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What exactly is a fractal?

Why are they so widespread?

How can we measure/recognize fractality?

How difficult is to create a (synthetic) fractal object?

WWW.unamur.be timoteo.carletti@unamur.be NAXYS



Benoit Mandelbrot (1924-2010)

Georg Cantor Giuseppe Peano Helge von Koch Wactaw Sierpinski
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Fractal (etymology)

R M

Latin : fractus, frangere English : fraction,
= not an integer number

broken / rough not smooth

>

Linked ideas
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Dimension ... an operational definition
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Dimension ... an operational definition

[ LN
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Dimension ... an operational definition
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Dimension ... an operational definition

reduction factor

| 1
number of small rulers = ( >
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Dimension ... an operational definition
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Dimension ... an operational definition
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Dimension ... an operational definition
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Dimension ... an operational definition
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Dimension ... an operational definition

Given object (i.e. a set), then define:

1
reduction factor

number of small rulers = (

D log(number of small rulers)

— log(reduction factor)

Fractal dimension / self-similarity dimension / counting box dimension
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Reduct. | Numb.

fact. rulers
] 2
1/2 6=2x3

1/4=1/22| 18=2x32

1/2n | 2x3n

0
st b htan b tod

D_ log(number of small rulers) log(2 x 3") - nlog(g) + 10g(2) y log(g) ~ 1.585
- —log(reduction factor) ~— —log(1/27) nlog(2) ' log(2) .
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Why are they “weird”?

O Ls L 8 S

AQ = 3 X (area A1/4)
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Let us compute its area
using successive approximations:

Step Area
1 A
2 A=A
2= 714

NAXUS



Why are they “weird”?

Let us compute its area
using successive approximations:

Step Area
A

2 Ay = ZAl

Ay =9 x (area A1/16)

WWW.unamur.be timoteo.carletti@unamur.be NS



Why are they “weird”?

Let us compute its area
using successive approximations:

Step Area
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HOW LONG IS THE COAST OF BRITAIN?

How long is the coast of Britain?

Statistical self-similarity and fractional dimension
Science: 156, 1967, 636-638

B. B. Mandelbrot

Geographical curves are so involved in their detail that their lengths are often infinite or more
accurately, undefinable. However, many are statistically “’self-similar,” meaning that each portion can be
considered a reduced-scale image of the whole. In that case, the degree of complication can be described by
a quantity D that has many properties of a “dimension,” though it is fractional. In particular, it exceeds the
value unity associated with ordinary curves.

1. Introduction

Seacoast shapes are examples of highly involved curves with the property that — in a statistical
sense — each portion can be considered a reduced-scale image of the whole. This property will be referred to
as “statistical self-similarity.” The concept of “length” is usually meaningless for geographical curves. They
can be considered superpositions of features of widely scattered characteristic sizes; as even finer features
are taken into account, the total measured length increases, and there is usually no clear-cut gap or
crossover, between the realm of geography and details with which geography need not be concerned.

Quantities other than length are therefore needed to discriminate between various degrees of

complication for a geographical curve. When a curve is self-similar, it is characterized by an exponent of
similarity, D, which possesses many properties of a dimension, though it is usually a fraction greater that
the dimension 1 commonly attributed to curves. I propose to reexamine in this light, some empirical
observations in Richardson 1961 and interpret them as implying, for example, that the dimension of the
west coast of Great Britain is D = 1.25. Thus, the so far esoteric concept of a “random figure of fractional
dimension” is shown to have simple and concrete applications of great usefulness.
Figure 1 :fig width=page frame=none depth='4.25i" place=bottom. :figcap. :figdesc. Data from Richardson
1961, Fig. 17, reporting on measurements of lengths of geographical curves by way of polygons which have
equal sides and have their corners on the curve. For the circle, the total length tends to a limit as the side
goes to zero. In all other cases, it increases as the side becomes shorter, the slope of the doubly logarithmic
graph having an absolute value equal to D - I . (Reproduced by permission.) :efig.

Self-similarity methods are a potent tool in the study of chance phenomena, wherever they appear,
from geostatistics to economics (M 1963b{E }), and physics (M 1967i{N9}). Very similar considerations apply
in the study of turbulence, where the characteristic sizes of the “features” (which are the eddies) are also
very widely scattered, a fact first pointed out by Richardson himself in the 1920’s. In fact, many noises have
dimensions Dbetween 0 and 1; therefore, scientists ought to consider dimension as a continuous quantity
ranging from 0 to infinity.

2. Review of the methods used when attempting to measure the length of a seacoast

Since geography is unconcerned with minute details, one may choose a positive scale G as a lower
limit to the length of geographically meaningful features. Then, to evaluate the length of a coast between
two of its points A and B, one may draw the shortest inland curve joining A and B while staying within a
distance G of the sea. Alternatively, one may draw the shortest line made of straight segments of length at
most G, whose vertices are points of the coast which include A and B . There are many other possible
definitions. In practice, of course, the shortest paths must be approximated. We shall suppose that
measurements are made by walking a pair of dividers along a map so as to count the number of equal sides
of length G of an open polygon whose corners lie on the curve. If G is small enough, it does not matter
whether one starts from A or B. Thus, one obtains an estimate of the length to be called L(G).

Unfortunately, geographers will disagree about the value of G, and L(G) depends greatly upon G.
Consequently, it is necessary to know L(G) for several values of G. It would be better still to have an analytic
formula linking L(G) with G. Such a formula was proposed in Richardson 1961, but unfortunately it has
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A fractal is an object that (among other things):

Q It has a non trivial fine structure at arbitrarily small scales
(self-similarity).

Q It is too irregular (“rough”) to be easily described by
Euclidean geometry.

Q It can have a fractional dimension.

It has a “simple” and recursive definition.
o
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Kleiber’s law
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mass (g; log scale)

1 kcalh = 1.162 watts

The metabolic rate (energy consumption per hour) vs body mass
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Explanation: “The flask cow assumption”

-
1) The animal is a “bag of blood”: A’

S
' u
TSN - :
/

body mass ~ animal volume ~ L’

2) Metabolism to regulate the body temperature

heat exchange ~ animal surface ~ L?

metabolism ~ heat exchange ~ L? ~ (body mass)?/3

Wrong scaling |
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A General Model for the Origin of Allometric A
Scaling Laws in Biology

Geoffrey B. West, James H. Brown,* Brian J. Enquist 0

Allometric scaling relations, including the 3/4 power law for metabolic rates, are char-
acteristic of all organisms and are here derived from a general model that describes how
essential materials are transported through space-filling fractal networks of branching _—

tubes. The model assumes that the energy dissipated is minimized and that the terminal c — D —— Ap,

tubes do not vary with body size. It provides a complete analysis of scaling relations for — — I >
mammalian circulatory systems that are in agreement with data. More generally, the —{ & N\
model predicts structural and functional properties of vertebrate cardiovascular and — _ Tk \
respiratory systems, plant vascular systems, insect tracheal tubes, and other distribution - Ug—>| ¥ |
networks. /

SCIENCE * VOL. 276 * 4 APRIL 1997 * http://www.sciencemag.org

Model Parameters
Cardiovascular
Expcnent
vanabe . . . .
Predioted osrves — Sizing Up Allometric Scaling Theory

Aortaradusr, 3E= 0375 0.36 - . 'Y -
Aorta pressure Ao, G- 000 0.032 Van M. Savage , Eric J. Deeds ', Walter Fontana
Aorta blood 'Jaoclty U, 0= 000 0.07 Duparment of Systermns Siclogy, Heavare Medical School, 3oston, Massachusetts, Unitud Stetes of Amurica
Sloed volume v, 1- 1.00 1.00
Circulation time W4 = 025 0.25
Circulation distance / 174~ 025 ND Abstract
':md?c stroks volume 1= 100 1.03 Metzhaolic rate, heart rate, lifespan, and many other physiolegiczl properties vary with hody mass in systematic and
Cardiec frequency w —1/4=-025 -0.25 interrelated ways. Present empirical data suggest that these scaling relztionships take the form of power laws with
cardisc cutputs 3= 0.75 0.74 expenents that are simple multiples of one quarter. A compelling explanation of this ohsenvation was put forward a decade
:Jumbar of carillari=s N, 3/‘3 = 075 ND age by West, Srown, and Enquist \WEBE). Their framewark elucidstes the link between metzbaolic rate and bady mass by
Senica voume racius 11z = 0083 ND focusing on the dynamics anc structure of resource distribution networks—the cardiovasculzr system in the case of
Waomersiey number « 174 - 025 0.25 mammals. Within this framework the WEBE model Is based on eight assumptions from which it derives the well- known
~ensty o’ capillaries =11z = -0.083 -0.095 observed scaling exponent of 374, In this paper we clanfy that this result only holds in the limit of infinite network size |body
0, affinity of blood P, 112 = —-0.083 -0.0083 masc) and that the actual exponent predicted by the model depends on the sizes of the organisms being studied Failure to

ctalrosiclancaed - il bl peengene £20- clarnily and w explore the nature of Lhis approximation has ked W debales aboul the WEBE model that were al aoss purpuses,

. Tetahresisians, Dtboe
( Metaclic rae 8 0.756 \We compute analytical expressions for the finite-size corrections to the 3/4 exponent, resulting in 2 spectrum of scaling
o= e —— = expanents ds a function of absolute network size. When accounting for these corrections aver a size range spanning the
eight crders of magnitude okserved in mammals, the WEL model predicts a scaling exponent ¢f 081, seemingly 2t cdds
with dara. We then praceed ra study the sensitivity of the scaling 2xponent vAth respect to variations in caveral assumptions
that underlie the W3z meodel, always in the context of finite-size corrections, Here too, the trends we derive from the model
czem at ocdds with wrends detectable in empirical data. Qur work illustrates the utilizy of the WBE framewaork in reasoning
about allometric scaling, while at the same time suggesting that the current canonical model may need amendments to

bring its predictions fully in line with avalable datasets.
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Scalefree is a signature of fractality

Numb. Triang Area
1 Wi
4%
3 Wo = 71
W. |44
b, &3 3 W, = Wg_l = 213/_11
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. ~ log(3)
log (Numb. Triang.(W)) = —- 2 log(W) +C
log
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Growth, innovation, scaling, and the pace
of life in cities

Luis M. A. Bettencourt*', Jose Lobo*, Dirk Helbing®, Christian Kuhnertt, and Geoffrey B. West*"

*Thecretical Division, M5 B284, Los Alamos National Laboratory, Los Alamos, NM £7545; *Global Institute of Sustainaoility, Arizere Stete University,
P.O. Bex 873211, Temoe, AZ 85287-3211; SInstitute for Transport and Eccromics, Dresden University of Technology, Ardreas-Schubert-Strasse 23,
D-01062 Dresden, Germany; and "Santa Fe Institutz, 1399 Fyce Park Road, Santa Fe, NM 87501

[dited by Llinor Ostrom, Indiana University, Cloomiagton, IN, and approved Marck 6, 2007 (received for review November 19, 2006)
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Humanity has just crossed a major landmark in its history with the Table 1. Scaling exponents for urban indicators vs. city size

majority of peopl.c- now living ‘ln citles. Fltles Ifave Ior?g been g 959 C| AdjR2  Observations  Country-year

known to be society’s predominant engine of innovation and - — -

wealth creation, yet thay are also its main source of crime, pollu-  Mew datents 1.27 11.25,1.29] 0.72 33 J.5. 2001 N\
i tion, and disease, The inexorable trend toward urbanization world- fnventors 1.25  [1.22.1.27) 0.76 331 J.5. 2001

Private R&D employment 1.34  [1.29,1.39] 0.92 2€6 J.S. 2002

wide prasents an urgent challenge for developing a predictive,
"SuperC'eative' emp oyment 1.15  [1.11,1.18] 0.89 287 J.5. 2003

guantitative theory of urban organization and sustainable devel-

opment. Here we present empirical evidence indicating that the [t«0 establishmants 119 [1.141.22) Q.77 487 U5, 199¢
processes relating urbanization to economic development and &P employment 126 [1.18.1.43] 0.93 255 China 2002
knowledge creation are very general, being shared by all cities °t3::’39:: ) .12 “‘09'1':” 095 3?_1_ U.S. 2002
belonging to the same urban systam and sustained across different fﬁa ank deposits 1.08 ”'03'1( '_] 0.31 25' ;JS '9_?6 A
nations and times. Many diverse properties of cities from patent | r 1"? (1.06,1.23) 0.96 42 tha,mw

. h ] oP 1.26 [1.09.1.46] 0.64 156 tU 1999-2003
production and personal income te electrical cable length are 0P 113 [1.03,1.23] 0.93 3 Germany 2003
shown to be power law functions of population size with scaling fro, | ¢jectrical consumption 107 [1.031.11] 088 3¢z Germany 2002
exponents, £, that fall inte distinct universality classes. Quantities New AIDS cases 123 [1.18,1.29] 0.76 <3 U.S. 2002-2003

" 7 J.S.

1.16 0.89

o099 316 s 1990

PNAS | April 24,2007 | vol. 104 | no.17 | 7301-7306 ‘ 10010 o< T 5 19¢
'Totel employment 1.01 [0.99,1.02] 0.98 331 J.5. 2001
a 27 r r T T v Househnld elactrical consumption 100 [D94,1086] 088 377 Germany 2002
— > \Household electrical consumption  1.05  [0.89,1.22] 0.91 255 China 2002
% 26 1 p=1.12 R"=0.97 NQusehold water consumption 101 [D89,1.11] 096 / China 2002 _J
2 o | Gasolinestatiors Q.77 [0.74081] 093 318 US.
é [ Gasolina sales 079 [D73,080] 094 318 JS 20010
< o4} (llength of electrical cables 0.87 [0.82,0.92] 0.75 3€0 Germany 2002
g oad surface 0.83 [D.74,0.92] 0.87 29 Germany 2002
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RON EGLASH
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Fractals in ...

Medicine: vascular system in the kidney, lung, tissues, ...

ldea: determine if a disease modifies the natural (fractal) structure
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Fractals in ...

Physics/mathematics: strange attractors of dynamical systems,
diffusion limited aggregates (DLA), turbulence, ...

: .
3 "-
) ] 3 ,{ ~ .
4 .
Deterministic chaos Growing materials
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Hand made fractal recipe
(a theorem you can prove with your hands ...)
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n copies reduction factor f

lterate
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Sierpinski triangle!

Which dimension?®
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The fractal dimension depends only on the number

of copies and on the scaling factor, not on the initial
shape.

D log(number of copies)

log(reduction factor)

The fractal set depends also on the relative position
of each copy.
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Fractals maximize the volume/surface ratio, so they
are relevant once diffusion is a key ingredient.

Fractals can be constructed iterating simple rules:
grow, split/branch, scale down and iterate.
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