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Random walk on networks

2 Model of diffusions
2 Ranking

2 Community detection

2 And many more ...
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Random walk on networks

Number of nodes: ()
Adjacency matrix: A;; = A;; =1

Nodes degree: L, = ZA,L-]-
J

WWW.unamur.be timoteo.carletti@unamur.be




Random walk on networks

Number of nodes: ()
Adjacency matrix: A;; = A;; =1

Nodes degree: L, = ZA,L-]-
J

WWW.unamur.be timoteo.carletti@unamur.be




Random walk on networks

Number of nodes: ()

Adjacency matrix: A;; = A;; =1

Nodes degree: L, = ZA,L-]-
J

Transition probability A

formitoj: T(j]i) = kz.]
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Random walk on networks

j Number of nodes: ()
Adjacency matrix: A;; = A;; =1

Nodes degree: L, = ZA,L-]-
J

? Transition probability A

formitoj: T(jli) = kZ.J
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Random walk on networks

j Number of nodes: ()

Adjacency matrix: A;; = A;; =1

Nodes degree: L, = ZA,L-]-
J

? Transition probability A

formitoj: T(j]i) = 'J

1
Probability to find the
walker on node i at time t: P; (%)
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Crowded Random walk on networks

i BB Node capacity: [N

"‘\ - ‘9 !) !)

Number of walkers: 6@

Number walkers at node i: 1

(N=5)
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Crowded Random walk on networks

i BB Node capacity: [N

"‘\ - ‘9 !) !)

Number of walkers: 6@

Number walkers at node i: 7

oy No
5o
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Crowded Random walk on networks

o Node capacity: [V

Number of walkers: 6@

Number walkers at node i: 7
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Crowded Random walk on networks

J ﬁ“ oo Node capacity: [V

Number of walkers: 6@

Number walkers at node i: 7
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Crowded Random walk on networks

i EER o Node capacity: N
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Number of walkers: 6@

Number walkers at node i: 7
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Crowded Random walk on networks

j "?‘g‘? Node capacity: N

Number of walkers: 6@

Number walkers at node i: 7
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Crowded Random walk on networks

Node capacity: [V

Number of walkers: 6@

Number walkers at node i: 7

Transition probability form i to j :

WWW.unamur.be timoteo.carletti@unamur.be



Crowded Random walk on networks

P(nl,...,ng,t)

Probability to find the system in the
state (Tl1, e ,nQ) at time t

(n;) = ZniP(nl, ...,nq,t)

Average number of walkers at node i
at time t
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Master equation

ditP(n,t) = Z T'(nn’)P(n’,t) = T(n'[n)P(n,t)] .

n,

n’ should be compatible with n

1 n; (N —n;

Transitions probabilities: T'(n; — 1,n; + 1|n;,n;) = - 7]1] ( Nnj)

g Aij - T(n; +1 1 ) 1 n; (N —n;)

T SNy — L n;,ng) =
! 77 ki N N
Rescale time: 7 =1t/NN
Density of walkers in node i at time t: 0; = ]\;jm (n;) /N
—00
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A new non-linear transport operator

Aij = Aij/k; — 0y

Random walk Laplacian
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A new non-linear transport operator

Q
L . The total “mass” is
B o Z Pi (t) preserved
1=1

ok

‘%m - - —— e ———
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Application I: topological vs functional hubs
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FIG. 1. Asymptotic distribution of walkers ditffusing on a scale-
free network under different crowding conditions, as specified by
f. Standard diffusion 1s recovered in the Imit f — 0 and
displayed 1n the leftmost picture. Nodes are drawn with a size
proportional to the corresponding asymptotic density, p?°.




Application (ll): reconstruction of p(k)

. . k
/The umqull conservation prOVIdeS 5 — p(k) a(ﬁ)
zk: 14 a(B)k

(v Let (31 walkers to diffuse in the crowded network h

. O
v From a single node measure P71 and k; “experiment”

pr. 1
v Compute  aq :=a(f1) = -
. 1 — p° k1 )
v Repeat s times the experiment and compute ag = a(ﬁs)

v Solve
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Application (ll): reconstruction of p(k)
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Application (l1): reconstruction of p(k)

Erdos-Renyi Scale free
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We introduce a nonlinear operator to model diffusion on a complex undirected network under crowded
conditions. We show that the asymptotic distribution of diffusing agents is a nonlinear function of the nodes’
degree and saturates to a constant value for sufficiently large connectivities, at variance with standard
diffusion in the absence of excluded-volume effects. Building on this observation, we define and solve an
inverse problem, aimed at reconstructing the a priori unknown connectivity distribution. The method gathers
all the necessary information by repeating a limited number of independent measurements of the asymptotic
density at a single node, which can be chosen randomly. The technique is successfully tested against both
synthetic and real data and is also shown to estimate with great accuracy the total number of nodes.
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