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Giant planet dynamical evolution in binary star systems
by Arnaud Roisin

Abstract: The growing population of planets discovered in orbit around one
stellar component of a binary system has diverse eccentricities. These discov-
eries raise the question of their formation and long-term evolution because the
stellar companion can strongly affect the planet formation process. In this
work, by means of a symplectic integrator designed for binary star systems,
we study the dynamical influence of a wide binary companion on the evolution
of giant planets during their migration in the protoplanetary disk and their
long-term evolution after the dispersal of the disk. In particular, we highlight
the importance of the Lidov-Kozai resonance for highly inclined binary com-
panions. In the first part, the effects of the disk gravitational potential and
the disk nodal precession induced by the binary companion are discussed. In
the second part, the mean motion resonance captures of the planets during the
migration phase are studied. We finally show how our work can explain several
features of the detected circumprimary planets, such as the high eccentricities
and the spin-orbit misalignment.

Evolution dynamique des planètes géantes dans les étoiles binaires
par Arnaud Roisin

Résumé : De plus en plus de planètes évoluant autour d’une étoile d’un sys-
tème binaire sont découvertes, la plupart d’entre elles avec des excentricités très
variées. Ces découvertes soulèvent la question de la formation et de l’évolution à
long terme de ces planètes car le companion stellaire peut fortement influencer
le processus de formation. Dans ce travail, au moyen d’un intégrateur symplec-
tique développé pour les systèmes binaires, nous étudions l’influence dynamique
d’un companion binaire éloigné sur l’évolution de planètes géantes durant leur
migration dans le disque protoplanétaire et leur évolution à long terme après
la dissipation du disque. En particulier, nous soulignons l’importance de la
résonance de Lidov-Kozai pour les companions binaires très inclinés. Dans la
première partie, les effets du potentiel gravitationnel et de la précession nodale
du disque induite par le companion binaire sont discutés. Dans la deuxième par-
tie, les captures en résonance en moyen mouvement des planètes pendant leur
phase de migration sont étudiées. Nous montrons finalement comment notre
travail peut expliquer plusieurs caractéristiques des planètes circumprimaires
détectées, telles que leurs excentricités élevées et le désalignement spin-orbite.

Ph.D. thesis in Mathematics
Date: 28/06/2021
naXys Research Institute, Department of Mathematics
Advisor: Anne-Sophie Libert





”Does the flap of a butterfly’s wings in Brazil
set off a tornado in Texas?”

EDWARD LORENZ, 1972.
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Introduction

For several decades now, human beings have been looking for new habitable
planets to find extraterrestrial life or a new home if the conditions for life on
Earth continue to deteriorate. Some interest was given to the nearest star to the
Sun, Proxima Centauri. It was discovered that this celestial body is one star
of the triple star system Alpha Centauri and has two confirmed exoplanets.
Nowadays it is estimated that about half of the Sun-like stars are part of
multiple star systems. This raises the question of the influence that could have
a binary companion on the evolution of planets in binary star systems. Up to
now, more than 100 planets have been found orbiting around a star holding a
binary companion, allaying our concerns about the strong inhibition that could
have a binary companion on the formation of planets.

Planetary formation is a complex and not yet fully understood process
that could be disturbed in many stages by a binary companion. During the
growing phase of the planetary embryos, the binary companion could lead to
a speed increase of the particles resulting in disruptive collisions. The late-
stage accretion of terrestrial planets can be disturbed by the binary companion
during the collision phase of planetary embryos. The binary companion could
also destabilize the planetary system during the migration phase of fully formed
planets in the protoplanetary disk.

In this thesis we aim to study the influence of a wide binary companion
on the migration of giant planets embedded in a protoplanetary disk. We will
pay a particular attention to the so-called Lidov-Kozai resonance that could be
induced by the binary companion on the planets. This work is achieved using
a symplectic integrator which allows us to study the long-term dynamics of the
system, when the protoplanetary disk is dissipated.

The thesis is divided in three parts. In the first one, we briefly review
the knowledge about the binary stars and the planets they host discovered

1



2 Introduction

so far. We also introduce some generalities about the formation of planetary
systems and we highlight the influence that could have a binary companion
on the formation process. In the second chapter, we detail the N -body code
developed in this work to study the migration of giant planets in binary star
systems.

The second part of the thesis is devoted to the evolution of a single giant
planet in a protoplanetary disk. In Chapter 3, we study the influence of the
binary companion during the migration phase and the establishment of Lidov-
Kozai resonant systems after the dispersal of the disk. Additional physical
effects, namely the nodal precession caused by the binary companion on the
disk and the disk gravitational potential acting on the planet, are studied in
detail in Chapter 4, as well as their impact on the previous results.

The third part deals with systems of two giant planets migrating in the
disk. In Chapter 5, we aim to see how the mean-motion resonance captures are
impacted by the binary companion. We also explore the final configurations
of the planetary systems, long after the disk phase, and analyze our results in
light of the characteristics of the planets detected in binary stars. Finally we
draw our conclusions and discuss some perspectives.
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Notation

Symbol Meaning
Parameters a Semi-major axis

e Eccentricity
i Inclination
ω Argument of the pericenter
$ Longitude of the pericenter
Ω Longitude of the ascending node
λ Mean longitude
M Mean anomaly
n Mean motion
P Orbital period
m Mass of a body
msys Total mass of the system
mred Reduced mass of the system i.e. the

mass of the primary star and the planets
p Momenta
q Generalized coordinates
x State vector
H Hamiltonian
In Identity matrix of order n
0n Null matrix of order n
r Position vector
v Velocity vector
a Acceleration vector
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6 Notation

τmig Type-II migration timescale
τecc Eccentricity damping timescale
τinc Inclination damping timescale
τLK Lidov-Kozai timescale
τpl Planetary interaction timescale
α Shakura-Sunyanev viscosity parameter
h Aspect ratio of the gas disk
Σ Radial surface density of the gas disk
Rin Inner edge of the gas disk
Rout Outer edge of the gas disk
mld Local mass of the gas disk
mdisk Total mass of the gas disk
r Distance to the central star
b
p1q
3{2 Laplace coefficient of the first kind
b
p2q
3{2 Laplace coefficient of the second kind
q Planetary mass ratio
W Complex inclination

Units of Measure AU Astronomical unit
yr Year
Md Solar mass
MJup Jupiter mass
� Degree

Operator t�, �u Poisson bracket
T Linear operator

Abbreviations CH Canonical heliocentric
WB Wide binary
LK Lidov-Kozai
GP Gravitational potential
NP Nodal precession
MMR Mean motion resonance



Part I

Preliminary
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Chapter 1
Binary star systems

This chapter provides an overview of the binary star systems hosting a
planet, through a description of the characteristics of the binary stars, the
distribution of the parameters of the planets as well as the key steps of their
formation.

1.1 Binary stars
Today, it is estimated that about half of the Sun-like stars are part of

multiple-star systems (Duquennoy and Mayor, 1991; Raghavan et al., 2010).
The simplest multiple stars are binary stars that consist of two stars interacting
significantly through gravitation. The classification of the binary stars is related
to the detection method used (see, e.g., Benacquista, 2012). Note that a binary
star could be detected through several methods and therefore belong to multiple
categories.

The visual binaries are binary stars that are observable with the naked eye
or through optical telescope. They should not be confused with double stars
that seem close in the sky through the perspective but are actually far from
each other and not gravitationnally related as shown in Fig. 1.1. A second
type of binary stars corresponds to astrometric binaries noticed through the
gravitational perturbation of their motion, as illustrated in Fig. 1.2. Another
type of binary stars is the spectroscopic binaries that are spotted thanks to the
shift in their light spectrum induced by the Doppler effect. Indeed, when a star
is moving toward us, we observe a blueshift while a redshift is observed when
the star is moving away. This effect is illustrated in Fig. 1.3. The last type is
called eclipsing binaries which are detected by the passing of one of the two

9



10 Chapter 1. Binary star systems

Figure 1.1 – Non-binary double star. Source: https://sites.ualberta.ca/
~pogosyan/teaching/ASTRO_122/lect13/lecture13.html

Figure 1.2 – Astrometric binaries. Source: https://sites.ualberta.ca/
~pogosyan/teaching/ASTRO_122/lect13/lecture13.html

https://sites.ualberta.ca/~pogosyan/teaching/ASTRO_122/lect13/lecture13.html
https://sites.ualberta.ca/~pogosyan/teaching/ASTRO_122/lect13/lecture13.html
https://sites.ualberta.ca/~pogosyan/teaching/ASTRO_122/lect13/lecture13.html
https://sites.ualberta.ca/~pogosyan/teaching/ASTRO_122/lect13/lecture13.html


1.1. Binary stars 11

Figure 1.3 – Spectroscopic binaries. Source: https://sites.ualberta.ca/
~pogosyan/teaching/ASTRO_122/lect13/lecture13.html

stars in front of the other one leading to a decrease of the light emitted by the
eclipsed star. This effect is illustrated in Fig. 1.4.

Note that through their life, stars can be part of a binary star only for a
given period of time. Due to an external perturbation, a binary star system
could be destabilized into single stars or two single stars could suffer from a
close encounter and become gravitationally linked.

A distinction between the binary stars is also made on the separation be-
tween the two stars of the binary. If the separation is above a certain value, the
binary is called a wide binary and if not, a close binary. Note that the limit
is still under debate. Another way proposed to make the distinction is the
analysis of the influence of the binary companion on the motion of the primary
star. The influence could even lead to exchange in material. If the interaction
is strong, the binary is considered as a close binary, and reversely.

In this work, we will focus on wide binaries with a separation higher than
500 AU. Nevertheless the influence of the binary companion on the planets
hosted by the primary star is non-negligible, as we will illustrate in this work.

https://sites.ualberta.ca/~pogosyan/teaching/ASTRO_122/lect13/lecture13.html
https://sites.ualberta.ca/~pogosyan/teaching/ASTRO_122/lect13/lecture13.html


12 Chapter 1. Binary star systems

Figure 1.4 – Eclipsing binaries. ©NASA (https://www.nasa.gov)

1.2 Exoplanets in binary stars
There are two main types of planets in binary stars, namely the S-type (also

called circumprimary planet) and P-type (aslo called circumbinary planet). The
first one consists in planets moving around one component of the binary star
while the second one in planets moving around the two components of the
binary star (see Fig. 1.5). In this work, we will focus on S-type planets and
we will denote by primary star the component of the binary star hosting the
planets.

In this section we describe the extrasolar planets detected in binary stars
and discuss their discoveries as well as the distribution of their orbital elements.

1.2.1 Discoveries
Since the first discoveries of giant planets in binary stars during the past

decade (e.g., GL86 (Queloz et al., 2000), γ Cephei (Campbell et al., 1988;
Hatzes et al., 2003)), their number continues to increase, and today more than
100 S-type planets are known moving around one stellar component (Schwarz
et al., 2016). Most of these planets are found in wide binaries with separa-
tions larger than 500 AU. Giant planets in wide binaries have slightly higher
eccentricities than around single stars (Kaib et al., 2013) and some reported
eccentricities are even higher than 0.85.

https://www.nasa.gov
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Figure 1.5 – P-type and S-type planets. Source: Schwarz et al. (2016)

Note that the physical and orbital parameters of these planets are subject
to observational biases. Indeed, most of the S-type planets in binary stars
have been discovered using the transit or the radial-velocity method, as for
exoplanets in general. The transit method consists in a decay of the star light
when the planet passes in front of it, as illustrated for eclipsing binaries in
Fig. 1.4, which can be estimated, if we neglect the light flux coming from the
transiting body, through

∆F
F

�
�
Rp
Rs


2
(1.1)

with F the light flux from the star, ∆F its variation, Rp the radius of the
transiting body, and Rs the radius of the observed star. As an example, the
relative variation of the solar light flux induced by Jupiter, the Earth and Mars
would be � 1.1� 10�2, 8.4� 10�5, and 3� 10�5, respectively. The spatial
telescopes reach nowadays a precision of � 5� 10�5 for TESS and 2� 10�5

for CHEOPS. Note that the transit method requires the transiting body, the
star and the astronomer to be aligned. The probability of such a geometric
configuration is given by (see, e.g., Winn, 2010)

pt � Rs�Rp
a

1�esinω
1�e2 , (1.2)

where a, e and ω are the semi-major axis, eccentricity and longitude of the
pericenter of the transiting body. Thus the transit method favors the detection
of planets close to their star. More details about this method can be found in
Deeg and Alonso (2018). The transit method deduces the size of the planet
by comparing the light curve before and during the transit and isolating the
quantity in Eq. (1.1). Furthermore, the semi-major axis is deduced from the
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period of revolution (i.e., the time between two transits) using the third Kepler
law in the case of a single planet system. The radial velocity method uses, as
for spectroscopic binaries, a shift in the light spectrum of the host star induced
by the motion of the star around the center of mass of the system. A well
known quantity associated with this technique is the semi-amplitude of the
radial velocity K which is given by

K � mp sin i
pmp�msq2{3

?
1�e2

�
2πG
P


1{3
, (1.3)

where i is the (unknown) inclination of the orbital plane of the planet with
respect to the plane of the sky, G is the gravitational constant, mp the mass
of the planet, ms the mass of the star, and P the orbital period of the planet.
As an example, the radial velocity semi-amplitude induced by Jupiter and the
Earth on the Sun are of order 12m/s and 0.09m/s, respectively. The current
detectable limit is reached by ESPRESSO and is of order 0.1m/s. More details
about this method can be found in Wright (2018). For both methods, there
will be some biases. For example, using the radial velocity method, one will
only determine a minimum mass of the planet. Actually, as can be deduced
from Eq. (1.3), the mass has to be scaled by the factor sinpiq. On the other
hand, using the transit method, it will not be possible to determine the mass
and the eccentricity of a single planet, but the radius of the planet will be de-
duced contrary to the previously discussed method. However, for multi-planet
(near-)resonant systems, the planetary masses and eccentricities could be in-
ferred by using TTVs (transit timing variations), which consist in variations in
the transit period caused by the gravitational interactions between the planets.
More details about this technique can be found in Agol and Fabrycky (2018).
Finally, combining both detection methods proves to be interesting to constrain
the planetary masses and thus the density of the planets.

1.2.2 Distribution
Using the catalog of Rein (2012) which contains more than 4400 exoplanets

(up to 2021), we analyze the distribution of the 187 S-type planets among the
225 planets detected in binary star systems. Their planetary masses range from
9�10�4 to 20.6 Jupiter masses with a mean value of 2.5, the semi-major axes
from 8�10�3 to 177 AU with a mean value of 2.14, and eccentricities from 0
to 0.96 with a mean value of 0.19. The distributions of those orbital elements
are shown in Figure 1.6.

Although the sample is quite limited, we see that the orbital elements of
the S-type planets are quite diversified. Note that in Fig. 1.6 we restricted the
data to planets with a mass higher than 0.5 Jupiter masses. If we compare the
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Figure 1.6 – Orbital parameter values of S-type giant planets issued from Rein
(2012)

S-type planets (in red) to all the detected exoplanets (in blue), it seems that the
S-type planets are more eccentric, since 70% of them have an eccentricity below
0.4 while the percentage increases to 80% for all the exoplanets, as seen on the
bottom panel of Fig. 1.6. The top-right panel shows that there is a pile-up of S-
type planets around an orbital period of 3-6 days. This is in agreement with the
current observations of triple star systems (e.g., Duquennoy and Mayor, 1991;
Tokovinin, 1997, 2001, 2014). The planetary masses are very similar in both
distributions, as we can see on the top-left panel of Fig. 1.6. The influence of
the binary companion on the eccentricity and orbital period distributions could
come from the Lidov-Kozai resonance (Lidov, 1962; Kozai, 1962), as it will be
discussed later in this work.

1.3 Formation
In this section, we will briefly review the current formation theories for plan-

etary systems, with a particular emphasis on the planetary migration process
and the influence of the binary companion.
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1.3.1 Star formation
The formation of stars takes place in molecular clouds made of gas and dust.

Fig. 1.7 shows the Carina nebula, a typical example of stellar nursery where
lots of stars are born. Some regions in the cloud are denser. If the density is
sufficient in some place, the cloud will start to collapse since gravitational forces
overpass pressure forces. This collapse will result in an increase of density and
temperature in the center of the collapsing zone and create a protostar (e.g.,
Shu et al., 1987; McKee and Ostriker, 2007). The conservation of the total
angular momentum of the system leads, since materials accumulate into the
protostar, to an increase in the rotation speed of the protostar. It will also
result in the formation of a rotated disk made of gas and dust (e.g., Safronov,
1972). As long as gravitational forces of the protostar are stronger than the
conservation of angular momentum of the particles forming the disk, it will
continue to accrete. At some point the pressure and temperature will be high
enough to start thermonuclear fusion and the protostar will start to shine. The
star is born. Later on, the gravitational forces will not be sufficient to pursue
significantly the accretion and the mass of the star will remain quite constant.
More information about the physical processes involved in star formation can
be found in Girichidis et al. (2020). At this moment, the disk created through
conservation of the angular momentum of the initial cloud has a sufficiently high
angular momentum to keep its structure nearly constant for a time sufficient to
form planets through processes that we will present in the next sections (e.g.,
Armitage, 2009).

Regarding binary stars, both stars could follow the same formation scheme
but the physical process resulting in the duality of the binary is still under
debate. Two main models are currently proposed to explain this duality. The
first one is the turbulent fragmentation model while the second one is called
disk fragmentation model. The first scenario argues that turbulences in early
collapse region of the star will lead to multiple density zones that will collapse
independently to form multiple stars (Goodwin et al., 2004; Fisher, 2004). In
the second model, the binary companion was born through accretion in the
disk surrounding the primary through gravitational instabilities (Adams et al.,
1989). A similar model is also used to explain the formation of giant planets
and will be detailed later in the manuscript. We recall that, as mentioned
previously, binary stars can undergo dramatic events during their long-term
evolution and be disrupted through external perturbers. On the contrary, bi-
nary stars could result from the close passage between two stars.
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Figure 1.7 – Carina nebula. ©NASA, ESA, and M. Livio and the Hubble 20th
Anniversary Team (STScI)

1.3.2 Planetary system formation
The understanding of planet formation is still a challenging process. In this

section, we will summarize some key features about planet growth and pay a
particular attention on giant planet formation. The formation of giant planets
is challenging since it has to be fast enough to form the planets before the
dissipation of the gaseous disk and explain their composition mainly made of
gas. Currently two main models are considered to explain their formation: the
core accretion model (Pollack et al., 1996) and the disk instability model (Boss,
1997, 2003).

The core accretion model starts by the formation of a solid planet embryo
through two main stages. The first stage of planet embryo formation is the
most challenging one. The growth from micrometer-size objects to centimeter-
size objects is most probably achieved through collisional growth by hit and
stick collisions. The further growth is more subject to debate and there is
no consensus about the growth up to kilometer-size objects. Indeed, various
physical effects are at play at this moment to inhibit further growth of the
objects. The first one is that meter-size objects will experience a strong gas
drag that will lead them to fall on the star in about 100 years for an object
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initially at 1 astronomical unit of its star (Weidenschilling, 1977). Another
limitation is that the hit and stick collisions could not work anymore from a
certain size level. Some observations in laboratory have shown that millimeter
to centimeter-size objects will not grow anymore in mean (Chokshi et al., 1993;
Dominik and Tielens, 1997; Gorti et al., 2015; Krijt et al., 2016). Depending
on the impact speed and the size of the particles, they are likely to bounce off
instead of merging, since at some point they are too little massive to merge
through gravitational forces and too massive to merge through electrostatic
forces (Wada et al., 2009; Zsom et al., 2010; Birnstiel et al., 2011; Testi et al.,
2014). The impact could, if the speed is high enough, even lead to a frag-
mentation of the particle (Krijt et al., 2015). To solve the problem, another
scenario than collisional merging was proposed. In this scenario, planetesimals
will appear thanks to self-gravity. This process will happen only if the density
is strong enough in some area in the disk. When high density is reached, the
particles will collapse through gravitational forces (Goldreich and Ward, 1973;
Youdin and Shu, 2002; Johansen et al., 2014). This collapse will be fast enough
to overpass the problem of the fall of meter-size objects on their hosting star
and also solve the problems with the collisional mechanism. The question of
the formation of dense zones remains. Various propositions have been made
to explain this concentration and some are presented in Izidoro and Raymond
(2018) to which we refer for more details.

In the second stage, the gravitational forces between the planetesimals will
play a key role since they will interact together leading to collisions. Through
those collisions, the planetesimals will merge and therefore grow. This phase is
made of two regimes. In the first regime, called runaway growth, the planetesi-
mals collide and coalesce with each other, and the big ones will grow faster than
the small ones (Greenberg et al., 1978). When the first planetary embryos are
formed, they will start to gravitationally dominate the remaining small plan-
etesimals. From this effect will result the second regime, the oligarchic growth
(Kokubo and Ida, 1998, 2000; Chambers, 2006). In this regime, the more mas-
sive planetary embryos (called "oligarch") will grow through accretion of the
planetesimals in their vicinity. Another scenario exists for the second stage of
planet embryo formation which assumes that the planetesimals formed continue
to accrete dust and gas from the disk. This scenario is referred to as pebble
accretion (see, e.g., Johansen and Lacerda, 2010; Ormel and Klahr, 2010; Lam-
brechts and Johansen, 2012; Johansen et al., 2015; Bitsch et al., 2015; Xu et al.,
2017; Bitsch et al., 2018, for more details).

Concerning the formation of giant planets, when the planetary embryos
are massive enough, they will begin to accrete gas from the disk. At first,
the accretion of gas is slow. This phase is called hydrostatic growth since
the planet is in quasi-hydrostatic equilibrium at this point. When the mass
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of the envelope is comparable to the mass of the central core, a runaway gas
accretion starts. At some point, the accretion stops (the exact conditions are
still under debate). Afterwards, the planet will contract over time and cool.
Note that giant planets most likely form beyond the so-called snowline whose
position depends on time and disk accretion rate (Garaud and Lin, 2007; Oka
et al., 2011; Morbidelli et al., 2016). This line is the location beyond which the
temperature is small enough to have volatile elements such as water, ammonia
and methane in solid state. Those elements added to the heavy elements such
as rocks, silicates and metals will result in a denser region in solid materials
allowing the formation of cores heavy enough to accrete gas. This explains the
formation of giant planets beyond the snowline.

For terrestrial planets, after the oligarchic growth phase, one last stage
of planet formation takes place called late-stage accretion or orderly growth
(Chambers and Wetherill, 1998; Raymond et al., 2004). In this stage the mass
of the remaining planetesimals is negligible as compared to the total mass of the
planetary embryos. This stage is characterized by the collisions between the
embryos leading to the formation of the terrestrial planets from their merging.
This stage could also be influenced by one or several giant planets previously
formed beyond the snowline (Chambers and Cassen, 2002; Levison and Agnor,
2003; Raymond, 2006; Sotiriadis et al., 2018).

The second model for giant planet formation consists in the fragmentation
of the disk in planets due to gravitational instabilities coming from the self-
gravity of the disk and is close to the scenario presented for the star formation.
In both models, the formation of giant planets is fast enough to be carried out
within the disk lifetime. The first model is prevalent because the second model
requires very massive disks and forms planets far away from their host star.
In addition, the formation of Neptune-mass planets is not explained through
the disk instability model, as well as the lack of heavy elements in Jupiter and
Saturn’s atmosphere.

At this point, the newly formed planets are susceptible to migrate through
mechanisms that will be described in detail in the next section. In particular,
in this work, we will focus on the evolution during the late stage of the gaseous
disk and after its dispersal. For further details about the formation of giant
planets, we refer for instance to Armitage (2009), Morbidelli et al. (2012),
Helled et al. (2014) and D’Angelo and Lissauer (2018).

1.3.3 Migration
In the previous section, we described the formation of planets, more specifi-

cally their growth and the establishment of their masses. In this section we will
focus our attention on their dynamical evolution in order to understand their
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orbit and distance to the host star. Note that the interactions we present in
this section can take place while the planets are still growing, in particular dur-
ing the third phase of the terrestrial planet formation where the giant planets
already formed could interact through those effects. As an example, concerning
the solar system, the combination of the Grand Tack scenario (Walsh et al.,
2012) and the Nice model (Tsiganis et al., 2005; Morbidelli et al., 2005; Gomes
et al., 2005) can explain the formation of both the inner and outer regions of
our system. The Grand Tack scenario is associated to the migration of the
giant planets in the protoplanetary disk, while the Nice model takes place af-
ter the dissipation of the disk, when the planetesimals gravitationally interact
together and with the planets. In our work, these two epochs (gas migration
phase and N -body phase after the disk dispersal) will be investigated for binary
star systems.

The interaction of a newly formed planet with the remaining gaseous disk
could lead to modifications of the planetary eccentricity and inclination as well
as the planetary semi-major axis. The change in the semi-major axis of a planet
through its interaction with the disk is known as migration and is the result
of an angular momentum exchange between the disk and the planet. This
exchange is obtained through the action of the gravitational torque between
the disk and the planet resulting in a migration for the planet and the launch
of spiral waves at the location of the so-called Lindblad resonances in the disk
(Goldreich and Tremaine, 1979). The material of the disk present outside of
the planet orbit tends to decrease the angular momentum of the planet leading
to an inward migration of the planet, while the gas inside its orbit increases its
angular momentum resulting in an outward migration. The migration of the
planet is the result of the addition of those two effects and the direction will
depend on the dominating effect (Goldreich and Tremaine, 1980). Two main
types of migration resulting from the interaction between a gaseous disk and a
planet exist: the Type-I and Type-II migration. An intermediate regime exists
between those two classes and is known as Type-III migration. The distinction
between both classes is made based on the mass of the planets and their ability
to open a gap in the disk.

In the Type-I migration, the planet is not very massive (typically a mass
smaller than 10-15 Earth masses). In this case, the influence of the planet on
the disk is limited and the planet will let the structure of the disk almost un-
changed, as observed in Fig. 1.8a. This regime of migration applies in particular
to the giant planet cores and is inward in almost all the disk configurations.
Furthermore its timescale is short and mostly shorter than the disk lifetime
for planets initially at a few astronomical units of their star. This raises the
question of the survivability of the giant planet cores since they seem likely to
crash on their host star (Ward, 1997). A lot of studies were made to solve the
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(a) Type-I migration. (b) Type-II migration.

Figure 1.8 – Illustation of the two main regimes of migration from Armitage
(2009)

question by slowing down or stopping the Type-I migration. We refer to the
review of Baruteau et al. (2014) for more information.

The Type-II migration affects giant planets. In this case a gap is opened
by the giant planet in its vicinity. A ring is created in the disk around the
trajectory of the planet with a small density of material in it. An illustration
is presented in Fig. 1.8b. The gap opening comes from the gravitational torque
exerted by the planet on the disk. As mentioned previously, the interaction with
the inner material pushes the planet to migrate outward and in response the
material forming the disk moves inward, reversely the material of the outer disk
is pushed outward while the planet moves inward. If the mass of the planet is
sufficient, this effect will dominate the viscosity of the disk and tends to spread
the disk and open a gap (Lin and Papaloizou, 1986a). At this point, the planet
will stay stuck in the gap and will follow the intrinsic motion of the disk. The
planet migrates inward at a timescale equal to the viscous accretion timescale
(Lin and Papaloizou, 1986b). However if the planet is more massive than the
local gas disk, it will slow down the viscous accretion timescale. Note that if
the density of the gap is not negligible (for example with a high viscosity of
the disk), the migration could be softened and could even result in an outward
migration (Crida and Morbidelli, 2007). For more details about migration we
refer to the works of Armitage (2009) and Baruteau et al. (2014), for example.

In addition, the disk will also play a key role on the eccentricity and in-
clination of the planets. Indeed, it has been shown through hydrodynamical
simulations that the disk mostly tends to damp the eccentricity and inclination
of embedded planets (Cresswell et al., 2007; Moorhead and Ford, 2009; Bitsch
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and Kley, 2011). However, for very massive planets, the interaction with the
disk can lead to instabilities in the disk and possibly to an excitation of the
eccentricity of the planet (Papaloizou et al., 2001). If the planet is inclined
with respect to the disk, a coupled evolution of the inclination and eccentricity
of the planet can also occur coming from a Lidov-Kozai resonance of the planet
with the disk. The Lidov-Kozai resonance was first introduced by Lidov (1962)
and Kozai (1962) for an asteroid orbiting the Sun under the gravitational influ-
ence of Jupiter. In the star-disk-planet case, the disk plays the role of the third
body. But, even if it induces large variations in eccentricity and inclination,
this effect does not suppress the inclination and eccentricity damping (Terquem
and Ajmia, 2010; Teyssandier et al., 2013; Xiang-Gruess and Papaloizou, 2013;
Bitsch et al., 2013).

As a consequence of planet migration, in multi-planet systems, captures in a
mean motion resonance may occur when the period ratio between two planets
is close to a fraction of two small integers. As an example, in a 2:1 mean-
motion resonance, the outer planet achieves a complete revolution around its
star in twice as long as the inner planet does it. While crossing the resonance,
the planets can either be trapped in the resonance and then start a coupled
migration, or overpass the resonance and keep their proper motion. To ensure a
capture in resonance the relative migration timescale between the two planets
has to be small enough to let the resonance settle (Snellgrove et al., 2001;
Quillen, 2006; Mustill and Wyatt, 2011). The resonant capture also leads to
an eccentricity-type resonance that increases the eccentricities of the planets
(Peale, 1976) and if the eccentricities are high enough, an increase in inclination
may also occur through an inclination-type resonance (Thommes and Lissauer,
2003; Libert and Tsiganis, 2009b, 2011a,b; Teyssandier and Terquem, 2014;
Sotiriadis and Libert, 2020).

A last effect that can strongly affect the orbit of the planets is the planet-
planet scattering (Weidenschilling and Marzari, 1996; Rasio and Ford, 1996;
Chatterjee et al., 2008; Jurić and Tremaine, 2008; Beaugé and Nesvorný, 2012).
This effect results from the gravitational interaction between the planets. When
a close encounter happens between two planets, their gravitational interaction
can lead to a chaotic period able to strongly influence their orbits through
orbital displacement and excitation of eccentricity and inclination. The insta-
bility could even lead to the ejection of a planet from the system. Note that
this interaction could happen during the migration phase (Marzari et al., 2010;
Lega et al., 2013).
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1.3.4 Influence of a binary companion
The question of the formation of planets in binary stars remains open,

since the stellar companion can strongly affect the planet formation process.
Extensive studies have analyzed the long-term stability and habitability of gi-
ant planets detected in binary star systems (e.g., Haghighipour, 2010; Bazsó
et al., 2017). The long-term stability has mostly been investigated via numeri-
cal N -body simulations, either looking at possible escape of a planet (e.g., Rabl
and Dvorak, 1988; Holman and Wiegert, 1999) or using chaos indicators or fre-
quency map analysis (see e.g., Pilat-Lohinger et al., 2003; Marzari and Gallina,
2016). Those works lead to the establishment of some stability criteria. Holman
and Wiegert (1999) provided a critical semi-major axis within which planets
are stable under the perturbation of a binary companion. Marzari and Gallina
(2016) studied the Hill stability criterion (minimum separation between two
planets to avoid mutual close encounters, see, e.g., Marchal and Bozis, 1982;
Gladman, 1993; Chambers et al., 1996) in the context of binary star systems.
Stability criteria were also deduced for hierarchical triple systems (see Eggle-
ton and Kiseleva, 1995; Mardling and Aarseth, 2001; He and Petrovich, 2018,
for more details). Planet formation has principally been investigated for close
binaries in which giant planets have been detected despite a very strong per-
turbation of the stellar companion. For S-type planets in wide binaries, owing
to a higher stellar separation, it is reasonable to expect that the binary com-
panion would have a more limited (but still significant) impact on the planet
formation process.

The different stages of planet formation can be affected by a binary compan-
ion (see, e.g., Thebault and Haghighipour, 2015 for a review). Firstly, during
the formation of the protoplanetary disk, the disk can be truncated by the
stellar companion (Artymowicz and Lubow, 1994; Savonije et al., 1994). Ob-
servations have shown that disks in close binaries tend to be less frequent and
less massive than around single stars (Kraus and Ireland, 2012). The binary
companion could also influence the disk leading to a nodal precession or even a
wrap of the disk if the disk is not massive enough to suppress the influence of the
binary companion through its self-gravity (Batygin et al., 2011; Zanazzi and
Lai, 2017). Secondly, the intermediate stage of kilometer-sized planetesimal
accretion is extremely sensitive to stellar companion perturbations (Thébault
et al., 2006). The formation of planets in close binaries or in the presence of a
massive and inclined distant perturber (inducing the Lidov-Kozai excitations
of the protoplanetary disk; e.g., Martin et al., 2014; Fu et al., 2015; Zanazzi
and Lai, 2017) is still a theoretical issue, since even moderate dynamical per-
turbations can generate high-velocity impacts and thus inhibit the formation
of planetary embryos (Lissauer, 1993). However, Batygin et al. (2011) showed
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that disk self-gravity can be sufficient to suppress the Lidov-Kozai oscillations
and maintain orbital coherence and planetary growth in the presence of a mas-
sive and inclined distant perturber. The decisive role that disk gravity plays
in planetesimal dynamics was also confirmed by Rafikov and Silsbee (2015).
Lastly, it was shown that in the late stage of planetary accretion, from Lunar-
sized embryos to fully formed planets, the embryo accretion region roughly
corresponds to the stability domain (e.g., Quintana et al. (2007)). Haghigh-
ipour and Raymond (2007) analyzed the formation of terrestrial planets in close
binaries, assuming the existence of a giant planet already formed further out
in the disk and a hundred planetary embryos (Moon- to Mars-sized bodies)
formed in the region between the primary and the giant planet. These authors
showed that planet formation can be efficient in moderately close binary plan-
etary systems, and the final assembly of the planets and their water content
strongly depend on the parameters of the stellar companion.

Regarding the formation of giant planet systems in binary stars, much atten-
tion was directed toward the formation of hot Jupiters via Lidov-Kozai cycles
and tidal friction (e.g., Fabrycky and Tremaine, 2007). In this case, the com-
bination of the two effects leads the giant planet to migrate inward and could
explain the observation of hot Jupiters in binary stars. The planet-planet scat-
tering mechanism was considered for Jupiter-mass planets orbiting the central
star of a close binary system (Marzari et al., 2005). Several hydrodynamical
simulations of giant planets evolving in gas disks were performed for binary
systems. Without providing an exhaustive list, we cite the following works.
The evolution of planets embedded in circumbinary disks was considered for
close binary stars, for instance, in Kley and Haghighipour (2014) for Kepler-
38. Xiang-Gruess and Papaloizou (2014), Picogna and Marzari (2015), and
Lubow and Martin (2016) studied the evolution of a giant planet-disk system
in the presence of an inclined binary companion and found that a substantial
misalignment between the orbit of the planet and the disk generally occurs.
Finally, Martin et al. (2016) studied the formation of giant planets in Lidov-
Kozai resonance with a highly misaligned binary companion, starting from a
coplanar planet-disk system configuration.

1.4 Conclusions
In this chapter we presented some generalities about binary stars as well as

the distribution of the known S-type planets. In the second part of the chapter,
we reviewed the formation of planetary systems from the birth of the stars to
the late-stage of planetary formation. A discussion about the influence of the
binary companion in the formation of giant planet systems closed the chapter.
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In this work, we aim to study the formation and dynamical evolution of
giant planet systems influenced by a binary companion, especially during the
migration phase of the planets. The next chapter is devoted to the presentation
of the code developed to achieve this goal, and in particular the formulas used
to model the interaction with the disk.





Chapter 2
Implementation of a symplectic
integrator for binary stars

In this chapter we describe the code designed to follow the migration of
planets in S-type binaries. We developed a symplectic integrator for S-type
binaries that has the advantage of being stable for long-term integration by
using the symplectic structure of the problem. The code is described in the
first section of the chapter. The second section focuses on the implementation
of the Type-II migration and the disk eccentricity and inclination damping
acting on the planets during the late-stage formation of planetary systems.

2.1 Symplectic integrator

2.1.1 Definition
A numerical integrator is used to compute numerical approximations to

the solution of differential equations or, more generally, partial differential
equations. Regarding the N -body problem, the system evolves over time and
therefore with time derivatives. In practice, the algorithm performs a time
discretization to obtain solutions at specific times based on the state of the
system at the previous times. Mathematically, the evolution of the system can
be expressed as

xpk�1q � Φ
�

xpkq,xpk�1q, ...,xp2q,xp1q,xp0q
	
, (2.1)

where xpiq is the state of the system at time ti and xp0q is the initial state of
the system.

27
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For our study, we work with an Hamiltonian formalism, such that the evo-
lution of the system is defined through the Hamiltonian equations$''&

''%
dqi
dt
�BH
Bpi

dpi
dt
��BH

Bqi

i� 1...n, (2.2)

where H is the Hamiltonian of the system, qi are the generalized coordinates
and pi their conjugated momenta. Note that to preserve the Hamiltonian
structure of the problem, every change of coordinates has to be, by definition,
canonical. The change from the x coordinates to the y coordinates is canonical
if and only if the matrix defined by

Cij � Byi
Bxj (2.3)

is symplectic, i.e.,
CTJC � J, (2.4)

where J is the antisymmetric matrix

J �
�

0n In
�In 0n



, (2.5)

with In the identity matrix of order n, 0n the null matrix of order n.
In our case, the integrator uses only the state of the system at the preceding

time. Consequently, Eq. (2.1) rewrites�
qpk�1q,ppk�1q

	
� Φ

�
qpkq,ppkq

	
, (2.6)

where qpkq =
�
q
pkq
1 , q

pkq
2 , . . . , q

pkq
n

	
and ppkq =

�
p
pkq
1 ,p

pkq
2 , . . . ,p

pkq
n

	
, with q

pkq
i

and ppkqi the generalized coordinates and the associated momenta at time tk.
In addition, symplectic integrators have been developed to numerically

approximate the evolution of conservative systems, i.e., whose Hamiltonian
(equivalent to the total energy of the system) is constant over time:

dH
dt

� 0. (2.7)

An integrator is symplectic if and only if the Jacobian matrix defined by

Aij � Bxpk�1q
i

Bxpkqj
, (2.8)
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Figure 2.1 – Hamiltonian conservation

with xpkq � �qpkq,ppkq�, is symplectic (i.e., verifies Eq. (2.4)). As mentioned
previously, numerical integrators provide numerical approximate solutions of
the problem and do not keep H exactly constant. However, symplectic integra-
tors are useful since they manage to keep the relative error Hk�H0

H0
bounded

(H0 and Hk are the Hamiltonian at time 0 and at time k, respectively), as it
can be observed in Fig. 2.1. More interestingly, the error on the Hamiltonian
remains bounded even when adopting relatively big time steps. More details
on the error of symplectic integrators (as a function of the integration time
step) are given in the next section. To preserve the symplectic structure of
the problem, Duncan et al. (1998) prescribed a time step of about 1/20th of
the shortest orbital period of the system. Let us recall that many numerical
integrators are not suitable for long-term integrations because either they di-
verge with a big time step due to numerical errors, or they require too much
computation time when using a small time step.

2.1.2 Construction
We now present the construction of a symplectic integrator (1). Using

Eq. (2.2), we can study the evolution of a quantity f depending on the gener-
alized coordinates and their associated momenta. With the chain rule, we can

(1). Other construction methods were developed, see, e.g., Wisdom and Holman (1991) for
a construction based on the Dirac delta function.
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express df
dt as

df

dt
�

ņ

i�1

Bf
Bqi

BH
Bpi �

Bf
Bpi

BH
Bqi . (2.9)

Adopting the Poisson bracket, we find

df

dt
� tf,Hu. (2.10)

If we assume that there exists a linear operator T associated with the Hamil-
tonian through the relation Tf � tf,Hu, Eq. (2.10) becomes the usual differ-
ential equation

df

dt
� Tf (2.11)

whose solution is given by
fptq � etT fp0q, (2.12)

where fp0q is the initial value of f .
To simplify the calculation of the previous expression, symplectic integrators

split the Hamiltonian in several parts that can be solved separately. Most of
the time, several parts are chosen to be solved analytically even though it is
not necessary. We consider a division of the Hamiltonian in two parts

H �HA�HB . (2.13)

Since Poisson brackets are linear, Eq. (2.10) becomes

df

dt
� tf,HAu�tf,HBu. (2.14)

Considering the linear operators TA and TB associated with the parts HA and
HB through TAf � tf,HAu and TBf � tf,HBu, respectively, we obtain

df

dt
� TAf �TBf � pTA�TBqf, (2.15)

whose solution is an exponential function:

fptq � etpTA�TBqfp0q. (2.16)

The problem will be solved step by step. Using an integration step τ ,
Eq. (2.16) will be approximated as follows

fptq � etpTA�TBqfp0q � e
t
τ τpTA�TBqfp0q �Ψp tτ qpfp0qq, (2.17)

where Ψpnqpxq stands for the application of Ψpxq n times and Ψpxq denotes an
approximation of eτpTA�TBqx based on the Baker-Campbell-Haussdorff (BCH)
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formula (Bourbaki, 1972) which switches from a product of exponentials of
operators to an exponential of a sum of operators as follows

eAeB � exp
"
A�B� 1

2 rA,Bs�
1
12 prA, rA,Bss� rB, rA,Bssq� ...

*
, (2.18)

where rA,Bs �AB�BA. Note that since the linear operators do not commute
in general with respect to the multiplication, the use of the BCH formula is
needed.

Eq. (2.17) can be written through the recurrence relation:#
fptk�1q �Ψpfptkqq
fpt0q � f0

k P N, (2.19)

where f0 is the initial state of the system and tk�1 � tk�τ . We apply as many
steps of recurrence as necessary until the final integration time.

Several combinations of eτ1TA and eτ2TB are possible to approximate
eτpTA�TBq, leading to different families of symplectic integrators. We will dis-
cuss two main families here: the one presented in Laskar and Robutel (2001)
and the one presented in Yoshida (1990).

2.1.2.1 Symplectic integrators from Laskar and Robutel (2001)

The approximation of eτpTA�TBq in Laskar and Robutel (2001) is based on
the assumption that the Hamiltonian can be divided in two parts verifying

HB � εHA (2.20)

with
ε   1. (2.21)

Such a condition is frequently fulfilled in planetary theory. In Laskar and
Robutel (2001), they proposed four different approximations of eτpHA�HBq:

SABA2n ec1τTAed1τTBec2τTAed2τTB ...ednτTBecn�1τTAednτTB ...

ed2τTBec2τTAed1τTBec1τTA

SABA2n�1 ec1τTAed1τTBec2τTAed2τTB ...ecn�1τTAedn�1τTBecn�1τTA ...

ed2τTBec2τTAed1τTBec1τTA

SBAB2n ed1τTBec2τTAed2τTBec3τTA ...ecn�1τTAedn�1τTBedn�1τTA ...

ec3τTAed2τTBec2τTAed1τTB

SBAB2n�1 ed1τTBec2τTAed2τTBec3τTA ...edn�1τTBecn�2τTAedn�1τTB ...

ec3τTAed2τTBec2τTAed1τTB

(2.22)
Using Eq. (2.18) and neglecting the terms of order Opεnq with n ¥ 2 (since ε
is small), they determined the coefficients ck and dk such that the integrators
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SABAi and SBABi have a local error (2), corresponding to the error made when
applying one time step in the integration, of order Opτ2i�1εq. Moreover, the
global error, corresponding to the error made at the end of the integration, is
tfinal
τ � local error, i.e., SABAi is of order Opτ2iεq.

2.1.2.2 Symplectic integrators from Yoshida (1990)

Yoshida (1990) constructed symplectic integrators based on the leapfrog
algorithm corresponding to the following approximation of order 2:

eτpTA�TBq � e
1
2 τTAeτTBe

1
2 τTA

not� Y2pτq. (2.23)

Note that Y2 is equivalent to SABA1 and SBAB1 (both have the same coef-
ficients as shown in Laskar and Robutel (2001)). Integrators of higher orders
are recursively defined as

Y2n�2pτq � Y2npz1,2nτqY2npz0,2nτqY2npz1,2nτq, n P N. (2.24)

Using Eq. (2.18), Yoshida (1990) deduced the coefficients z0,2n and z1,2n such
that the symplectic integrator Y2n�2 is of order 2n�2:$'''&

'''%
z0,2n � �2

1
2n�1

2�2
1

2n�1

z1,2n � 1
2�2

1
2n�1

.

(2.25)

For an integration of order 2i, the symplectic integrators from Laskar and
Robutel (2001) require 2i� 1 evaluations of an Hamiltonian, while the sym-
plectic integrators from Yoshida (1990) require 3i evaluations, which means
an exponential increase of operations to reach a better precision. However,
this family of symplectic integrators proves to be particularly interesting for
systems for which the condition (2.21) is not verified.

2.1.3 Splitting in three parts
The symplectic code SyMBA used in this work (see next section for a full

description) relies on the leapfrog integrator common to both families. The
Hamiltonian of the N -body problem is divided in three parts

H �HA�HB�HC , (2.26)

(2). Note that as precised in Laskar and Robutel (2001), the true order of the error is
Opmaxpτ2i�1ε,τ3ε2qq but can be reduced to the previous value if the terms proportional to
ε2 are negligible.
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and the evolution of fptk�1q is numerically approximated by the expression

fptk�1q � exp
�τ

2TA
	

exp
�τ

2TB
	

exppτTCqexp
�τ

2TB
	

exp
�τ

2TA
	
fptkq,k P N,

(2.27)
where TA, TB and TC are the linear operators associated to HA, HB , and HC ,
respectively (3). The evolution of the quantity f is obtained by making it evolve
under HA for half a time step, then under HB for the same duration, followed
by an evolution under HC during a full time step, then again under HB for half
a time step and finally under HA for half a time step. The local error for this
integrator is of order Oppε1� ε2qτ3q, with ε1 � HA

HB�HC
and ε2 � HB

HC
, leading

to a global error of order Oppε1� ε2qτ2q. From the expression of the error, we
deduce the importance of having

ε1    1 and ε2    1. (2.28)

to get a precise integration of the system. In practice, we will thus require
HC ¡¡HB and HC ¡¡HA.

2.1.4 SyMBA
We now detail the code used in this work. First, we present the sym-

plectic integrator SyMBA (Duncan et al., 1998) designed for the integration
of a planetary system with a central star (planetary N -body problem). The
decomposition of the Hamiltonian is the following

H �HCH
Int �HCH

Jump�HCH
Kep (2.29)

with

HCH
Kep �

Ņ

i�2

���pCH
i

��2
2mi

� GmAmi��rCH
i

��
�
, (2.30)

HCH
Int ��

N�1̧

i�2

¸
i j¤N

Gmimj

}rij} , (2.31)

and

HCH
Jump �

1
2mA

�����
Ņ

i�2
pCH
i

�����
2

, (2.32)

where rij � rCH
i �rCH

j . Note that the coordinates for the bodies are the canon-
ical heliocentric coordinates. In those coordinates, the position of the bodies is
expressed in heliocentric frame while their velocity is expressed in barycentric

(3). To obtain this generalization, SBAB1 is apply a first time on HA�pHB �HCq and a
second time on HB�HC .
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coordinates. This choice of mixed coordinates ensures the symplectic structure
of the Hamiltonian equations. In this splitting, the biggest part of the Hamil-
tonian, HCH

Kep, corresponds to the Keplerian motion of the bodies, while the
two other parts are associated with the perturbations of the Keplerian motion.

The Keplerian motion of the bodies is evaluated using Gauss functions f
and g. For an Hamiltonian of the form

H � }mv}2
2m � νm

}r} , (2.33)

the evolution can be accurately approximated through#
rptk�1q � fpνqrptkq�gpνqvptkq
vptk�1q � 9fpνqrptkq� 9gpνqvptkq

k P N. (2.34)

More details about this evolution can be found in Danby (1988).
The evolution under the two order parts, HCH

Int and HCH
Jump, can be done

analytically since they only depend on the positions (respectively momenta) of
the bodies. Indeed, the Hamiltonian equations write$'''&

'''%

drCH
l,i

dt
�0

dpCH
l,i

dt
��BHCH

Int
�
rCH
1 ,rCH

2 , ...,rCH
N

�
BrCH
l,i

and

$'''&
'''%

drCH
l,i

dt
�BHCH

Jump
�
pCH

1 ,pCH
2 , ...,pCH

N

�
BpCH
l,i

dpCH
l,i

dt
�0

i� 1...N
l � x,y,z

,

(2.35)

whose exact solutions are$''&
''%
rCH
l,i ptq�rCH

l,i p0q

pCH
l,i ptq�pCH

l,i p0q�t
BHCH

Int
�
rCH
1 ,rCH

2 , ...,rCH
N

�
BrCH
l,i

�����prCH
1 p0q,rCH

2 p0q,...,rCH
N

p0qq
and

$''&
''%
rCH
l,i ptq�rCH

l,i p0q� t
BHCH

Jump
�
pCH

1 ,pCH
2 , ...,pCH

N

�
BpCH
l,i

�����ppCH
1 p0q,pCH

2 p0q,...,pCH
N

p0qq
pCH
l,i ptq�pCH

l,i p0q
i� 1...N
l � x,y,z

,

(2.36)
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(a) Without stellar companion in
canonical heliocentric coordinates

(b) With a stellar companion in
canonical heliocentric coordinates

(c) With a stellar companion in
wide-binary coordinates

Figure 2.2 – Separation of the Hamiltonian

with rCH
i �

�
rCH
x,i , r

CH
y,i , r

CH
z,i

	
and pCH

i �
�
pCH
x,i ,p

CH
y,i ,p

CH
z,i

	
. Those solutions

highlight the interest of splitting the Hamiltonian in several parts depending
only on the positions or momenta of the bodies.

Note that the condition on the parts of the Hamiltonian expressed in
Eq. (2.28) is satisfied in the case of a two-planet system, but fails if the outer
planet is replaced by a wide binary companion as illustrated in the top panels
of Fig. 2.2. To solve this problem, a new set of coordinates was proposed in
Chambers et al. (2002), as discussed in the next section.

2.1.5 Adaptation to binary stars
In this section we aim to describe the adaptation made in the integrator for

wide binary stars. The wide binary coordinates (hereafter, WB) of Chambers
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et al. (2002) are defined such that all the significant terms of the Hamiltonian
can be incorporated into a single part of the Hamiltonian, as illustrated in
the bottom panel of Fig. 2.2. The positions in the new set of coordinates are
expressed by $'''''''''''&

'''''''''''%

rWB
A �

mArA�mBrB�
N°
j�3

mjrj

msys

rWB
i � ri�rA i� 3...N

rWB
B � rB�

mArA�
N°
j�1

mjrj

mred
,

(2.37)

with A the primary star, B the stellar companion on a wide orbit, rWB
j the

position of the j-th body in the new coordinates, rj the position of the j-th
body in an inertial frame, mj the mass of the body j, msys the total mass

of the system, and mred �mA�
N°
i�3

mi. The conjugate momenta determined

by Chambers et al. (2002) using a generating function (to ensure a canonical
change of coordinates) are expressed by$'''''''''''''''''''&
'''''''''''''''''''%

pWB
A � pA�pB�

Ņ

j�3
pj

pWB
i � pi�mi

�
����

pA�
N°
j�3

pj

mred

�
��� i� 3...N

pWB
B � pB�mB

�
����

pA�pB�
N°
j�3

pj

msys

�
���,

(2.38)

with pWB
j the momentum of the j-th body in the new coordinates and pj the

momentum of the j-th body in an inertial frame.
The new Hamiltonian is then splitted into these parts

H �HWB
Kep�HWB

Int �HWB
Jump, (2.39)

with

HWB
Kep �

��pWB
B

��2
2µWB

� GmsysµWB��rWB
B

�� �
Ņ

i�3

���pWB
i

��2
2mi

� GmAmi��rWB
i

��
�
, (2.40)
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HWB
Int ��

N�1̧

i�3

¸
i j¤N

Gmimj

}rij} �GmAmB

�
1��rWB
B

�� � 1��rWB
B � s

��
�

�GmB

Ņ

i�3
mi

�
1��rWB
B

�� � 1��rWB
B �rWB

i � s
��
�
,

(2.41)

and

HWB
Jump �

���� N°
i�3

pWB
i

����
2

2mA
, (2.42)

where

s�

N°
i�3

mirWB
i

mred
, rij � rWB

i �rWB
j and µWB � mBmred

msys
. (2.43)

Note that the first term of HWB
Int will be absent for one-planet systems, as it will

be the case in Chapters 3 and 4. Using this splitting, the evolution under the
different parts of the Hamiltonian is easy. The evolution of the system under
HWB

Kep is achieved using the formulas from Danby (1988), as in SyMBA. The
only difference lies in the definition of ν in Eq. (2.34). In SyMBA, comparing
HWB

Kep with Eq. (2.33) leads to a value of ν �mA for the planets, but for the
binary companion, ν becomes equal to msys considering that$'&

'%
pWB
A �mavWB

A

pWB
i �mivWB

i i� 3...N
pWB
B � µWBvWB

B ,

(2.44)

with vWB
A , vWB

i , and vWB
B the velocity of the primary star, the i-th planet and

the binary companion, respectively. The evolution under the two other parts of
the Hamiltonian, namely HWB

Int and HWB
Jump, can be achieved using Eq. (2.36),

since HWB
Int only depends on the positions and HWB

Jump on the momenta. To use
those equations, one needs the derivatives of the Hamiltonian:

� BHWB
Int

BrWB
l,i

��
Ņ

j�3,j�i

�
Gmimj

}rij}3
�
rWB
l,i � rWB

l,j

	�
�GmAmBmi

mred

�
rWB
l,B �sl��rWB
B � s

��3
�

�GmB

Ņ

k�3

�
�mkmi

�
rWB
l,B � rWB

l,k �sl
	

mred
��rWB
B �rWB

k � s
��3
�
��GmB

mi

�
rWB
l,B � rWB

l,i �sl
	

��rWB
B �rWB

i � s
��3 ,

(2.45)
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� BHWB
Int

BrWB
l,B

�GmAmB

�
rWB
l,B��rWB
B

��3 �
rWB
l,B �sl��rWB
B � s

��3
�

�GmB

Ņ

k�3
mk

�
rWB
l,B��rWB
B

��3 �
rWB
l,B � rWB

l,k �sl��rWB
B �rWB

k � s
��3
�
, (2.46)

and
BHWB

Jump

BpWB
l,i

� 1
mA

�
Ņ

j�3
pWB
l,j

�
i� 1...N
l � x,y,z

. (2.47)

More details about the calculations can be found in Roisin (2017).

2.1.5.1 Close encounters between the planets

A problem arises in the case of close encounters between the planets, as
explained for SyMBA in Duncan et al. (1998). Indeed, a close encounter leads to
a big increase of HWB

Int since it contains a term proportional to the inverse of the
distance between the planets. This problem is also present in binary systems.
Hence, we adopted the solution proposed by Duncan et al. (1998) adapted for
binary stars. The idea is to add the problematic term of HWB

Int in HWB
Kep, such

that HWB
Int remains small enough to preserve an accurate integration. The new

splitting is then

H �HWB
Jump�HWB

IntNE�
�

HWB
IntE�HWB

Kep

	
, (2.48)

where

HWB
IntE ��

N�1̧

i�3

¸
i j¤N

�
Gmimj

}rij} Hp}rij}q



(2.49)

and

HWB
IntNE � HWB

Int �HWB
IntE (2.50)

� �
N�1̧

i�3

¸
i j¤N

�
Gmimj

}rij} p1�Hp}rij}qq



�GmAmB

�
1��rWB
B

�� � 1��rWB
B � s

��
�

�GmB

Ņ

i�3
mi

�
1��rWB
B

�� � 1��rWB
B �rWB

i � s
��
�
, (2.51)

with

Hprq �
#

0 if r > rcrit

1 if not.
(2.52)
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The quantity rcrit is the critical distance for two bodies under which they will
be considered as having a close encounter. The evolution under HWB

IntNE can be
achieved using Eq. (2.36) and the derivative

� BHWB
IntNE

BrWB
l,i

��
Ņ

j�3,j�i

�
Gmimj

}rij}3
�
rWB
l,i � rWB

l,j

	
H p}rij}q

�

� GmAmBmi

mred

�
rWB
l,B �sl��rWB
B � s

��3
�
�GmB

Ņ

k�3

�
�mkmi

�
rWB
l,B � rWB

l,k �sl
	

mred
��rWB
B �rWB

k � s
��3
�
�

�GmB

mi

�
rWB
l,B � rWB

l,i �sl
	

��rWB
B �rWB

i � s
��3 l � x,y,z. (2.53)

Note that close encounters between a planet and the wide binary are unlikely
and not considered here.

The evolution under HWB
IntE�HWB

Kep is more tricky since it depends on both
the position and the associated momentum of the bodies. Duncan et al. (1998)
proposed to split the Hamiltonian with respect to the order of magnitude of
the different terms and to adapt the time step to keep a good accuracy of the
integration (since the error is proportional to the ratio between the parts of
the Hamiltonian and to the square of the time step). Thus, HWB

IntE is expressed
as

°
i�0

HWB
IntE,i with HWB

IntE,i an order of magnitude smaller than HWB
IntE,i�1. We

then compute the following approximation:

exp
�
τ

�¸
i�0

TWB
IntE,i�TWB

Kep

��

� exp
�τ

2T
WB
IntE,0

	
exp

�
τ

�¸
i�1

TWB
IntE,i�TWB

Kep

��
exp

�τ
2T

WB
IntE,0

	
(2.54)

� exp
�τ

2T
WB
IntE,0

	#
exp

� τ
2nT

WB
IntE,1

	
exp

�
τ

n

�¸
i�2

TWB
IntE,i�TWB

Kep

��

exp
� τ

2nT
WB
IntE,1

	)n
exp

�τ
2T

WB
IntE,0

	
(2.55)

� exp
�τ

2T
WB
IntE,0

	!
exp

� τ
2nT

WB
IntE,1

	!
exp

� τ

2n2T
WB
IntE,2

	

exp
�
τ

n2

�¸
i�3

TWB
IntE,i�TWB

Kep

��
exp

� τ

2n2T
WB
IntE,2

	+n
exp

� τ
2nT

WB
IntE,1

	+n

exp
�τ

2T
WB
IntE,0

	
(2.56)

...



40 Chapter 2. Symplectic integrator for binary stars

with TWB
IntE,i and TWB

Kep the linear operators associated with HWB
IntE,i and HWB

Kep,
respectively. The evolution under TWB

IntE,i is straightforward since it only de-
pends on the position of the bodies. In practice, instead of splitting TWB

IntE,i,
Duncan et al. (1998) proposed to split the derivatives:

�BHWB
IntE

BrWB
l,i

�
¸
c�0

�
�BHWB

IntE,c

BrWB
l,i

�
, (2.57)

where

� BHWB
IntE,c

BrWB
l,i

��
Ņ

j�3,j�i

�
Gmimj

}rij}3
�
rWB
l,i � rWB

l,j

	
fcp}rij}qp1�Hp}rij}qq

�

l � x,y,z. (2.58)

The partition function, fc, is defined as

fcp}rij}q �
#
f̄cp}rij}q� f̄c�1p}rij}q if i P N0

f̄0p}rij}q if i� 0,
(2.59)

where

f̄cp}rij}q �

$'''&
'''%

1 if }rij} ¥Rc

g

�
Rc�}rij}
Rc�Rc�1



if Rc�1 ¤ }rij}  Rc

0 if }rij}  Rc�1,

(2.60)

with Ri (i P N0) the boundary distances to split the problem with respect to
the order of magnitude of the different parts and the function g defined as
(Rauch and Holman, 1999)

gprq � 1
2

�
1� tanh

�
2r�1
rp1� rq


�
. (2.61)

The flowchart of the code for binary stars is given in Fig. 2.3. The left side
of the diagram describes the classical integrator and the right side manages the
close encounters between the planets.

2.1.5.2 Close encounters with the central star

A problem also arises for a close perihelion passage. In this case, HWB
Jump

will become of the same order as HWB
Kep because of the high velocity (hence high

momentum) of the body at perihelion. To overcome this problem we applied the
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Start of the integration

helio_lindrift_bin.f
Input: dt
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Figure 2.3 – Flowchart of the code for wide binary stars
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solution proposed by Levison and Duncan (2000), adapted for binary systems.
It consists in smoothly including HWB

Jump in HWB
Kep. The new splitting is then

H �HWB
KepSP�HWB

Int �HWB
JumpSP, (2.62)

where

HWB
KepSP �

��pWB
B

��2
2µWB

� GmsysµWB��rWB
B

�� �
Ņ

i�3

���pWB
i

��2
2mi

� GmAmB��rWB
i

��
�

� 1
2mA

�����
Ņ

i�3
pWB
i

�����
2

FWB
����rWB

3

���2 ,���rWB
4

���2 , ...,���rWB
N

���2

(2.63)

and

HWB
JumpSP �

1
2mA

�����
Ņ

i�3
pWB
i

�����
2�

1�FWB
����rWB

3

���2 ,���rWB
4

���2 , ...,���rWB
N

���2
� ,
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where (Levison and Duncan, 2000)
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and R1 and R2 the boundary limits for the transition region. The evolution
under those two new parts of the Hamiltonian can no longer be performed by
analytical calculation, and a Bulirsch-Stoer integration (see, e.g. Press et al.,
1992) for the new Hamiltonian equations is achieved:$''''''&
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for the evolution under HWB
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Note that the evolution of the binary companion is not affected by close per-
ihelion passage in our study. In addition, if there are both a close encounter
between planets and a close perihelion passage, the two solutions can be com-
bined and the system evolves under HWB

IntE�HWB
KepSP, HWB

IntNE, and HWB
JumpSP.

2.2 Migration code
In the code, we also implemented the Type-II migration of giant planets

in the protoplanetary disk. The migration is mimicked by a suitable Stokes-
type drag force added in the equations of motion of the planets. Instead of a
simplistic K-prescription, we adopted the damping formulas for eccentricity and
inclination provided by the 3D hydrodynamical simulations of protoplanetary
disks with embedded high-mass planets of Bitsch et al. (2013). These formulas
were previously used in the PhD thesis of S. Sotiriadis on the formation of
extrasolar systems around single stars (Sotiriadis, 2017) and are described in
detail in the following.
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2.2.1 Giant planet migration
The migration of giant planets in the Type-II regime, due to angular mo-

mentum exchange with the disk, is on a similar timescale as the viscous accre-
tion time. However, when the mass of the planet is comparable to the mass
of the material in its vicinity, the migration rate scales with the ratio of the
planetary mass over the local disk mass (Ivanov et al., 1999; Nelson et al., 2000;
Crida and Morbidelli, 2007). Thus, the acceleration of the migrating planet is
given by (Papaloizou and Larwood, 2000)

amig �� vpl
τmig

, (2.70)

with vpl the velocity of the migrating planet and τmig the timescale for Type-II
regime (disk-dominated case and planet-dominated case, see Sotiriadis et al.
(2017) for more details)

τmig � 2
3α

�1h�2Ω�1
pl �max

#
1,

mpl
p4π{3qΣprplqr2

pl

+
, (2.71)

with α� 0.005 the classical value for the Shakura-Sunyanev viscosity parameter
(Shakura and Sunyaev, 1973), h� 0.05 the disk aspect ratio, Ω�1

pl � 2πap�3{2q
pl

the orbital frequency of the planet, apl the semi-major axis of the planet, mpl
the mass of the planet, rpl the distance of the planet to the host star, and
Σ9r�γ � r�0.5 the surface density profile of the disk. Unless otherwise stated,
in the simulations, we fix the disk inner and outer edges to Rin � 0.05 AU and
Rout � 30 AU. The local disk mass will be considered as the mass of the disk
between 0.2apl and 2.5apl. The code also includes a smooth transition in the
gas-free inner cavity using an hyperbolic tangent function tanh

�
r�Rin

∆r

	
where

∆r � 0.001 AU, following Matsumoto et al. (2012).

2.2.2 Influence on the eccentricity and inclination
To estimate the damping of the disk on the planetary eccentricity, a possi-

bility is to use the K-prescription (Tanaka and Ward, 2004)

9e

e
��K

���� 9aa
���� , (2.72)

where K is an arbitrary parameter, generally assumed between 1 and 100.
However, through hydrodynamical simulations, Bitsch et al. (2013) determined
new formulas for the influence of the disk on the eccentricity and inclination
without this arbitrary parameter. They fitted the evolution of a massive giant
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planet in the disk to obtain approached analytical formulas for the eccentricity
and inclination damping.

The eccentricity damping function depends on the planet mass mpl (ex-
pressed in Jupiter mass), the eccentricity epl and the inclination ipl (in degrees),
and is given by (Bitsch et al., 2013)
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with apl the semi-major axis of the planet, mld the local mass of the disk, mA

the mass of the central star, and with coefficients

ae � 80e�2
pl exp

!
�e2
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mpl
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)
15mpl
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20�11mpl�m2
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�
, (2.74)

be � 0.3mpl, (2.75)

ce � 450�2mpl , (2.76)

and
de ��1.4�

?
mpl

6 . (2.77)

To include the damping in the code, we converted it in an acceleration according
to the formula (Papaloizou and Larwood, 2000)

aecc ��2
pvpl�rplqrpl��rpl

��2 τecc
, (2.78)

where vpl and rpl are the velocity and the position of the planet, respectively,
and

τecc �
���� epl
de{dt

���� . (2.79)

The damping function for inclination is given, in degrees per orbit, by
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with

ai � 1.5�104p2�3eplqm3
pl, (2.81)
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bi � 1�mple
2
pl

10 , (2.82)

ci � 1.2�106�
2�3epl
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pl
�
mpl�2

�3	 , (2.83)

di ��3�2epl, (2.84)

and

gi �
d

3mpl
epl�0.001 . (2.85)

In both formulas (2.73) and (2.80), the time is expressed in orbital period. As
mentioned in Sotiriadis et al. (2017), there is a problem when 2�3epl   0. In-
deed, in this case, ai and ci become negative and the square root of a negative
number has to be computed. In this case we adopted the solution proposed in
Sotiriadis et al. (2017) and the value of 2�3epl is set to 10�5.

As with the eccentricity, we converted the damping in terms of acceleration
(Papaloizou and Larwood, 2000)

ainc ��2
pvpl�kqk
τinc

, (2.86)

where k is the unitary vertical vector and

τinc �
���� ipl
di{dt

���� . (2.87)

When considering planetary systems with two or more planets (Chapter 5),
only the outer planet is assumed to migrate, as in Libert and Tsiganis (2009b)
and Sotiriadis et al. (2017). As a result, the influence of the disk on the planets
is modelled by

adisk � amig�aecc�ainc (2.88)

for the outer planet and
adisk � aecc�ainc (2.89)

for the other planets. The evolutionary equation of the velocity is thus

vptk�1q � vptkq� τadisk, (2.90)

where τ is the time step.
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The evolution is implemented symmetrically in SyMBA in the same way as
in Lee and Peale (2002):

fptk�1q � Edisk

�τ
2

	
exppTτqEdisk

�τ
2

	
fptkq, (2.91)

where T is the linear operator associated to the Hamiltonian H of the N -body
system without the disk and Edisk p�q is the evolution due to the disk. In
practice, we will apply the evolution due to the disk for a half time step, then
the evolution of the N -body system for a full time step and again the evolution
due to the disk for another half time step.

2.2.3 Disk model
Following Sotiriadis et al. (2017), we use an exponential decay for the disk,

where we decrease its mass exponentially through the evolution of the system,
with a dispersal time of around 1 Myr. The surface density profile Σ is given
by

Σprq � Σ0r
�γ (2.92)

with Σ0 evolving during the simulation through the equation

Σ0ptq � Σ0p0qe�
t
T0 , (2.93)

where T0 is a fixed parameter. The total mass of the disk is then given by

mdiskptq �mdiskp0qe�
t
T0 , (2.94)

where mdiskp0q is the initial mass of the disk. The disk will be considered as
dissipated and the interaction will then be neglected when

����dmdiskptq
dt

�����mdiskp0qe
� t
T0

T0
(2.95)

is smaller than a critical value fixed to 10�9 mA{yr in our simulations.
More complex disk models exist, taking into account the accretion of the

disk onto the star and/or the photoevaporation by radiation from the central
star. We refer to Williams and Cieza (2011); Armitage (2019) for more details.
Since we aim to study the influence on the planetary evolution of a binary
companion rather than the influence of the disk model, the consideration of
more complex disk mass decays is left for further work.
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2.3 Conclusions
In this chapter we presented the symplectic integrator for wide binary star

systems used in this study. We also introduced formulas for the Type-II migra-
tion of the planets in the protoplanetary disk as well as the disk eccentricity
and inclination damping acting on the planets.

Using this code, we will investigate in the next chapter the migration of a
single planet under the perturbation of a wide binary companion to see how
the disk and binary effects compete during the protoplanetary disk phase and
influence the long-term dynamical evolution of the planet.
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Chapter 3
Evolution of a migrating giant
planet in the presence of an
inclined binary companion

3.1 Introduction
In this chapter, we perform a dynamical study of the influence of a wide

binary companion on the evolution of a single giant planet migrating in the
protoplanetary disk in the Type-II regime. We particularly focus on how the
Lidov-Kozai resonance articulates with the planetary migration when the stellar
companion is highly inclined. Using the symplectic N -body code presented in
Chapter 2, including eccentricity and inclination damping formulas to properly
model the influence of the disk during the migration of the planet, we carry
out 3200 numerical simulations with different initial eccentricity and inclination
values of the binary companion. We follow the evolution of the giant planet
when embedded in the protoplanetary disk and pursue the analysis well after
the dispersal of the disk.

The chapter is organized as follows. In Section 3.2, the initial settings
of the simulations are described. In Section 3.3, we present the results of
the simulations by describing typical planetary evolutions as well as the final
parameter distributions for the planet. In order to dynamically characterize the
planetary evolutions, the results are discussed using a quadrupolar Hamiltonian
approach in Section 3.4. Finally, our conclusions are given in Section 3.5.

51
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3.2 Set-up of the simulations
In this chapter, we focus on the evolution of a giant planet embedded in a

protoplanetary disk undergoing Type-II migration around one of the two stars
of a wide binary star system (S-type planet). We denote with subscripts 0 for
the central star, and B for the binary companion. The initial parameters of
the simulations are described in the following.

Let us recall that for our study we adapted the SyMBA N -body code (Dun-
can et al., 1998) to wide binaries by following the strategy of Chambers et al.
(2002), based on a new set of coordinates (wide-binary coordinates). Since
we focus here on one-planet systems, we do not consider the part of the code
designed for close encounters presented in Section 2.1.5.1 as well as the plane-
tary interactions modelized through the first term of Eq. (2.41). The N -body
code also includes the Type-II migration of the giant planet caused by the an-
gular momentum exchange with the protoplanetary gas disk (Goldreich and
Tremaine, 1979), mimicked by a suitable Stokes-type drag force added in the
equations of motion. Regarding the damping of the planetary eccentricity and
inclination caused by the disk, we adopted the damping formulas of Bitsch et al.
(2013) achieved by three-dimensional hydrodynamical simulations of protoplan-
etary disks with embedded high-mass planets. The analytical formulas depend
on the local mass disk, planetary mass, eccentricity, and inclination evaluated
throughout the integration. These formulas are conceived for planets between
1 MJup and 10 MJup (where MJup denotes the mass of Jupiter). We note that
it is rather unclear if a highly inclined planet continues to migrate on a viscous
accretion timescale. Nevertheless, we adopted this recipe since, when initially
embedded in the disk, the planet only occasionally reached high inclination
with respect to the disk plane during the protoplanetary disk phase (only a
few simulations are concerned and only for a very brief period of time). No
inclination damping is applied when i  0.5�. For more details about the code,
we refer to Chapter 2.

The initial disk mass in our simulations is fixed to 8 MJup and decreases
exponentially through the evolution of the system, with a dispersal time of
� 1 Myr. The self-gravity of the disk is not considered in this chapter.

The time step of our simulations is fixed to 0.001 yr during the migration
phase and 0.01 yr after the dispersal of the disk, since the evolution of the
system is then characterized by secular effects. The simulations are followed
for 100 Myr.

The initial orbital elements and masses for the planet and the binary star
adopted in the simulations are summarized in Table 3.1. These are expressed
in the disk plane reference frame. The wide binary companion has a mass of 1
Md and is located at 500 AU. The planetary mass m, eccentricity e, inclination



3.3. Results 53

Table 3.1 – Initial parameters of the simulations. The orbital elements are
associated with heliocentric coordinates with respect to the disk plane.

Central star Planet Binary companion
mass 1 Md U r1;5s MJup 1 Md

a (AU) 15 500
e U r0.001;0.01s 10�5, 0.1, 0.3, 0.5
i (�) U r0.01;0.1s 10�5, 10, 20, 30, 40,

50, 60, 70
Ω (�) 10�5 10�5

ω (�) U r0;180s 10�5

M (�) 10�5 10�5

i, and argument of the pericenter ω follow a uniform distribution. For the
binary companion, we considered four values of the eccentricity eB (namely
10�5,0.1,0.3, and 0.5) as well as eight values of the inclination iB (from � 0� up
to 70�). In total, by picking randomly 100 values for each uniform distribution,
we carried out 3200 simulations. The dynamical evolutions observed in the
simulations are presented in the next section.

3.3 Results
In this section, we describe in detail the long-term evolutions of the planets

as well as their orbital characteristics at the end of the simulations. Particular
attention is given to the capture in the Lidov-Kozai resonance in the case of
highly inclined binary companions.

3.3.1 Lidov-Kozai resonance
In our simulations, a strong influence of the wide binary companion is ob-

served on the evolution of the planet embedded in the protoplanetary disk,
especially for highly inclined binary companions for which the Lidov-Kozai
mechanism comes into play (Lidov, 1962; Kozai, 1962). When referred to the
invariant plane orthogonal to the total angular momentum of the system (also
called the Laplace plane), the planet in a Lidov-Kozai resonant state exhibits
coupled variations in eccentricity and inclination as well as a libration of the
pericenter argument around �90�. We note that the large orbital variations
associated with the Lidov-Kozai resonance take place in a coherent way such
that the long-term stability of the system is assured. A typical example of a
Lidov-Kozai evolution is shown in Fig. 3.1, for an inclination iB � 70� of the
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Figure 3.1 – Typical evolution of a Lidov-Kozai resonant system (libration of
the pericenter argument in the invariant plane reference frame). The initial
parameters are m� 2.02 MJup, ω � 16�, eB � 0.3, and iB � 70�.

binary companion with respect to the disk plane. This inclination value is
higher than the critical value arccos

a
3{5� 39.23� introduced by Kozai (1962)

for the restricted three-body problem. After the migration phase, the planet
is rapidly captured in a Lidov-Kozai resonance, as indicated by the libration
of the pericenter argument observed in the last panel of Fig. 3.1, and high
eccentricity and inclination variations are observed.

It is important to note that the libration of the pericenter argument in the
invariant plane reference frame is the proper criteria for the identification of
the Lidov-Kozai resonant regime among the simulations (Libert and Tsiganis,
2009b). High eccentricity and inclination variations can also be observed when
the planet is not in a Lidov-Kozai resonant state, as shown in Fig. 3.2. While
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Figure 3.2 – Typical evolution of a planet that undergoes high eccentricity
and inclination variations, while not in a Lidov-Kozai resonance (circulation
of the pericenter argument in the invariant plane reference frame). The initial
parameters are m� 4.34 MJup, ω � 13�, eB � 10�5, and iB � 70�.

the planet does experience large variations in eccentricity and inclination, the
argument of the pericenter circulates (see the last panel of Fig. 3.2). For this
reason, all the dynamical evolutions displayed in the following are presented in
the invariant plane reference frame.

Note that, in practice, a planet will be considered here as locked in the
Lidov-Kozai resonance if a libration of the argument of the pericenter is ob-
served at the end of the simulation during three Lidov-Kozai cycles (for the
calculation of the period, see, e.g. Innanen et al. (1997)) or, in case it exceeds
the timescale of the simulation, during the last 8�107 yr.
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Figure 3.3 – Inclination of the planets as a function of the semi-major axis (left
panel) and the eccentricity (right panel) at the end of the simulations (100
Myr). The planets evolving in the Lidov-Kozai resonance are drawn in red.

3.3.2 Final distributions
In this section, we describe the orbital parameters of the planets at the

end of the simulations (i.e., 100 Myr). We recall that all the planetary orbital
parameters are given in the invariant plane reference frame. Fig. 3.3 shows the
planetary inclination as a function of the semi-major axis and the eccentricity.
The color code indicates if the planet is in a Lidov-Kozai resonance state at
the end of the evolution.

As seen in the left panel of Fig. 3.3, all the planets end up with a semi-
major axis that is smaller than 10 AU as a result of the Type-II migration of
the planets during the protoplanetary disk phase. The planets found locked in
a Lidov-Kozai resonant state (red stars) all have an inclination (with respect
to the invariant plane) that is higher than � 40�, which comes as no surprise
considering the critical value of 39.23� for the establishment of the Lidov-Kozai
resonance. Nevertheless, the highly inclined planets are not all in a Lidov-Kozai
resonant state at the end of the simulations, as shown by the color code.

The critical inclination value is even more obvious in the right panel of
Fig. 3.3, where the planetary inclinations are presented jointly with the ec-
centricities. While a pile-up around low eccentricities is observed at low plane-
tary inclinations, high eccentricities are only associated with inclinations above
� 40�. However, although the Lidov-Kozai resonance could contribute to the
excitation of the planetary eccentricities, we note that only a small fraction of
the planets evolves in a Lidov-Kozai resonance at the end of the simulations.
The percentages of final Lidov-Kozai resonant evolutions found among the 3200
simulations are given in Table 3.2, for each initial inclination value of the bi-
nary companion. Let us remark that the percentages of resonance captures are
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Table 3.2 – Percentages of systems in a final Lidov-Kozai resonant state, for
the different inclinations of the binary companion iB .

iB (�) Lidov-Kozai (%)
¤ 30 0
40 43
50 50
60 26
70 25

slightly lower when the simulations do not include the disk phase. It seems to
indicate that the migration in the disk promotes the establishment of Lidov-
Kozai resonant sytems. Additionally, we note that the values in eccentricity
and inclination displayed in Fig. 3.3 follow particular curves (green lines) whose
trend will be discussed in Section 3.4.

Since the argument of the pericenter plays a key role in the Lidov-Kozai
mechanism, we therefore pay particular attention to this angle in the following.
Fig. 3.4 shows the normalized distribution of the argument of the pericenter
of the planets at the end of the simulations. We clearly observe two pile-ups
around 90� and 270�. Interestingly, the highest peaks are found at the borders
of the two pile-ups, namely for pericenter arguments close to 45�, 135�, 225�,
and 315�. In the left panel of Fig. 3.4, the systems in a Lidov-Kozai resonance
belong to the pile-ups at 90� and 270�, as expected. In the right panel of
Fig. 3.4, the color code of the histogram refers to the initial inclination values
of the binary companion iB . We can deduce from the plot that the pile-ups
are formed by the highly inclined binary companions (iB ¥ 40�), since the
normalized frequencies of the pericenter arguments for planets with a binary
companion initially below 40� are almost uniformly distributed.

Finally, in Fig. 3.5, we present the inclination of the planet as a function
of the argument of the pericenter, at the end of the simulation, with the same
color codes as in Fig. 3.4. We note the existence of two arc-shaped curves. The
Lidov-Kozai resonant systems mainly lie around these two curves, as observed
in the left panel. In the right panel, we see that the two arc-shaped curves
mostly correspond to planets with highly inclined binary companions. We
note that the accumulations observed at the borders of the two pile-ups in
the histograms of Fig. 3.4 can be connected with the particular shape of these
curves. The edges of the arc-shaped curves are nearly parallel to the y-axis and
thus more systems are gathered at the edges rather than in the central part of
the curves (i.e., around 90� and 270�) when considering parts of the x-axis of
the same length.
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Figure 3.4 – Normalized distribution of the pericenter argument of the planet, at
the end of the simulation (100 Myr). The color codes refer to planets evolving
in the Lidov-Kozai resonance in the left panel (red color) and to the initial
inclination of the binary companion iB in the right panel.

Figure 3.5 – Inclination of the planet as a function of the argument of the
pericenter, at the end of the simulation (100 Myr). The color codes refer to
planets evolving in the Lidov-Kozai resonance in the left panel (red color) and
to the initial inclination of the binary companion iB in the right panel.

3.3.3 Initial conditions leading to Lidov-Kozai resonance
We might wonder whether it is possible to identify the initial planetary or-

bital elements leading to a Lidov-Kozai resonant state for the planet. As can be
deduced from Table 3.2, approximately 36% of the planets with a binary com-
panion inclined at more than 40� end up trapped in a Lidov-Kozai resonance
at the end of the simulation. A statistical analysis of the initial parameters of
these systems was performed, but no trend was observed. In particular, the
initial values of the pericenter argument of the planets captured in the Lidov-
Kozai resonance follow an uniform distribution. This is further illustrated in
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the evolutions of Fig. 3.1 and Fig. 3.2, which have close initial values of the
arguments of pericenter but different resonant behaviors.

Moreover, we carried out a study of the specific time of the capture in the
Lidov-Kozai resonance. We present in Fig. 3.6 the same plot as in the left panel
of Fig. 3.5, but for different times. The top panel shows the planetary incli-
nation versus the pericenter argument values at half of the disk lifetime (0.55
Myr), the middle panel at the dispersal of the disk (1.1 Myr) and the bottom
panel at the end of the simulation (100 Myr). We clearly see the accumulation
of the planets around the arc-shaped curves through time. Interestingly, the
planets firstly gather in the left part of the curves (i.e., around a pericenter
argument of 45� and 135�) during the disk phase and spread along the curves
in a second phase.

3.4 Dynamical analysis
In this section, we give a dynamical interpretation of the arc-shaped curves

observed in Fig. 3.5. To describe the dynamics of the migrating planets, we
draw phase portraits of a simplified Hamiltonian formulation and follow the
trajectory of the planets on this portrait until their final location.

Following the work of Bataille et al. (2018), we used a quadrupolar Hamil-
tonian approach (i.e., the dominating terms of the secular Hamiltonian) that
has one degree of freedom and states as follows:

H��
�

5�3 h2

cos2 i



p1�3cos2 iq�15

�
1� h2

cos2 i



p1�cos2 iqcosp2ωq. (3.1)

Since the angular momentum of the wide binary orbit is much greater than that
of the planetary orbit, the dimensionless angular momentum of the planet h�?

1�e2 cos i is nearly constant and is usually referred to as the Kozai constant.
For a given value of the Kozai constant, phase portraits of the dynamics can
be drawn, consisting of level curves of the Hamiltonian in the plane pω,eq (or
equivalently pω,iq).

For a low value of the inclination of the binary companion, the Hamiltonian
curves in the plane pω,eq are nearly straight lines. An example of such an
evolution is shown in Fig. 3.7, for an inclination of 30� for the companion star.
In the left panel, we see that no significant eccentricity and inclination variation
is observed during the long-term evolution of the planet. This evolution is
overplotted on the phase portrait given in the right panel of Fig. 3.7. The time
evolution is indicated by the color scale, while the initial planetary parameters
are denoted with a magenta star symbol. The value of the Kozai constant h
used to compute the phase portrait is fixed to the mean value of h after the
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Figure 3.6 – Same as Fig. 3.5, for different times: 0.55 Myr (half of the disk
lifetime) in the top panel, 1.1 Myr (dispersal of the disk) in the middle panel,
and 100 Myr (end of the simulation) in the bottom panel.
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migration phase. Thus, at the beginning (dark blue points), the planetary
evolution can depart from the Hamiltonian curves represented on the phase
portrait (since the system is dissipative owing to the migration), but after the
migration phase the trajectory of the planet evolves on a fixed level curve of
the analytical model. In Fig. 3.7, the planet follows a quasi-straight line of
constant Hamiltonian, as expected.

For systems with a highly inclined companion (iB ¥ 40�), the phase space
shows the Lidov-Kozai resonance islands that strongly influence the dynamical
behavior of the planet. Two typical dynamical outcomes are observed in the
simulations and these are both illustrated in Fig 3.8. In the top panel, we show
the phase portrait for the system of Fig. 3.1, for which a capture around the
Lidov-Kozai equilibrium around 90� takes place. The evolution of the system
of Fig. 3.2 is represented on the phase space of the bottom panel. No capture
in the Lidov-Kozai resonance is observed, and the planet evolves around the
two islands with its pericenter argument circulating. Finally, we note that in
both cases the planets spend time in libration or circulation around the Kozai
equilibria. This gives an explanation for the arc-shaped curves observed in the
final distribution of the simulations in Fig. 3.5.

Having a careful look to the two phase spaces of Fig. 3.8, one could expect
that the points along the horizontal lines inside the two arc-shaped curves in
Fig. 3.5 are associated with Lidov-Kozai resonant motion (red color). The blue
points on the horizontal lines correspond to planets that alternate between
phases of Lidov-Kozai resonant captures and phases of circulation around the
islands. An example of such an evolution is represented on Fig. 3.9. The planet
is first captured around the island centred on ω � 90� at the dispersal of the
disk, then after some cycles leaves the resonance to circulate around the islands,
before being captured again around the second island centred on ω� 270�, and
finally alternates between these two evolutions.

Finally, we show that the trend observed in the right panel of Fig. 3.3 can
be explained by the conservation of the Kozai constant (green curves). Indeed,
for a given value of the Kozai constant, the ranges of possible eccentricity
and inclination values for the planet are fixed by the relation h�?

1�e2 cos i.
Here the Kozai constant is evaluated at the dispersal of the disk and has been
approximated by the quantity cos iB , since in this work the disk tends to cir-
cularize the planetary orbit and to keep it in the disk through eccentricity and
inclination damping.
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Figure 3.8 – Phase portraits of different planetary evolutions in the presence
of a binary companion at iB � 70�. Top: Lidov-Kozai resonant evolution from
Fig. 3.1. Bottom: non Lidov-Kozai resonant evolution from Fig. 3.2.
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3.5 Discussion and conclusions
In this chapter, we studied the dynamical influence of a wide binary com-

panion on the migration of a single giant planet in the protoplanetary disk. By
varying the eccentricity and inclination of the binary companion as well as the
physical and orbital parameters of the planet, we carried out 3200 numerical
N -body simulations of the migrating planet and carefully analyzed the orbital
configuration of the planets after 100 Myr.

As a consequence of the Lidov-Kozai mechanism, the influence of the wide
binary companion is strong for highly inclined companions even during the disk
phase. We showed that the orbital parameters of the planets at the end of the
simulations gather around two arc-shaped curves in the plane pω,eq. We noticed
that only about 36% of the planets with a highly inclined binary companion
(iB ¥ 40�) end up in a Lidov-Kozai resonant state (with the libration of the
pericenter argument). Nevertheless, the non resonant evolutions are strongly
influenced by the Lidov-Kozai resonance and present high eccentricity and incli-
nation variations associated with a circulation around the Lidov-Kozai islands.
Using an analytical quadrupolar Hamiltonian approach, we realized phase por-
traits in which the different dynamical evolutions can easily be observed.

It is important to note that in this chapter we neglected the influence of
the companion star on the disk, in particular, the induced nodal precession of
the disk. To study the robustness of our results, and in particular the impact
that nodal precession could have, we ran several tests by considering different
migration rates and eccentricity and inclination damping rates as well as a
location of the planet initially outside the disk. The results of these tests
are summarized in Fig. 3.10 which shows, for the different tests, the same
analysis as in Fig. 3.5, namely, the planetary inclination as a function of the
argument of the pericenter at the end of the simulation, in which the color code
indicates the initial inclination of the binary companion iB . In the top panels,
the planets are initially inside the disk plane (i � 0�), while the planets have
an initial inclination of i � 20� with respect to the disk plane in the bottom
panels. Three modifications for the planetary migration are considered. In the
left panels, the migration rates and eccentricity and inclination damping rates
are unchanged. In the middle panels, the Type-II migration rate is scaled by
the factor cospiq. In the right panels, no eccentricity and inclination damping
are included. Thus, in total, six tests were realized, each one consisting in 3200
simulations, as previously detailed. As observed in Fig. 3.10, the modifications
performed have no significant impact on the results and the arc-shaped curves
are present in each test.

These extra simulations make us confident in the robustness of the results
presented in this chapter. We obtained similar outcomes when changing the
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planetary inclination and, therefore, the mutual inclination between the planet
and the disk. Therefore, we believe that the addition of the nodal precession of
the disk caused by the binary star, inducing a change in the mutual inclination,
does not significantly modify the long-term evolution of the planets.

In this work, we did not include additional effects due to the disk and the
binary that are likely to have a significant impact on the evolution of the planet.
Aside from the nodal precession of the disk caused by the binary star mentioned
hereabove, we did not consider the aspidal and nodal precessions caused by the
gravitational potential of the disk, which could dominate over the precession
induced by the binary star (e.g., Zanazzi and Lai (2018b)). Also, the general
relativity and the stellar oblateness could compete or suppress the Lidov-Kozai
effect. The study of the influence of the nodal precession of the disk induced
by the binary companion as well as the one of the disk potential will be deeply
investigated in the next chapter.





Chapter 4
Planetary migration in precessing
disks for S-type binaries

4.1 Introduction
In the previous chapter, we discussed the influence of a wide binary compan-

ion on the evolution of a giant planet migrating in the disk. This preliminary
work neglected two potentially significant effects related to the disk, that is
the disk gravitational potential acting on the planet and the nodal precession
induced by the binary companion on the disk. The purpose of the present
chapter is to study the influence of these effects on the previous results, in
particular on the capture of the systems in the Lidov-Kozai resonance.

The gravitational potential exerted by a disk on an inclined planet was pre-
viously studied for a flat disk by Terquem and Ajmia (2010). They reported
Lidov-Kozai cycles (associated with high values of the eccentricity) for a planet
whose inclination is smaller than the critical angle value identified for an outer
perturber in Lidov (1962) and Kozai (1962). The effects of disk warping on the
planetary inclination was considered in Terquem (2013), where it was shown
that the gravitational potential in 3D wrapped disks generally leads to the pre-
cession of the planet and could in some cases increase the planetary eccentricity.
Teyssandier et al. (2013) considered frictional forces from 3D disk leading to
eccentricity and inclination damping in addition to disk gravitational potential
for inclined planets. They observed Lidov-Kozai cycles exerted by the disk on
the planet for inclination value as small as 20�.

The precession of the disk caused by a binary companion was studied in
Batygin et al. (2011), using both a Gauss’s averaging method and an alterna-

69
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tive method based on the Laplace-Lagrange secular theory, following the idea
from Levison and Morbidelli (2007), and consisting in dividing the disk in sev-
eral annuli. Further studies where carried out combining various effects, such
as accretion, magnetic star-disk interaction, and solar winds, to explain the
misalignment between the stellar spin axis and the disk angular momentum
(see, e.g., Batygin and Adams, 2013; Lai, 2014; Spalding and Batygin, 2014).
The nodal precession was also studied including disk warping in Zanazzi and
Lai (2018a) and a migrating planet in Zanazzi and Lai (2018b).

When the disk mass decreases exponentially with time, as it is the case
here, the analytical solution of Murray and Dermott (1999) and Batygin et al.
(2011) for the disk nodal precession is not convenient (see Section 4.2.2.1) and
we have developed here new approximate formulas for the evolution of the disk
inclination and longitude of the ascending node suitable for a rigidly precessing
disk perturbed by a wide binary companion.

The chapter is organized as follows. In Section 4.2, we describe the N -body
code used for the simulations and derive formulas for the disk gravitational
potential acting on the planet and the nodal precession induced by the binary
companion on the disk. Section 4.3 presents the results of the simulations by
emphasing the influence of the two newly added effects on the evolution of the
planet during the disk phase. Finally, our results are summarized in Section 4.4.

4.2 Additional effects
In this section, we focus on two physical effects that were neglected in

the previous chapter, namely the disk gravitational potential acting on the
giant planet (Section 4.2.1) and the nodal precession induced by the binary
companion on the disk (Section 4.2.2) and show how they were implemented
in our N -body code.

4.2.1 Disk gravitational potential
We first start by considering the gravitational potential that a disk exterts

on a planet. We assume that the disk is flat and axisymmetric. The potential it
exerts on a planet can be written in spherical coordinates as (see, e.g., Terquem
and Ajmia, 2010)

Φpr,ϕ,θq � �G
» Rout

Rin

Σpr̃qr̃
» 2π

0

dϕ̃dr̃a
r2� r̃2�2rr̃ cospϕ̃qsinpθq , (4.1)

where pr,ϕ,θq correspond to the spherical coordinates of the planet, Σ is the
disk surface density, Rin and Rout are the inner and outer edges of the disk,
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and G is the gravitational constant. Following Huré and Hersant (2011), the
potential can be expressed as

Φpr,ϕ,θq � �2G
» Rout

Rin

Σpr̃q
d

r̃

r sinpθqkKpkqdr̃, (4.2)

where Kpkq is the complete elliptic integral of first kind:

Kpkq �
» π{2

0

dϕ̃a
1�k2 sin2 pϕ̃q (4.3)

with k between 0 and 1 and equal, in our case, to

k � 2

d
rr̃ sinpθq

r2� r̃2�2rr̃ sinpθq . (4.4)

To implement the potential in the code and preserve the symmetry of the
integration scheme, we converted it to an acceleration in Cartesian heliocentric
coordinates, which leads to the following expression

d2x

dt2
��sinpθqcospϕqBΦ

Br � cospθqcospϕq1
r

BΦ
Bθ

d2y

dt2
��sinpθqsinpϕqBΦ

Br � cospθqsinpϕq1
r

BΦ
Bθ

d2z

dt2
��cospθqBΦ

Br � sinpθq1
r

BΦ
Bθ ,

(4.5)

where

BΦ
Br �

G

r

» Rout

Rin

Σpr̃q
d

r̃

r sinpθqk
�
Kpkq� r̃2� r2

R2 Epkq
�
dr̃

BΦ
Bθ �G

» Rout

Rin

Σpr̃qcotpθq
d

r̃

r sinpθqk
�
Kpkq� r̃2� r2

R2 Epkq
�
dr̃

(4.6)

with R2 � r2 � r̃2 � 2rr̃ sinpθq and Epkq the complete elliptic integral of the
second kind:

Epkq �
» π{2

0

b
1�k2 sin2 pϕ̃qdϕ̃. (4.7)

In order to evaluate the complete elliptic integrals, we used the approximation
given by Abramowitz and Stegun (1972). The other integrals are calculated
using the Romberg’s method presented in Press et al. (1992). A divergence can
arise in Eq. (4.6) when R � 0, that is, when the planet is exactly in the plane
of the disk. In reality, massive planets tend to open a gap in disks, and the
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gravitational interaction at this location is reduced (even when the planet is on
an inclined orbit with respect to the disk midplane, see, e.g., Bitsch et al., 2013).
In order to prevent R2 from becoming 0, we simply replaced it by R2�10�6.
Note that we also tried splitting the disk into two parts, one extending from Rin
to r�∆gap{2 and one from r�∆gap{2 to Rout (where ∆gap represents the gap
width). We also tested the effect of removing the component of the potential
within the Hill sphere of the planet. Both prescriptions did not significantly
alter our results and we kept the simplest prescription mentioned above.

In this section we have evaluated the gravitational force exerted by the disk
on the planet. On the other hand, the planet is also exerting a force on the
disk. In particular, we are interested in this chapter in planets whose orbits
can potentially be strongly inclined with respect to the disk midplane. Such
planets could in principle create a warp in the disk. A linear calculation by
Teyssandier et al. (2013) showed that the back-reaction of the planet on the
disk exterts only a small torque and can be neglected.

4.2.2 Disk nodal precession caused by a binary compan-
ion

The second effect studied in this chapter is the disk response to the per-
turbation from a binary star companion. We describe how the numerical ap-
proximation is constructed in Section 4.2.2.1, while an analytical validation is
performed in Section 4.2.2.2. Note that the approximation found here is only
appropriate for rigidly precessing disks perturbed by a wide binary companion.

4.2.2.1 Construction of a numerical approximation

Our purpose is to determine formulas for the evolution of the inclination
and longitude of the ascending node of the disk. The formulas deduced here
are consistent only if the disk maintains an uniform inclination. This condition
can be fulfilled when the disk self-gravity is considered (see Batygin et al., 2011,
and our Fig. 4.1). The formulas are expressed with respect to the initial plane
of the disk.

We followed the method of Batygin et al. (2011) based on Levison and
Morbidelli (2007). This method consists in splitting the disk in several massive
self-gravitating rings adjacent to one another, and modelling their interaction
using the classical Laplace-Lagrange secular theory. This assumes that the
disk is dominated by its self-gravity, as opposed to internal pressure forces (in
that case, see, e.g, Larwood et al., 1996; Zanazzi and Lai, 2018a). Note that
we suppose that the disk (and thus each individual ring) remains circular and
therefore rings do not overlap with each others, preventing orbital crossing (see
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Figure 4.1 – Time evolution of the inclination of the disk as a function of the
semi-major axis, for different disk masses (in the initial disk plane reference
frame). The color code refers to the different masses and the line type to
different times. The solid line stands for t=0.5 Myr, the dashed line for t=0.75
Myr and the dotted line for t=1 Myr. The inclination of the binary iB is fixed
to 60�.

Batygin et al., 2011).
The Hamiltonian of a given ring j is expressed by (see Murray and Dermott,

1999):

Hj � 1
2Bjji

2
j �

N�1̧

k�1,k�j
Bjkijik cospΩj�Ωkq (4.8)

with k being the indice of the different rings (note that we consider the binary
companion as the N�1-th ring), ik the inclination and Ωk the longitude of the
node of the k-th ring. The coefficients are given by

Bjj ��nj4
N�1̧

k�1,k�j

mk

mA�mj
αjkᾱjkb

p1q
3{2pαjkq (4.9)

Bjk � nj
4

mk

mA�mj
αjkᾱjkb

p1q
3{2pαjkq (4.10)

with nj the mean motion of j-th ring, mj the mass of the j-th ring, mA the
mass of the central star, and bp1q3{2 the Laplace coefficient of the first kind. Note
that ᾱjk is equal to αjk if the perturbation is external and to 1 otherwise. In
our model, the thickness of the disk is not considered. More information about
the modifications needed to take it into account can be found in Hahn (2003).

To simplify the resolution, Murray and Dermott (1999) proposed the fol-
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lowing change of coordinates

qj � ij cospΩjq
pj � ij sinpΩjq

(4.11)

and the Hamiltonian can then be rewritten

Hj � 1
2Bjj

�
p2
j � q2

j

�� N�1̧

k�1,k�j
Bjkppjpk� qjqkq. (4.12)

The evolution of the different rings is obtained by solving the Hamiltonian
equations. For a disk with a constant mass, an analytical solution can be
found in Murray and Dermott (1999) and Batygin et al. (2011). However, for a
decreasing mass model of the disk, as it is the case here, the use of the analytical
solution is inappropriate, since the matrix B evolves with time and should be
evaluated at each step, which is very time-consuming. For this reason, we
aimed to derive approximate formulas for the evolution of the disk inclination
and longitude of the ascending node when perturbed by a binary star.

To do so, we ran several simulations at constant disk mass. Our fiducial case
used as a point of comparison is a system with a binary star consisting of two
Sun-like stars with a separation of 1000 AU and an inclination with respect
to the initial plane of the disk iBp� iN�1q of 60�, a disk with a constant
mass of 10 MJup, an inner edge at 2 AU, an outer edge at 30 AU and a
disk surface density proportional to r�0.5. Firstly, we tested the influence
of the disk mass. Ten different masses for the disk were considered, namely
0,0.145,0.3,0.5,0.7,1,5,8,10,20 MJup

(1). Fig. 4.1 displays the state of the disk
at three different times (0.5, 0.75, and 1 Myr) for four different disk masses. We
used a division of the disk in 100 annuli. We also ran simulations with different
numbers of annuli between 20 and 1000 and obtained the same results. This
confirm that the number of annuli seems not to significantly impact the results,
as indicated in Batygin et al. (2011). When the disk is massive, there is no
visible influence of the disk mass on the evolution of the inclination and the
longitude of the ascending node and we conclude that for our chosen range of
parameters, self-gravity efficiently maintains rigid precession throughout the
disk. As seen in Batygin et al. (2011) and on Fig. 4.1, when the disk has
no mass, its rigidity is not preserved since there is no self-gravity to allow
communication between the different rings of the disk. Note that when the
disk mass is small, the disk has some non-uniform motion close to the inner
edge. Hydrodynamical effects (radial pressure force and viscous diffusion) that
were not considered here can help the disk to maintain the uniform motion as

(1). In our simulations, 0.145 MJup is the disk mass at which the disk is considered to be
fully dissipated.
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Figure 4.2 – Inclination of the mid-point ring of the disk as a function of time
for various inclinations of the binary companion iB . All the inclinations are
expressed with respect to the initial plane of the disk.

discussed for instance in Papaloizou and Terquem (1995) and Larwood et al.
(1996). From now, we will therefore consider the disk as having an uniform
motion and display all results for the ring that is at a radius half-way between
the inner and outer edges of the disk.

Secondly, we tested the influence of the inclination of the binary compan-
ion iB by considering four different values: 20, 40, 60, and 80�. We used a
constant disk mass model and carried on the evolution up to 5� 107 yr. We
show in Fig. 4.2 the time evolution of the inclination of the mid-point ring
of the disk. Since the disk precesses around the total angular momentum of
the system (which is very close to the binary angular momentum vector), the
disk inclination varies between 0 and twice the initial inclination of the binary
with respect to the initial disk plane. This explains why the inclination in
Fig. 4.2 follows the absolute value of a sinus with an amplitude equal to twice
the inclination of the binary companion (see Section 4.2.2.3 for details). Our
interpolated formula for the inclination of the disk with respect to the initial
plane of the disk id will therefore have the form

idptq � 2iB |sinp2πfdtq| , (4.13)

with fd the frequency of the sinusoidal function.
Thirdly, we run additional simulations with the longitude of the ascending

node of the binary companion ΩB set to 20, 40, 60, and 80�. We observe in
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Figure 4.3 – Longitude of the ascending node of the mid-point ring of the disk
as a function of time for various longitudes of the ascending node of the binary
companion.

Fig. 4.3 that the maximum value of Ωd is ΩB� π
2 in radians (2).

We also notice in Fig. 4.3 the linearly decreasing evolution of the longitude of
the ascending node of the disk with a period equal to the one of the inclination
of the disk. Our formula for the longitude of the ascending node of the disk in
the initial disk plane reference frame can therefore be written in the following
way:

Ωdptq � π

2 �ΩB�p2πfdt mod πq . (4.14)

The modulo represents the variation of 180� for the longitude of the ascending
node observed in Fig. 4.3. This restriction comes from the choice of the ref-
erence frame and is further detailed in Section 4.2.2.3. A more natural choice
of reference frame would be the plane of the binary companion, which almost
coincides with the invariant Laplace plane. However, the damping formulas
for the eccentricities and inclinations of the planets migrating in the disk from

(2). Note that this value can also be deduced from the expression of the mutual inclination
imut between the disk and the binary companion, rewritten as

Ωdptq � arccos
�

cospimutq� cospiBqcospidptqq
sinpidptqqsinpiBq



�ΩB

and evaluated at t� 0. Since, in t=0, we have id � 0, iB � imut and

lim
tÑ0

1� cospidptqq
sinpidptqq

� 0,

it can easily be shown that
lim
tÑ0

Ωdptq �
π

2
�ΩB .
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Table 4.1 – Parameters set for the determination of fd.

Parameters values
aB (AU) 500, 1000, 2000
Rin (AU) 0.1, 0.5, 2
Rout (AU) 20, 30, 40
mB (Md) 0.5, 1, 2

Bitsch et al. (2013) implemented in our N -body code have been designed for
the initial disk plane reference frame, which explains this choice.

We now need to determine the expression of the precession frequency fd. A
parametric study was carried out to investigate the influence on the frequency
fd of different parameters: the mass of the binary mB and the semi-major
axes of the binary aB , the inner edge Rin, and the outer edge Rout. The
values considered in the study are displayed in Table 4.1. Note that we did not
notice any impact of the inner edge of the disk on the frequency fd. From this
parametric study, we found that the best approximation for fd is given by

fd � 0.2145
�
Rout
1 AU


3{2� aB
1 AU

	�3
�
mB

1 Md



. (4.15)

As we will see in Section 4.2.2.2, this scaling with the different relevant quan-
tities is a consequence of the secular interactions and can also be derived ana-
lytically.

To test the precision of our approximate formulas, we show a comparison
of the evolution of the disk when using the Hamiltonian formulation (4.12)
and our approximation (4.13)-(4.14), in the case of an exponentially decreasing
disk mass. The following system parameters are considered for the simula-
tion: mA �mB � 1 Md, Rin � 2 AU, Rout � 30 AU, aB � 1000 AU, iB � 60�,
ΩB � 50�, an initial disk mass of 8 MJup, a disk surface profile density pro-
portional to r�0.5, and T0 � 2.8�105 yr. The evolution of the inclination and
the longitude of the ascending node of the disk is displayed in Fig. 4.4 (top
panels), with stars representing the formulation (4.12), while solid lines show
our approximation (4.13)-(4.14). The two models are in good agreement, as
shown by the relative error displayed in the bottom panel (relative error below
1% during the whole disk lifetime).

To summarize, in this section we numerically found formulas for the evo-
lution of the inclination (Eq. (4.13)) and longitude of the ascending node
(Eq. (4.14)) of a rigidly precessing disk perturbed by a distant binary com-
panion (expressed with respect to the initial plane of the disk).
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Figure 4.4 – Comparison between the interpolated formulas (4.13)-(4.14) (solid
line) and the numerical simulation of Hamiltonian (4.12) (stars) for the evo-
lution of a disk whose mass decreases exponentially and which is perturbed
by a wide binary companion. The top panel shows the inclination of the disk
while the middle panel shows the longitude of the ascending node. The relative
errors between the two formulations are displayed in the bottom panel.

4.2.2.2 Analytical validation of the precession frequency

The frequency obtained in Eq. (4.15) can also be derived analytically, and
thus provides a check of its validity. To do so, we assume that the disk can
be represented by a continuum of concentric circular annuli. It is useful to
introduce the complex inclinationW , such asW pr, tq � ipr, tqexppiΩq. The disk
is warped if i varies with radius, and twisted if Ω varies with radius. W relates
to the variables p and q of Eq. (4.11) as RepW q � q and ImpW q � p. Similarly,
we represent the binary star by its complex inclinationWB � iB exppiΩBq. The
disk extends from Rin to Rout. We assume that the disk surface density goes
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as
Σprq � Σ0

�
r

Rin


�p
(4.16)

and follows a Keplerian rotation around the central star of mass mA, with a
Keplerian frequency n.

A massive companion (in our case a binary star) exerts an external torque
onto the disk. If we consider the disk to be a continuum of annuli with radius
r, the secular interaction between each of these annuli and the binary star
companion is equivalent to that described by the Laplace-Lagrange theory as
seen in Section 4.2.2.1. The equation for an annulus of the disk is (Lubow and
Ogilvie, 2001):

Σr2n
BW
Bt � iGmBΣK pWB�W q. (4.17)

Here K is a symmetric function related to the well-known Laplace coefficients,
defined by

Kpr,r1q � rr1

4π

» 2π

0

cosϕ dϕ
pr2� r12�2rr1 cosϕq3{2

. (4.18)

One can show that
Kpr,aBq � 1

4aB

�
r

aB



b
p1q
3{2. (4.19)

At first order in r   aB , one has bp1q3{2 � 3r{aB .
In order to get the precession of the whole disk, we multiply Eq. (4.17) by

2πr and integrate over the radial extent of the disk. We assume that internal
physical processes, such as pressure and self-gravity, maintain the disk rigid
nodal precession, against the differential precession induced by the binary. In
other words,W does not depend on r. We have seen in the previous section how
self-gravity can provide a mean to maintain such coherence (see also Batygin
et al., 2011), and various authors (see, e.g., Larwood et al., 1996; Zanazzi and
Lai, 2018a) have explored how pressure-driven bending waves can have the
same effect. We also assume that the disk does not exert a back reaction onto
the binary, so that WB � 0 (since the reference plane here is the orbital plane
of the binary). For r   aB , we find that

9W ��i 34λ
�
Rout
aB


3
mB

mA
noutW, (4.20)

where nout is the Keplerian frequency at the outer edge of the disk, and we
have introduced

λ�
5
2 �p
4�p

1�η4�p

1�η5{2�p , (4.21)
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with η�Rin{Rout. For clarity, let us define the nodal precession frequency ωdb
as

ωdb � 3
4λ

mB

mA

�
Rout
aB


3
nout. (4.22)

This expression is the same as the one obtained by Zanazzi and Lai (2018b).
Then the first-order linear ODE rewrites

9W ��iωdbW. (4.23)

If the inclination of the disk at t � 0 is denoted by i0, its longitude of the
ascending node by Ω0, and therefore the initial complex inclination of the disk
by W0 � i0eiΩ0 , the solution of Eq. (4.23) is

W ptq � i0eipΩ0�ωdbtq. (4.24)

This implies that the inclination of the disk remains constant (since |W | � i0)
and the longitude of the ascending node of the disk precesses as

Ωptq � Ω0�ωdbt. (4.25)

For the parameters considered in the previous section, namely mA � 1 Md,
p � 0.5, Rin � 2 AU, and Rout � 30 AU, we find that ωdb � 2.7046, which we
can compare to the value of the numerical coefficient of Eq. (4.15): 2� 2π�
0.2145� 2.695. Note that the frequency has to be doubled since the sinus is in
absolute value and we also multiply by a factor 2π to make the link between the
ordinary frequency in Eq. (4.15) with the angular frequency from Eq. (4.22).
The agreement between the two values is very good. Note also that the influence
of Rin is somewhat limited in Eq. (4.22), which explains that we did not notice
a significant influence of Rin on the disk evolution in the numerical simulations
of Section 4.2.2.1.

4.2.2.3 Details about the change of coordinates between the orbital
plane of the binary and the initial plane of the disk

In Section 4.2.2.2, we analytically determined the evolution of the disk
inclination and longitude of the ascending node with respect to the orbital
plane of the binary. Here, we aim to explain the particularities highlighted in
the formulas (4.13) (i.e., the amplitude of the sinus function) and (4.14) (i.e.,
the modulo π) of Section 4.2.2.1 regarding the evolution of the disk with respect
to the initial disk plane reference frame.

The direction of the angular momentum of the disk can be expressed in
the binary companion orbital plane reference frame as (Murray and Dermott,
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1999): �
�sin isinΩptq

sin icosΩptq
cos i

�
, (4.26)

with i the inclination of the disk and Ω the longitude of the ascending node
of the disk. Remember that the inclination is constant in this reference frame.
Since our purpose is to express the angles with respect to the initial plane of
the disk, we first apply a rotation around the z-axis with an angle equivalent
to the initial longitude of the ascending node Ω0 and then a rotation around
the x-axis with the inclination i� i0. We find�

� sin idptqsinΩdptq
�sin idptqcosΩdptq

cos idptq

�
�

�
�1 0 0

0 cos i �sin i
0 sin i cos i

�


�
� cosΩ0 sinΩ0 0
�sinΩ0 cosΩ0 0

0 0 1

�

�
� sin isinΩptq
�sin icosΩptq

cos i

�
,

(4.27)

with idptq and Ωdptq the inclination and longitude of the ascending node of the
disk, respectively, with respect to the initial plane of the disk. Using Eq. (4.25)
and some trigonometrical identities, we obtain�
� sin idptqsinΩdptq
�sin idptqcosΩdptq

cos idptq

�
�

�
� sin isinpωdbtq

�cos isin i r1� cospωdbtqs
1
2 r1� cosp2iq�p1� cosp2iqqcospωdbtqs

�
 (4.28)

The last component of the disk angular momentum vector ranges from cosp2iq
to 1, which explains the amplitude for idptq of 2iB found in Eq. (4.13). Consid-
ering that the inclination idptq varies between 0 and π and since the expression
of the second component of the vector is constant in sign, the variation of Ωdptq
takes place on an interval of length π instead of 2π.

For the sake of completeness, the evolution of the disk in the initial disk
plane reference frame, similar to the one of Eqs. (4.13)-(4.14), is then given by$'&

'%
idptq � arccos

�
1
2 r1� cosp2iBq�p1� cosp2iBqqcospωdbtqs



Ωdptq � arctan2psinpωdbtq,cos iB r1� cospωdbtqsq�ΩB .

(4.29)

4.3 Simulations
In this section, we study the influence of the two additional effects described

in the previous section, namely the disk gravitational potential (hereafter, GP)



82 Chapter 4. Planetary migration in precessing disks

Table 4.2 – Initial parameters for the simulations. The orbital elements are
expressed with respect to the initial plane of the disk.

Central star Planet Binary companion
mass 1 Md U r1;5s MJup 1 Md

a (AU) 20 1000
e U r0.001;0.01s 10�3, 0.1, 0.3, 0.5
i (�) U r0.01;0.1s 10�3, 10, 20, 30, 40,

50, 60, 70
Ω (�) 10�3 10�3

ω (�) U r0;360s 10�3

M (�) 10�3 10�3

and the disk nodal precession caused by a binary companion (hereafter, NP),
on the evolution of a migrating giant planet in a S-type binary system. This
chapter pursues the study of the previous one, where such effects were not
considered.

4.3.1 Parameter set-up
In this chapter, we carried out 3200 numerical simulations of the evolution

of a single giant planet migrating in a S-type wide binary system. The study is
carried out with the symplectic N -body code adapted for a migrating planet in
binary star systems presented in Chapter 2 and already used in Chapter 3. As
in the previous section, the wide binary companion is located at a distance of
1000 AU. Regarding the disk parameters, we fix the disk inner edge to 0.05 AU,
the outer edge to 30 AU, and the surface profile density proportional to r�0.5.
The disk mass at t� 0 is fixed here to 8MJup and T0 � 2.8�105 yr, which cor-
responds to a disk dispersal time of � 1 Myr (Mamajek, 2009). Table 4.2 sum-
marizes the mass and orbital parameters considered for the two stars and the
giant planet. For the binary companion, we used 8 different inclinations rang-
ing from nearly 0� to 70�, as well as 4 different eccentricities (10�3,0.1,0.3, and
0.5). For each combination of eccentricity and inclination values of the binary
companion, we randomly drew 100 different initial conditions for the planet by
considering uniform distribution for the planetary mass (m � U r1;5s MJup),
eccentricity (e� U r0.001;0.01s), inclination (i� U r0.01�;0.1�s), and argument
of the pericenter (ω � U r0�;360�s).

The 3200 simulations were run with and without the GP and NP effects,
for comparison. The systems were followed for 5�108 yr, with a time step of
5�10�3 yr during the disk phase and 10�2 yr after the dissipation of the disk.
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4.3.2 Typical example
We first present a typical example of the evolution of a migrating giant

planet perturbated by a wide binary companion on an eccentric (0.3) and in-
clined (40�) orbit. Fig. 4.5 displays the time evolution of the orbital elements
of the planet during the disk phase for four different models: when the GP and
NP are both included (blue curves), when the GP only is included (red curves),
when the NP only is included (black curves), and finally when the GP and NP
are not considered (cyan curves).

While the planetary semi-major axis decreases due to the Type-II migration,
the GP acting on the migrating planet tends to excite the planetary eccentricity
and thus compete with the eccentricity damping associated with the Type-II
migration. We can easily observe the gradual lowering of the damping effect
associated to the decrease of the disk mass. Regarding the inclination of the
planet, when both the GP and NP effects are present (blue curves), the planet
closely follows the evolution of the disk, whose inclination and nodal precession
computed from Eqs. (4.13)-(4.14) are indicated in Fig. 4.5 with magenta curves.
The mutual inclination between the planet and the disk is also shown in the
bottom panel and confirms that the planet stays in the disk during the whole
disk phase when both effects are considered. Whith NP only included (black
curve), the disk and the planet are gravitationally decoupled and precess at
different rates in the binary plane.

In Fig. 4.6, the same system evolution is shown in the invariant Laplace
plane. In this reference plane, the Lidov-Kozai resonance can be easily identi-
fied from the libration of the planetary argument of the pericenter. We observe
that, when the GP is not considered, the argument of the pericenter rapidly
librates around 90�, which indicates a capture of the planet in a Lidov-Kozai
resonant state with the binary companion. On the contrary, the GP prevents
the planet to be locked into the Lidov-Kozai resonance during the disk phase.
This example clearly shows that GP is the dominant effect acting on the dynam-
ics of a migrating planet when compared to the nodal precession, as previously
envisioned in the discussion of Roisin and Libert (2021).

4.3.3 Results
We now study the final parameters distribution of the 3200 simulations

carried out in this chapter. In particular, to further study the GP and NP
effects, we are interested in the planetary orbital values at the dispersal of the
disk. In Fig. 4.7, we report the inclination of the planet at the dissipation
of the disk with respect to the initial inclination of the binary companion,
with circle symbol indicating inclinations in the initial disk plane reference
frame. As previously, the blue color refers to simulations with GP and NP,
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Figure 4.5 – Typical evolution of a migrating giant planet in the presence
of a distant binary companion when GP and NP effects are considered (blue
curve). All elements are measured with respect to the initial disk plane. The
cyan curves present the system evolving without GP/NP, the red curves with
GP only, and the black lines with NP only. The magenta lines represent the
disk evolution predicted through the formulas (4.13)-(4.14). Initial parameters
are eB � 0.3, iB � 40�, m� 1.53 MJup, and ω � 188�.
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Figure 4.6 – Same as Fig. 4.5, but with respect to the invariant Laplace plane.



86 Chapter 4. Planetary migration in precessing disks

Figure 4.7 – Planetary inclination versus inclination of the binary companion,
at the dispersal of the disk. The blue (cyan) color refers to simulations with
(without) GP/NP. The circle symbol refers to inclinations in the initial disk
plane, and the star symbol in the invariant Laplace plane.

the cyan color to simulations without the two effects, and the magenta line
to the disk inclination expected at the dissipation of the disk according to
Eq. (4.13). We observe that almost all the planets follow this line when the
GP and NP are included, which means that for all the initial parameters of
the planet and the binary companion considered, the planet always stays in
the disk during the disk phase, as also observed for the typical evolution in the
previous section. Using star symbol, we report the inclinations with respect to
the invariant Laplace plane. The black dashed line indicates when the planetary
and binary inclinations in the Laplace plane are equal, highlighting the systems
for which the mutual inclination stays almost constant during the disk phase,
since most of the total angular momentum of the system is due to the binary
companion. For simulations including GP and NP, we observe a small deviation
from the black dashed line for highly inclined binary companions. This is due
to the limitation of the Laplace-Lagrange theory used in Section 4.2.2.1 for
high inclinations (see the discussion in the supplementary material of Batygin
(2012) for more details).

A particular attention was also given to the Lidov-Kozai resonance. In
Chapter 3, it was shown that the capture of the migrating planet in a Lidov-
Kozai resonant state is far of being automatic when the binary companion is
highly inclined. We first studied the percentage of systems ending up in a
Lidov-Kozai resonance state (at the end of the simulation, i.e. 5�108 yr), for
the different inclinations of the binary companion. The results are gathered in
Table 4.3. The higher the inclination of the binary companion, the higher the
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Table 4.3 – Percentages of the systems ending up in a Lidov-Kozai resonant
state, for the different inclinations of the binary companion iB .

iB (�) Without GP/NP (%) With GP/NP (%)
¤ 30 0 0
40 4.5 2.75
50 41.5 28.75
60 22.25 37.5
70 17.5 30.25

Figure 4.8 – Normalized distribution of the pericenter argument of the planet
(in the invariant Laplace plane reference frame) at the dispersal of the disk, for
the simulations without GP/NP (left panel) and with GP/NP (right panel).

probability of capture in a Lidov-Kozai resonance state. Note that a planet
is considered here as locked in a Lidov-Kozai resonance if its argument of the
pericenter librates, in the Laplace reference frame, around 90� or 270� for at
least three secular periods.

To further analyse the impact of the disk phase on the capture into a Lidov-
Kozai resonance, we also focused on the values of the planet argument of peri-
center at the dispersal of the disk. In Fig. 4.8, we show the distribution of the
pericenter argument of the planet (in the invariant Laplace plane) at the end
of the disk phase, when considering the GP and NP effects (right panel) or not
(left panel). The red color indicates that the planets are in a Lidov-Kozai reso-
nant state at the end of the simulation. While accumulations of the pericenter
argument around 90� and 270� during the disk phase are clearly visible with-
out the GP and NP effects, these accumulations disappear when considering
the two effects. As previously illustrated with the typical evolution shown in
Fig. 4.5, it is the GP effect of the disk acting on the planet that suppresses the
Lidov-Kozai oscillations induced by the binary companion. The same result



88 Chapter 4. Planetary migration in precessing disks

Figure 4.9 – Pericenter argument of the planet at the dispersal of the disk versus
initial pericenter argument (in the invariant Laplace plane reference frame), for
the simulations without GP/NP (left panel) and with GP/NP (right panel).

can be observed in Fig. 4.9 where the pericenter argument of the planet at
the dispersal of the disk is represented as a function of the initial pericenter
argument value (in the invariant Laplace plane). On the left panel, when the
GP and NP are not included in the simulations, we observe the accumulation
to values close to 90� and 270�, typical of the Lidov-Kozai resonance, during
the disk phase. This particular shape completely disappears on the right panel
where the GP and NP effects of the disk are present.

Once the disk has lost its whole mass, it becomes possible for the planet
to fully undergo Lidov-Kozai oscillations driven by the binary, without those
being quenched by the disk GP. In Fig. 4.10, we show the inclination of the
planet with respect to the argument of its pericenter (in the invariant Laplace
plane), at the end of the simulation (i.e., 5� 108 yr). We see that although
the GP and NP effects were considered during the disk phase, the arc-shape
curves previously observed in Chapter 3 and associated to the libration islands
around the Lidov-Kozai equilibria are still present. As also shown in Table 4.3,
there are even slightly more planets evolving in the Lidov-Kozai resonance at
the end of the simulations when the GP and NP effects are considered during
the disk phase.

4.4 Conclusions
In this chapter, we aimed to study the evolution of a planet migrating in

the disk in the presence of a wide binary companion. To do so, we derived
new formulas of the evolution of a mass-decreasing disk under the influence
of a wide binary companion in the initial disk plane reference frame. These
formulas were obtained by splitting the disk in several massive rings adjacent to
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Figure 4.10 – Inclination of the planet as a function of the argument of the
pericenter (in the invariant Laplace plane reference frame), at the end of the
simulation (5�108 yr).

one another and evolving with the classical Laplace-Lagrange secular theory.
We implemented this evolution in the N -body code presented in Chapter 3
consisting in an adaptation of the well-known symplectic integrator SyMBA
to wide binary systems and including the Type-II migration and eccentricity
and inclination damping due to the disk. In this chapter, we also added the
influence of the gravitational potential of the disk. Using this new code, we
were able to accurately modelize the disk nodal precession around the binary,
as well as take into account the gravitational force that the disk exerts on the
planet.

We observed that, while the nodal precession has a limited influence on the
evolution of a giant planet migrating in a disk, the gravitational potential plays
an important role in its evolution. In particular, it acts to keep the planet in
the disk and suppress the effect of the Lidov-Kozai resonance induced by the
binary companion during the disk phase. Regarding the establishment of the
Lidov-Kozai resonance after the disk phase, one third of the planets with a
highly inclined binary companion ended up locked in a Lidov-Kozai resonant
state, that is roughly the same percentage as in Chapter 3, where the disk
gravitational potential acting on the planet and the nodal precession induced
by the binary companion on the disk were not considered.

Finally, it is interesting to stress that, even for slightly inclined binary com-
panions, a misalignment between the disk and the spin axis of the primary star
is observed, due to the nodal precession induced by the binary companion (see
Fig. 4.2). Crida and Batygin (2014) highlighted that the observed distribu-
tion of the spin-orbit angles for the hot Jupiters could be explained by giant
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planet migration in a disk possibly torqued by a binary companion. Lai (2014)
also predicted that a primordial spin-orbit misalignment could be generated
between a planet and its parent star in S-type binaries, although their model
did not include a planet. Here we are able to confirm their prediction: since
the gravitational potential and damping effect of the disk act to maintain the
planet in the disk orbital plane during the disk-induced migration phase, a
primordial spin-orbit misalignment could also be generated for circumprimary
planets with an inclined binary companion. A comparison with observations
would be interesting as a future work.
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Chapter 5
Resonance captures in binary star
systems

5.1 Introduction
In this chapter, we aim to study the influence of a binary companion on the

resonance capture of two migrating giant planets in the Type-II regime. To do
so, we use the symplectic integrator for S-type planets in binary stars presented
in Chapter 2 and which includes the Type-II migration of giant planets during
the protoplanetary disk phase with suitable eccentricity and inclination damp-
ing as well as the gravitational potential acting on the planets due to the disk
and the nodal precession of the disk induced by the binary companion, as de-
scribed in the previous chapter. This time we focus on two-planet systems and
the parts of the code dealing with planetary close encounters (Section 2.1.5.1)
and the gravitational interaction between the planets (first term of Eq. (2.41))
are now included.

We first run a set of 3200 simulations considering various initial positions
for the two planets embedded in the protoplanetary disk as well as various
eccentricities and inclinations for the binary companion. In a second phase,
we study more deeply the Lidov-Kozai resonance effect by varying the distance
of the binary companion, leading to 6400 new simulations. We pursue all the
simulations well after the dispersal of the disk as in the previous chapters to
also study the long-term dynamics of the system.

The chapter is organized as follows. Section 5.2 describes the set-up of
the simulations, several typical planetary evolutions observed in this work, and
the parameter distributions found at the end of the simulations. A parametric
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Table 5.1 – Initial parameters for the simulations. The orbital elements are
expressed with respect to the initial plane of the disk.

Central Inner planet Outer planet Binary companion
star

mass 1 Md U r1;5s MJup U r1;5s MJup 1 Md

a (AU) U r5,7s U r12,21s 1000
e U r0.001;0.01s U r0.001;0.01s 10�3, 0.1, 0.3, 0.5
i (�) U r0.01;0.1s U r0.01;0.1s 10�3, 10, 20, 30, 40,

50, 60, 70
Ω (�) U r0,360s U r0,360s U r0,360s
ω (�) U r0,360s U r0,360s U r0,360s
M (�) U r0,360s U r0,360s U r0,360s

study of the impact of the binary companion is achieved in Section 5.3. In
Section 5.4, we compare the results obtain in this chapter with the observational
data of S-type planets. Finally our conclusions are given in Section 5.5.

5.2 Wide binary stars
In this section, we describe the 3200 simulations carried out to study the

influence of a wide binary companion on the evolution of two giant S-type
planets migrating in the disk. This study extends the one performed in the
previous chapter by focusing this time on two-planet systems and in particular
on the resonance capture between the two planets during the protoplanetary
disk phase.

5.2.1 Simulation set-up
For the numerical simulations, we adopted the same mass, semi-major axis,

eccentricities and inclinations for the binary companion as in Chapter 4. They
are recalled in Table 5.1. Two giant planets with various masses and initial
locations are considered. The semi-major axes of the planets are chosen ran-
domly between 5 and 7 AU for the inner planet and between 12 and 21 AU for
the outer planet, in order to allow different mean motion resonance captures
during the migration. The closest initial location of the two planets is beyond
the 2:1 resonance (p12{7q3{2 � 2.24), while the furthest one is beyond the 8:1
resonance (p21{5q3{2 � 8.61). The masses, eccentricities, inclinations and ar-
guments of the pericenters of the planets are chosen in the same ranges as in
the single planet case. All the other angles are chosen randomly, as shown in
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Table 5.1. For each combination of the fixed parameters of the binary compan-
ion, we drew 100 different system configurations from the random parameters.
Note that in the following, subscripts 1 and 2 refer to the inner planet and
outer planet, respectively.

Following, e.g., Libert and Tsiganis (2011a); Teyssandier and Terquem
(2014), and Sotiriadis et al. (2017), we apply an inward migration to the outer
planet only (this approach favors convergent migration), while the eccentricity
and inclination damping due to the disk is applied on both planets. For the
integration, we used a time step of 0.005 yr for the disk phase and 0.01 yr for
the dynamical evolution after the dispersal of the disk. The simulations were
carried out for 100 Myr.

5.2.2 Typical examples
We start by presenting some typical evolutions observed in the simulations.

For each system, we will first focus our attention on the disk phase and then
switch to the long-term dynamical evolution after the dispersal of the disk.

For the first system presented in Fig. 5.1, we observe that the outer planet
(red color) migrates inward (decrease of the semi-major axis) and is captured at
about 0.25 Myr in a mean motion resonance (hereafter, MMR) with the inner
planet (green color). The ratio between the periods of the two planets indicates
the 2:1 MMR, which is confirmed by the libration of both resonant angles
θ1 � 2λ2�λ1�$1 and θ2 � 2λ2�λ1�$2, with λ� ω�Ω�M and $ � ω�Ω
being the mean longitude and the longitude of the pericenter, respectively. Due
to the capture in MMR, the eccentricity of the inner planet increases while the
outer planet is kept on a circular orbit due to its higher mass. The increase
in eccentricities is limited due to the eccentricity damping by the disk. The
mutual inclination between the planets also slightly increases and is rapidly
damped by the disk. As observed in Chapter 4, we see that the disk keeps the
planets inside of itself during the whole disk phase.

The dynamical evolution of the system after the dispersal of the disk is pre-
sented in Fig. 5.2. We observe that the MMR is preserved during the long-term
evolution. No evidence of a Lidov-Kozai resonance with the highly inclined
binary companion is observed (in particular no libration of the pericenter argu-
ments around 90� or 270�). This is due to the strong gravitational interaction
between the planets, as we will show later in the chapter.

We also notice the linear evolution of the longitude of the ascending node
which, coupled with the conservation of the inclinations, corresponds to the
nodal precession of the planets due to the binary companion, as observed in
Chapter 4 for the disk precession due to the binary companion. The nodal
precession of the planets can also be easily observed in the initial disk plane
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Figure 5.1 – Typical evolution during the disk phase of a system of two giant
planets (in the Laplace plane reference frame). The initial parameters (with
respect to the disk plane) are eB � 10�3 and iB � 50� for the binary companion
and a1 � 6.7 AU, m1 � 1.44 MJup, a2 � 18.9 AU, and m2 � 3.55 MJup for the
planets.
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Figure 5.2 – Dynamical evolution of the system presented on Fig. 5.1 after the
dispersal of the disk (in the Laplace plane reference frame).
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Figure 5.3 – Same inclination evolution as in Fig. 5.2, in the initial disk plane
reference frame.

reference frame (Fig. 5.3). We note that the period of the precession is differ-
ent for the disk and the planets as it can be deduced from the break in the
inclination curves at the dissipation of the disk in Fig. 5.3. While an inclina-
tion variation between 0 and 2iB is present as expected, we observe that the
evolution of the longitude of the ascending node is not linear.

A second system is presented in Fig. 5.4. We observe a behavior similar
to the one of the previous system. However, in this case, the eccentricities
of both planets increase after the capture in MMR due to their comparable
masses. After the disk phase, a scattering event rapidly occurs leading to the
ejection of the outer planet. The remaining planet has a behavior similar to
the one presented in Chapter 3 for one-planet systems and could potentially be
captured in a Lidov-Kozai resonance with the binary companion, as it is the
case for the system in Fig. 5.5.

In some cases, the destabilization of the system is observed during the disk
phase, as illustrated in Fig. 5.6. At about 0.25 Myr, while the planets evolve
in the 3:1 MMR and continue to migrate, a scattering event occurs. The
outer planet is scattered to a larger separation and does not evolve in the disk
anymore. The evolution of the planets becomes chaotic, as shown in Fig. 5.7.
The planets alternate between Lidov-Kozai resonance states and non-resonant
evolutions (see the evolution of the arguments of pericenter of both planets),
until the ejection of the two planets at � 6 Myr.

5.2.3 Parameter distributions
We will now study the system configurations at the dispersal of the disk and

at the end of the simulation for the 3200 simulations performed in this work.
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Figure 5.4 – Typical evolution (in the Laplace plane reference frame) of a system
of two giant planets experiencing a chaotic evolution after the disk phase (see
Fig. 5.5). The initial parameters (with respect to the disk plane) are eB � 0.5
and iB � 50� for the binary companion and a1 � 5.7 AU, m1 � 2.77 MJup,
a2 � 18.15 AU, and m2 � 2.99 MJup for the planets.
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Figure 5.5 – Dynamical evolution of the system presented in Fig. 5.4 after the
dispersal of the disk (in the Laplace plane reference frame).
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Figure 5.6 – Typical evolution (in the Laplace plane reference frame) of a system
of two giant planets experiencing a destabilization during the disk phase. The
initial parameters (with respect to the disk plane) are eB � 0.1 and iB � 50�
for the binary companion and a1 � 6 AU, m1 � 4.11 MJup, a2 � 12.74 AU, and
m2 � 3.47 MJup for the planets.



102 Chapter 5. Resonance captures in binary star systems

Figure 5.7 – Dynamical evolution of the system presented in Fig. 5.6 after the
dispersal of the disk (in the Laplace plane reference frame).



5.2. Wide binary stars 103

Figure 5.8 – Period ratio distribution of the systems at the dispersal of the
disk (left panel) and at the end of the simulation (right panel). The color code
refers to the presence of a binary companion and to its inclination value for the
systems with a companion.

To further understand the results, we split the simulations in two sets: the
systems for which the inclination of the binary companion is strictly below 40�
and the ones for which the binary companion is highly inclined (iB ¥ 40�). Let
us note that we also run the 3200 simulations without the binary companion
for comparison.

We first look at the period ratios between the planets to study the MMR
captures. We observe in Fig. 5.8 that the two prevalent MMRs seem to be the
2:1 MMR followed by the 3:1 MMR. Several systems seem also trapped in the
5:2 MMR. We also see that the systems with a binary companion (blue and
orange curves) tend to be more captured in the 2:1 MMR and less captured in
the 3:1 MMR, compared with the systems without a binary companion (yellow
curve). As expected, a higher prevalence of first order MMRs is observed due to
the gravitational perturbation of the binary companion during the migration.
We do not observe any significant influence of the inclination of the binary
companion since the histogram for systems with a highly inclined companion
(blue curve) looks similar to the one with a less inclined companion (orange
curve). Comparing the left and right panels showing the distributions at the
dispersal of the disk and at the end of the simulation, respectively, leads us to
the conclusion that the systems captured in a MMR stay trapped for a long
time (100 Myr in this case), even under the influence of the binary compan-
ion. This shows that in the case investigated here, chaotic evolutions after
the disk phase are rather limited in two-planet resonant systems. To confirm
the previous results, we studied the evolution of the resonant angles for each
system. Practically, the planets are considered as trapped in a MMR if at least
one of the resonant angles librates with an amplitude of maximum 270� during
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Table 5.2 – Percentages of the different system configurations at the dissipation
of the disk.

Final systems MMR Binary Binary No binary
(iB ¥ 40�) (iB   40�)

2 planets 2:1 53.37 53.87 49.7
3:1 28.56 27.87 34.4
5:2 0.68 0.63 1.16

other MMR 0.15 0.25 1.58
no MMR 14.5 14.88 10.66

1 planet 2.43 2.5 2.34
no planet 0.31 0 0.16

the 0.2 Myr before the time considered, namely the dissipation of the disk or
the end of the simulation. The results on the MMR captures are gathered in
Tables 5.2 and 5.3. In Table 5.2, we observe, as previously deduced from the
period ratios, that, at the dispersal of the disk, there are more systems trapped
in the 2:1 MMR for systems with a binary companion (53.6% against 49.7%)
while it is the contrary for the 3:1 MMR (28.2% against 34.4%) and the 5:2
MMR (0.6% against 1.2%). We also note that there are less systems trapped in
a MMR with a binary companion than without (14.7% againt 10.7%). Let us
note that the same percentage of planetary ejections is observed for single star
systems and binary star systems. In Table 5.3, we note that the different pro-
portions about the MMR captures observed previously are maintained at the
end of the simulations. However, the percentages of final one-planet systems
have increased, in particular for binary star systems due to chaotic events oc-
curring after the dispersal of the disk. Examples of chaotic evolution after the
disk phase have been shown in Fig. 5.5 and 5.7. Most probably, the two-planet
systems are in stable configurations at the end of the simulations. A thorough
study of the stability of these systems is left for future work. Note that we do
not observe significant differences in Table 5.3 between systems with a highly
inclined binary companion and those with a less inclined companion.

The eccentricity distribution of the different systems is shown in Fig. 5.9.
We observe that the single star systems tend to have higher eccentricities (or-
ange and blue curves above the yellow curve for eccentricities below 0.25 while
the yellow curve is above the two others for higher values). This observation
is coherent with the percentages of resonance captures. Indeed, resonance cap-
tures are generally followed by an increase of the planetary eccentricities (see
the examples of Section 5.2.2). Since the single star systems are more likely to
be trapped in a MMR, these systems present higher eccentricities. Again, the
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Table 5.3 – Percentages of the different system configurations at the end of the
simulation

Final systems MMR Binary Binary No binary
(iB ¥ 40�) (iB   40�)

2 planets 2:1 53.44 54.06 49.8
3:1 26.63 25 33.03
5:2 0.56 0.25 0.72

other MMR 0.12 0.26 1.65
no MMR 12.81 13 9.78

1 planet 6.06 7.43 4.9
no planet 0.38 0 0.16

Figure 5.9 – Eccentricity distribution of the systems at the dispersal of the disk
(left panel) and at the end of the simulation (right panel).

similar profile between the curves on the left panel (at the dispersal of the disk)
and on the right panel (at the end of the simulation) leads us to say that the
binary companion has a limited influence on the system even after the dispersal
of the disk, in the case investigated here.

In Fig. 5.10, we show the distribution of the mutual inclination between
the planets. We observe mutual inclination values slightly higher for systems
including a binary companion. However, most of the mutual inclinations are
below 5�. Only 3% of the systems have a mutual inclination above 5� in binary
star systems. Again, we could expect an influence of the binary companion
leading to a significant increase of the mutual inclinations. It is not the case
here even after the dispersal of the disk since the right panel looks similar to the
left one. We also do not notice an influence of the inclination of the binary com-
panion since the blue histogram is similar to the orange one. The distribution
in mutual inclination is consistent with the eccentricity distribution in Fig 5.9.
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Figure 5.10 – Distribution of the mutual inclination between the two planets
at the dispersal of the disk (left panel) and at the end of the simulation (right
panel).

It has been reported that while inclination-type resonance mainly operates for
large eccentricities (Thommes and Lissauer, 2003; Libert and Tsiganis, 2009b;
Teyssandier and Terquem, 2014; Sotiriadis and Libert, 2020), inclination exci-
tation can also be present at small to moderate eccentricities in systems with
more than two planets (Libert et al., 2018). This mechanism could also explain
the mutual inclinations above 5� observed in Fig. 5.10. An example of a highly
mutually inclined system is shown in Fig. 5.11. We first observe a temporary
capture in a 3:1 MMR, before a second capture in a 5:2 MMR. The eccentrici-
ties increase to moderate values and the inclinations suddenly grow at 9�105

yr. It seems that the system at this time enters an inclination-type resonance
increasing the mutual inclination of the planets. To understand better the in-
clination increase, we display at the bottom panel of Fig. 5.11 the evolution of
the angle θi21 � 5λ2� 2λ1�$1� 2Ω1 and the evolution of the inclination (in
logarithmic scale). We see that the inclination increases in correlation with the
libration of the inclination-type resonant angle θi21 .

To further analyze the influence of the binary companion, in particular the
Lidov-Kozai mechanism, we now focus on the pericenter argument of the plan-
ets. Fig. 5.12 displays the pericenter argument distributions at the dissipation
of the disk (left panel) and at the end of the simulation (right panel). We do
not notice any specific pattern associated to the Lidov-Kozai resonance (i.e.
accumulations around 90 or 270�). The graph in the left panel is similar to the
right panel of Fig. 4.8 in which the Lidov-Kozai resonance was suppressed by
the gravitational effect of the disk. Regarding the evolution after the disk phase
(right panel of Fig. 5.12), the gravitational interaction between the two planets
seems to overcome the effect of the binary companion and the establishment
of a Lidov-Kozai resonant evolution in highly inclined binary systems. We will
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Figure 5.11 – Typical evolution (in the Laplace plane reference frame) of a
system of two giant planets experiencing an inclination-type resonance during
the disk phase. The initial parameters (with respect to the disk plane) are
eB � 0.5 and iB � 0.001� for the binary companion and a1 � 6.86 AU, m1 �
1.64 MJup, a2 � 17.1 AU, and m2 � 3.79 MJup for the planets.
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Figure 5.12 – Pericenter argument distribution for the systems at the dispersal
of the disk (left panel) and at the end of the simulation (right panel). The
pericenter arguments are given in the Laplace plane reference frame.

Figure 5.13 – Distribution of the mutual inclination between the planets and
the disk at the dispersal of the disk.

further study this observation in the next section. Note that we also numeri-
cally investigated the libration of the pericenter arguments in the same way as
in the two previous chapters and observed that only the systems suffering from
an ejection possibly ended with a planet locked in the Lidov-Kozai resonance.

Fig. 5.13 presents the mutual inclination between the planet and the disk at
the dispersal of the disk. As observed in the previous section, the disk almost
keeps the planets in itself during the disk phase thanks to the gravitational
potential of the disk and the disk inclination damping. We note that the
planets tend to be slightly more misaligned with respect to the disk in systems
with a binary companion but this misalignment is not significant (less than 4�).
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Figure 5.14 – Inclination distribution at the dissipation of the disk (left panel)
and at the end of the simulation (right panel). The inclinations are given in
the initial disk plane reference frame.

In Fig. 5.14, we display the planetary inclinations with respect to the initial
plane of the disk. We observe in the left panel displaying the inclinations at the
dispersal of the disk, that for binary star systems the planetary inclinations are
proportional to the inclination of the binary companion. This is coherent with
the precession of the disk due to the binary companion, which induces a periodic
variation with an amplitude equal to 2iB (see Fig. 4.2 of Chapter 4). Since
the planets tend to stay coupled with the disk as seen in Fig. 5.13, they follow
the nodal precession of the disk, which explains the inclination distribution in
the left panel of Fig. 5.14. On the right panel, we observe that the inclination
is amplified during the dynamical phase. This is a consequence of the nodal
precession induced by the binary companion acting this time on the coupled
planets, as observed in Fig. 5.3. Remark that this precession has the same
amplitude as the one of the disk induced by the binary companion calculated
in the previous chapter. Note also that the nodal frequency depends on the
orbital parameters of the planets leading to a more uniform spread than in
the left panel. Moreover, on the right panel, we observe that the normalized
frequencies decrease with the inclination. This effect comes from the amplitude
of the nodal precession. Indeed, we have 400 systems for each inclination of the
binary, whose planetary inclinations are uniformly spread between 0 and 2iB ,
leading to an accumulation around the smallest values. The nodal precession
induced by the binary companion thus creates a misalignment between the spin
axis of the primary star and the angular momentum of the planets.
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5.3 Importance of the Lidov-Kozai effect for two-
planet systems

In this section, we study more precisely the articulation between the Lidov-
Kozai effects caused by the binary companion and the gravitational interaction
between the two giant planets.

5.3.1 State of the art
It has been shown that all effects inducing a precession of the pericenter of a

planet faster than the one induced by the Lidov-Kozai resonance act to suppress
it. It is the case with, e.g., general relativity, tidal and rotational bulges or,
as here, gravitational interaction with another planet (Wu and Murray, 2003;
Fabrycky and Tremaine, 2007; Takeda et al., 2008). The timescale associated to
the Lidov-Kozai resonance with a binary companion, τLK, can be approximated
by (Kiseleva et al., 1998)

τLK � 2
3π

P 2
B

P
p1�e2

Bq3{2
mA�m�mB

mB
, (5.1)

where PB and P are the orbital period of the binary companion and the planet,
respectively, eB the eccentricity of the binary, and mA and m the mass of the
primary star and the planet, respectively. The timescale of the pericenter pre-
cession induced by the gravitational interaction between two planets, denoted
τpl, is more tricky but can be approximated under some assumptions as shown
by Takeda et al. (2008). By using the Laplace-Lagrange secular theory, the
timescale can be approximated by means of the eigenvalues of the following
matrix (Murray and Dermott, 1999; Takeda et al., 2008) :

A�
�

c1 �c0c1
�c0c2 c2
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4n1

m2
mA�m1

α2b
p1q
3{2 pαq

c2 � 1
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p1q
3{2 pαq ,

(5.3)

where bp1q3{2pαq and b
p2q
3{2pαq are the Laplace coefficient of the first and second

kind, respectively, α� a1
a2
, and nj the planetary mean motions (j � 1,2). The
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Figure 5.15 – Timescale of the pericenter precession due to the gravitational
interaction between the planets versus the Lidov-Kozai timescale due to the
binary companion. The green and red colors refer to the inner planet and
outer planet, respectively.

expressions of the eigenvalues are (Zhou and Sun, 2003):

g� � 1
2

�
c1� c2�

b
pc1� c2q2�4c20c1c2



(5.4)

g� � 1
2

�
c1� c2�

b
pc1� c2q2�4c20c1c2



. (5.5)

The timescale of the pericenter precession τpl for each planet is thus given
by 2π{g� and 2π{g� with the highest value associated with the most massive
planet. This approximation is accurate under the condition presented in Takeda
et al. (2008) :

α

1�3q
?
α{bp1q3{2pαq

! 1 (5.6)

with q �m2{m1. In our work, the condition is not always fulfilled but even
when it is not the case, the formula will anyway give us an indication about
the order of magnitude of the precession timescale.

The timescales discussed here are shown in Fig. 5.15 for the 3200 simulations
of the previous section with the system parameters at the dispersal of the disk.
As previously observed, for nearly all the systems, the Lidov-Kozai timescale
is much longer than the timescale associated with the gravitational interaction
between the planets, which explains that the influence of the binary is very
limited in the simulations of the previous section. Note that for systems close
to the identity line, the dominant effect is unsure.
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Table 5.4 – Initial parameters for the second set of simulations. The orbital
elements are expressed with respect to the initial plane of the disk.

Central Inner planet Outer planet Binary companion
star

mass 1 Md U r1;5s MJup U r0.65;5s MJup 1 Md

a (AU) U r7.5,10.5s U r20,30s 250,500,750,1000
e U r0.001;0.01s U r0.001;0.01s 10�3, 0.1, 0.3, 0.5
i (�) U r0.01;0.1s U r0.01;0.1s 10�3, 10, 20, 30,

40,50, 60, 70
Ω (�) U r0,360s U r0,360s U r0,360s
ω (�) U r0,360s U r0,360s U r0,360s
M (�) U r0,360s U r0,360s U r0,360s

5.3.2 Second set of simulations
Based on the observations related to Fig. 5.15, we aim to realize a paramet-

ric study to identify the parameter values leading to an increase of the ratio
between the precession timescale τpl and the Lidov-Kozai timescale τLK. Fol-
lowing Eq. (5.1), to reduce the Lidov-Kozai timescale, we will decrease the semi-
major axis of the binary companion by adopting the values 250 AU, 500 AU,
and 750 AU. Note that when the binary companion is closer to the primary
star, our disk model will suffer from some limitations that will be discussed
in detail in Section 5.3.4. We will also increase the initial semi-major axes of
the planets by multiplying their range of values by 1.5 such that their orbital
period will be longer at the dispersal of the disk. A last change will consist in
decreasing the lower bound on the planetary masses to 0.65 MJup. The new
parameters are gathered in Table 5.4. For each combination of the parameters
of the binary, we randomly draw 50 different initial conditions for the planetary
parameters, as previously done. In total we ran 8000 simulations (single star
simulations included).

We now study the system configurations resulting from the second set of
simulations. In Fig. 5.16, we reproduce the same plot as in Fig. 5.15 for the
different semi-major axes of the binary companion considered here. We see
that the smaller the semi-major axis of the binary, the closer the systems to the
dashed line of equal timescales. As a result, the impact of the binary companion
will be stronger for simulations with aB � 250 AU and aB � 500 AU. Note that
those results are consistent with what was expected from Eqs. (5.1), (5.4) and
(5.5).

About the mean motion resonances, a variation in the initial semi-major
axes of the planets leads to a modification of their migration rates and thus
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Figure 5.16 – Same as Fig. 5.15 for the different semi-major axes of the binary
companion.

the MMR captures. Almost all the resonant systems are trapped in the 2:1
MMR. Tables 5.5 and 5.6 show the different system configurations found at the
dispersal of the disk and at the end of the simulation, respectively. During the
disk phase, the conclusions are similar to the ones made in Section 5.2, apart
from the slightly higher number of ejections for the systems with a binary
companion at 250 AU. At the end of the simulation, a lot of ejections are
reported for the simulations with aB � 250 AU. For all the other binary semi-
major axes, the influence of the binary companion is still quite limited. In
the next section, we will therefore focus our attention on the systems with the
binary companion at 250 AU.

5.3.3 Parameter distributions for aB � 250 AU
We noticed that contrary to the previous cases, when the binary companion

is at 250 AU, the inclination of the planets with respect to the binary plane
was modified during the disk phase. In the previous cases, the planets were
maintained in the disk whose inclination with respect to the binary companion
was almost constant (see Fig. 4.7). In this case, as it can be seen in Fig. 5.17,
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Table 5.5 – Percentages of the different system configurations at the dissipation
of the disk for the second set of simulations.

250 AU 500 AU 750 AU 1000 AU No binary
2 planets - MMR 87.81 90.94 90.75 90.68 91.31
2 planets - no MMR 9.75 8.62 8.68 8.63 8.37
1 planet 2 0 0 0 0
no planet 0.44 0.44 0.57 0.69 0.32

Table 5.6 – Same as Table 5.5, but at the end of the simulation

250 AU 500 AU 750 AU 1000 AU No binary
2 planets - MMR 57 89.44 90.31 90.5 91.12
2 planets - no MMR 5.25 7.44 8.31 7.87 7.94
1 planet 33.94 2.56 0.82 0.94 0.63
no planet 3.81 0.56 0.56 0.69 0.31

Figure 5.17 – Inclination of the planets at the dissipation of the disk with
respect to the Laplace reference plane. The color code indicates the number of
planets in the system at the end of the simulation.
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Figure 5.18 – Mutual inclination between the planets and the binary companion
at the dispersal of the disk versus the initial value.

Figure 5.19 – Same as Fig. 5.13 with the binary companion at 250 AU.

the planetary inclinations do not stay close to the typical values chosen initially
for the inclination of the binary in Table 5.4. While they are more spread, there
is still a correlation with the inclination of the binary companion, as it can be
observed in Fig. 5.18 showing the mutual inclination between the planets and
the binary companion at the dispersal of the disk (denoted iBptdiskq) versus
the initial value (iBpt0q). These changes are caused by the decoupling between
the evolutions of the disk and the planets, as illustrated in Fig. 5.19 where
we present the distribution of the mutual inclination between the planets and
the disk at the dispersal of the disk. Note that in the following, the analysis
of the parameter distributions will be based on the inclinations of the binary
companion at the dispersal of the disk for the long-term evolution. The groups
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Figure 5.20 – Normalized frequency of the logarithm of the ratio between the
timescale of the gravitational interaction between the planets and the Lidov-
Kozai timescale. The color code refers to the number of planets in the system
at the end of the simulation.

presented in the distributions at the dispersal of the disk will still depend on
the initial inclinations of the binary companion.

In Fig. 5.20, we observe that the systems ending with one planet (purple
curve) have a mean ratio between τpl and τLK higher than the one of systems
with two planets at the end of the simulation (green curve). As expected,
it shows that systems with both timescales roughly similar experience more
planetary ejections.

Fig. 5.21 presents the eccentricity distribution. We observe that systems
with a binary companion (cyan curve) tend to be slightly more eccentric than
the ones without companion (yellow curve). In particular, at the end of the
simulations, the presence of the binary companion can result in highly eccen-
tric planetary orbits. They mainly result from scattering events and ejections
during the long-term evolution, as it can be seen in Fig. 5.22. Indeed, for the
simulations ending with two planets (right panel), the eccentricity distribution
is similar to the one without binary companion and most of the eccentricities
are below 0.2. However, almost all the systems with only one planet remaining
(left panel) present very eccentric configurations. Note that in Fig. 5.22 we
also see that the inclination of the binary companion influences the planetary
eccentricities, since we observe that the majority of the highly eccentric systems
have a binary companion with an inclination higher than 40�.

About the mutual inclinations between the planets, we do not observe sig-
nificant differences between Fig. 5.10 and Fig. 5.23. The number of high mutual
inclinations is reduced at the end of the simulations (right panel) because many
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Figure 5.21 – Same as Fig. 5.9 with the binary companion at 250 AU.

Figure 5.22 – Same as the right panel of Fig. 5.21 with the right and left panels
associated with systems composed of one and two planets at the end of the
simulation, respectively.

Figure 5.23 – Same as Fig. 5.10 with the binary companion at 250 AU.
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Figure 5.24 – Same as Fig. 5.12 with the binary companion at 250 AU.

Figure 5.25 – Same as the right panel of Fig. 5.24 with the right and left panels
associated with systems composed of one and two planets at the end of the
simulation, respectively.

systems have experienced a planetary ejection in their long-term evolution.
As previously, to study the Lidov-Kozai resonance, we display the distri-

bution of the pericenter arguments in Fig. 5.24. The results look quite similar
as in Fig. 5.12, with no influence of the Lidov-Kozai resonance. However, if
we split the analysis for systems ending with one or two planets, we notice
in Fig. 5.25 that the distribution of the systems ending with one planet only
(left panel) presents two peaks centered at 90� and 270�, similarly to the ones
observed in the previous chapters. Such accumulations are not present for the
systems ending with two planets (right panel). A study of the libration of
the arguments of pericenters for each system individually, in the same way as
previously done, leads us to the observation that no system with two planets
end up with one of the planets locked in the Lidov-Kozai resonance. For the
one-planet systems, the percentage of the systems locked in the Lidov-Kozai
resonance is similar to the one observed in the previous chapter, namely � 30%.
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In conclusion, we observed that a binary companion close enough to strongly
influence the planets will tend to destabilize the system and lead to the ejection
of a planet in about one third of the cases. The ejection will possibly induce
high eccentricity and evidences of Lidov-Kozai resonance for the remaining
planet.

5.3.4 Limitations of the model
In this section we discuss the possible limitations of our disk model for the

parameters of the second set of simulations. Indeed, in the whole manuscript,
we have assumed that the disk is uniform thanks to the disk self-gravity. Con-
sidering closer binary companions as made in the previous section could have
the effect to overcome the disk self-gravity and lead to deformations of the
disk. Using the code of Section 4.2.2.1 to estimate the nodal precession of the
disk with the Laplace-Lagrange theory, we study in Fig. 5.26 the uniformity of
the disk for the different semi-major axes of the binary companion considered
here. Note that we fix the inclination of the binary companion to iB � 60�
arbitrarily, but the results are similar whatever the chosen inclination. We see
that the disk remains uniform for the binary companion at 750 AU and 1000
AU. On the contrary, the disk uniformity is not maintained for 250 AU and
500 AU. This does not mean that the disk is not uniform in this case, but the
self-gravity is not sufficient alone to ensure it. Hydrodynamical effects such
as radial pressure force and viscous diffusion (e.g., Papaloizou and Terquem,
1995; Larwood et al., 1996) could play a role and keep the disk uniform. For
instance, it has been shown that if the wave crossing time in the disk is shorter
than the precession time due to the binary companion, the rigidity of the disk
could be maintained (Zanazzi and Lai, 2018a). Investigations of such effects is
left for future work.

Moreover, the disk could experience Lidov-Kozai cycles due to the pres-
ence of the binary companion (see, e.g., Martin et al., 2014; Fu et al., 2015;
Zanazzi and Lai, 2017). Batygin et al. (2011) showed that the cycles could
be suppressed by the self-gravity of the disk if the disk is massive enough. It
could not be the case here since we consider an exponential decrease of the disk
mass. In addition, Lidov-Kozai cycles in the disk could lead to eccentric orbits
and the hypothesis of the Laplace-Lagrange theory requiring annuli without
intersections could not be verified in this case.

Nevertheless, most of the results of the second set of simulations were very
similar whatever the semi-major axis considered for the binary companion. The
differences observed for aB � 250 AU mainly arise during the dynamical phase
after the dispersal of the disk. This phase does not suffer from the limitations
in the disk model presented in this section. We therefore conclude that despite
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Figure 5.26 – Time evolution of the inclination of the disk as a function of the
semi-major axis, for different binary semi-major axes (in the initial disk plane
reference frame). The color code refers to the different semi-major axes and
the line type to different times. The solid line stands for t=0.5 Myr, the dashed
line for t=0.75 Myr and the dotted line for t=1.123 Myr. The inclination of
the binary iB is fixed to 60�.

those limitations, our results are quite robust.

5.4 Comparison with observations
In this section we compare our results with the observations for S-type plan-

ets from Rein (2012) presented in Chapter 1. The semi-major axis and mass
distributions are influenced by the choices made in the initial parameters, there-
fore they can not be compared. The comparison of the cumulative eccentricities
is made in Fig. 5.27. The eccentricity distribution of Rein (2012) for giant S-
type planets is shown by the green curve, while the one of all the detected giant
planets is indicated by the black curve. As previously noticed in Chapter 1, the
S-type planets are more eccentric. We observe in our simulations that, for the
systems with a binary companion at 1000 AU (blue curve) and without binary
companion (yellow curve), nearly all the eccentricities are below � 0.2, since
the two-planet systems are weakly perturbed during their long-term evolution.
For the one-planet systems with a binary companion at 1000 AU analyzed in
Chapter 4 (purple curve), high eccentricities can be reached in the presence of
a highly inclined binary companion, while binary companions with iB   40�
do not excite the initial quasi-circular orbits of the planets. As seen in the
previous section, two-planet systems with a close binary companion at 250 AU
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Figure 5.27 – Cumulative eccentricity of the planets found in our simulations
and in the observations (Rein, 2012). See text for more detail.

Figure 5.28 – Cumulative eccentricity from Sotiriadis et al. (2017).
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can also generate high eccentricities for the planets. As a result, we have shown
that the high eccentricities observed for S-type planets in Fig. 5.27 can be ex-
plained by highly inclined binary companions in case of single planet systems
and by close binary companions in case of multi-planet systems. Let us note
that such mechanisms could also explain the lack of eccentric orbits found in
the formation studies around single stars, like in Sotiriadis et al. (2017), when
compared to all the detected exoplanets (see Fig. 5.28).

Several observations of misalignment between the stellar spin axis and the
orbital angular momentum of hot Jupiters have been reported (Wright et al.,
2011; Albrecht et al., 2012). A classical scenario to explain this misalignment is
the Lidov-Kozai cycles associated to a highly inclined binary companion (e.g.,
Naoz and Fabrycky, 2014). In this work we observed misalignment induced
by the nodal precession of the planets due to their interaction with the binary
companion, whatever the inclination of the binary companion. Note that this
effect was extensively studied during the disk phase (see, e.g., Batygin and
Adams, 2013; Lai, 2014; Spalding and Batygin, 2014; Zanazzi and Lai, 2018b)
but continues even after the dissipation of the disk (Boué and Fabrycky, 2014).
The nodal precession effect could lead to possibly strong misalignments even
for planets further away of the star than the hot Jupiters. Note that in this
work we considered the spin axis of the star as fixed and parallel to the disk
angular momentum at the beginning of the simulation. Of course, it is a strong
assumption since the disk would most likely precess before the formation of the
giant planets and would be misaligned. Moreover, the spin axis of the host star
could also be chaotic and not constant, as shown by Storch et al. (2014) for a
primary star under the influence of a hot Jupiter for example.

5.5 Conclusions
In this chapter, we studied the impact of a binary companion on the mi-

gration of two giant planets in a protoplanetary disk. The eccentricity and
inclination damping induced by the disk, its gravitational potential, and the
nodal precession induced by the binary companion on the disk were all consid-
ered here. We observed that for a wide binary companion, the gravitational
potential of the disk suppressed the impact of the binary companion during the
disk phase, as observed in the previous chapter. In addition, the gravitational
interaction between the planets which evolve in a mean motion resonance es-
tablished during their migration in the disk, acts to reduce the impact of the
binary companion after the dissipation of the disk.

In a second phase, we studied the impact of the binary companion when
reducing its distance to the planets. The influence of the closer binary com-



5.5. Conclusions 123

panion leads to planetary ejections in more than 30% of the simulations during
the dynamical evolution of the system after the dispersal of the disk. Those
ejections usually leave the remaining planets with high eccentricity. This could
give an additional explanation for the existence of many S-type planets de-
tected with high eccentricity values, the other scenario being the influence of a
highly inclined binary companion in one-planet systems (see Chapter 4). Note
that the existence of a binary companion goes along with possible planetary
spin-orbit misalignment due to the nodal precession induced by the companion,
as observed in this chapter.





Conclusions and perspectives

In this work, we studied the migration of giant planets in a protoplanetary
disk under the influence of a wide binary companion. In the first part of
the work, we studied the evolution of a single giant planet while a second
planet was added in the system in the second part. To realize this study,
we modified the well-known symplectic integrator SyMBA to include a wide
binary companion and included the Type-II migration of the planets as well as
the eccentricity and inclination damping due to the disk. The disk gravitational
potential acting on the planet and the nodal precession induced by the binary
companion on the disk were also considered. For this last effect, we derived new
approximate formulas for the evolution of the disk’s inclination and longitude
of the ascending node, in the case of a rigidly precessing disk with a decreasing
mass and perturbed by a wide binary companion, which are suitable forN -body
simulations. Thousands of simulations were realized with different physical and
orbital parameters for the planets and several eccentricity and inclination values
for the binary companion.

Regarding the disk phase, we observed that a single planet feels the influ-
ence of a highly inclined binary companion through the Lidov-Kozai mechanism
when the gravitational potential of the disk is not considered. However, the
gravitational and damping forces exerted by the disk on the planet tend to
keep the latter in the midplane of the disk and surpass the effect of the binary
companion by preventing the planet from getting locked into the Lidov-Kozai
resonance during the disk phase. We also confirmed that because of the nodal
precession induced by the binary companion, a primordial spin-orbit misalign-
ment could be generated for circumprimary planets with an inclined binary
companion. It would be interesting to further investigate the possibility of
spin-orbit misalignment in the case of hot Jupiters, for which observations of
such misalignment were made. Moreover, we showed that if the influence of the
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binary companion surpasses the gravitational influence of the disk, a decoupling
between the planets and the disk can occur, as it was illustrated for a binary
companion at 250 AU. However, in this case, since the assumptions made on
our model could be violated, further investigation is required to confirm the
results.

After the dispersal of the disk, we show that a capture in a Lidov-Kozai
resonant state is far from automatic when the binary companion star is highly
inclined, since only 36% of the single planet systems end up locked in the
resonance at the end of the simulations. Nevertheless, in the presence of a
highly inclined binary companion, all the planetary evolutions are strongly in-
fluenced by the Lidov-Kozai resonance and the non-resonant evolutions present
high eccentricity and inclination variations associated with circulation around
the Lidov-Kozai islands. In the presence of a second planet in the system,
the gravitational interaction between the two giant planets, which evolve in a
mean-motion resonance established during their migration in the disk, acts to
reduce the impact of the wide binary companion, in particular the establish-
ment of the Lidov-Kozai resonance with the binary companion. However, for
closer binary companions, we reported planetary ejections in more than 30% of
the simulations, leaving the remaining planets of the system with high eccen-
tricity and potentially inside of Lidov-Kozai in the case of an inclined binary
companion. Let us note that in two-planet systems, a coupled nodal precession
of the planets induced by the binary companion was observed in the long-term
evolution of the system.

Our work sets a framework for the study of the formation of giant planets in
binary star systems and their long-term evolution. Nevertheless, several aspects
of our modelization require further investigation. The influence of additional
effects such as general relativity or stellar oblateness could also be studied, in
particular in the case of hot Jupiters. It would also be interesting to investigate
the influence of the parameter values of the disk as well as different disk mass
models. A possible extension of our work consists in the inclusion of a third
planet in the system and the study of the long-term stability of the systems
with a chaos detector. This could be achieved with the tool designed and
briefly presented in Appendix A. Also a thorough dynamical study of the 3D
planetary configurations found in our simulations could be performed. Finally,
further analysis of detected binary star systems, like the 55 Cancri system
made of 5 planets orbiting a primary star under the influence of a wide binary
companion, could be carried out. Since it is currently estimated that about
half of the Sun-like stars are part of multiple-star systems, we believe that the
complete understanding of the influence of a wide binary companion on the
planetary eccentricities and inclinations is very important to fully explain the
observational parameter distributions of the exoplanets.



Appendix A
Chaos detector for planetary
systems

During the thesis, a collaboration on the long-term stability of single star
systems was achieved and consisted in the numerical validation of the analytical
results of Volpi et al. (2019). To do so, the implementation of the Mean Ex-
ponential Growth factor of Nearby Orbits (MEGNO) chaos detector (Cincotta
et al., 2003) was completed in the SyMBA code (for single star systems). We
briefly present hereafter the implementation of the MEGNO and the context
of the study.

Let Hpp,qq with p,q P Rn be an autonomous hamiltonian of n degrees of
freedom. The hamiltonian vector field can be expressed as

9x� J∇xH (A.1)

where x �
�

p
q



P R2n and J �

�
0n �In
In 0n



, being In and 0n the identity and

null n� n matrices, respectively. In order to compute the MEGNO chaos
indicator, we need to compute the evolution of the deviation vector δptq. This
vector satisfies the variational equations

9δptq � J∇2
xHδptq, (A.2)

being ∇2
xH the Hessian matrix of the hamiltonian. As in Cincotta et al. (2003),

the Mean Exponential Growth Factor is defined as

Y ptq � 2
t

» t
0

9δpsq
δpsqds (A.3)
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where δpsq is the Euclidian norm of the deviation vector. We also calculated
in the code the mean MEGNO, i.e., the time-averaged MEGNO :

Ȳ ptq � 1
t

» t
0
Y psqds. (A.4)

The limit for tÑ8 provides a good characterisation of the orbits. In particular,
— lim

tÑ8
Ȳ ptq � 0 for stable periodic orbits,

— lim
tÑ8

Ȳ ptq � 2 for quasi-periodic orbits and for orbits close to stable pe-
riodic ones,

— for irregular orbits, Ȳ ptq diverges with time.
To calculate the evolution of the tangent vectors for MEGNO, a big ef-

fort was done to keep the symplectic structure of the code. To do so, we
first noticed that the system modeling the tangent vectors 9δptq � J∇2

xHδptq is
Hamiltonian. Indeed, as presented in Libert et al. (2011), using the Hamilto-
nian K� 1

2δptqT∇2
xHδptq, Eq. (A.2) can be written in Hamiltonian equations.

Using this structure, we can evolve the system using a symplectic integrator as
presented in Chapter 2. Our goal was to merge the evolutions of the system
and the tangent vectors to keep the evolution symplectic. Briefly, we first con-
sidered the Hamiltonian of the system and the one of the tangent vectors with
respect to the moment and then the Hamiltonian of the tangent vector with
respect to the positions (see Skokos and Gerlach, 2010, for more details).

Our implementation of the MEGNO chaos detector was successfully used
for single star systems. Indeed, to date, more than 600 multi-planetary sys-
tems have been discovered, but our knowledge of the systems is usually far
from complete due to the limitations of the detection techniques. In particular,
for planetary systems discovered with the radial velocity (RV) method, the in-
clinations of the orbital planes, and thus the mutual inclinations and planetary
masses, are unknown. Volpi et al. (2019) constrained the spatial configuration
of several RV-detected extrasolar systems. Through an analytical study based
on a first-order secular hamiltonian expansion, they identified ranges of values
for the orbital inclinations and the mutual inclinations which ensure the long-
term stability of the system pursuing the original work of Libert and Tsiganis
(2009b). We contributed to this work by performing validation of the analytical
results. The time-consuming numerical explorations that we carried out with
the MEGNO chaos detector showed the accuracy of the simplified analytical
approach up to high mutual inclinations, as it can be observed in Section 4.3
of Volpi et al. (2019) (in particular Fig. 7) that we attach below for the sake of
completeness.



The 3D secular dynamics of radial-velocity-detected
planetary systems
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Abstract

Aims. To date, more than 600 multi-planetary systems have been discovered.
Due to the limitations of the detection methods, our knowledge of the systems
is usually far from complete. In particular, for planetary systems discovered
with the radial velocity (RV) technique, the inclinations of the orbital planes,
and thus the mutual inclinations and planetary masses, are unknown. Our
work aims to constrain the spatial configuration of several RV-detected
extrasolar systems that are not in a mean-motion resonance.
Methods. Through an analytical study based on a first-order secular Hamilto-
nian expansion and numerical explorations performed with a chaos detector,
we identified ranges of values for the orbital inclinations and the mutual
inclinations, which ensure the long-term stability of the system. Our results
were validated by comparison with n-body simulations, showing the accuracy
of our analytical approach up to high mutual inclinations (� 70�-80�).
Results. We find that, given the current estimations for the parameters of
the selected systems, long-term regular evolution of the spatial configurations
is observed, for all the systems, i) at low mutual inclinations (typically less
than 35�) and ii) at higher mutual inclinations, preferentially if the system
is in a Lidov-Kozai resonance. Indeed, a rapid destabilisation of highly
mutually inclined orbits is commonly observed, due to the significant chaos
that develops around the stability islands of the Lidov-Kozai resonance.
The extent of the Lidov-Kozai resonant region is discussed for ten planetary
systems (HD 11506, HD 12661, HD 134987, HD 142, HD 154857, HD 164922,
HD 169830, HD 207832, HD 4732, and HD 74156).
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1 Introduction
The number of detected multi-planetary systems continually increases. De-

spite the rising number of discoveries, our knowledge of the physical and orbital
parameters of the systems is still partial due to the limitations of the observa-
tional techniques. Nevertheless, it is important to acquire a deeper knowledge
of the detected extrasolar systems, in particular a more accurate understanding
of the architecture of the systems. Regarding the two-planet systems detected
via the radial velocity (RV) method, we have fairly precise data about the
planetary mass ratio, the semi-major axes, and the eccentricities. However,
we have no information either on the orbital inclinations i (i.e. the angles the
planetary orbits form with the plane of the sky) – which means that only min-
imal planetary masses can be inferred – or on the mutual inclination between
the planetary orbital planes imut. This raises questions about possible three-
dimensional (3D) configurations of the detected planetary systems. Let us note
that a relevant clue to the possible existence of 3D systems has been provided
for υ Andromedae c and d, whose mutual inclination between the orbital planes
is estimated to be 30� (Deitrick et al., 2015).

A few studies on the dynamics of extrasolar systems have been devoted
to the 3D problem. Analytical works by Michtchenko et al. (2006), Libert
and Henrard (2007), and Libert and Henrard (2008) investigated the secular
evolution of 3D exosystems that are not in a mean-motion resonance. They
showed that mutually inclined planetary systems can be long-term stable. In
particular, these works focused on the analysis of the equilibria of the 3D
planetary three-body problem, showing the generation of stable Lidov-Kozai
(LK) equilibria (Lidov, 1962; Kozai, 1962) through bifurcation from a central
equilibrium, which itself becomes unstable at high mutual inclination. Thus,
around the stability islands of the LK resonance, which offers a secular phase-
protection mechanism and ensures the stability of the system, chaotic motion of
the planets occurs, limiting the possible 3D configurations of planetary systems.

Using n-body simulations, Libert and Tsiganis (2009a) investigated the pos-
sibility that five extrasolar two-planet systems, namely υ Andromedae, HD
12661, HD 169830, HD 74156, and HD 155358, are actually in a LK-resonant
state for mutual inclinations in the range r40�,60�s. They showed that the phys-
ical and orbital parameters of four of the systems are consistent with a LK-type
orbital motion, at some specific values of the mutual inclination, while around
30%�50% of the simulations generally lead to chaotic motion. The work also
suggests that the extent of the LK-resonant region varies significantly for each
planetary system considered.

Extensive long-term n-body integrations of five hierarchical multi-planetary
systems (HD 11964, HD 38529, HD 108874, HD 168443, and HD 190360) were
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performed by Veras and Ford (2010). They showed a wide variety of dynamical
behaviour when assuming different inclinations of the orbital plane with respect
to the line of sight and mutual inclinations between the orbital planes. They
often reported LK oscillations for stable highly inclined systems.

In Dawson and Chiang (2014), the authors presented evidence that several
eccentric warm Jupiters discovered with eccentric giant companions are highly
mutually inclined (i.e. with a mutual inclination in the range r35�,65�s). For
instance, this is the case of the HD 169830 and HD 74156 systems, which will
also be discussed in the present work.

Recently, Volpi et al. (2018) used a reverse KAM method (Kolmogorov,
1954; Arnol’d, 1963; Moser, 1962) to estimate the mutual inclinations of sev-
eral low-eccentric RV-detected extrasolar systems (HD 141399, HD 143761, and
HD 40307). This analytical work addressed the long-term stability of plane-
tary systems in a KAM sense, requiring that the algorithm constructing KAM
invariant tori is convergent. This demanding condition leads to upper values
of the mutual inclinations of the systems close to � 15�.

In the spirit of Libert and Tsiganis (2009a), the aim of the present work
is to determine the possible 3D architectures of RV-detected systems by iden-
tifying ranges of values for the mutual inclinations that ensure the long-term
stability of the systems. Particular attention will be given to the possibility of
the detected extrasolar systems being in a LK-resonant state, since it offers a
secular phase-protection mechanism for mutually inclined systems, even though
the two orbits may suffer large variations both in eccentricity and inclination.
Indeed, the variations occur in a coherent way, such that close approaches do
not occur and the system remains stable.

To reduce the number of unknown parameters to take into account, we use
an analytical approach, expanding the Hamiltonian of the three-body problem
in power series of the eccentricities and inclinations. Being interested in the
long-term stability of the system, we consider its secular evolution, averaging
the Hamiltonian over the fast angles. Thanks to the adoption of the Laplace
plane, we can further reduce the expansion to two degrees of freedom. It
was shown in previous works (see for example Libert and Henrard, 2007;
Libert and Sansottera, 2013) that if the planetary system is far from a mean-
motion resonance, the secular approximation at the first order in the masses
is accurate enough to describe the evolution of the system. Such an analytical
approach is of interest for the present purpose, since, being faster than pure
n-body simulations which also consider small-period effects, it allows us to
perform an extensive parametric exploration at a reasonable computational
cost. Moreover, in the present work we will show that the analytical expansion
is highly reliable, fulfilling its task up to high values of the mutual inclination.

The goal of the present work is twofold. On the one hand, we study the
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3D secular dynamics of ten RV-detected extrasolar systems, identifying for
each one the values in the parameter space pimut, iq that induce a LK-resonant
behaviour of the system. On the other hand, through numerical explorations
performed with a chaos detector, we identify the ranges of values for which
a long-term stability of the orbits is observed, unveiling for each system the
extent of the chaotic region around the LK stability islands.

The paper is organised as follows. In Sect. 2, we describe the analytical
secular approximation and discuss its accuracy to study the 3D dynamics of
planetary systems in Sect. 3, as well as the methodology of our parametric
study. The question of possible 3D configurations of RV-detected planetary
systems is addressed in Sect. 4. Our results are finally summarised in Sect. 5.

2 Analytical secular approximation
We focus on the three-body problem of two exoplanets revolving around

a central star. The indexes 0, 1, and 2 refer to the star, the inner planet,
and the outer planet, respectively. Since the total angular momentum vector
C is an integral of motion of the problem, we adopt as a reference plane the
constant plane orthogonal to C, the so-called Laplace plane. In this plane, the
Hamiltonian formulation of the problem no longer depends on the two angles
Ω1 and Ω2, but only on their constant difference Ω1�Ω2 � π. Thus, thanks to
the reduction of the nodes, the problem is reduced to four degrees of freedom.
We adopt the Poincaré variables,

Λi � βi
?
µiai, ξi �

a
2Λi

c
1�

b
1�e2

i cosωi,

λi �Mi�ωi, ηi ��
a

2Λi

c
1�

b
1�e2

i sinωi,
(1)

where a, e, ω, and M refer to the semi-major axis, eccentricity, argument of
the pericenter, and mean anomaly, respectively, and with

µi � Gpm0�miq, βi � m0mi

m0�mi
, (2)

for i � 1,2 . Moreover, we consider the parameter D2 (as defined in Robutel,
1995)

D2 � pΛ1�Λ2q2�C2

Λ1Λ2
, (3)

which measures the difference between the actual norm of the total angular mo-
mentum vector C and the one the system would have if the orbits were circular
and coplanar (by definition, D2 is quadratic in eccentricities and inclinations).
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We introduce the translation Lj � Λj�Λ�j , where Λ�j is the value of Λj for
the observed semi-major axis aj , for j � 1,2. We then expand the Hamiltonian
in power series of the variables L, ξ, η, and the parameter D2 and in Fourier
series of λ, as in Volpi et al. (2018),

HpD2,L,λ,ξ,ηq �
8̧

j1�1
h
pKepq
j1,0 pLq

�
8̧

s�0

8̧

j1�0

8̧

j2�0
Ds2hs;j1,j2pL,λ,ξ,ηq ,

(4)

where
— h

pKepq
j1,0 is a homogeneous polynomial function of degree j1 in L;

— hs;j1,j2 is a homogeneous polynomial function of degree j1 in L, degree
j2 in ξ and η, and with coefficients that are trigonometric polynomials
in λ.

As we are interested in the secular evolution of the system, the Hamiltonian
can be averaged over the fast angles,

HpD2,ξ,ηq �
ORDECC{2¸

j�0
Cj,m,nD

j
2

ORDECC�j¸
m�n�0

ξmηn , (5)

where ORDECC indicates the maximal order in eccentricities considered, here
fixed to 12. When the system is far from a mean-motion resonance, such an
analytical approach at first order in the masses is accurate enough to describe
the secular evolution of extrasolar systems (see for example Libert and San-
sottera, 2013). The Hamiltonian formulation Eq. (5) has only two degrees of
freedom, with the semi-major axes being constant in the secular approach.

3 Parametric study
In the following, we describe the parametric study carried out in the present

work. The selection of the systems considered here is described in Sect. 3.1,
and the accuracy of the analytical expansion for the secular evolution of the
selected systems is discussed in Sect. 3.2.

3.1 Methodology
The present work aims to identify the possible 3D architectures of RV-

detected extrasolar systems. From the online database exoplanets.eu, we
selected all the two-planet systems that fulfil the following criteria: (a) the
period of the inner planet is longer than 45 days (no tidal effects induced by the
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star); (b) the semi-major axis of the outer planet is smaller than 10AU (systems
with significant planet-planet interactions); (c) the system is not close to a
mean-motion resonance; (d) the planetary eccentricities are lower than 0.65;
(e) the masses of the planets are smaller than 10MJ . The orbital parameters
of the ten selected systems are listed in Table 1, as well as the reference from
which they have been derived.

In this work, the secular evolutions of the systems are considered when
varying the mutual inclination imut and the orbital plane inclination i with
respect to the plane of the sky. It is important to note that, although the
inclinations i1 and i2 of the two orbital planes may differ, we decided here to
set the same value i for both planes. Thus both masses are varied using the
same scaling factor sin i.

In the general reference frame, the following relation holds:

cos imut � cos i1 cos i2� sin i1 sin i2 cos∆Ω , (6)

being ∆Ω � Ω1�Ω2. It should be noted that Eq. (6) can be solved if imut ¤
2i, thus for a given value of i it determines boundaries for the compatible
values of imut. Since i1 � i2 � i, having fixed the values of imut, we can
determine the value of the longitudes of the nodes by setting Ω1 � ∆Ω and
Ω2 � 0, thus obtaining the complete set of initial conditions. A consequent
change of coordinates to the Laplace plane is finally performed by using the
following relations valid in the Laplace plane:

Λ1

b
1�e2

1 cos iL1�Λ2

b
1�e2

2 cos iL2 � C,

Λ1

b
1�e2

1 sin iL1�Λ2

b
1�e2

2 sin iL2 � 0,
(7)

where iL1 and iL2 denote the orbital inclinations in the Laplace-plane reference
frame.

For our parametric study, we varied the value of the mutual inclination
imut from 0� to 80� with an increasing step of 0.5�, while the common orbital
plane inclination i runs from 5� to 90� with an increasing step of 5�. As the
coefficients Cj,m,n in Eq. (5) depend on L, and therefore on the masses of the
planets, we recomputed them for each value of i. Regarding the integration of
the secular approach, we fixed the integration time to 106 yr with an integration
step of 1 yr, and the energy preservation was monitored along the integration.

3.2 Accuracy of the analytical approach
Before discussing the results of our parametric study, we need to ensure

that the Hamiltonian formulation, Eq. (5), provides an accurate description
of the planetary dynamics for all sets of parameters considered in the study,
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in particular for high values of the mutual inclination imut. As already shown
in previous papers (e.g. Libert and Henrard (2005) for the coplanar problem,
Libert and Henrard (2007) for the 3D problem), the series of the secular terms
converge better than the full perturbation. However, the higher the value of
D2, the weaker the convergence, as expected. In the following, we discuss
the numerical convergence of the expansion for the selected extrasolar systems,
also called convergence au sens des astronomes, as opposed to the mathematical
convergence (Poincaré, 1893).

Table 2 lists, for the ten systems, the contributions to the Hamiltonian
value of the terms from order 2 to order 12 in eccentricities and inclinations
(i.e. j�m�n in Eq. (5)). The entries are the sums of the terms appearing at a
given order, computed at the orbital parameters given in Table 1 and at i� 50�
and imut � 50�, in order to evaluate the convergence au sens des astronomes
at high mutual inclination. The numerical convergence of the expansion at
high mutual inclination is obvious for most of the systems. However, when the
decrease of the terms is less marked, we should keep in mind that results at
higher mutual inclinations should be analysed with caution. Moreover, the last
column of Table 1 gives an estimation of the remainder of the truncated expan-
sion. It shows the relative error between the secular Hamiltonian computed by
numerical quadrature and our polynomial formulation (Eq. 5), confirming the
previous observations.

To further illustrate the accuracy of our analytical approach, we show in
Fig. 1 the evolutions of HD 12661 given by the analytical expansion (Eq. 5)
(red curves) for the mutual inclinations imut � 20�,40�,50�, and 80� (i is fixed
to 50�), and compare them to the evolutions obtained by the numerical in-
tegration of the three-body problem with the SWIFT package (Levison and
Duncan (1994), blue curves). Although the numerical convergence observed in
Table 2 is not excellent for HD 12661, the agreement of the analytical approach
with the numerical integration of the full problem is very good. The dynami-
cal evolutions are well reproduced up to high values of the mutual inclination
(imut � 20�,40�,50�). Only small differences in the periods are observed and
can be attributed to the short-period terms not considered in our secular for-
mulation. For very high values (imut � 80�), the dynamical evolutions given
by the two methods no longer coincide, but follow the same trend. As will
be shown in Sect. 4.3, the orbits are generally chaotic at such high mutual
inclinations.
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Figure 1 – Dynamical evolutions of HD 12661 system given by the analytical
expansion (in red) and by n-body simulations (in blue), for imut� 20� (top left),
40� (top right), 50� (bottom left), and 80� (bottom right). The inclination of
the orbital plane is fixed to i� 50�.

4 Results
The question of the 3D secular dynamics of RV-detected planetary systems

is addressed here in two directions. Firstly, we focus on identifying the inclina-
tion values for which a LK-resonant regime is observed in our parametric study.
Secondly, the long-term stability of the mutually inclined systems is unveiled
by means of a chaos detector.

4.1 Extent of the Lidov-Kozai regions
Regarding the possible 3D configurations of extrasolar systems, we are par-

ticularly interested in the LK resonance. This protective mechanism ensures
that the system remains stable, despite large eccentricities and inclination vari-
ations. It is characterised, in the Laplace-plane reference frame, by the coupled
variation of the eccentricity and the inclination of the inner planet, and the li-
bration of the argument of the pericenter of the same planet around �90�
(Lidov, 1962; Kozai, 1962).
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As a first example, we investigate the dynamics of the HD 12661 extrasolar
system. In the left panel of Fig. 2, we show, for varying (imut, i) values, the
maximal eccentricity of the inner planet reached during the dynamical evolution
of the system,

maxe1 �max
t
e1ptq , (8)

being e1ptq the eccentricity of the inner planet at time t. Let us note that this
quantity is often used to determine the regularity of planetary orbits, since for
low (e  0.2) and high (e¡ 0.8) eccentricity values it is generally found to be in
good agreement with chaos indicators (see for instance Funk et al., 2011). On
the right panel, we report, for all the considered (imut, i) values, the libration
amplitude of the angle ω1, defined as

libr_amplpω1q �max
t
ω1ptq�min

t
ω1ptq . (9)

This value will serve as a guide for the detection of the LK-resonant behaviour
characterised by the libration of ω1, and thus by a small value of libr_amplpω1q.

When following an horizontal line in Fig. 2, the mutual inclination imut
varies while the orbital inclination i, and thus the planetary masses, are kept
fixed. On the other hand, the inclination of the common orbital plane de-
creases when moving down along a vertical line, while the planetary masses
increase accordingly. As previously stated, this implies the recomputation of
the coefficients Cj,m,n of Eq. (5). Let us recall that all (imut, i) pairs cannot
be considered here since, for fixed i1 � i2 � i values, Eq. (6) cannot be solved
for all the mutual inclinations.

We see that the eccentricity variations of 3D configurations of HD 12661
are small (1) for low mutual inclinations (blue in the left panel of Fig. 2) and
become large for high mutual inclinations (red). Additionally, the argument of
the pericenter ω1 circulates for low imut values (light blue in the right panel
of Fig. 2) and librates for high imut values (dark blue). Thus, for high mutual
inclinations, the system is in a LK-resonant state.

To visualise the different dynamics, we draw, for a given D2 value, the level
curves of the Hamiltonian (Eq. 5) in the representative plane pe1 sinω1,e2 sinω2q
where both pericenter arguments are fixed to �90� (see Libert and Henrard
(2007) for more details on the representative plane). This plane is neither a
phase portrait nor a surface of section, since the problem is four dimensional.
However, nearly all the orbits will cross the representative plane at several
points of intersection on the same energy curve. Figure 3 shows the represen-
tative planes of HD 12661 for imut � 20� (i.e. D2 � 0.35, left panel), 40� (i.e.
D2 � 0.67, middle panel), and 50� (i.e. D2 � 0.90, right panel), the inclination

(1). The initial inner eccentricity is 0.377.
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Figure 2 – Long-term evolution of HD 12661 system when varying the mutual
inclination imut (x-axis) and the inclination of the orbital plane i (y-axis), both
expressed in degrees. Left panel: Maximal eccentricity of the inner planet, as
defined by Eq. (8). Right panel: Libration amplitude of the argument of the
pericenter ω1 (in degrees), as defined by Eq. (9). The three highlighted points
are related to the representative planes shown in Fig. 3.

of the orbital plane being fixed to 50�. These three system configurations are
also indicated with white crosses in Fig. 2 and their dynamical evolutions are
those presented in Fig. 1.

For low values of imut, circular orbits (e1 � e2 � 0) constitute a point of
stable equilibrium (left panel of Fig. 3). As we increase the mutual inclination
(central and right panels of Fig. 3), the central equilibrium becomes unstable
and bifurcates into the two stable LK equilibria. The red crosses represent
the intersections of the evolution of the mutually inclined HD 12661 system
with the representative plane. For low mutual inclinations, the crosses are
located on both sides of the representative plane, so the argument of the inner
pericenter circulates. For imut � 50� (right panel of Fig. 3), the crosses are
inside the LK island in the left side of the representative plane, associated with
the libration of ω1 around 270� (as can also be observed in the bottom left
dynamical evolution shown in Fig. 1). We see that the corresponding white
cross on the right side of Fig. 2 is likewise located inside the dark blue region
of the LK resonance.

The critical value of the mutual inclination, which corresponds to the change
of stability of the central equilibrium, depends on the mass and semi-major axis
ratios (see e.g. Libert and Henrard, 2007) and is typically around 40�� 45�
for mass ratios between 0.5 and 2. For increasing mutual inclinations, the
stable LK equilibria reach higher inner eccentricity values and the orbit of the
considered system possibly crosses the representative plane inside a LK island.
Therefore, the dark blue LK region in Fig. 2 starts around 40��55�, the exact
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Figure 3 – Representative plane for HD 12661 system, having fixed the incli-
nation of the orbital plane to i � 50�, for imut � 20� (left panel), imut � 40�
(middle panel), and imut � 50� (right panel). The level curve of Hamiltonian
relative to the orbital parameters of HD 12661 is highlighted in red. The crosses
indicate the intersections of the orbit with the representative plane.

value for the change of dynamics depending on the inclination of the orbital
plane since the expansion (Eq. 5) depends on the inclination i via the planetary
mass.

Let us note that, even if the numerical convergence of the analytical expan-
sion of the HD 12661 system is not excellent (see Table 2), the LK-resonant
region perfectly matches the one obtained with n-body simulations additionally
performed for validation, except at very high mutual inclinations (imut ¥ 70�).
Indeed, for the HD 12661 and HD 74156 systems, a destabilisation of the orbits
is observed at very high mutual inclinations and slightly reduces the stable LK
region.

A second example is shown in Fig. 4 for the HD 11506 system. The LK
region is now located at smaller mutual inclinations, making visible the right
border of the LK region. For each i value, the interval of mutual inclinations
associated with the libration of the angle ω1 begins at � 40�, whereas its am-
plitude depends on i. No spatial configuration of HD 11506 can be found in a
LK-resonant state for a mutual inclination higher than 65�.

Let us note that some additional dark blue points can be observed for low
values of the inclinations of the orbital plane i. These systems are close to the
separatrix of the LK resonance and will be destabilised on a longer timescale,
as will be shown in the next section.

In Fig. 5 we display the libration amplitude of the argument of the peri-
center of the inner planet for the ten systems considered here. All the graphs
do show a LK region. In other words, all the selected RV-detected systems,
when considered with a significant mutual inclination, have physical and or-
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Figure 4 – Same as Fig. 2 for HD 11506 system.

Table 3 – Extent of the LK region for the ten systems. For each system, we
indicate the minimum imut (second column) and i (third column) values of the
LK region where libration of ω1 is observed in Fig. 5, the percentage of initial
conditions for which a LK-resonant state is observed (fourth column), and the
percentage of initial conditions classified as chaotic by the chaos indicator (fifth
column).

System min imut min i LK chaos
p�q p�q (%) (%)

HD 11506 41 30 15 39
HD 12661 43 30 24 49
HD 134987 46 30 13 –
HD 142 44 30 11 2
HD 154857 41 30 10 2
HD 164922 43 30 23 –
HD 169830 45 25 23 19
HD 207832 50 35 17 20
HD 4732 49 35 12 15
HD 74156 41 30 20 2

bital parameters compatible with a LK-resonant state. Table 3 summarises
information on the extent of the LK region for each system. The second and
third columns display the minimum values of the mutual inclination imut (with
an accuracy of 1�) and the orbital inclination i, respectively, for which a libra-
tion of the argument of the pericenter ω1 is observed. The percentage of initial
conditions inside the (dark blue) LK region is given in the fourth column. The
last column reports the percentage of chaos in the whole set of initial conditions
and will be discussed in Sect. 4.3.
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Figure 5 – Libration amplitude of ω1 for the ten systems considered here, when
varying the mutual inclination imut (x-axis) and the inclination of the orbital
plane i (y-axis).

4.2 Sensitivity to observational uncertainties
So far, we have considered the nominal values of the orbital parameters

given by the observations. However, due to the limitations of the detection
techniques, observational data come with relevant uncertainties, and to explore
the influence of such uncertainties on the previous results is relevant. As typical
examples, we show in Fig. 6 the extent of the LK region for the HD 12661
and HD 142 systems, when considering extremal orbital parameters within the
confidence regions given by the observations, instead of the best-fit parameter
values. The errors on each orbital parameter are listed in Table 1 for both
planetary systems. Two extremal cases are examined in the following, where
the minimal/maximal values are adopted for all the parameters simultaneously.

In the case of the HD 12661 system, the location and extent of the LK
region are very similar when adopting the minimal values (top left panel of
Fig. 6), the nominal values (top middle), and the maximal values (top right) of
the orbital parameters. Concerning HD 142, the situation is quite different. We
observe, in the bottom panels of Fig. 6, a significant variation of the LK region
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Figure 6 – Libration amplitude of ω1, as in Fig. 5, for the HD 12661 (top)
and HD 142 (bottom) systems, when considering the minimal values (left),
the nominal values (middle), and the maximal values (right) of the orbital
parameters.

in its extent and shape, probably due to the greater size of the observational
errors on the different orbital elements.

As a result, the location and extent of the LK resonance regions are sensitive
to observational uncertainties in the orbital elements, especially when they
are significant, and this should be taken into account in detailed studies of
the selected systems. Nevertheless, we stress that, when considering extremal
values within the confidence regions, the dynamics remains qualitatively the
same, with the existence of stable LK islands at high mutual inclinations for
both systems.

4.3 Stability of planetary systems
In this section, we aim to determine if the LK-resonant state of a 3D plan-

etary system is essential to ensure its long-term stability. To do so, we have
used the Mean Exponential Growth factor of Nearby Orbits (MEGNO) chaos
indicator, briefly described in the following (for an extensive discussion on the
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properties of the MEGNO, see Cincotta and Simo, 2000; Maffione et al., 2011).
Let Hpp,qq with p,q PRN be an autonomous Hamiltonian of N degrees of

freedom. The Hamiltonian vector field can be expressed as

9x� J∇xHx, (10)

where x �
�

p
q



P R2N and J =

�
0N �1N
1N 0N

�
, being 1N and 0N the unitary

and null N �N matrices, respectively. In order to apply the MEGNO chaos
indicator, we need to compute the evolution of deviation vectors δptq. These
vectors satisfy the variational equations

9δptq � J∇2
xHδptq, (11)

being ∇2
xH the Hessian matrix of the Hamiltonian. As in Cincotta and Simo

(2000), the Mean Exponential Growth Factor is defined as

Y ptq � 2
t

» t
0

9δpsq
δpsq ds, (12)

where δpsq is the Euclidean norm of δpsq. We consider here the mean MEGNO,
that is, the time-averaged MEGNO,

Ȳ ptq � 1
t

» t
0
Y psqds. (13)

The limit for t Ñ 8 provides a good characterisation of the orbits. The
MEGNO chaos indicator is particularly convenient since we have:

— limtÑ8Ȳ ptq � 0 for stable periodic orbits,
— limtÑ8Ȳ ptq � 2 for quasi-periodic orbits and for orbits close to stable

periodic ones,
— for irregular orbits, Ȳ ptq diverges with time.

For each set of initial conditions we choose the initial deviation vector δp0q
as a random unitary vector. We then study its evolution along the orbit and
compute the corresponding evolution of the mean MEGNO. Two main factors
have motivated the choice of this chaos indicator. First, it requires the study of
the evolution of only one deviation vector, saving valuable computational time.
Second, it returns an absolute value, as it classifies each orbit independently.

As previously noted, the LK-resonant state is surrounded by a chaotic zone
associated with the bifurcation of the central equilibrium at null eccentricities.
Therefore, a chaos indicator can be useful to highlight the extent of the chaotic
zone and identify with precision the (imut, i) values ensuring the regularity of
the orbits for a long time.

On the left panel of Fig. 7, we show the values of the mean MEGNO for
HD 11506 computed with our analytical approach. We can appreciate how
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Figure 7 – Mean MEGNO values for the HD 11506 system given by our ana-
lytical approach (left panel) and n-body simulations (right panel).

the region at high inclinations characterised as regular by the mean MEGNO
(purple) clearly superimposes with the LK-resonant region identified in Fig 4.
The surrounding chaotic region displayed in yellow extends up to high mu-
tual inclinations, showing that highly mutually inclined configurations of the
HD 11506 system can only be expected in a LK-resonant state. Regarding low
mutual inclinations, nearly all spatial configurations present regular motion up
to a mutual inclination of � 35�, where the LK resonance comes into play.

A comparison with n-body simulations (short-period effects included) is
given in the right panel of Fig. 7, where numerical integrations have been carried
out with SWIFT (for every 1� instead of 0.5� to reduce the computational cost).
The two panels look very similar, showing that our secular approach is reliable
for systems that are far from a mean-motion resonance.

Similar observations can be made for the ten extrasolar systems consid-
ered here. In Fig. 8, the chaotic region associated to a mean MEGNO value
greater than eight with our analytical approach, is indicated in white on the
plot showing the libration amplitude of ω1 (Fig. 5). Also, more information on
the extent of the chaotic zone for each system can be found in the last column
of Table 3. The chaotic region around the stable LK islands is broad for half
of the systems (HD 11506, HD 12661, HD 169830, HD 207832, and HD 4732),
moderate for the HD 142, HD 15487, and HD 74156 systems, and not signifi-
cant for the HD 134987 and HD 164922 systems, given the integration timescale
and the grid of initial conditions considered. For the first category of systems,
long-term regular evolutions of the orbits are only possible for low mutual in-
clinations and, for higher mutual inclinations, in the LK region, while in the
two other cases regular evolutions are also observed at high mutual inclinations
outside the LK regions.
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Figure 8 – Same as Fig. 5, where the initial system parameters leading to chaotic
motion (defined by the mean MEGNO value greater than 8) are coloured in
white (above the black curve).

5 Conclusions
In this work, we studied the possibility for ten RV-detected exoplanetary

systems to be in a 3D configuration. Using a secular Hamiltonian approxi-
mation (expansion in eccentricities and inclinations), we studied the secular
dynamics of possible 3D planetary configurations of the systems. In particular,
we determined ranges of orbital and mutual inclinations for which the system
is in a LK-resonant state. Our results were compared with n-body simulations,
showing the accuracy of the analytical approach up to very high inclinations
(� 70�� 80�). We showed that all the systems considered here might be in a
LK-resonant state for a sufficiently mutually inclined orbit. By means of the
MEGNO chaos indicator, we revealed the extent of the chaotic zone surround-
ing the stability islands of the LK resonance. Long-term regular evolutions
of the orbits are possible i) at low mutual inclinations and ii) at high mutual
inclinations, preferentially in the LK region, due to the significant extent of the
chaotic zone in many systems.

It should be stressed that the present work excludes systems whose inner
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planet is close to the star. For those systems, relativistic effects have to be
considered and we leave for future work how their inclusion will influence the
extent of the LK region.
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