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Random walk on networks

 Model of diffusions 

 Ranking 

 Community detection 

 And many more …
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Random walk on networks

Aij = Aji = 1

⌦Number of nodes:

Adjacency matrix:

ki =
X

j

AijNodes degree:
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Random walk on networks
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Random walk on networks

j

i

Aij = Aji = 1

⌦Number of nodes:

Adjacency matrix:

ki =
X

j

AijNodes degree:

Transition probability 
form i to j :

Probability to find the 
walker on node i at time t:

T (j|i) = Aij

ki

Pi(t)

(asymptotically)Pi(t) ⇠ ki
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Crowded Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

(N=5)

i

j
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Crowded Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

(N=5)

i

j
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Crowded Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

(N=5)

i

j
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Crowded Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

(N=5)

i

j
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Crowded Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

(N=5)

i

j
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Crowded Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

(N=5)

i

j
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Crowded Random walk on networks

Node capacity:

Number of walkers:

N

�⌦

Number walkers at node i: ni

Transition probability form i to j :

T (ni � 1, nj + 1|ni, nj) =
Aji

ki

ni

N

(N � nj)

N

i

j
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Crowded Random walk on networks

P (n1, . . . , n⌦, t)

Probability to find the system in the 
state                        at time t(n1, . . . , n⌦)

hnii ⌘
X

n

niP (n1, . . . , n⌦, t)

Average number of walkers at node i 
at time t
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Master equation

n’ should be compatible with n

Rescale time: ⌧ = t/N
<latexit sha1_base64="oQRRdMkvjEfBb1PowzxXellev9o=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInmoigl6EohdPUsF+QBvKZrtpl242cXcilNA/4cWDIl79O978N27bHLT1hYWHd2bYmTdIpDDout/O0vLK6tp6YaO4ubW9s1va22+YONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k3rziWsjYvWAo4T7Ee0rEQpG0VqtDtL0Ck/vuqWyW3GnIovg5VCGXLVu6avTi1kacYVMUmPanpugn1GNgkk+LnZSwxPKhrTP2xYVjbjxs+m+Y3JsnR4JY22fQjJ1f09kNDJmFAW2M6I4MPO1iflfrZ1ieOlnQiUpcsVmH4WpJBiTyfGkJzRnKEcWKNPC7krYgGrK0EZUtCF48ycvQuOs4lm+Py9Xr/M4CnAIR3ACHlxAFW6hBnVgIOEZXuHNeXRenHfnY9a65OQzB/BHzucPhx+Png==</latexit><latexit sha1_base64="oQRRdMkvjEfBb1PowzxXellev9o=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInmoigl6EohdPUsF+QBvKZrtpl242cXcilNA/4cWDIl79O978N27bHLT1hYWHd2bYmTdIpDDout/O0vLK6tp6YaO4ubW9s1va22+YONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k3rziWsjYvWAo4T7Ee0rEQpG0VqtDtL0Ck/vuqWyW3GnIovg5VCGXLVu6avTi1kacYVMUmPanpugn1GNgkk+LnZSwxPKhrTP2xYVjbjxs+m+Y3JsnR4JY22fQjJ1f09kNDJmFAW2M6I4MPO1iflfrZ1ieOlnQiUpcsVmH4WpJBiTyfGkJzRnKEcWKNPC7krYgGrK0EZUtCF48ycvQuOs4lm+Py9Xr/M4CnAIR3ACHlxAFW6hBnVgIOEZXuHNeXRenHfnY9a65OQzB/BHzucPhx+Png==</latexit><latexit sha1_base64="oQRRdMkvjEfBb1PowzxXellev9o=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInmoigl6EohdPUsF+QBvKZrtpl242cXcilNA/4cWDIl79O978N27bHLT1hYWHd2bYmTdIpDDout/O0vLK6tp6YaO4ubW9s1va22+YONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k3rziWsjYvWAo4T7Ee0rEQpG0VqtDtL0Ck/vuqWyW3GnIovg5VCGXLVu6avTi1kacYVMUmPanpugn1GNgkk+LnZSwxPKhrTP2xYVjbjxs+m+Y3JsnR4JY22fQjJ1f09kNDJmFAW2M6I4MPO1iflfrZ1ieOlnQiUpcsVmH4WpJBiTyfGkJzRnKEcWKNPC7krYgGrK0EZUtCF48ycvQuOs4lm+Py9Xr/M4CnAIR3ACHlxAFW6hBnVgIOEZXuHNeXRenHfnY9a65OQzB/BHzucPhx+Png==</latexit><latexit sha1_base64="oQRRdMkvjEfBb1PowzxXellev9o=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInmoigl6EohdPUsF+QBvKZrtpl242cXcilNA/4cWDIl79O978N27bHLT1hYWHd2bYmTdIpDDout/O0vLK6tp6YaO4ubW9s1va22+YONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k3rziWsjYvWAo4T7Ee0rEQpG0VqtDtL0Ck/vuqWyW3GnIovg5VCGXLVu6avTi1kacYVMUmPanpugn1GNgkk+LnZSwxPKhrTP2xYVjbjxs+m+Y3JsnR4JY22fQjJ1f09kNDJmFAW2M6I4MPO1iflfrZ1ieOlnQiUpcsVmH4WpJBiTyfGkJzRnKEcWKNPC7krYgGrK0EZUtCF48ycvQuOs4lm+Py9Xr/M4CnAIR3ACHlxAFW6hBnVgIOEZXuHNeXRenHfnY9a65OQzB/BHzucPhx+Png==</latexit>

⇢i = lim
N!1

hnii/NDensity of walkers in node i at time t:

iff Aij = 1
<latexit sha1_base64="K1n3PuQ7oF9fjyGkKMcGYTGU4r0=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInkoigl6EqhePFewHtKFstpt27WYTdydCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adeYNECoOu++0sLa+srq0XNoqbW9s7u6W9/YaJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHgzqTefuDYiVvc4Srgf0b4SoWAUrdW66mbiYXzpdUtlt+JORRbBy6EMuWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty0qGnHjZ9N9x+TYOj0Sxto+hWTq/p7IaGTMKApsZ0RxYOZrE/O/WjvF8MLPhEpS5IrNPgpTSTAmk+NJT2jOUI4sUKaF3ZWwAdWUoY2oaEPw5k9ehMZpxbN8d1auXudxFOAQjuAEPDiHKtxCDerAQMIzvMKb8+i8OO/Ox6x1yclnDuCPnM8fjnGPow==</latexit><latexit sha1_base64="K1n3PuQ7oF9fjyGkKMcGYTGU4r0=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInkoigl6EqhePFewHtKFstpt27WYTdydCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adeYNECoOu++0sLa+srq0XNoqbW9s7u6W9/YaJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHgzqTefuDYiVvc4Srgf0b4SoWAUrdW66mbiYXzpdUtlt+JORRbBy6EMuWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty0qGnHjZ9N9x+TYOj0Sxto+hWTq/p7IaGTMKApsZ0RxYOZrE/O/WjvF8MLPhEpS5IrNPgpTSTAmk+NJT2jOUI4sUKaF3ZWwAdWUoY2oaEPw5k9ehMZpxbN8d1auXudxFOAQjuAEPDiHKtxCDerAQMIzvMKb8+i8OO/Ox6x1yclnDuCPnM8fjnGPow==</latexit><latexit sha1_base64="K1n3PuQ7oF9fjyGkKMcGYTGU4r0=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInkoigl6EqhePFewHtKFstpt27WYTdydCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adeYNECoOu++0sLa+srq0XNoqbW9s7u6W9/YaJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHgzqTefuDYiVvc4Srgf0b4SoWAUrdW66mbiYXzpdUtlt+JORRbBy6EMuWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty0qGnHjZ9N9x+TYOj0Sxto+hWTq/p7IaGTMKApsZ0RxYOZrE/O/WjvF8MLPhEpS5IrNPgpTSTAmk+NJT2jOUI4sUKaF3ZWwAdWUoY2oaEPw5k9ehMZpxbN8d1auXudxFOAQjuAEPDiHKtxCDerAQMIzvMKb8+i8OO/Ox6x1yclnDuCPnM8fjnGPow==</latexit><latexit sha1_base64="K1n3PuQ7oF9fjyGkKMcGYTGU4r0=">AAAB73icbZBNS8NAEIYnftb6VfXoZbEInkoigl6EqhePFewHtKFstpt27WYTdydCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adeYNECoOu++0sLa+srq0XNoqbW9s7u6W9/YaJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHgzqTefuDYiVvc4Srgf0b4SoWAUrdW66mbiYXzpdUtlt+JORRbBy6EMuWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty0qGnHjZ9N9x+TYOj0Sxto+hWTq/p7IaGTMKApsZ0RxYOZrE/O/WjvF8MLPhEpS5IrNPgpTSTAmk+NJT2jOUI4sUKaF3ZWwAdWUoY2oaEPw5k9ehMZpxbN8d1auXudxFOAQjuAEPDiHKtxCDerAQMIzvMKb8+i8OO/Ox6x1yclnDuCPnM8fjnGPow==</latexit>

Transitions probabilities:
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A new non-linear transport operator

@

@t
⇢i =

⌦X

j=1

�ij


⇢j (1� ⇢i)�

kj
ki

⇢i (1� ⇢j)

�

�ij = Aij/kj � �ij

Random walk Laplacian
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A new non-linear transport operator

⇢1i =
aki

1 + aki
(asymptotically)

� =
⌦X

i=1

⇢i(t)
The total “mass” is 

preserved
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Application I: topological vs functional hubs

⇢1i =
aki

1 + aki
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✓ The “mass” conservation provides 

✓ Let      walkers to diffuse in the crowded network 

✓ From a single node measure        and 

✓ Compute 

✓ Repeat s times the experiment and compute 

✓ Solve

�1

⇢11 k1

a1 := a(�1) =
⇢11

1� ⇢11

1

k1

� =
X

k

p(k)
a(�)k

1 + a(�)k

as = a(�s)

 
�1

...
�s

!
= F

 
p(1)

...
p(s)

!

Flr =
ral

1 + ral

“experiment”

Application (II): reconstruction of p(k)
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Application (II): reconstruction of p(k)
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Application (II): reconstruction of p(k)
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We introduce a nonlinear operator to model diffusion on a complex undirected network under crowded
conditions.We show that the asymptotic distribution of diffusing agents is a nonlinear function of the nodes’
degree and saturates to a constant value for sufficiently large connectivities, at variance with standard
diffusion in the absence of excluded-volume effects. Building on this observation, we define and solve an
inverse problem, aimed at reconstructing the a priori unknown connectivity distribution. Themethod gathers
all the necessary information by repeating a limited number of independent measurements of the asymptotic
density at a single node, which can be chosen randomly. The technique is successfully tested against both
synthetic and real data and is also shown to estimate with great accuracy the total number of nodes.

DOI: 10.1103/PhysRevLett.120.158301

Networks are everywhere. The brain, Internet and cyber
world, foodwebs, social contacts, and commuting fall within
the vast realm of network science [1–3]. Irrespective of the
specific domain of application, individual entities (e.g.,
material units, bits of information) belonging to a certain
population may jump from one site (node) to its adjacent
neighbors, following the intricateweb of distinct links,which
defines the architecture of a complex network [4–9]. The
ability of agents to explore the network to which they are
bound is customarilymodeled as a standard diffusive process
[4,10]. Individuals are therefore independent from each
other, while mutual interference stemming from the com-
petition for the available space is deliberately omitted.
However, in real-world applications, the carrying capacity
of each node is finite, an ineluctable constraint that should be
accommodated for under crowded conditions [11–20]. On
the other hand, the structure of the network is often unknown.
Several methods have been introduced in the literature aimed
at reconstructing the topology of the network from a direct
assessment of the transport dynamics [21–23]. This amounts
to solving an inverse problem, from functions back to
structure, a task that involves formidable challenges [23–25].
Working along these lines, the aim of this Letter is

twofold. On the one side, we will introduce a nonlinear
operator to describe diffusion in a crowded network. The
derivation originates from a microscopic stochastic frame-
work and it is solidly grounded on first principles. As an
important by-product of the analysis, we will discuss the
idea of “functional degree centrality,” as opposed to the
usual structural notion that is routinely invoked in network
studies. Then, we will outline an innovative scheme that
exploits the dynamical entanglement among walkers to
reconstruct the unknown topology of the network. The
method allows one to accurately determine the distribution

of connectivities (degrees) and to quantify, with unprec-
edented efficiency, the size of the examined network, as we
shall here demonstrate for a selection of paradigmatic
examples. Notably, all necessary information is gathered
from just one randomly chosen node of the collection.
Let us consider a generic undirected graph composed of

Ω nodes and characterized by its adjacency matrix A
(Aij ¼ 1, if nodes i and j are connected, zero otherwise).
The degree of each node, namely, the number of connected
neighbors, is ki ¼

P
jAij. Each node is endowed with a

given “carrying capacity,” i.e., is assumed to be partitioned
into a large number N of compartments, which can be
either occupied by an agent (a physical or abstract entity) or
empty. The stochastic dynamics of a collection of particles
randomly hopping on a network and competing for the
available space within nodes is described by the following
master equation

d
dt
Pðn;tÞ¼

X

i;j

Aij½Tðni;njjniþ1;nj−1ÞPðniþ1;nj−1;tÞ

−Tðni−1;njþ1jni;njÞPðni;nj;tÞ&; ð1Þ

where Pðn; tÞ denotes the probability that the system will
be in the state n ¼ ðn1;…; nΩÞ at time t [15]. The scalar
quantity ni identifies the number of particles on node i. On
the right-hand side of Eq. (1) we indicate explicitly only the
species that are involved in the selected transition. In this
stochastic process, one of the walkers sitting on node i is
selected with probability ni=N and then made to jump to
one of the ki neighboring nodes with probability 1=ki.
However, this can only occur if the target node is not fully
occupied, i.e., with probability ðN − njÞ=N. Overall, the
hopping probability Tð·j·Þ from node i to node j reads
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