPqyfQuWimXMUJMEWnizqJwKDxOCjc5oZREENHCDXc/RXTHjGEgosz60II509eJJVCPgzy4e1Zrng5iyODDtEROkEhOkdFdI1KqIwoekTP6BW9eU/ei/fufUxLl7xZzwH6A+/rBxodogQ=</latexit>

heat exchange ⇠ animal surface ⇠ L2
<latexit sha1_base64="vmCR81EuLCiNg9TXeHSWDB+/QmU=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIKnsCuCHkUvHjwoGBWSGHonvcngzOwy0yuGJZ/ixV/x4kERvenXOHkcfBU0FFXddHfFmZKOwvAjmJicmp6ZnZsvLSwuLa+UV9cuXJpbgTWRqtRexeBQSYM1kqTwKrMIOlZ4Gd8cDfzLW7ROpuacehk2NXSMTKQA8lKrvNcgvKOii0Ac70QXTAf7DSc1HxlgpAbFXW4TENjnQ+vkeqdVroTVcAj+l0RjUmFjnLbK7412KnKNhoQC5+pRmFGzAEtSKOyXGrnDDMQNdLDuqQGNrlkMH+zzLa+0eZJaX4b4UP0+UYB2rqdj36mBuu63NxD/8+o5JfvNQposJzRitCjJFaeUD9LibWlRkOp5AsJKfyv3GVkQ5DMt+RCi3y//JRc71SisRme7lYPDcRxzbINtsm0WsT12wI7ZKasxwe7ZI3tmL8FD8BS8Bm+j1olgPLPOfiD4/AL8/6QJ</latexit><latexit sha1_base64="vmCR81EuLCiNg9TXeHSWDB+/QmU=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIKnsCuCHkUvHjwoGBWSGHonvcngzOwy0yuGJZ/ixV/x4kERvenXOHkcfBU0FFXddHfFmZKOwvAjmJicmp6ZnZsvLSwuLa+UV9cuXJpbgTWRqtRexeBQSYM1kqTwKrMIOlZ4Gd8cDfzLW7ROpuacehk2NXSMTKQA8lKrvNcgvKOii0Ac70QXTAf7DSc1HxlgpAbFXW4TENjnQ+vkeqdVroTVcAj+l0RjUmFjnLbK7412KnKNhoQC5+pRmFGzAEtSKOyXGrnDDMQNdLDuqQGNrlkMH+zzLa+0eZJaX4b4UP0+UYB2rqdj36mBuu63NxD/8+o5JfvNQposJzRitCjJFaeUD9LibWlRkOp5AsJKfyv3GVkQ5DMt+RCi3y//JRc71SisRme7lYPDcRxzbINtsm0WsT12wI7ZKasxwe7ZI3tmL8FD8BS8Bm+j1olgPLPOfiD4/AL8/6QJ</latexit><latexit sha1_base64="vmCR81EuLCiNg9TXeHSWDB+/QmU=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIKnsCuCHkUvHjwoGBWSGHonvcngzOwy0yuGJZ/ixV/x4kERvenXOHkcfBU0FFXddHfFmZKOwvAjmJicmp6ZnZsvLSwuLa+UV9cuXJpbgTWRqtRexeBQSYM1kqTwKrMIOlZ4Gd8cDfzLW7ROpuacehk2NXSMTKQA8lKrvNcgvKOii0Ac70QXTAf7DSc1HxlgpAbFXW4TENjnQ+vkeqdVroTVcAj+l0RjUmFjnLbK7412KnKNhoQC5+pRmFGzAEtSKOyXGrnDDMQNdLDuqQGNrlkMH+zzLa+0eZJaX4b4UP0+UYB2rqdj36mBuu63NxD/8+o5JfvNQposJzRitCjJFaeUD9LibWlRkOp5AsJKfyv3GVkQ5DMt+RCi3y//JRc71SisRme7lYPDcRxzbINtsm0WsT12wI7ZKasxwe7ZI3tmL8FD8BS8Bm+j1olgPLPOfiD4/AL8/6QJ</latexit><latexit sha1_base64="vmCR81EuLCiNg9TXeHSWDB+/QmU=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIKnsCuCHkUvHjwoGBWSGHonvcngzOwy0yuGJZ/ixV/x4kERvenXOHkcfBU0FFXddHfFmZKOwvAjmJicmp6ZnZsvLSwuLa+UV9cuXJpbgTWRqtRexeBQSYM1kqTwKrMIOlZ4Gd8cDfzLW7ROpuacehk2NXSMTKQA8lKrvNcgvKOii0Ac70QXTAf7DSc1HxlgpAbFXW4TENjnQ+vkeqdVroTVcAj+l0RjUmFjnLbK7412KnKNhoQC5+pRmFGzAEtSKOyXGrnDDMQNdLDuqQGNrlkMH+zzLa+0eZJaX4b4UP0+UYB2rqdj36mBuu63NxD/8+o5JfvNQposJzRitCjJFaeUD9LibWlRkOp5AsJKfyv3GVkQ5DMt+RCi3y//JRc71SisRme7lYPDcRxzbINtsm0WsT12wI7ZKasxwe7ZI3tmL8FD8BS8Bm+j1olgPLPOfiD4/AL8/6QJ</latexit>

metabolism ⇠ heat exchange ⇠ L2 ⇠ (body mass)2/3
<latexit sha1_base64="xg2BB0d2VxM9HeTnC0B7q5MdEA4="></latexit><latexit sha1_base64="xg2BB0d2VxM9HeTnC0B7q5MdEA4="></latexit><latexit sha1_base64="xg2BB0d2VxM9HeTnC0B7q5MdEA4="></latexit><latexit sha1_base64="xg2BB0d2VxM9HeTnC0B7q5MdEA4="></latexit>

Wrong scaling !
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Scale-free is a signature of fractality
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2<latexit sha1_base64="BbAYByP3EjDkqozlagjKXveWPYo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUQS9C0YvHCrYptCVstpt26WYTdjdKifkpXjwo4tVf4s1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//wK4edlScSkLbJOax7AZYUc4EbWumOe0mkuIo4NQLJjcz33ugUrFY3OtpQgcRHgkWMoK1kXy76vmNq34oMck8382zRu7bNafuzIFWiVuQGhRo+fZXfxiTNKJCE46V6rlOogcZlpoRTvNKP1U0wWSCR7RnqMARVYNsfnqOTo0yRGEsTQmN5urviQxHSk2jwHRGWI/VsjcT//N6qQ4vBxkTSaqpIItFYcqRjtEsBzRkkhLNp4ZgIpm5FZExNjlok1bFhOAuv7xKOo2669Tdu/Na87qIowzHcAJn4MIFNOEWWtAGAo/wDK/wZj1ZL9a79bFoLVnFzBH8gfX5A3jqk3s=</latexit><latexit sha1_base64="BbAYByP3EjDkqozlagjKXveWPYo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUQS9C0YvHCrYptCVstpt26WYTdjdKifkpXjwo4tVf4s1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//wK4edlScSkLbJOax7AZYUc4EbWumOe0mkuIo4NQLJjcz33ugUrFY3OtpQgcRHgkWMoK1kXy76vmNq34oMck8382zRu7bNafuzIFWiVuQGhRo+fZXfxiTNKJCE46V6rlOogcZlpoRTvNKP1U0wWSCR7RnqMARVYNsfnqOTo0yRGEsTQmN5urviQxHSk2jwHRGWI/VsjcT//N6qQ4vBxkTSaqpIItFYcqRjtEsBzRkkhLNp4ZgIpm5FZExNjlok1bFhOAuv7xKOo2669Tdu/Na87qIowzHcAJn4MIFNOEWWtAGAo/wDK/wZj1ZL9a79bFoLVnFzBH8gfX5A3jqk3s=</latexit><latexit sha1_base64="BbAYByP3EjDkqozlagjKXveWPYo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUQS9C0YvHCrYptCVstpt26WYTdjdKifkpXjwo4tVf4s1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//wK4edlScSkLbJOax7AZYUc4EbWumOe0mkuIo4NQLJjcz33ugUrFY3OtpQgcRHgkWMoK1kXy76vmNq34oMck8382zRu7bNafuzIFWiVuQGhRo+fZXfxiTNKJCE46V6rlOogcZlpoRTvNKP1U0wWSCR7RnqMARVYNsfnqOTo0yRGEsTQmN5urviQxHSk2jwHRGWI/VsjcT//N6qQ4vBxkTSaqpIItFYcqRjtEsBzRkkhLNp4ZgIpm5FZExNjlok1bFhOAuv7xKOo2669Tdu/Na87qIowzHcAJn4MIFNOEWWtAGAo/wDK/wZj1ZL9a79bFoLVnFzBH8gfX5A3jqk3s=</latexit><latexit sha1_base64="BbAYByP3EjDkqozlagjKXveWPYo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUQS9C0YvHCrYptCVstpt26WYTdjdKifkpXjwo4tVf4s1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//wK4edlScSkLbJOax7AZYUc4EbWumOe0mkuIo4NQLJjcz33ugUrFY3OtpQgcRHgkWMoK1kXy76vmNq34oMck8382zRu7bNafuzIFWiVuQGhRo+fZXfxiTNKJCE46V6rlOogcZlpoRTvNKP1U0wWSCR7RnqMARVYNsfnqOTo0yRGEsTQmN5urviQxHSk2jwHRGWI/VsjcT//N6qQ4vBxkTSaqpIItFYcqRjtEsBzRkkhLNp4ZgIpm5FZExNjlok1bFhOAuv7xKOo2669Tdu/Na87qIowzHcAJn4MIFNOEWWtAGAo/wDK/wZj1ZL9a79bFoLVnFzBH8gfX5A3jqk3s=</latexit>

9=32 W3 =
W2

2
=

W1

22<latexit sha1_base64="D3qPNu9XOZ7gLOpv8Alm8xzCmJI=">AAACCnicbVDLSsNAFL3xWesr6tLNaBFclaQKuhGKblxWsE2hjWEynbRDJw9mJkIJWbvxV9y4UMStX+DOv3HaBtHWAwPnnnMvd+7xE86ksqwvY2FxaXlltbRWXt/Y3No2d3ZbMk4FoU0S81i0fSwpZxFtKqY4bSeC4tDn1PGHV2PfuadCsji6VaOEuiHuRyxgBCsteeaB451cdAOBSeZ4tTyr5T+Vrau7Wu6ZFatqTYDmiV2QChRoeOZntxeTNKSRIhxL2bGtRLkZFooRTvNyN5U0wWSI+7SjaYRDKt1sckqOjrTSQ0Es9IsUmqi/JzIcSjkKfd0ZYjWQs95Y/M/rpCo4dzMWJamiEZkuClKOVIzGuaAeE5QoPtIEE8H0XxEZYJ2E0umVdQj27MnzpFWr2lbVvjmt1C+LOEqwD4dwDDacQR2uoQFNIPAAT/ACr8aj8Wy8Ge/T1gWjmNmDPzA+vgEqZZnr</latexit><latexit sha1_base64="D3qPNu9XOZ7gLOpv8Alm8xzCmJI=">AAACCnicbVDLSsNAFL3xWesr6tLNaBFclaQKuhGKblxWsE2hjWEynbRDJw9mJkIJWbvxV9y4UMStX+DOv3HaBtHWAwPnnnMvd+7xE86ksqwvY2FxaXlltbRWXt/Y3No2d3ZbMk4FoU0S81i0fSwpZxFtKqY4bSeC4tDn1PGHV2PfuadCsji6VaOEuiHuRyxgBCsteeaB451cdAOBSeZ4tTyr5T+Vrau7Wu6ZFatqTYDmiV2QChRoeOZntxeTNKSRIhxL2bGtRLkZFooRTvNyN5U0wWSI+7SjaYRDKt1sckqOjrTSQ0Es9IsUmqi/JzIcSjkKfd0ZYjWQs95Y/M/rpCo4dzMWJamiEZkuClKOVIzGuaAeE5QoPtIEE8H0XxEZYJ2E0umVdQj27MnzpFWr2lbVvjmt1C+LOEqwD4dwDDacQR2uoQFNIPAAT/ACr8aj8Wy8Ge/T1gWjmNmDPzA+vgEqZZnr</latexit><latexit sha1_base64="D3qPNu9XOZ7gLOpv8Alm8xzCmJI=">AAACCnicbVDLSsNAFL3xWesr6tLNaBFclaQKuhGKblxWsE2hjWEynbRDJw9mJkIJWbvxV9y4UMStX+DOv3HaBtHWAwPnnnMvd+7xE86ksqwvY2FxaXlltbRWXt/Y3No2d3ZbMk4FoU0S81i0fSwpZxFtKqY4bSeC4tDn1PGHV2PfuadCsji6VaOEuiHuRyxgBCsteeaB451cdAOBSeZ4tTyr5T+Vrau7Wu6ZFatqTYDmiV2QChRoeOZntxeTNKSRIhxL2bGtRLkZFooRTvNyN5U0wWSI+7SjaYRDKt1sckqOjrTSQ0Es9IsUmqi/JzIcSjkKfd0ZYjWQs95Y/M/rpCo4dzMWJamiEZkuClKOVIzGuaAeE5QoPtIEE8H0XxEZYJ2E0umVdQj27MnzpFWr2lbVvjmt1C+LOEqwD4dwDDacQR2uoQFNIPAAT/ACr8aj8Wy8Ge/T1gWjmNmDPzA+vgEqZZnr</latexit><latexit sha1_base64="D3qPNu9XOZ7gLOpv8Alm8xzCmJI=">AAACCnicbVDLSsNAFL3xWesr6tLNaBFclaQKuhGKblxWsE2hjWEynbRDJw9mJkIJWbvxV9y4UMStX+DOv3HaBtHWAwPnnnMvd+7xE86ksqwvY2FxaXlltbRWXt/Y3No2d3ZbMk4FoU0S81i0fSwpZxFtKqY4bSeC4tDn1PGHV2PfuadCsji6VaOEuiHuRyxgBCsteeaB451cdAOBSeZ4tTyr5T+Vrau7Wu6ZFatqTYDmiV2QChRoeOZntxeTNKSRIhxL2bGtRLkZFooRTvNyN5U0wWSI+7SjaYRDKt1sckqOjrTSQ0Es9IsUmqi/JzIcSjkKfd0ZYjWQs95Y/M/rpCo4dzMWJamiEZkuClKOVIzGuaAeE5QoPtIEE8H0XxEZYJ2E0umVdQj27MnzpFWr2lbVvjmt1C+LOEqwD4dwDDacQR2uoQFNIPAAT/ACr8aj8Wy8Ge/T1gWjmNmDPzA+vgEqZZnr</latexit>
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<latexit sha1_base64="EgWQ/GAOOlual2tpdCocRGvvjO4=">AAACFHicbVDLSsNAFL3xWesr6tJNsAiCWJIi6EYounFZwT6gjWEynbRDJ5MwMxFKyEe48VfcuFDErQt3/o3TNKC2Hrhw5px7mXuPHzMqlW1/GQuLS8srq6W18vrG5ta2ubPbklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/upr47XsiJI34rRrHxA3RgNOAYqS05JnHbY9f9AKBcNr2Un7iZFlay36U/H03NTyzYlftHNY8cQpSgQINz/zs9SOchIQrzJCUXceOlZsioShmJCv3EklihEdoQLqachQS6ab5UZl1qJW+FURCF1dWrv6eSFEo5Tj0dWeI1FDOehPxP6+bqODcTSmPE0U4nn4UJMxSkTVJyOpTQbBiY00QFlTvauEh0nkonWNZh+DMnjxPWrWqY1edm9NK/bKIowT7cABH4MAZ1OEaGtAEDA/wBC/wajwaz8ab8T5tXTCKmT34A+PjG8scnqY=</latexit><latexit sha1_base64="EgWQ/GAOOlual2tpdCocRGvvjO4=">AAACFHicbVDLSsNAFL3xWesr6tJNsAiCWJIi6EYounFZwT6gjWEynbRDJ5MwMxFKyEe48VfcuFDErQt3/o3TNKC2Hrhw5px7mXuPHzMqlW1/GQuLS8srq6W18vrG5ta2ubPbklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/upr47XsiJI34rRrHxA3RgNOAYqS05JnHbY9f9AKBcNr2Un7iZFlay36U/H03NTyzYlftHNY8cQpSgQINz/zs9SOchIQrzJCUXceOlZsioShmJCv3EklihEdoQLqachQS6ab5UZl1qJW+FURCF1dWrv6eSFEo5Tj0dWeI1FDOehPxP6+bqODcTSmPE0U4nn4UJMxSkTVJyOpTQbBiY00QFlTvauEh0nkonWNZh+DMnjxPWrWqY1edm9NK/bKIowT7cABH4MAZ1OEaGtAEDA/wBC/wajwaz8ab8T5tXTCKmT34A+PjG8scnqY=</latexit><latexit sha1_base64="EgWQ/GAOOlual2tpdCocRGvvjO4=">AAACFHicbVDLSsNAFL3xWesr6tJNsAiCWJIi6EYounFZwT6gjWEynbRDJ5MwMxFKyEe48VfcuFDErQt3/o3TNKC2Hrhw5px7mXuPHzMqlW1/GQuLS8srq6W18vrG5ta2ubPbklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/upr47XsiJI34rRrHxA3RgNOAYqS05JnHbY9f9AKBcNr2Un7iZFlay36U/H03NTyzYlftHNY8cQpSgQINz/zs9SOchIQrzJCUXceOlZsioShmJCv3EklihEdoQLqachQS6ab5UZl1qJW+FURCF1dWrv6eSFEo5Tj0dWeI1FDOehPxP6+bqODcTSmPE0U4nn4UJMxSkTVJyOpTQbBiY00QFlTvauEh0nkonWNZh+DMnjxPWrWqY1edm9NK/bKIowT7cABH4MAZ1OEaGtAEDA/wBC/wajwaz8ab8T5tXTCKmT34A+PjG8scnqY=</latexit><latexit sha1_base64="EgWQ/GAOOlual2tpdCocRGvvjO4=">AAACFHicbVDLSsNAFL3xWesr6tJNsAiCWJIi6EYounFZwT6gjWEynbRDJ5MwMxFKyEe48VfcuFDErQt3/o3TNKC2Hrhw5px7mXuPHzMqlW1/GQuLS8srq6W18vrG5ta2ubPbklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/upr47XsiJI34rRrHxA3RgNOAYqS05JnHbY9f9AKBcNr2Un7iZFlay36U/H03NTyzYlftHNY8cQpSgQINz/zs9SOchIQrzJCUXceOlZsioShmJCv3EklihEdoQLqachQS6ab5UZl1qJW+FURCF1dWrv6eSFEo5Tj0dWeI1FDOehPxP6+bqODcTSmPE0U4nn4UJMxSkTVJyOpTQbBiY00QFlTvauEh0nkonWNZh+DMnjxPWrWqY1edm9NK/bKIowT7cABH4MAZ1OEaGtAEDA/wBC/wajwaz8ab8T5tXTCKmT34A+PjG8scnqY=</latexit>

log (Numb. Triang.(W )) = � log(3)

log(2)
log(W ) + C

<latexit sha1_base64="sR2JOKGsdkzEXQLqG//gyN7777Q="></latexit><latexit sha1_base64="sR2JOKGsdkzEXQLqG//gyN7777Q="></latexit><latexit sha1_base64="sR2JOKGsdkzEXQLqG//gyN7777Q="></latexit><latexit sha1_base64="sR2JOKGsdkzEXQLqG//gyN7777Q="></latexit>
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Fractals in …

Medicine: vascular system in the kidney, lung, tissues, …

Idea: determine if a disease modifies the natural (fractal) structure
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Fractals in …

Physics/mathematics: strange attractors of dynamical systems, 
diffusion limited aggregates (DLA), turbulence, …

Deterministic chaos Growing materials
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Hand made fractal recipe  
(a theorem you can prove with your hands …)
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Sierpinski triangle!

Which dimension?
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The fractal dimension depends only on the number 
of copies and on the scaling factor, not on the initial 
shape.

The fractal set depends also on the relative position 
of each copy.

D = � log(number of copies)

log(reduction factor)
<latexit sha1_base64="DH/h8CYqXae6Yflkl6IR2YgNJ9w=">AAACL3icbVBNSwMxFMz6bf2qevQSLEI9WHZF0IsgKuKxglWhW0o2fduGZpMleSuWpf/Ii3+lFxFFvPovTGsPah0IDDNveHkTpVJY9P0Xb2p6ZnZufmGxsLS8srpWXN+4sTozHGpcS23uImZBCgU1FCjhLjXAkkjCbdQ9G/q392Cs0Ooaeyk0EtZWIhacoZOaxYvz470wNoznodTtcojwgLnKkggM1THlOhVg+7v9n7aBVsaHcRozjto4u1ks+RV/BDpJgjEpkTGqzeIgbGmeJaCQS2ZtPfBTbOTMoOAS+oUws5Ay3mVtqDuqWAK2kY/u7dMdp7RorI17CulI/ZnIWWJtL4ncZMKwY/96Q/E/r55hfNTIhUozBMW/F8WZpKjpsDzaEgY4yp4jjBvh/kp5h7n20FVccCUEf0+eJDf7lcCvBFcHpZPTcR0LZItskzIJyCE5IZekSmqEk0cyIK/kzXvynr137+N7dMobZzbJL3ifX4bAqpo=</latexit><latexit sha1_base64="DH/h8CYqXae6Yflkl6IR2YgNJ9w=">AAACL3icbVBNSwMxFMz6bf2qevQSLEI9WHZF0IsgKuKxglWhW0o2fduGZpMleSuWpf/Ii3+lFxFFvPovTGsPah0IDDNveHkTpVJY9P0Xb2p6ZnZufmGxsLS8srpWXN+4sTozHGpcS23uImZBCgU1FCjhLjXAkkjCbdQ9G/q392Cs0Ooaeyk0EtZWIhacoZOaxYvz470wNoznodTtcojwgLnKkggM1THlOhVg+7v9n7aBVsaHcRozjto4u1ks+RV/BDpJgjEpkTGqzeIgbGmeJaCQS2ZtPfBTbOTMoOAS+oUws5Ay3mVtqDuqWAK2kY/u7dMdp7RorI17CulI/ZnIWWJtL4ncZMKwY/96Q/E/r55hfNTIhUozBMW/F8WZpKjpsDzaEgY4yp4jjBvh/kp5h7n20FVccCUEf0+eJDf7lcCvBFcHpZPTcR0LZItskzIJyCE5IZekSmqEk0cyIK/kzXvynr137+N7dMobZzbJL3ifX4bAqpo=</latexit><latexit sha1_base64="DH/h8CYqXae6Yflkl6IR2YgNJ9w=">AAACL3icbVBNSwMxFMz6bf2qevQSLEI9WHZF0IsgKuKxglWhW0o2fduGZpMleSuWpf/Ii3+lFxFFvPovTGsPah0IDDNveHkTpVJY9P0Xb2p6ZnZufmGxsLS8srpWXN+4sTozHGpcS23uImZBCgU1FCjhLjXAkkjCbdQ9G/q392Cs0Ooaeyk0EtZWIhacoZOaxYvz470wNoznodTtcojwgLnKkggM1THlOhVg+7v9n7aBVsaHcRozjto4u1ks+RV/BDpJgjEpkTGqzeIgbGmeJaCQS2ZtPfBTbOTMoOAS+oUws5Ay3mVtqDuqWAK2kY/u7dMdp7RorI17CulI/ZnIWWJtL4ncZMKwY/96Q/E/r55hfNTIhUozBMW/F8WZpKjpsDzaEgY4yp4jjBvh/kp5h7n20FVccCUEf0+eJDf7lcCvBFcHpZPTcR0LZItskzIJyCE5IZekSmqEk0cyIK/kzXvynr137+N7dMobZzbJL3ifX4bAqpo=</latexit><latexit sha1_base64="DH/h8CYqXae6Yflkl6IR2YgNJ9w=">AAACL3icbVBNSwMxFMz6bf2qevQSLEI9WHZF0IsgKuKxglWhW0o2fduGZpMleSuWpf/Ii3+lFxFFvPovTGsPah0IDDNveHkTpVJY9P0Xb2p6ZnZufmGxsLS8srpWXN+4sTozHGpcS23uImZBCgU1FCjhLjXAkkjCbdQ9G/q392Cs0Ooaeyk0EtZWIhacoZOaxYvz470wNoznodTtcojwgLnKkggM1THlOhVg+7v9n7aBVsaHcRozjto4u1ks+RV/BDpJgjEpkTGqzeIgbGmeJaCQS2ZtPfBTbOTMoOAS+oUws5Ay3mVtqDuqWAK2kY/u7dMdp7RorI17CulI/ZnIWWJtL4ncZMKwY/96Q/E/r55hfNTIhUozBMW/F8WZpKjpsDzaEgY4yp4jjBvh/kp5h7n20FVccCUEf0+eJDf7lcCvBFcHpZPTcR0LZItskzIJyCE5IZekSmqEk0cyIK/kzXvynr137+N7dMobZzbJL3ifX4bAqpo=</latexit>
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Fractals maximize the volume/surface ratio, so they 
are relevant once diffusion is a key ingredient.

Fractals can be constructed iterating simple rules: 
grow, split/branch, scale down and iterate.
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September the 5th, 2018, Namur

Simples rules to explain the complex 
beauty of fractals

Timoteo Carletti


