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Who am I?

Word cloud of the 
titles of my papers
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Outlook of the lecture

Epidemiology from mean field to networked models

http://www.gleamviz.org
http://www.epicx-lab.com/media.html
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All models are wrong but 
some are useful

Box, George E. P. (1979), "Robustness in the strategy of 
scientific model building", in Launer, R. L.; Wilkinson, G. N., 

Robustness in Statistics, Academic Press, pp. 201–236.

Outlook of the lecture

What matters is the question you are interested in 
and the level of precision you want to achieve.

https://en.wikipedia.org/wiki/Academic_Press
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PART 1 

Epidemic models
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A (synthetic) experiment

http://rocs.hu-berlin.de/explorables/explorables/epidemonic/
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Compartment models

Divide the population into classes, each class being characterized by 
one possible “state” of the illness. 

All agents in the same class behave in the same way and interactions 
among agents belonging to different classes are proportional to their 
number (homogeneous mixing: mean field assumption).
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Susceptible - Infected : SIS model

You get sick, then recover, but without immunity, e.g. the common cold. 
Two classes: susceptible and infected persons. 

Susceptible  a Infected a Susceptible 

 Susceptible people become infected at rate a  

 Infected ones recover at rate b
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Susceptible - Infected : SIS model

 S = number of susceptible persons 

 I = number of infected persons  

Becoming infected depends on contact between Susceptible and 
Infected; 

 Recovery is at a constant rate, proportional to number of Infected;

Some computations and 
numerical simulations.

(
dS
dt = bI � aSI
dI
dt = aSI � bI
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Susceptible - Infected : SIS model

 S = fraction of susceptible persons 

 I = fraction of infected persons  

Becoming infected depends on contact between Susceptible and 
Infected; 

 Recovery is at a constant rate, proportional to number of Infected;

Some computations and 
numerical simulations.

Basic Reproduction Number :

R0 =
a

b

(
dS
dt = bI � aSI
dI
dt = aSI � bI
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Susceptible - Infected - Recovered : SIR model

You get sick, then recover, but with immunity. Three classes: susceptible,  
infected persons and recovered. 

Susceptible  a Infected a Recovered 

 Susceptible people become infected at rate a  

 Infected ones recover at rate b  

Note that sometimes R stands for Removed (i.e. dead or immune, not 
able to diffuse the illness)
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Susceptible - Infected - Recovered : SIR model
 S = fraction of susceptible persons 

 I = fraction of infected persons  

 R= fraction of recovered persons 

Becoming infected depends on contact between Susceptible and 
Infected; 

 Recovery is at a constant rate,  
proportional to number of Infected;

8
><

>:

dS
dt = �aSI
dI
dt = aSI � bI
dR
dt = bI
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SIR : possible generalizations

 Vaccination: people can pass directly from S to R (constant rate c) 

 Mutation: virus mutates and recovered persons become again 
susceptible; 

 Time Delay: the infected persons need some time before to able to 
spread the infection; 

 Consider natural births and deaths; 

 Consider age groups
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PART 2 

Network models
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Networks are everywhere

world flights map

social networks

proteins networks technological networks
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(complex) Networks: some definitions

A network is a set of nodes connected by links (edges)

1

2

3

4

5

e1 e2

e3e4

Ex.: 5 nodes and 4 edges (undirected)

The number of links entering (going out) from each node is 
called in-degree (out-degree)

Ex.: “degree node 1” = 3 
“degree nodes 2 & 4” = 2 
“degree node 3” = 1 
“degree node 5” = 0

A network is said to be complex if 
the degree distribution is not trivial, 
i .e. not constant ( lat t ice) nor 
Poissonian (random, Erdős-Rényi)

Adjacency matrix

Aij =

(
1 if nodes i and j are linked

0 otherwise
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Models of Networks

Erdős-Rényi model 
Erdős, P.; Rényi, A. (1959). “On Random Graphs”, 
Publicationes Mathematicae, 6, 290–297

Given n nodes, consider all the possible couples (i,j) and with 
some probability p add the link ij.

The average degree is given by hki = np

P (deg(v) = k) =

✓
n� 1

k

◆
pk(1� p)n�1�k

The probability to have a node with degree k is given by:
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Models of Networks

Watts-Strogatz (small world) model 
Watts, D. J.; Strogatz, S. H. (1998). “Collective dynamics of 'small-
world' networks”, Nature, 393 (6684): 440–442.

Given n nodes arranged into a regular ring, each with 2m 
neighbours, consider all the possible couples (i,j) and with 
some probability p rewire the link ij (i.e. delete ij and make a 
new link ik)
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Models of Networks

Watts-Strogatz (small world) model

Path among two nodes: minimum number of “hops” to pass from one 
node to the other one.

Clustering coefficient is a measure of the degree to which nodes in 
a graph tend to cluster together (triangles).

Small world regime
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Models of Networks

Barabási-Albert (preferential attachment) model 
Barabási, A.; Albert, R. (1999), “Emergence of scaling in random 
networks”, Science, 286 (5439): 509–512.

Each time step a new node enters into the system and it makes 
a new link to an already existing node with a probability that 
is proportional to the number of links that the existing nodes 
already have.

Preferential attachment means that the more connected a 
node is, the more likely it is to receive new links. Nodes with 
higher degree have stronger ability to grab links added to the 
network.
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Models of Networks

Barabási-Albert (preferential attachment) model

The probability to have a node with degree k is given by:

P (deg(v) = k) ⇠ 1

k3

Scale Free networks. The degree distribution is “broad” 
and can be described by the functions :

P (deg(v) = k) ⇠ 1

k�
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PART 3 

Epidemics & networks
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Epidemic & networks

1 node = 1 person
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Epidemic & networks: homogeneous mean-field

1 node = 1 person

SIS model on homogeneous network (all nodes have - almost 
- the same degree, i.e. all persons have - almost - the same 
number of neighbors).

(
S = 1� I
dI
dt = ahki(1� I)I � bI

two competing times scales

(
dS
dt = bI � aSI
dI
dt = aSI � bI

former model (no space)
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1 node = 1 person

SIS model on homogeneous network (all nodes have - almost 
- the same degree, i.e. all persons have - almost - the same 
number of neighbors).

For short times (I(t) is assumed to be small):

dI

dt
⇠ (ahki � b)I

Epidemic threshold:

ahki/b > 1 (exp) growth

ahki/b < 1 (exp) decrease

Epidemic & networks: homogeneous mean-field
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1 node = 1 person

SIS model on homogeneous network (all nodes have - almost 
- the same degree, i.e. all persons have - almost - the same 
number of neighbors).

For long times (             ) :

Epidemic threshold:

ahki/b > 1

ahki/b < 1

dI

dt
= 0

ahki(1� I1)I1 = bI1

I1 = 0

I1 = 1� b/(ahki)

Epidemic & networks: homogeneous mean-field
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1 node = 1 person

SIS model on homogeneous network (all nodes have - almost 
- the same degree, i.e. all persons have - almost - the same 
number of neighbors).

I1

� = a/b

Epidemic & networks: homogeneous mean-field
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Epidemic & networks

All persons with the same 
degree behave in the same way. 

Classes of state and degree.
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The number of neighbors can vary a lot hk2i � hki

Heterogeneous mean-field

xk = Xk/Nk
fraction of person in the state X 
(x = s, i or r) having degree k

x =
X

k

xkP (k) total fraction of person in the state X

P (k) Probability to have degree k

All persons with the same 
degree behave in the same way. 

Classes of state and degree.

Epidemic & networks: heterogeneous mean-field
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SIS heterogeneous mean-field model

All persons with the same 
degree behave in the same way. 

Classes of state and degree.

Epidemic & networks: heterogeneous mean-field

⇥k =
X

k0

P (k0|k)ik0 Probability that a generic link (with deg k)  
points to an infected node (with deg k’)

P (k0|k) Probability that a link originated in a node 
with connectivity k points to a node with connectivity k’

dik
dt

= ak(1� ik)⇥k � bik sk = 1� ik
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SIS heterogeneous mean-field model

All persons with the same 
degree behave in the same way. 

Classes of state and degree.

Epidemic & networks: heterogeneous mean-field

For short times (ik is assumed to be small and thus                    )ik⇥k ⌧ 1
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d

dt
⇥k ⇠

X

k0

P (k0|k) [ak0⇥k0 � bik0 ] = a
X

k0

P (k0|k)k0⇥k0 � b⇥k
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d

dt
⇥k =

X

k0

P (k0|k)dik
0

dt
=

X

k0

P (k0|k) [ak0(1� ik0)⇥k0 � bik0 ]
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SIS heterogeneous mean-field model

All persons with the same 
degree behave in the same way. 

Classes of state and degree.

Epidemic & networks: heterogeneous mean-field

for uncorrelated networks

⇥k =
X

k0

k0

hkiP (k0)ik0 ⌘ ⇥

d⇥

dt
=

✓
a
hk2i
hki � b

◆
⇥

d

dt
⇥k ⇠ a

X

k0

P (k0|k)k0⇥k0 � b⇥k
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P (k0|k) = k0

hkiP (k0)
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SIS heterogeneous mean-field model

All persons with the same 
degree behave in the same way. 

Classes of state and degree.

Epidemic & networks: heterogeneous mean-field

For long times and uncorrelated networks:

Implicit equation for ⇥1
⇥1 =

1

hki
X

k

ak2⇥1

ak⇥1 + b
P (k)

dik
dt

= ak(1� ik)⇥� bik = 0
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)
<latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit><latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit><latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="t7IkgrVT4IP0Hss4gyMzcngLSrc=">AAAB53icbZBLSwMxFIXv1FetVatbN8EiuCozbnRZcOOyin3AdCiZNNOGZpIhuaOUoT/DjQtF/Efu/Demj4W2Hgh8nJOQe0+cSWHR97+90tb2zu5eeb9yUD08Oq6dVDtW54bxNtNSm15MLZdC8TYKlLyXGU7TWPJuPLmd590nbqzQ6hGnGY9SOlIiEYyis8L+gxiNkRqjnwe1ut/wFyKbEKygDiu1BrWv/lCzPOUKmaTWhoGfYVRQg4JJPqv0c8szyiZ0xEOHiqbcRsVi5Bm5cM6QJNq4o5As3N8vCppaO01jdzOlOLbr2dz8LwtzTG6iQqgsR67Y8qMklwQ1me9PhsJwhnLqgDIj3KyEjamhDF1LFVdCsL7yJnSuGoHjex/KcAbncAkBXEMT7qAFbWCg4QXe4N1D79X7WNZV8la9ncIfeZ8/TWiQEA==</latexit><latexit sha1_base64="t7IkgrVT4IP0Hss4gyMzcngLSrc=">AAAB53icbZBLSwMxFIXv1FetVatbN8EiuCozbnRZcOOyin3AdCiZNNOGZpIhuaOUoT/DjQtF/Efu/Demj4W2Hgh8nJOQe0+cSWHR97+90tb2zu5eeb9yUD08Oq6dVDtW54bxNtNSm15MLZdC8TYKlLyXGU7TWPJuPLmd590nbqzQ6hGnGY9SOlIiEYyis8L+gxiNkRqjnwe1ut/wFyKbEKygDiu1BrWv/lCzPOUKmaTWhoGfYVRQg4JJPqv0c8szyiZ0xEOHiqbcRsVi5Bm5cM6QJNq4o5As3N8vCppaO01jdzOlOLbr2dz8LwtzTG6iQqgsR67Y8qMklwQ1me9PhsJwhnLqgDIj3KyEjamhDF1LFVdCsL7yJnSuGoHjex/KcAbncAkBXEMT7qAFbWCg4QXe4N1D79X7WNZV8la9ncIfeZ8/TWiQEA==</latexit><latexit sha1_base64="44B5TYoEE9vwyrvGJcgoUXJPCbY=">AAAB8nicbZA9T8MwEIYv5auUrwIji0WFxFQlLDBWsDAWRD+kNKoc12mtOnFkX0BV1J/BwgBCrPwaNv4NbpsBWl7J0qP37uS7N0ylMOi6305pbX1jc6u8XdnZ3ds/qB4etY3KNOMtpqTS3ZAaLkXCWyhQ8m6qOY1DyTvh+GZW7zxybYRKHnCS8iCmw0REglG0lt+7F8MRUq3VU79ac+vuXGQVvAJqUKjZr371BoplMU+QSWqM77kpBjnVKJjk00ovMzylbEyH3LeY0JibIJ+vPCVn1hmQSGn7EiRz9/dETmNjJnFoO2OKI7Ncm5n/1fwMo6sgF0maIU/Y4qMokwQVmd1PBkJzhnJigTIt7K6EjaimDG1KFRuCt3zyKrQv6p7lO7fWuC7iKMMJnMI5eHAJDbiFJrSAgYJneIU3B50X5935WLSWnGLmGP7I+fwBj92RaQ==</latexit><latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit><latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit><latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit><latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit><latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit><latexit sha1_base64="wpk/zjynGmYSy0lRI+eU5+ZY+O4=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiq2FNJTNdtMu3WTD7kQpoT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aBuVacZbTEmlOyE1XIqEt1Cg5J1UcxqHkj+Eo+tp/eGRayNUco/jlAcxHSQiEoyitfzunRgMkWqtnnrVmlt3ZyLL4BVQg0LNXvWr21csi3mCTFJjfM9NMcipRsEkn1S6meEpZSM64L7FhMbcBPls5Qk5sU6fRErblyCZub8nchobM45D2xlTHJrF2tT8r+ZnGF0GuUjSDHnC5h9FmSSoyPR+0heaM5RjC5RpYXclbEg1ZWhTqtgQvMWTl6F9Vvcs357XGldFHGU4gmM4BQ8uoAE30IQWMFDwDK/w5qDz4rw7H/PWklPMHMIfOZ8/kR2RbQ==</latexit>

i1k =
ak⇥1

b+ ak⇥1
<latexit sha1_base64="HEAZOV560DUbNj5MCaFSGsz+Hfg=">AAACJXicbZDLSsNAFIYnXmu9RV26GSyCIJREBF0oFN24rNAbNLFMppN26GQSZk6EEvoybnwVNy4sIrjyVZy2QbT1wMDH/5/DmfMHieAaHOfTWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwO/Gbj0xpHssaDBPmR6QnecgpASN17CveGTxkHpchDEf4GnuhIjQjA6/WZ0B+nFEWnC6KHbvklJ1p4UVwcyihvKode+x1Y5pGTAIVROu26yTgZ0QBp4KNil6qWULogPRY26AkEdN+Nr1yhI+N0sVhrMyTgKfq74mMRFoPo8B0RgT6et6biP957RTCSz/jMkmBSTpbFKYCQ4wnkeEuV4yCGBogVHHzV0z7xOQEJtiiCcGdP3kRGmdl1/D9ealyk8dRQIfoCJ0gF12gCrpDVVRHFD2hF/SGxtaz9Wq9Wx+z1iUrnzlAf8r6+gZAz6b4</latexit><latexit sha1_base64="HEAZOV560DUbNj5MCaFSGsz+Hfg=">AAACJXicbZDLSsNAFIYnXmu9RV26GSyCIJREBF0oFN24rNAbNLFMppN26GQSZk6EEvoybnwVNy4sIrjyVZy2QbT1wMDH/5/DmfMHieAaHOfTWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwO/Gbj0xpHssaDBPmR6QnecgpASN17CveGTxkHpchDEf4GnuhIjQjA6/WZ0B+nFEWnC6KHbvklJ1p4UVwcyihvKode+x1Y5pGTAIVROu26yTgZ0QBp4KNil6qWULogPRY26AkEdN+Nr1yhI+N0sVhrMyTgKfq74mMRFoPo8B0RgT6et6biP957RTCSz/jMkmBSTpbFKYCQ4wnkeEuV4yCGBogVHHzV0z7xOQEJtiiCcGdP3kRGmdl1/D9ealyk8dRQIfoCJ0gF12gCrpDVVRHFD2hF/SGxtaz9Wq9Wx+z1iUrnzlAf8r6+gZAz6b4</latexit><latexit sha1_base64="HEAZOV560DUbNj5MCaFSGsz+Hfg=">AAACJXicbZDLSsNAFIYnXmu9RV26GSyCIJREBF0oFN24rNAbNLFMppN26GQSZk6EEvoybnwVNy4sIrjyVZy2QbT1wMDH/5/DmfMHieAaHOfTWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwO/Gbj0xpHssaDBPmR6QnecgpASN17CveGTxkHpchDEf4GnuhIjQjA6/WZ0B+nFEWnC6KHbvklJ1p4UVwcyihvKode+x1Y5pGTAIVROu26yTgZ0QBp4KNil6qWULogPRY26AkEdN+Nr1yhI+N0sVhrMyTgKfq74mMRFoPo8B0RgT6et6biP957RTCSz/jMkmBSTpbFKYCQ4wnkeEuV4yCGBogVHHzV0z7xOQEJtiiCcGdP3kRGmdl1/D9ealyk8dRQIfoCJ0gF12gCrpDVVRHFD2hF/SGxtaz9Wq9Wx+z1iUrnzlAf8r6+gZAz6b4</latexit><latexit sha1_base64="HEAZOV560DUbNj5MCaFSGsz+Hfg=">AAACJXicbZDLSsNAFIYnXmu9RV26GSyCIJREBF0oFN24rNAbNLFMppN26GQSZk6EEvoybnwVNy4sIrjyVZy2QbT1wMDH/5/DmfMHieAaHOfTWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwO/Gbj0xpHssaDBPmR6QnecgpASN17CveGTxkHpchDEf4GnuhIjQjA6/WZ0B+nFEWnC6KHbvklJ1p4UVwcyihvKode+x1Y5pGTAIVROu26yTgZ0QBp4KNil6qWULogPRY26AkEdN+Nr1yhI+N0sVhrMyTgKfq74mMRFoPo8B0RgT6et6biP957RTCSz/jMkmBSTpbFKYCQ4wnkeEuV4yCGBogVHHzV0z7xOQEJtiiCcGdP3kRGmdl1/D9ealyk8dRQIfoCJ0gF12gCrpDVVRHFD2hF/SGxtaz9Wq9Wx+z1iUrnzlAf8r6+gZAz6b4</latexit>

⇥1 =
X

k0

k0

hkiP (k0)i1k0
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SIS heterogeneous mean-field model

All persons with the same 
degree behave in the same way. 

Classes of state and degree.

Epidemic & networks: heterogeneous mean-field

Epidemic threshold (uncorrelated networks)

a

b
>

hki
hk2i

For scale free networks

hk2i � 1
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Epidemic & networks

1 node = 1 city/country
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Interactions occur at each node.  Diffusion occurs across edges.

Metapopulation models 
e.g. in the framework of ecology: 
May R., Will a large complex system be stable? 
Nature, 238, pp. 413, (1972)

Epidemic & networks: metapopulation model
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interaction term:

At each node j=1,…,n, “species” S, I and R interact through the SIR 
model depending on the quantities available at the j-th node 
(metapopulation assumption)

8
><

>:

dSj

dt = �aSjIj
dIj
dt = aSjIj � bIj
dRj

dt = bIj

We assume the parameters to be the same for all nodes.

Epidemic & networks: metapopulation model
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Diffusion term:
Diffusive transport of species into a certain node i is given by the sum of 
incoming fluxes to node i from other connected nodes j, fluxes are proportional 
to the concentration difference between the nodes (Fick's law).

1

2

3

4

5

e1 e2

e3e4

Ex.: consider the amount of u in node 1, 
u can enter from 2, 3 and 4 
u can leave 1 to go to 2, 3 and 4

u2 + u3 + u4 � 3u1 =
X

j

A1juj � k1u1 =
X

j

(A1j � �1jkj)uj :=
X

j

L1juj

L is called Laplacian matrix of the network

Epidemic & networks: metapopulation model
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Ds, Di and Dr are the diffusion coefficients of S, I and R, i.e. capability to move

The model:

8
><

>:

dSj

dt = �aSjIj +Ds
Pn

k=1 LjkSk
dIj
dt = aSjIj � bIj +Di

Pn
k=1 LjkIk

dRj

dt = bIj +Dr
Pn

k=1 LjkRk

Epidemic & networks: metapopulation model
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Systems composed by layers of networks: Multiplexes

Social networks 
layers=different social networks 
nodes=same agent in each SN

Transportation networks 
layers=different modalities 
nodes=same spatial location

(a)

(b)

(c)
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Time varying networks (temporal networks)
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Time varying networks: contact (social) networks



www.unamur.be timoteo.carletti@unamur.be

Epidemics on contact (social) networks



www.unamur.be timoteo.carletti@unamur.be

Epidemics on contact (social) networks


