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Order from disorder 
is a leitmotif in 

Nature
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networks
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A.M.Turing, The chemical basis of morphogenesis, Phil. Trans. R Soc London B, 237, (1952), pp.37

Amount of activator in (x,y) at time t

Amount of inhibitor in (x,y) at time t

u(x, y, t)
<latexit sha1_base64="4c16PpBF7+4Khei7fsePHAT6zx0=">AAAB73icbVBNS8NAEJ34WetX1aOXYBEqlJJUQY9FLx4r2A9oQ9lsN+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8w8PxZco+N8Wyura+sbm7mt/PbO7t5+4eCwqaNEUdagkYhU2yeaCS5ZAzkK1o4VI6EvWMsf3Uz91iNTmkfyHscx80IykDzglKCR2knpqTwu41mvUHQqzgz2MnEzUoQM9V7hq9uPaBIyiVQQrTuuE6OXEoWcCjbJdxPNYkJHZMA6hkoSMu2ls3sn9qlR+nYQKVMS7Zn6eyIlodbj0DedIcGhXvSm4n9eJ8Hgyku5jBNkks4XBYmwMbKnz9t9rhhFMTaEUMXNrTYdEkUomojyJgR38eVl0qxW3PNK9e6iWLvO4sjBMZxACVy4hBrcQh0aQEHAM7zCm/VgvVjv1se8dcXKZo7gD6zPHwxGj1E=</latexit>

v(x, y, t)
<latexit sha1_base64="gWAF6x9z3MYPOnjuzUjCu16sfBU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahQilJFfRY9OKxgv2ANpTNdtMu3Wzi7qYYQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9nfntCpWKheNBJRN0ADwXzGcHaSJ1J+amSVPR5v1iyq/YcaJU4GSlBhka/+NUbhCQOqNCEY6W6jh1pN8VSM8LptNCLFY0wGeMh7RoqcECVm87vnaIzowyQH0pTQqO5+nsixYFSSeCZzgDrkVr2ZuJ/XjfW/rWbMhHFmgqyWOTHHOkQzZ5HAyYp0TwxBBPJzK2IjLDERJuICiYEZ/nlVdKqVZ2Lau3+slS/yeLIwwmcQhkcuII63EEDmkCAwzO8wpv1aL1Y79bHojVnZTPH8AfW5w8N0Y9S</latexit>

Turing mechanism: diffusion driven instability
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 A (short) review of Turing instability ;  

 Turing instability on networks (Nakao and Mikhailov, 2010) ; 

 Limitations of Turing mechanism ; 

 It is a matter of time : time varying networks ; 

 It is a matter of direction : non-normal networks ;

Outlook
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Turing mechanism: diffusion driven instability

+ boundary conditions�
+ initial condition�

                   : Amount of activator �
at time t and position (x,y) �

                   : Amount of inhibitor �
at time t and position (x,y) �

Du = 0
<latexit sha1_base64="RpyS8oCIfJpKrb4dwb07v71XAq8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIU9eCxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOgkUwx9lohEtUKqUXCJvuFGYCtVSONQYDMc3k795hMqzRP5aEYpBjHtSx5xRo2V/Ltudu12S2W34s5AlomXkzLkqHdLX51ewrIYpWGCat323NQEY6oMZwInxU6mMaVsSPvYtlTSGHUwnh07IadW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/z2pmJroIxl2lmULL5oigTxCRk+jnpcYXMiJEllClubyVsQBVlxuZTtCF4iy8vk0a14p1Xqg8X5dpNHkcBjuEEzsCDS6jBPdTBBwYcnuEV3hzpvDjvzse8dcXJZ47gD5zPHxZYjjU=</latexit>

Dv = 0
<latexit sha1_base64="2kvCot5xsJ5yB72GCLAP7JzP/60=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQS9CUQ8eK7htoV1KNs22odnskmQLZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz84JEcG0c5xsV1tY3NreK26Wd3b39g/LhUVPHqaLMo7GIVTsgmgkumWe4EaydKEaiQLBWMLqb+a0xU5rH8slMEuZHZCB5yCkxVvLue+Mbp1euOFVnDrxK3JxUIEejV/7q9mOaRkwaKojWHddJjJ8RZTgVbFrqppolhI7IgHUslSRi2s/mx07xmVX6OIyVLWnwXP09kZFI60kU2M6ImKFe9mbif14nNeG1n3GZpIZJulgUpgKbGM8+x32uGDViYgmhittbMR0SRaix+ZRsCO7yy6ukWau6F9Xa42WlfpvHUYQTOIVzcOEK6vAADfCAAodneIU3JNELekcfi9YCymeO4Q/Q5w8X3o42</latexit>
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Turing mechanism: diffusion driven instability

+ boundary conditions�
+ initial condition�

                   : Amount of activator �
at time t and position (x,y) �

                   : Amount of inhibitor �
at time t and position (x,y) �

Du = 1
<latexit sha1_base64="dj9hy/PJ6w3WXnbrm1uVg9gtS30=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIU9eCxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOgkUwx9lohEtUKqUXCJvuFGYCtVSONQYDMc3k795hMqzRP5aEYpBjHtSx5xRo2V/Ltudu11S2W34s5AlomXkzLkqHdLX51ewrIYpWGCat323NQEY6oMZwInxU6mMaVsSPvYtlTSGHUwnh07IadW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/z2pmJroIxl2lmULL5oigTxCRk+jnpcYXMiJEllClubyVsQBVlxuZTtCF4iy8vk0a14p1Xqg8X5dpNHkcBjuEEzsCDS6jBPdTBBwYcnuEV3hzpvDjvzse8dcXJZ47gD5zPHxfcjjY=</latexit>

Dv = 20
<latexit sha1_base64="V75mwK0AFTatcyMQTZYiSxQUp4I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBb0IRT14rGA/oF1KNs22sdlkSbKFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN3O/NaYKs2keDSTmPoRHggWMoKNlZp3vfF1xe0VS27ZnQOtEi8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4L3UTTGJMRHtCOpQJHVPvp/NopOrNKH4VS2RIGzdXfEymOtJ5Ege2MsBnqZW8m/ud1EhNe+SkTcWKoIItFYcKRkWj2OuozRYnhE0swUczeisgQK0yMDahgQ/CWX14lzUrZuyhXHqql2k0WRx5O4BTOwYNLqME91KEBBJ7gGV7hzZHOi/PufCxac042cwx/4Hz+AIoajnI=</latexit>
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Turing mechanism: diffusion driven instability

1) Assume there exists a spatially homogeneous solution:  
 
which moreover is stable when there is no diffusion: Du = Dv = 0

u(x, y, t) = û and v(x, y, t) = v̂ 8(x, y) 2 ⌦ and 8t � 0

2) Linearise around this solution:

✓
˙�u
˙�v

◆
= J̃

✓
�u
�v

◆

(
u(x, y, t) = û+ �u(x, y, t)

v(x, y, t) = v̂ + �v(x, y, t)

J̃ =

✓
fu +Dur2 fv

gu gv +Dvr2

◆

Du > 0 and Dv > 0

3) Prove that the spatially homogeneous solution: 
 
 
turns out to be unstable once the diffusion is in action

u(x, y, t) = û and v(x, y, t) = v̂
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Turing mechanism: diffusion driven instability

i) decompose the solution on the Fourier modes (Laplacian eigenbasis) 
and use the ansatz �u(x, y, t) =

X

k=(k1,k2)

cke
2⇡i(k1x+k2y)e�kt

ii)       is solution of �k det


�k �

✓
fu �Duk2 fv

gu gv �Dvk2

◆�
= 0

patterns

iii) if there exists                          such that                then Turing patterns do 
emerge.

k̂2 2 (k2�, k
2
+) <�k̂ > 0

No patterns
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Turing mechanism on complex networks
Nakao H. and Mikhailov A. S., Nature Physics, 6, pp. 544 (2010)

Reactions occur at each node.  Diffusion occurs across edges.

Metapopulation models 
e.g. in the framework of ecology: 
May R., Will a large complex system be 
stable? Nature, 238, pp. 413, (1972)
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Turing mechanism on complex networks
Nakao H. and Mikhailov A. S., Nature Physics, 6, pp. 544 (2010)

(
u̇i(t) = f(ui(t), vi(t)) +Du

Pn
j=1 Lijuj(t)

v̇i(t) = g(ui(t), vi(t)) +Dv
Pn

j=1 Lijvj(t) 8i = 1, . . . , n and t > 0.

Patterns: 
Sets of nodes whose 

asymptotic state is far from 
the homogeneous equilibrium.

Lij = Aij � ki�ij
<latexit sha1_base64="UCAQ8lcm4ZfNfiV/HvOBgg2q4MY=">AAACBXicbVC7TsMwFHV4lvIKMMIQUSGxUCUFCRakAgsDQ5HoQ2qjyHHc1tRxIvsGqYq6sPArLAwgxMo/sPE3uGkGaDmS5eNz7tX1PX7MmQLb/jbm5hcWl5YLK8XVtfWNTXNru6GiRBJaJxGPZMvHinImaB0YcNqKJcWhz2nTH1yN/eYDlYpF4g6GMXVD3BOsywgGLXnm3o2XsvvR+UV2HQ081gkoB5w9PbNkl+0M1ixxclJCOWqe+dUJIpKEVADhWKm2Y8fgplgCI5yOip1E0RiTAe7RtqYCh1S5abbFyDrQSmB1I6mPACtTf3ekOFRqGPq6MsTQV9PeWPzPayfQPXNTJuIEqCCTQd2EWxBZ40isgElKgA81wUQy/VeL9LHEBHRwRR2CM73yLGlUys5xuXJ7Uqpe5nEU0C7aR4fIQaeoiq5RDdURQY/oGb2iN+PJeDHejY9J6ZyR9+ygPzA+fwDlg5jV</latexit>

Laplace matrix
Adjacency matrixAij

<latexit sha1_base64="nQ8XDHHdS9k7JBk53tUFBLPJDXA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6rXjxWsB/QLiWbZtu02WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTuY3GV++4kqzaR4NNOY+hEeChYygo2VWjf9lI1n/XLFrbpzoFXi5aQCORr98ldvIEkSUWEIx1p3PTc2foqVYYTTWamXaBpjMsFD2rVU4IhqP51fO0NnVhmgUCpbwqC5+nsixZHW0yiwnRE2I73sZeJ/Xjcx4bWfMhEnhgqyWBQmHBmJstfRgClKDJ9agoli9lZERlhhYmxAJRuCt/zyKmnVqt5FtfZwWanf5nEU4QRO4Rw8uII63EMDmkBgDM/wCm+OdF6cd+dj0Vpw8plj+APn8weaBY8l</latexit>

Amount of activator in node i at time t

Amount of inhibitor in node i at time t

ui(t)
<latexit sha1_base64="ILD8POApFOJJKsqAxk16FUlO57Y=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgWcLsZDYZM7uzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR06hUM95gSirdDqjhUsS8gQIlbyea0yiQvBWMbmd+64lrI1T8gOOE+xEdxCIUjKKVmmlPlPG8Vyy5FXcOskq8jJQgQ71X/Or2FUsjHiOT1JiO5yboT6hGwSSfFrqp4QllIzrgHUtjGnHjT+bXTsmZVfokVNpWjGSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieO1PRJykyGO2WBSmkqAis9dJX2jOUI4toUwLeythQ6opQxtQwYbgLb+8SprVindRqd5flmo3WRx5OIFTKIMHV1CDO6hDAxg8wjO8wpujnBfn3flYtOacbOYY/sD5/AH7KI68</latexit>

vi(t)
<latexit sha1_base64="v0AjjGTNFaR0zxWwrbNIwHV+vhw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvXiMYB6QLGF2MpuMmd1ZZnoDIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFRw6hUM15nSirdCqjhUsS8jgIlbyWa0yiQvBkM72Z+c8S1ESp+xHHC/Yj2YxEKRtFKjVFXlPG8Wyy5FXcOskq8jJQgQ61b/Or0FEsjHiOT1Ji25yboT6hGwSSfFjqp4QllQ9rnbUtjGnHjT+bXTsmZVXokVNpWjGSu/p6Y0MiYcRTYzojiwCx7M/E/r51ieONPRJykyGO2WBSmkqAis9dJT2jOUI4toUwLeythA6opQxtQwYbgLb+8ShoXFe+ycvFwVareZnHk4QROoQweXEMV7qEGdWDwBM/wCm+Ocl6cd+dj0Zpzsplj+APn8wf8sY69</latexit>
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Turing mechanism on complex networks
Nakao H. and Mikhailov A. S., Nature Physics, 6, pp. 544 (2010)

Use the appropriate eigenbasis

�ui(t) =
X

↵

c↵�
(↵)
i e�↵t

<latexit sha1_base64="aCWRvqwAKyQV+5YYZhx8miLMKiY="></latexit>

X

j

Lij�
(↵)
j = ⇤↵�

(↵)
i 8i,↵

<latexit sha1_base64="Pe3snZZCw3hRvy3V6iRQ3WpO9zQ="></latexit>

0 5 10 15 20 25
-15

-10

-5

0

5

If there exists        such that                 

then Turing patterns do 
emerge.

⇤↵
<latexit sha1_base64="az3LPNsfpy12aSS0zKSk2R2fWL4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlIFXRbduHBRwT6gCeFmMmmHTiZhZlIooX/ixoUibv0Td/6N0zYLbT0wcDjnXO6dE2acKe0439ba+sbm1nZlp7q7t39waB8dd1SaS0LbJOWp7IWgKGeCtjXTnPYySSEJOe2Go7uZ3x1TqVgqnvQko34CA8FiRkAbKbBt78GEIwgKD3g2hGlg15y6MwdeJW5JaqhEK7C/vCgleUKFJhyU6rtOpv0CpGaE02nVyxXNgIxgQPuGCkio8ov55VN8bpQIx6k0T2g8V39PFJAoNUlCk0xAD9WyNxP/8/q5jm/8goks11SQxaI451ineFYDjpikRPOJIUAkM7diMgQJRJuyqqYEd/nLq6TTqLuX9cbjVa15W9ZRQafoDF0gF12jJrpHLdRGBI3RM3pFb1ZhvVjv1sciumaVMyfoD6zPH5xkk6U=</latexit>

<�↵ > 0
<latexit sha1_base64="RtwNRVhclRy3Lck897vG6atWdzk=">AAAB/nicbVBNS8NAFNzUr1q/ouLJy2IRPJWkCnqSohePVWwrNCG8bLbt0s0m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtAwvDzDze2wlTzpR2nG+rtLS8srpWXq9sbG5t79i7e22VZJLQFkl4Ih9CUJQzQVuaaU4fUkkhDjnthMPrid95pFKxRNzrUUr9GPqC9RgBbaTAPvDuqMdNPoIg94CnAxhfOoFddWrOFHiRuAWpogLNwP7yooRkMRWacFCq6zqp9nOQmhFOxxUvUzQFMoQ+7RoqIKbKz6fnj/GxUSLcS6R5QuOp+nsih1ipURyaZAx6oOa9ifif181078LPmUgzTQWZLeplHOsET7rAEZOUaD4yBIhk5lZMBiCBaNNYxZTgzn95kbTrNfe0Vr89qzauijrK6BAdoRPkonPUQDeoiVqIoBw9o1f0Zj1ZL9a79TGLlqxiZh/9gfX5A/GYlXg=</latexit>
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 At least two diffusing species are needed;  

 Activator and inhibitor are both necessary; 

 The inhibitor must diffuse much faster than the activator 

“Not good topology”
Dv � Du

<latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit>

Turing mechanism: Limitations
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It is a matter of time: time varying networks

Contact social networks

Phone calls
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It is a matter of time: time varying networks

Aij(t) =

(
wij(t) > 0 if i and j are linked at time t

0 otherwise

(
u̇i(t) = f(ui, vi) +Du

PN
j=1 Lij(t/✏)uj(t)

v̇i(t) = g(ui, vi) +Dv
PN

j=1 Lij(t/✏)vj(t)

possible different time scale

Can the system exhibit Turing patterns, 
once the static version doesn’t? 

Which is the role of network time scale?

(1)
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It is a matter of time: time varying networks

“Chinese whispers” (telephone game)
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It is a matter of time: time varying networks

“Chinese whispers” (telephone game)

Natural dynamics
✏ = 1

<latexit sha1_base64="ovAimlJGrZyk17t47xeFBR6lj40=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQKehGKXjxWsB/YhrLZTtqlm92wuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf2SweHTS1TRbFBJZeqHRKNnAlsGGY4thOFJA45tsLR7dRvPaHSTIoHM04wiMlAsIhRYqz02MVEMy7Ftd8rlb2KN4O7TPyclCFHvVf66vYlTWMUhnKidcf3EhNkRBlGOU6K3VRjQuiIDLBjqSAx6iCbXTxxT63SdyOpbAnjztTfExmJtR7Hoe2MiRnqRW8q/ud1UhNdBRkTSWpQ0PmiKOWuke70fbfPFFLDx5YQqpi91aVDogg1NqSiDcFffHmZNKsV/7xSvb8o127yOApwDCdwBj5cQg3uoA4NoCDgGV7hzdHOi/PufMxbV5x85gj+wPn8AUW1kKY=</latexit>
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It is a matter of time: time varying networks

“Chinese whispers” (telephone game)

“fast” switch
✏ = 0.25

<latexit sha1_base64="yzsgdH/gBXyW1an8olLB0i7Gq3M=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Wnaroheh6MVjBfsB7VKyabYNzSZrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNrRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD4d3Ub46o0kyKRzNOaBDjvmARI9hYKejQRDMuxY3nVi67pbLnejOgZeLnpAw5at3SV6cnSRpTYQjHWrd9LzFBhpVhhNNJsZNqmmAyxH3atlTgmOogmx09QadW6aFIKlvCoJn6eyLDsdbjOLSdMTYDvehNxf+8dmqi6yBjIkkNFWS+KEo5MhJNE0A9pigxfGwJJorZWxEZYIWJsTkVbQj+4svLpFFx/XO38nBRrt7mcRTgGE7gDHy4gircQw3qQOAJnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwCg05FY</latexit>
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It is a matter of time: time varying networks

(
u̇i(t) = f(ui, vi) +Du

PN
j=1hLijiuj

v̇i(t) = g(ui, vi) +Dv
PN

j=1hLijivj

Assume the existence of the averaged Laplacian:

hLi = 1

T

Z T

0
L(t)dt

And let us introduce the averaged reaction-diffusion system:

(2)

Then, if (2) exhibits Turing patterns, there exists                 such  

that (1) also exhibits Turing patterns 

✏⇤ > 0

8✏ : 0 < ✏ < ✏⇤
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It is a matter of time: time varying networks

ii) Continuous non-periodic case (use Floquet-Magnus expansion)

hLi = lim
T!1

1

T

Z T

0
L(t) dt

iii) Discrete time random switching:

i) The threshold                can be analytically computed.✏⇤ > 0
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It is a matter of direction: non-normal networks
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Asllani M. et al, Nature Comm., 5, 4517,(2014)
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It is a matter of direction: non-normal networks

Definition (operational). It must contain a 
large Direct Acyclic Graph (DAG).

Definition (mathematical). A network is non-
normal, if its adjacency matrix       does 
satisfy                     .

Aij
<latexit sha1_base64="Qal21wwY2KHuiEcVXcZWC13KNzM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeoF48RzAOSJcxOZpNJ5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS+m/mtJ6oNU/LRThIaCjyQLGYEWyc1b3oZG0175Ypf9edAqyTISQVy1Hvlr25fkVRQaQnHxnQCP7FhhrVlhNNpqZsammAyxgPacVRiQU2Yza+dojOn9FGstCtp0Vz9PZFhYcxERK5TYDs0y95M/M/rpDa+DjMmk9RSSRaL4pQjq9DsddRnmhLLJ45gopm7FZEh1phYF1DJhRAsv7xKmhfVwK8GD5eV2m0eRxFO4BTOIYArqME91KEBBEbwDK/w5invxXv3PhatBS+fOYY/8D5/AJi3jyE=</latexit><latexit sha1_base64="Qal21wwY2KHuiEcVXcZWC13KNzM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeoF48RzAOSJcxOZpNJ5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS+m/mtJ6oNU/LRThIaCjyQLGYEWyc1b3oZG0175Ypf9edAqyTISQVy1Hvlr25fkVRQaQnHxnQCP7FhhrVlhNNpqZsammAyxgPacVRiQU2Yza+dojOn9FGstCtp0Vz9PZFhYcxERK5TYDs0y95M/M/rpDa+DjMmk9RSSRaL4pQjq9DsddRnmhLLJ45gopm7FZEh1phYF1DJhRAsv7xKmhfVwK8GD5eV2m0eRxFO4BTOIYArqME91KEBBEbwDK/w5invxXv3PhatBS+fOYY/8D5/AJi3jyE=</latexit><latexit sha1_base64="Qal21wwY2KHuiEcVXcZWC13KNzM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeoF48RzAOSJcxOZpNJ5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS+m/mtJ6oNU/LRThIaCjyQLGYEWyc1b3oZG0175Ypf9edAqyTISQVy1Hvlr25fkVRQaQnHxnQCP7FhhrVlhNNpqZsammAyxgPacVRiQU2Yza+dojOn9FGstCtp0Vz9PZFhYcxERK5TYDs0y95M/M/rpDa+DjMmk9RSSRaL4pQjq9DsddRnmhLLJ45gopm7FZEh1phYF1DJhRAsv7xKmhfVwK8GD5eV2m0eRxFO4BTOIYArqME91KEBBEbwDK/w5invxXv3PhatBS+fOYY/8D5/AJi3jyE=</latexit><latexit sha1_base64="Qal21wwY2KHuiEcVXcZWC13KNzM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeoF48RzAOSJcxOZpNJ5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS+m/mtJ6oNU/LRThIaCjyQLGYEWyc1b3oZG0175Ypf9edAqyTISQVy1Hvlr25fkVRQaQnHxnQCP7FhhrVlhNNpqZsammAyxgPacVRiQU2Yza+dojOn9FGstCtp0Vz9PZFhYcxERK5TYDs0y95M/M/rpDa+DjMmk9RSSRaL4pQjq9DsddRnmhLLJ45gopm7FZEh1phYF1DJhRAsv7xKmhfVwK8GD5eV2m0eRxFO4BTOIYArqME91KEBBEbwDK/w5invxXv3PhatBS+fOYY/8D5/AJi3jyE=</latexit>

AAT 6= ATA
<latexit sha1_base64="nrsAHgpUb7Gs4WGrOdGcJi2I9Sk=">AAAB+HicbVDLTsMwENyUVymPBjhysaiQOFUJQoJjCxeORepLakPluE5r1XGC7SCVqF/ChQMIceVTuPE3OG0O0DLSakczu/J6/JgzpR3n2yqsrW9sbhW3Szu7e/tl++CwraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpP5nUcqFYtEU09j6oV4JFjACNZGGtjlOqrfN/uCPmQd1Qd2xak6c6BV4uakAjkaA/urP4xIElKhCcdK9Vwn1l6KpWaE01mpnygaYzLBI9ozVOCQKi+dHz5Dp0YZoiCSpoRGc/X3RopDpaahbyZDrMdq2cvE/7xeooMrL2UiTjQVZPFQkHCkI5SlgIZMUqL51BBMJDO3IjLGEhNtsiqZENzlL6+S9nnVdaru3UWldp3HUYRjOIEzcOESanALDWgBgQSe4RXerCfrxXq3PhajBSvfOYI/sD5/AHqKkak=</latexit><latexit sha1_base64="nrsAHgpUb7Gs4WGrOdGcJi2I9Sk=">AAAB+HicbVDLTsMwENyUVymPBjhysaiQOFUJQoJjCxeORepLakPluE5r1XGC7SCVqF/ChQMIceVTuPE3OG0O0DLSakczu/J6/JgzpR3n2yqsrW9sbhW3Szu7e/tl++CwraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpP5nUcqFYtEU09j6oV4JFjACNZGGtjlOqrfN/uCPmQd1Qd2xak6c6BV4uakAjkaA/urP4xIElKhCcdK9Vwn1l6KpWaE01mpnygaYzLBI9ozVOCQKi+dHz5Dp0YZoiCSpoRGc/X3RopDpaahbyZDrMdq2cvE/7xeooMrL2UiTjQVZPFQkHCkI5SlgIZMUqL51BBMJDO3IjLGEhNtsiqZENzlL6+S9nnVdaru3UWldp3HUYRjOIEzcOESanALDWgBgQSe4RXerCfrxXq3PhajBSvfOYI/sD5/AHqKkak=</latexit><latexit sha1_base64="nrsAHgpUb7Gs4WGrOdGcJi2I9Sk=">AAAB+HicbVDLTsMwENyUVymPBjhysaiQOFUJQoJjCxeORepLakPluE5r1XGC7SCVqF/ChQMIceVTuPE3OG0O0DLSakczu/J6/JgzpR3n2yqsrW9sbhW3Szu7e/tl++CwraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpP5nUcqFYtEU09j6oV4JFjACNZGGtjlOqrfN/uCPmQd1Qd2xak6c6BV4uakAjkaA/urP4xIElKhCcdK9Vwn1l6KpWaE01mpnygaYzLBI9ozVOCQKi+dHz5Dp0YZoiCSpoRGc/X3RopDpaahbyZDrMdq2cvE/7xeooMrL2UiTjQVZPFQkHCkI5SlgIZMUqL51BBMJDO3IjLGEhNtsiqZENzlL6+S9nnVdaru3UWldp3HUYRjOIEzcOESanALDWgBgQSe4RXerCfrxXq3PhajBSvfOYI/sD5/AHqKkak=</latexit><latexit sha1_base64="nrsAHgpUb7Gs4WGrOdGcJi2I9Sk=">AAAB+HicbVDLTsMwENyUVymPBjhysaiQOFUJQoJjCxeORepLakPluE5r1XGC7SCVqF/ChQMIceVTuPE3OG0O0DLSakczu/J6/JgzpR3n2yqsrW9sbhW3Szu7e/tl++CwraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpP5nUcqFYtEU09j6oV4JFjACNZGGtjlOqrfN/uCPmQd1Qd2xak6c6BV4uakAjkaA/urP4xIElKhCcdK9Vwn1l6KpWaE01mpnygaYzLBI9ozVOCQKi+dHz5Dp0YZoiCSpoRGc/X3RopDpaahbyZDrMdq2cvE/7xeooMrL2UiTjQVZPFQkHCkI5SlgIZMUqL51BBMJDO3IjLGEhNtsiqZENzlL6+S9nnVdaru3UWldp3HUYRjOIEzcOESanALDWgBgQSe4RXerCfrxXq3PhajBSvfOYI/sD5/AHqKkak=</latexit>
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It is a matter of direction: non-normal networks

non-normal support

 The homogeneous equilibrium remains stable; 
 One species is enough; 
 No need for separate diffusion scales:  
 No need for activator/inhibitor.

Du ⇠ Dv
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Patterns of 
directionality

Patterns of 
non-normality
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It is a matter of direction: non-normal networks

0 5 10 15 20 25 30
-5

-4

-3

-2

-1

0

1

0 50 100 150
0

2

4

6

0 50 100 150
0

0.1

0.2

0.3

0 5 10 15 20 25
-3

-2

-1

0

1
Pseudo-relation dispersion



www.unamur.be timoteo.carletti@unamur.be

May the 19th, 2019, Snowbird, Utah, US

Dynamical instabilities in networked 
systems, it is a matter of time and 

direction

Timoteo Carletti



www.unamur.be timoteo.carletti@unamur.be

The origin remains stable but small perturbations can be 
macroscopically amplified and create patterns.

ẋi = rxi(1� xi)(xi � a) +D
MX

j=1

Lijxj
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Allee effect with diffusion on a non-normal network 
(1 species)
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Non-normal networks are “the rule”


