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Turing mechanism: diffusion driven instability

(H)
<‘ activator IZ_ .
diffusion
() )
diffusion
inhibitor "~~~ "7 " |
> u(x, y, t) Amount of activator in (x,y) at time t
(-) v(Z, Y, t)Amount of inhibitor in (x,y) at time t

A.M.Turing, The chemical basis of morphogenesis, Phil. Trans. R Soc London B, 237, (1952), pp.37

WWW.unamur.be timoteo.carletti@unamur.be




Outlook

B> A (short) review of Turing instability ;
B> Turing instability on networks (Nakao and Mikhailov, 2010) ;
P> Limitations of Turing mechanism ;

B> It is a matter of time : time varying networks ;

B> It is a matter of direction : non-normal networks ;
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Turing mechanism: diffusion driven instability

N

(-)

()
ou __ 2
activator 2___, gf) B f(u v) + D V2
diffusion 5 = g(u,v) + D, Vv
" (z,y) € Q
L—— diffusion + houndary conditions
inhibitor |~~~ "~ "

Q (-)

Ulx,y,t), t=0
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) + initial condition

Ulxy,t), t=0
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Turing mechanism: diffusion driven instability
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Turing mechanism: diffusion driven mstablllty

[ ]) “Assume there exists o spoholly homogeneous solution:
’ uw(x,y,t) =4 and v(x,y,t) =0 V(xr,y) € Q and Vt > 0 ‘
which moreover is stable when ’rhere s N0 dlffusmn D,=D,=0 ]

2) Linearise around this solufion: | u(®,9,8) = & + 5“(5’3 y t) '.
‘ v(z,y,t) =0+ 6v(z,y,t) ‘

[ u\ 5[ du - [ futDVEf |
| ( 5v ) j( 0V ) ‘7_( Gu go + Dy V7

3) Prove ihoi ’rhe spoholly homogeneous solu’non -

u(z,y,t) =u and v(zx,y,t) =0

' turns out to be unstable once the diffusion is in action
' D, >0 and D, >0
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Turing mechanism: diffusion driven instability

|) decompose the solution on the Fourier modes (Laplacian eigenbasis)
Und use the ansoiz  Su(z,y,t) = Z cp el F1Ethay) pAxt

||) A is solution of det _Ak — ( o . o k2 ~0

| |||) |f ’rhere exists ch (k%,k2 ) such ’rhu’r §R)\ > Oihen Turlng puﬂerns do A
| emerge. |
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Turing mechanism on complex networks
Nakao H. and Mikhadilov A. S., Nature Physics, 6, pp. 544 (2010)

metapopulation model

--macroscale. -
"N\ .mew. Metapopulation models
. e.g. in the framework of ecology:

% 88 May R., Will a large complex system be

stable? Nature, 238, pp. 413, (1972)

Reactions occur at each node. Diffusion occurs across edges.
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Turing mechanism on complex networks
Nakao H. and Mikhadilov A. S., Nature Physics, 6, pp. 544 (2010)

ai(t) = flui(t),05(t)) + Do S, Liju;(t)
' g(ui(t),v;(t)) + D, Z:’;Zl Livi(t) Vi=1,...,nandt>0.
A Adiu(en(y matrix w; () Amount of acfivator in node i at time 1

Li; = A;; — k04, Lupluce matrix ~ ©v;(£) Amount of inhibitor in node i at time t

Patterns: okl
Sets of nodes whose | e e
| asymptofic state is far from | Vs N,
the homogeneous equilibrium. | i Al
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Turing mechanism on complex networks
Nakao H. and Mikhadilov A. S., Nature Physics, 6, pp. 544 (2010)

Use the appropriate eigenbasis

Sy (t an¢(a) Aot N Lijol = At Vi,
J

If there exists A, such that .

| FeA, > 0
| then Turing patterns do

emerge.




Turing mechanism: Limitations

P> At least two diffusing species are needed;
B> Activator and inhibitor are both necessary;
B> The inhibitor must diffuse much faster than the activator

Dy > Dy,
P“Not good topology”
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It is a matter of time: time varying networks

Contact social networks -

A Guide to Temporal
Networks

Naoki Masuda
Ak cha«ﬂd Lambiotte | 1Y

>

Physics Reports 519 (2012) 97-125

Contents lists available at SciVerse ScienceDirect

Physics Reports

g I

ELSEVIER journal homepage: www.elsevier.com/locate/physrep

Temporal networks

Petter Holme *>*, Jari Saramaki ¢

2 IceLab, Department of Physics, Umea University, 901 87 Umed, Sweden
b Department of Energy Science, Sungkyunkwan University, Suwon 440746, Republic of Korea
€ Department of Sociology, Stockholm University, 106 91 Stockholm, Sweden

d Department of Biomedical Engineering and Computational Science, School of Science, Aalto University, 00076 Aalto, Espoo, Finland
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It is a matter of time: time varying networks

Api(t) = w;;(t) >0 if ¢ and j are linked at time t
TR0 otherwise

nossible different time scale

0 {Mt) — Pl ) + Du S0 Lty (0
. g(ui,vi) + D, S:;\f_l Lii(t/e)v;(t)

Cun the system exhibit Turing puﬂerns
once the static version doesn't?

1 | Which is the role of network time scale?
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It is a matter of time: time varying networks

“Chinese whispers” (telephone game)

time =0
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It is a matter of time: time varying networks

“Chinese whispers” (telephone game)

Natural dynamics .
6 — 1 @ @
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It is a matter of time: time varying networks

“Chinese whispers” (telephone game)

“fast” switch s o
€ — 025 o o
\ Averaged network
2L
o os 1 15 2
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It is a matter of time: time varying networks

Assume the existence of the averaged Laplacian:

And let us introduce the averaged reaction-diffusion system:

) {wt) = f(ui,vi) + Du Yoy (Lij)u,

vi(t) = g(us,vi) + D, Z;V:1<Lij>vj

Then, if (2) exhibits Turing patterns, there exists €* > 0 such

that (1) also exhibits Turing patterns Ve : 0 < € < €*
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It is a matter of time: time varying networks

i) The threshold €* > 0 can be analytically computed.

].Z/O—O\‘\\
1

6*

LOS

0.6+

04+

02" * x x x
0 02 04 06 08 1

ii) Continuous non-periodic case (use Floquei-Magnus expansion)

(L) = lim l/TL(t) dt

T—o0o0 [’

iii) Discrete time random switching:

T
lim — / L(t)dt = E[L(t)] (almost surely)
0

T—so00 [
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It is a matter of direction: non-normal networks
Asllani M. et al, Nature Comm., 5, 4517,(2014)
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It is a matter of direction: non-normal networks

(a) symmetric network
By
Definition (mathematical). A network is non- A, ’\
normal, if its adjacency matrix A;; does /

satisfy AAT £ AT A.

x*

| |
z* — attraction basin 7/ — attraction basin

Definition (operational). It must contain a  © non-normal network
. . Ay 7 N
large Direct Acyclic Graph (DAG).
2.5 - . . :
) A~
non-linear system * — attraction basin z” — attraction basin
% 157 s (©) non-normal transient
= i
— 1
¥ linearised system
00 2I0 4;0 6IO 8b 100

effective Eain

z* — attraction basin 2" — attraction basin
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It is a matter of direction: non-normal networks

) non-normal support

N

activator

diffusion
) (+) VS )
. diffusion
Qinhibitorj T Cnhibilor)
(-) (-)
Turing mechanism Non-normal mechanism

2 The homogeneous equilibrium remains stable;

2 One species is enough;

2 No need for separate diffusion scales: D, ~ D,
2 No need for activator/inhibitor.

WWW.unamur.be timoteo.carletti@unamur.be




It is a matter of direction: non-normal networks

<A> Pattern amplitude
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Allee effect with diffusion on a non-normal network

.I :

(1 species) y

:i:z- — 7“21?@(1 — .CL’Z)(Q’JZ — CL) - D ZLijajj
j=1

time =10

The origin remains stable but small perturbations can be
macroscopically amplified and create patterns.
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Non-normal networks are “the rule”

Network name nodes | links w w— « e A dp
Foodwebs

Cypress wetlands South Florida (wet) 128 2016 | 296.71 | 132.11 | 167.46 |0.83| 1.00

Cypress wetlands South Florida (dry) 128 2137 | 217.60 | 152.50 | 82.20 |0.89| 1.00

Little Rock Lake (Wisconsin, US) 183 2494 | 21.69 14.69 10.02 10.95] 0.93
Biological

Transcriptional regulation network (E. coli) | 423 578 5.11 4.11 2.52 10.81] 0.93

Metabolic network (C. Elegans) 453 4596 | 13.44 12.44 6.89 10.98| 1.00

Pairwise proteins interaction (Homo sapiens)| 2239 | 6452 15.79 13.02 4.01 10.99] 0.99
Transport

US airport 2010 1574 | 28236 [1.19107| 79.30 [1.19107]0.01| 1.00

Road transportation network (Rome) 3353 | 8870 (2.4010*| 120.05 {2.3910*|0.08| 0.28

Road transportation network (Chicago) 12982 | 39018 | 4.23 |4.2910™*| 4.54 |0.04| 0.19
Communication

e-mails network DNC 2029 | 39264 | 28.00 2.00 26.37 |0.53] 0.89

Enron email network (1999-2003) 87273 [1148072| 85.14 14.54 71.05 10.30]0.99(x)

e-mails network European institution 265214 | 420045 | 76.02 6.09 70.30 10.30]0.84(x)
Citation

Citations to Milgram’s 1967 paper (2002) 395 1988 10.48 10.48 4.49 [1.00{ 1.00

Articles from Scientometrics (1978-2000) 3084 | 10416 | 10.32 8.32 5.28 10.98] 1.00

Citation network DBLP 12591 | 49743 | 21.50 16.82 8.45 |0.87] 1.00
Social

Hyper-network of 2004 US election blogs 1224 | 19025 | 45.37 10.95 34.95 10.72| 0.98

Reply network of the news website Digg 30398 | 87627 | 15.92 6.56 10.18 [0.61| 0.97

Trust network from the website Epinions 75879 | 508837 | 123.00 | 16.47 | 106.96 [0.13]0.80(x)
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