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Intermezzo 

(warmup example)

Random walk on network
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Random walk on network

Consider a connected and undirected network.

Consider a walker sitting on a node and each time step, she jumps 
to one neighbouring node, chosen with uniform probability.

<latexit sha1_base64="Mv4ARALRovnUrfswAbkrdGgZo50=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZMzu7zPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrNZOeKON5r1hyK+4cZJV4GSlBhnqv+NXtxyyNuEImqTEdz03Qn1CNgkk+LXRTwxPKRnTAO5YqGnHjT+bXTsmZVfokjLUthWSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieO1PhEpS5IotFoWpJBiT2eukLzRnKMeWUKaFvZWwIdWUoQ2oYEPwll9eJc2LindZqd5XS7WbLI48nMAplMGDK6jBHdShAQwe4Rle4c2JnRfn3flYtOacbOYY/sD5/AH1G468</latexit>

pi(t)Let           be the probability to find the walker at time t on node i
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Random walk on network

Consider a connected and undirected network.

Consider a walker sitting on a node and each time step, she jumps 
to one neighbouring node, chosen with uniform probability.

<latexit sha1_base64="Mv4ARALRovnUrfswAbkrdGgZo50=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZMzu7zPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrNZOeKON5r1hyK+4cZJV4GSlBhnqv+NXtxyyNuEImqTEdz03Qn1CNgkk+LXRTwxPKRnTAO5YqGnHjT+bXTsmZVfokjLUthWSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieO1PhEpS5IotFoWpJBiT2eukLzRnKMeWUKaFvZWwIdWUoQ2oYEPwll9eJc2LindZqd5XS7WbLI48nMAplMGDK6jBHdShAQwe4Rle4c2JnRfn3flYtOacbOYY/sD5/AH1G468</latexit>

pi(t)Let           be the probability to find the walker at time t on node i

What can be said about           ?  

Is it somehow related to the network structure?

<latexit sha1_base64="Mv4ARALRovnUrfswAbkrdGgZo50=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZMzu7zPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrNZOeKON5r1hyK+4cZJV4GSlBhnqv+NXtxyyNuEImqTEdz03Qn1CNgkk+LXRTwxPKRnTAO5YqGnHjT+bXTsmZVfokjLUthWSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieO1PhEpS5IotFoWpJBiT2eukLzRnKMeWUKaFvZWwIdWUoQ2oYEPwll9eJc2LindZqd5XS7WbLI48nMAplMGDK6jBHdShAQwe4Rle4c2JnRfn3flYtOacbOYY/sD5/AH1G468</latexit>

pi(t)
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Random walk on network

Aij = Aji = 1Adjacency matrix:

ki =
X

j

AijNodes degree:
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Random walk on network

Transition probability to jump form i to j :
<latexit sha1_base64="ieLTUOOJbxD2Vhaq7tKXOu8k+/s=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFHUjVN24rNAXtCFMppN22skkzEyEEoMbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceL2JUKsv6NnJLyyura/n1wsbm1vaOubvXlGEsMGngkIWi7SFJGOWkoahipB0JggKPkZY3upn4rXsiJA15XY0j4gSoz6lPMVJacs2Deok+DE8uu75AOLlyEzpM02Tk0tQ1i1bZmgIuEjsjRZCh5ppf3V6I44BwhRmSsmNbkXISJBTFjKSFbixJhPAI9UlHU44CIp1k+kIKj7XSg34odHEFp+rviQQFUo4DT3cGSA3kvDcR//M6sfIvnITyKFaE49kiP2ZQhXCSB+xRQbBiY00QFlTfCvEA6TCUTq2gQ7DnX14kzdOyfVau3FWK1essjjw4BEegBGxwDqrgFtRAA2DwCJ7BK3gznowX4934mLXmjGxmH/yB8fkDSnKXZQ==</latexit>

T (i|j) = Aij

ki
<latexit sha1_base64="CWACVlY7WeTxonymk2uuw0a1wD8=">AAACBXicbVDLSgNBEJz1GeMr6lEPg0HYIIRdCepFCHrxGCEvSJZldjJJJpnZXWZ6hRBz8eKvePGgiFf/wZt/4+Rx0MSChqKqm+6uIBZcg+N8W0vLK6tr66mN9ObW9s5uZm+/qqNEUVahkYhUPSCaCR6yCnAQrB4rRmQgWC3o34z92j1TmkdhGQYx8yTphLzNKQEj+Zmj2O/ZcOrmrpo6kT7Hsc9tyJVt/tDL+Zmsk3cmwIvEnZEsmqHkZ76arYgmkoVABdG64ToxeEOigFPBRulmollMaJ90WMPQkEimveHkixE+MUoLtyNlKgQ8UX9PDInUeiAD0ykJdPW8Nxb/8xoJtC+9IQ/jBFhIp4vaicAQ4XEkuMUVoyAGhhCquLkV0y5RhIIJLm1CcOdfXiTVs7x7ni/cFbLF61kcKXSIjpGNXHSBiugWlVAFUfSIntErerOerBfr3fqYti5Zs5kD9AfW5w/mKJbt</latexit>

pj(t+ 1) =
X

i

pi(t)T (i|j)
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Random walk on network

Transition probability to jump form i to j :

<latexit sha1_base64="qMqRMq27X9qNj9h5odJfaHWZijs=">AAACDnicbVDLSgMxFM3UV62vUZduBkuhhVJmpKgboejGZQX7gLYOmTRtQzOZkNwplKFf4MZfceNCEbeu3fk3po+Fth4IOTnn3iT3BJIzDa77baXW1jc2t9LbmZ3dvf0D+/CorqNYEVojEY9UM8CaciZoDRhw2pSK4jDgtBEMb6Z+Y0SVZpG4h7GknRD3BesxgsFIvp1rjyhJ5CQPhau89D2zF9vdCHRR+sIcCg9tiKRvZ92SO4OzSrwFyaIFqr79ZS4hcUgFEI61bnmuhE6CFTDC6STTjjWVmAxxn7YMFTikupPMxpk4OaN0nV6kzBLgzNTfHQkOtR6HgakMMQz0sjcV//NaMfQuOwkTMgYqyPyhXswdiJxpNk6XKUqAjw3BRDHzV4cMsMIETIIZE4K3PPIqqZ+VvPNS+a6crVwv4kijE3SK8shDF6iCblEV1RBBj+gZvaI368l6sd6tj3lpylr0HKM/sD5/ANy7mr0=</latexit>

~p(t) = (p1(t), . . . , pn(t))
>

<latexit sha1_base64="ieLTUOOJbxD2Vhaq7tKXOu8k+/s=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJFHUjVN24rNAXtCFMppN22skkzEyEEoMbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceL2JUKsv6NnJLyyura/n1wsbm1vaOubvXlGEsMGngkIWi7SFJGOWkoahipB0JggKPkZY3upn4rXsiJA15XY0j4gSoz6lPMVJacs2Deok+DE8uu75AOLlyEzpM02Tk0tQ1i1bZmgIuEjsjRZCh5ppf3V6I44BwhRmSsmNbkXISJBTFjKSFbixJhPAI9UlHU44CIp1k+kIKj7XSg34odHEFp+rviQQFUo4DT3cGSA3kvDcR//M6sfIvnITyKFaE49kiP2ZQhXCSB+xRQbBiY00QFlTfCvEA6TCUTq2gQ7DnX14kzdOyfVau3FWK1essjjw4BEegBGxwDqrgFtRAA2DwCJ7BK3gznowX4934mLXmjGxmH/yB8fkDSnKXZQ==</latexit>

T (i|j) = Aij

ki
<latexit sha1_base64="CWACVlY7WeTxonymk2uuw0a1wD8=">AAACBXicbVDLSgNBEJz1GeMr6lEPg0HYIIRdCepFCHrxGCEvSJZldjJJJpnZXWZ6hRBz8eKvePGgiFf/wZt/4+Rx0MSChqKqm+6uIBZcg+N8W0vLK6tr66mN9ObW9s5uZm+/qqNEUVahkYhUPSCaCR6yCnAQrB4rRmQgWC3o34z92j1TmkdhGQYx8yTphLzNKQEj+Zmj2O/ZcOrmrpo6kT7Hsc9tyJVt/tDL+Zmsk3cmwIvEnZEsmqHkZ76arYgmkoVABdG64ToxeEOigFPBRulmollMaJ90WMPQkEimveHkixE+MUoLtyNlKgQ8UX9PDInUeiAD0ykJdPW8Nxb/8xoJtC+9IQ/jBFhIp4vaicAQ4XEkuMUVoyAGhhCquLkV0y5RhIIJLm1CcOdfXiTVs7x7ni/cFbLF61kcKXSIjpGNXHSBiugWlVAFUfSIntErerOerBfr3fqYti5Zs5kD9AfW5w/mKJbt</latexit>

pj(t+ 1) =
X

i

pi(t)T (i|j)

<latexit sha1_base64="OVsZ7HAkqBbvgJxApd4qxo+CRus=">AAACFHicbVDLSsNAFJ34rPUVdekmWISWQkmkqBuh6MZlhb6giWUynbRDJw9mbgol9CPc+CtuXCji1oU7/8ZJm4VtPXDhcM693HuPG3EmwTR/tLX1jc2t7dxOfndv/+BQPzpuyTAWhDZJyEPRcbGknAW0CQw47USCYt/ltO2O7lK/PaZCsjBowCSijo8HAfMYwaCknl62x5Qk0fTRhjAqQtkq3SwqJdvHMHS9pDHt6QWzYs5grBIrIwWUod7Tv+1+SGKfBkA4lrJrmRE4CRbACKfTvB1LGmEywgPaVTTAPpVOMntqapwrpW94oVAVgDFT/04k2Jdy4ruqM71QLnup+J/XjcG7dhIWRDHQgMwXeTE3IDTShIw+E5QAnyiCiWDqVoMMscAEVI55FYK1/PIqaV1UrMtK9aFaqN1mceTQKTpDRWShK1RD96iOmoigJ/SC3tC79qy9ah/a57x1TctmTtACtK9f5EWevQ==</latexit>

~p>(t+ 1) = ~p>(t)T

<latexit sha1_base64="02u7VxcT0j3QSckfkyL8TjEdGxk=">AAACIXicbVDLSgMxFM34rPU16tJNsAjqosxIUTdC0Y3LCtYKnTpk0kwbzCRDckcpQ3/Fjb/ixoUi3Yk/Y/pYaOuBwOGcc7m5J0oFN+B5X87c/MLi0nJhpbi6tr6x6W5t3xqVacrqVAml7yJimOCS1YGDYHepZiSJBGtED5dDv/HItOFK3kAvZa2EdCSPOSVgpdA9Cx4ZzdP+fQAqDY/OA8GTMIdA804XiNbqCQdcxtDr/w4ewGHolryyNwKeJf6ElNAEtdAdBG1Fs4RJoIIY0/S9FFo50cCpYP1ikBmWEvpAOqxpqSQJM618dGEf71uljWOl7ZOAR+rviZwkxvSSyCYTAl0z7Q3F/7xmBvFZK+cyzYBJOl4UZwKDwsO6cJtrRkH0LCFUc/tXTLtEEwq21KItwZ8+eZbcHpf9k3LlulKqXkzqKKBdtIcOkI9OURVdoRqqI4qe0St6Rx/Oi/PmfDqDcXTOmczsoD9wvn8A+9SlQQ==</latexit>

~p>⇤ = lim
t!1

~p>(t)
<latexit sha1_base64="i0rYql/4c/fbEzcaPkS2vcwgZdA=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSKKi5JIUTdC0Y3LCn1BE8NkOmmHTibDzKRQQj/Bjb/ixoUibl2682+ctFnY1gMDZ865l3vvCTglUtn2j1FYWV1b3yhulra2d3b3zP2DlowTgXATxTQWnQBKTAnDTUUUxR0uMIwCitvB8C7z2yMsJIlZQ4059iLYZyQkCCot+eapO8Io5ZNHV8XcP7+Z/7oRVIMgTBsT3yzbFXsKa5k4OSmDHHXf/HZ7MUoizBSiUMquY3PlpVAogiielNxEYg7REPZxV1MGIyy9dHrQxDrRSs8KY6EfU9ZU/duRwkjKcRToymxDuehl4n9eN1HhtZcSxhOFGZoNChNqqdjK0rF6RGCk6FgTiATRu1poAAVESmdY0iE4iycvk9ZFxbmsVB+q5dptHkcRHIFjcAYccAVq4B7UQRMg8ARewBt4N56NV+PD+JyVFoy85xDMwfj6Bd8tncE=</latexit>

~p>⇤ = ~p>⇤ T
<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
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Random walk on network

<latexit sha1_base64="i0rYql/4c/fbEzcaPkS2vcwgZdA=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSKKi5JIUTdC0Y3LCn1BE8NkOmmHTibDzKRQQj/Bjb/ixoUibl2682+ctFnY1gMDZ865l3vvCTglUtn2j1FYWV1b3yhulra2d3b3zP2DlowTgXATxTQWnQBKTAnDTUUUxR0uMIwCitvB8C7z2yMsJIlZQ4059iLYZyQkCCot+eapO8Io5ZNHV8XcP7+Z/7oRVIMgTBsT3yzbFXsKa5k4OSmDHHXf/HZ7MUoizBSiUMquY3PlpVAogiielNxEYg7REPZxV1MGIyy9dHrQxDrRSs8KY6EfU9ZU/duRwkjKcRToymxDuehl4n9eN1HhtZcSxhOFGZoNChNqqdjK0rF6RGCk6FgTiATRu1poAAVESmdY0iE4iycvk9ZFxbmsVB+q5dptHkcRHIFjcAYccAVq4B7UQRMg8ARewBt4N56NV+PD+JyVFoy85xDMwfj6Bd8tncE=</latexit>

~p>⇤ = ~p>⇤ T

<latexit sha1_base64="TF+SfRHqvNXCgIqjm0kNvpZ+ark=">AAACCXicbZC7SgNBFIbPxluMt1VLm8Eg2Bh2JaiNELRRsIiQGyQhzE5mkyGzF2ZmhbBsa+Or2FgoYusb2Pk2ziYb0MQfBj7+cw5zzu+EnEllWd9Gbml5ZXUtv17Y2Nza3jF39xoyiAShdRLwQLQcLClnPq0rpjhthYJiz+G06Yyu03rzgQrJAr+mxiHtenjgM5cRrLTVM1HHw2rouPFdcjnD2+RkhrWkZxatkjURWgQ7gyJkqvbMr04/IJFHfUU4lrJtW6HqxlgoRjhNCp1I0hCTER7QtkYfe1R248klCTrSTh+5gdDPV2ji/p6IsSfl2HN0Z7qhnK+l5n+1dqTci27M/DBS1CfTj9yIIxWgNBbUZ4ISxccaMBFM74rIEAtMlA6voEOw509ehMZpyT4rle/LxcpVFkceDuAQjsGGc6jADVShDgQe4Rle4c14Ml6Md+Nj2pozspl9+CPj8wcW4pqZ</latexit>

L = I�T Random walk Laplace matrix

<latexit sha1_base64="7pgLErpDo3Qhx2h19FNEGD6I08w=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCiJRdKeqx6MVjBfsB7bJk07QNTbJLkhXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmRQln2njet7Oyura+sVnYKm7v7O6V3P2Dpo5TRWiDxDxW7QhrypmkDcMMp+1EUSwiTlvR6Hbqtx6p0iyWD2ac0EDggWR9RrCxUuiWkjA7O2eTrmYCjUIWumWv4s2AlomfkzLkqIfuV7cXk1RQaQjHWnd8LzFBhpVhhNNJsZtqmmAywgPasVRiQXWQzQ6foBOr9FA/VrakQTP190SGhdZjEdlOgc1QL3pT8T+vk5r+dZAxmaSGSjJf1E85MjGapoB6TFFi+NgSTBSztyIyxAoTY7Mq2hD8xZeXSfOi4l9WqvfVcu0mj6MAR3AMp+DDFdTgDurQAAIpPMMrvDlPzovz7nzMW1ecfOYQ/sD5/AEqKZLI</latexit>

p⇤,i ⇠ ki
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Dynamical Systems on Network
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Dynamical Systems on Network

Assume to have n copies of the same dynamical system
<latexit sha1_base64="JsuYXH4hU4ZtRgvXp7LMpFbwcj4=">AAACC3icbZDLSsNAFIYnXmu9RV26CS1C3ZREiroRim5cVrAXaEuYTCft0MkkzJwUS8jeja/ixoUibn0Bd76N0zQLbf1h4OM/58zM+b2IMwW2/W2srK6tb2wWtorbO7t7++bBYUuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N76Z1dsTKhULxT1MI9oP8FAwnxEM2nLNUm8QQtKbUJI8pKnLrjL000puuezUNct21c5kLYOTQxnlarjml76UxAEVQDhWquvYEfQTLIERTtNiL1Y0wmSMh7SrUeCAqn6S7ZJaJ9oZWH4o9RFgZe7viQQHSk0DT3cGGEZqsTYz/6t1Y/Av+wkTUQxUkPlDfswtCK1ZMNaASUqATzVgIpn+q0VGWGICOr6iDsFZXHkZWmdV57xau6uV69d5HAV0jEqoghx0geroFjVQExH0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHOzabzQ==</latexit>

~̇xi = ~f(~xi)

How to couple them?  

What can be said about the global behaviour? 

Are there some new emergent properties?
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Dynamical Systems on Network

Assume to have n copies of the same dynamical system
<latexit sha1_base64="JsuYXH4hU4ZtRgvXp7LMpFbwcj4=">AAACC3icbZDLSsNAFIYnXmu9RV26CS1C3ZREiroRim5cVrAXaEuYTCft0MkkzJwUS8jeja/ixoUibn0Bd76N0zQLbf1h4OM/58zM+b2IMwW2/W2srK6tb2wWtorbO7t7++bBYUuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N76Z1dsTKhULxT1MI9oP8FAwnxEM2nLNUm8QQtKbUJI8pKnLrjL000puuezUNct21c5kLYOTQxnlarjml76UxAEVQDhWquvYEfQTLIERTtNiL1Y0wmSMh7SrUeCAqn6S7ZJaJ9oZWH4o9RFgZe7viQQHSk0DT3cGGEZqsTYz/6t1Y/Av+wkTUQxUkPlDfswtCK1ZMNaASUqATzVgIpn+q0VGWGICOr6iDsFZXHkZWmdV57xau6uV69d5HAV0jEqoghx0geroFjVQExH0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHOzabzQ==</latexit>

~̇xi = ~f(~xi)

How to couple them? 

Coupling means interaction and interaction implies exchange.

Agents can thus move around the network (i.e., diffuse)  

or they can stick on nodes and exchange “signals”.
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Dynamical Systems on Network

Assume to have n copies of the same dynamical system
<latexit sha1_base64="JsuYXH4hU4ZtRgvXp7LMpFbwcj4=">AAACC3icbZDLSsNAFIYnXmu9RV26CS1C3ZREiroRim5cVrAXaEuYTCft0MkkzJwUS8jeja/ixoUibn0Bd76N0zQLbf1h4OM/58zM+b2IMwW2/W2srK6tb2wWtorbO7t7++bBYUuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N76Z1dsTKhULxT1MI9oP8FAwnxEM2nLNUm8QQtKbUJI8pKnLrjL000puuezUNct21c5kLYOTQxnlarjml76UxAEVQDhWquvYEfQTLIERTtNiL1Y0wmSMh7SrUeCAqn6S7ZJaJ9oZWH4o9RFgZe7viQQHSk0DT3cGGEZqsTYz/6t1Y/Av+wkTUQxUkPlDfswtCK1ZMNaASUqATzVgIpn+q0VGWGICOr6iDsFZXHkZWmdV57xau6uV69d5HAV0jEqoghx0geroFjVQExH0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHOzabzQ==</latexit>

~̇xi = ~f(~xi)

Agents can thus move around the network (i.e., diffuse)  

or they can stick on nodes and exchange “signals”.

Diffusive (like) coupling

Adjacency coupling
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Dynamical Systems on Network

Assume to have n copies of the same dynamical system
<latexit sha1_base64="JsuYXH4hU4ZtRgvXp7LMpFbwcj4=">AAACC3icbZDLSsNAFIYnXmu9RV26CS1C3ZREiroRim5cVrAXaEuYTCft0MkkzJwUS8jeja/ixoUibn0Bd76N0zQLbf1h4OM/58zM+b2IMwW2/W2srK6tb2wWtorbO7t7++bBYUuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N76Z1dsTKhULxT1MI9oP8FAwnxEM2nLNUm8QQtKbUJI8pKnLrjL000puuezUNct21c5kLYOTQxnlarjml76UxAEVQDhWquvYEfQTLIERTtNiL1Y0wmSMh7SrUeCAqn6S7ZJaJ9oZWH4o9RFgZe7viQQHSk0DT3cGGEZqsTYz/6t1Y/Av+wkTUQxUkPlDfswtCK1ZMNaASUqATzVgIpn+q0VGWGICOr6iDsFZXHkZWmdV57xau6uV69d5HAV0jEqoghx0geroFjVQExH0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHOzabzQ==</latexit>

~̇xi = ~f(~xi)

How to couple them?  

What can be said about the global behaviour? 

Are there some new emergent properties?
Assuming the isolated systems  

do synchronise  / converge to some equilibrium value,  
does the coupled system do the same?
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Diffusive coupling
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Interactions occur at each node.  Diffusion occurs across edges.

Metapopulation models 
e.g. in the framework of ecology: 
May R., Will a large complex system be stable? 
Nature, 238, pp. 413, (1972)

Dynamical Systems on Network
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Assume each isolated system converges to the same stable 
stationary equilibrium

Assume a diffusive coupling

<latexit sha1_base64="OsxEqyOqGGuonDrZjFQ2bFWr36s="></latexit>

lim
t!1

~xi(t) = ~x⇤
i 8i

<latexit sha1_base64="mGm3xw53nRZPPVZ6aJvyIhhDhfc=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1YUmkVJdVNy4r2Ac0IUym03bamSTMTIol5E/c+CtuXCgi7vo3TtsI2npghsM593LvPX7EqFSWNTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjAakLqiipFWJAjiPiNNf3g79ZsjIiQNgwc1jojLUS+gXYqR0pJnVpxOqBJnRHDymKYehY6kXH8x9wbXXkIHaTEzvcH5D6NnnlmwStYMcJnYGSmADDXP/NKDcMxJoDBDUrZtK1JugoSimJE078SSRAgPUY+0NQ0QJ9JNZvel8FQrHdgNhX6BgjP1d0eCuJRj7utKjlRfLnpT8T+vHavulZvQIIoVCfB8UDdmUIVwGhbsUEGwYmNNEBZU7wpxHwmElY40r0OwF09eJo2Lkl0ple/LhepNFkcOHIMTUAQ2uARVcAdqoA4weAIv4A28G8/Gq/FhfM5LV4ys5wj8gTH5Bvi1pCo=</latexit>

~̇xi ⇠
X

j

Aij(~xj � ~xi)
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Assume each isolated system converges to the same stable 
stationary equilibrium

Assume a diffusive coupling

is the (combinatorial) Laplace matrix
<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="OsxEqyOqGGuonDrZjFQ2bFWr36s="></latexit>

lim
t!1

~xi(t) = ~x⇤
i 8i

<latexit sha1_base64="mGm3xw53nRZPPVZ6aJvyIhhDhfc=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1YUmkVJdVNy4r2Ac0IUym03bamSTMTIol5E/c+CtuXCgi7vo3TtsI2npghsM593LvPX7EqFSWNTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjAakLqiipFWJAjiPiNNf3g79ZsjIiQNgwc1jojLUS+gXYqR0pJnVpxOqBJnRHDymKYehY6kXH8x9wbXXkIHaTEzvcH5D6NnnlmwStYMcJnYGSmADDXP/NKDcMxJoDBDUrZtK1JugoSimJE078SSRAgPUY+0NQ0QJ9JNZvel8FQrHdgNhX6BgjP1d0eCuJRj7utKjlRfLnpT8T+vHavulZvQIIoVCfB8UDdmUIVwGhbsUEGwYmNNEBZU7wpxHwmElY40r0OwF09eJo2Lkl0ple/LhepNFkcOHIMTUAQ2uARVcAdqoA4weAIv4A28G8/Gq/FhfM5LV4ys5wj8gTH5Bvi1pCo=</latexit>

~̇xi ⇠
X

j

Aij(~xj � ~xi)
<latexit sha1_base64="QDW6foHR1XETaNt6PfXrra3Qqcg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBIp6qZQdeOygn1AE8JkOm2nnUnCzKRYQr7Ajb/ixoUibl2782+cthG09cCFM+fcy9x7/IhRqSzry1haXlldW89t5De3tnd2zb39hgxjgUkdhywULR9JwmhA6ooqRlqRIIj7jDT94fXEb46IkDQM7tQ4Ii5HvYB2KUZKS55ZrDgy5t4AXnoJHaTOiODkPvUGJ0OP/jxoxTMLVsmaAi4SOyMFkKHmmZ9OJ8QxJ4HCDEnZtq1IuQkSimJG0rwTSxIhPEQ90tY0QJxIN5mek8KiVjqwGwpdgYJT9fdEgriUY+7rTo5UX857E/E/rx2r7oWb0CCKFQnw7KNuzKAK4SQb2KGCYMXGmiAsqN4V4j4SCCudYF6HYM+fvEgapyX7rFS+LReqV1kcOXAIjsAxsME5qIIbUAN1gMEDeAIv4NV4NJ6NN+N91rpkZDMH4A+Mj2/lEZyq</latexit>

=
X

j

Aij~xj � ki~xi =

<latexit sha1_base64="U1r5wicYb4tTHvHn4CAfQXJtpRg="></latexit>

=
X

j

(Aij � ki�ij) ~xj =:
X

j

Lij~xj
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Some properties of
<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="bIf+ihLyFL9ef0+sgK6Mcq+LHjU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqW6EohsXLirYB7RDyaSZNm0mMyaZQhnmO9y4UMStH+POvzFtZ6GtBy73cM695OZ4EWdK2/a3lVtb39jcym8Xdnb39g+Kh0dNFcaS0AYJeSjbHlaUM0EbmmlO25GkOPA4bXnj25nfmlCpWCge9TSiboAHgvmMYG0k976XsFF6bdqIpb1iyS7bc6BV4mSkBBnqveJXtx+SOKBCE46V6jh2pN0ES80Ip2mhGysaYTLGA9oxVOCAKjeZH52iM6P0kR9KU0Kjufp7I8GBUtPAM5MB1kO17M3E/7xOrP0rN2EiijUVZPGQH3OkQzRLAPWZpETzqSGYSGZuRWSIJSba5FQwITjLX14lzYuyUy1XHiql2k0WRx5O4BTOwYFLqMEd1KEBBJ7gGV7hzZpYL9a79bEYzVnZzjH8gfX5A98Zki4=</latexit>

Lij = Lji Diagonalisable and with real eigenvalues<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
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Some properties of
<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="b109Mz9WgFYs4mj6UQAZi9YOmyM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUSKuhGKbly4qGAf0IQwmUzaaWcmcWYilNCdG3/FjQtF3PoL7vwbp4+Fth64cDjnXu69J0wZVdpxvq2FxaXlldXCWnF9Y3Nr297Zbagkk5jUccIS2QqRIowKUtdUM9JKJUE8ZKQZ9q9GfvOBSEUTcacHKfE56ggaU4y0kQL7wFMZD3rwJshpb3jhePcZiqAXJxIxBmlgl5yyMwacJ+6UlMAUtcD+8qIEZ5wIjRlSqu06qfZzJDXFjAyLXqZIinAfdUjbUIE4UX4+/mMIj4wSQbPblNBwrP6eyBFXasBD08mR7qpZbyT+57UzHZ/7ORVpponAk0VxxqBO4CgUGFFJsGYDQxCW1NwKcRdJhLWJrmhCcGdfnieNk7J7Wq7cVkrVy2kcBbAPDsExcMEZqIJrUAN1gMEjeAav4M16sl6sd+tj0rpgTWf2wB9Ynz87CJjp</latexit>X

j

Lij = 0 8i

<latexit sha1_base64="bIf+ihLyFL9ef0+sgK6Mcq+LHjU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqW6EohsXLirYB7RDyaSZNm0mMyaZQhnmO9y4UMStH+POvzFtZ6GtBy73cM695OZ4EWdK2/a3lVtb39jcym8Xdnb39g+Kh0dNFcaS0AYJeSjbHlaUM0EbmmlO25GkOPA4bXnj25nfmlCpWCge9TSiboAHgvmMYG0k976XsFF6bdqIpb1iyS7bc6BV4mSkBBnqveJXtx+SOKBCE46V6jh2pN0ES80Ip2mhGysaYTLGA9oxVOCAKjeZH52iM6P0kR9KU0Kjufp7I8GBUtPAM5MB1kO17M3E/7xOrP0rN2EiijUVZPGQH3OkQzRLAPWZpETzqSGYSGZuRWSIJSba5FQwITjLX14lzYuyUy1XHiql2k0WRx5O4BTOwYFLqMEd1KEBBJ7gGV7hzZpYL9a79bEYzVnZzjH8gfX5A98Zki4=</latexit>

Lij = Lji Diagonalisable and with real eigenvalues<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)

<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
<latexit sha1_base64="HM2B7os7DXKIofdzBO0zyc4x084=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmpKgboejGhYsK9gHtWDKZtA3NZIYkI9ShX+LGhSJu/RR3/o1pOwttPRA4nHMu9+b4MWdKO863lVtZXVvfyG8WtrZ3dov23n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oeuq3HqlULBL3ehxTL8QDwfqMYG2knl3s3ppwgB/SsnsyuXR6dsmpODOgZeJmpAQZ6j37qxtEJAmp0IRjpTquE2svxVIzwumk0E0UjTEZ4QHtGCpwSJWXzg6foGOjBKgfSfOERjP190SKQ6XGoW+SIdZDtehNxf+8TqL7F17KRJxoKsh8UT/hSEdo2gIKmKRE87EhmEhmbkVkiCUm2nRVMCW4i19eJs3TintWqd5VS7WrrI48HMIRlMGFc6jBDdShAQQSeIZXeLOerBfr3fqYR3NWNnMAf2B9/gA8eZIs</latexit>

⇤(1) = 0
<latexit sha1_base64="/FxgFK0iqf0ehJil4ESRGP8k7+Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSK0UmoiRd0IRTcuK9gHNG2ZTKft0MkkztwUSsg/uPFX3LhQxK0bd/6N08dCqwcuHM65d+be44WcKbDtLyO1tLyyupZez2xsbm3vmLt7NRVEktAqCXggGx5WlDNBq8CA00YoKfY9Tuve8Hri10dUKhaIOxiHtOXjvmA9RjBoqWMeuyNKYjccsKQd55x8cplzCm43AFVw8m0XgvDEVfcSYpF0zKxdtKew/hJnTrJojkrH/NQPkcinAgjHSjUdO4RWjCUwwmmScSNFQ0yGuE+bmgrsU9WKpzcl1pFWulYvkLoEWFP150SMfaXGvqc7fQwDtehNxP+8ZgS9i1bMRBgBFWT2US/iFgTWJCCryyQlwMeaYCKZ3tUiAywxAR1jRofgLJ78l9ROi85ZsXRbypav5nGk0QE6RDnkoHNURjeogqqIoAf0hF7Qq/FoPBtvxvusNWXMZ/bRLxgf39EBnYU=</latexit>

~�(1) = (1, . . . , 1)>/
p
n
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<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="b109Mz9WgFYs4mj6UQAZi9YOmyM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUSKuhGKbly4qGAf0IQwmUzaaWcmcWYilNCdG3/FjQtF3PoL7vwbp4+Fth64cDjnXu69J0wZVdpxvq2FxaXlldXCWnF9Y3Nr297Zbagkk5jUccIS2QqRIowKUtdUM9JKJUE8ZKQZ9q9GfvOBSEUTcacHKfE56ggaU4y0kQL7wFMZD3rwJshpb3jhePcZiqAXJxIxBmlgl5yyMwacJ+6UlMAUtcD+8qIEZ5wIjRlSqu06qfZzJDXFjAyLXqZIinAfdUjbUIE4UX4+/mMIj4wSQbPblNBwrP6eyBFXasBD08mR7qpZbyT+57UzHZ/7ORVpponAk0VxxqBO4CgUGFFJsGYDQxCW1NwKcRdJhLWJrmhCcGdfnieNk7J7Wq7cVkrVy2kcBbAPDsExcMEZqIJrUAN1gMEjeAav4M16sl6sd+tj0rpgTWf2wB9Ynz87CJjp</latexit>X

j

Lij = 0 8i

<latexit sha1_base64="bIf+ihLyFL9ef0+sgK6Mcq+LHjU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqW6EohsXLirYB7RDyaSZNm0mMyaZQhnmO9y4UMStH+POvzFtZ6GtBy73cM695OZ4EWdK2/a3lVtb39jcym8Xdnb39g+Kh0dNFcaS0AYJeSjbHlaUM0EbmmlO25GkOPA4bXnj25nfmlCpWCge9TSiboAHgvmMYG0k976XsFF6bdqIpb1iyS7bc6BV4mSkBBnqveJXtx+SOKBCE46V6jh2pN0ES80Ip2mhGysaYTLGA9oxVOCAKjeZH52iM6P0kR9KU0Kjufp7I8GBUtPAM5MB1kO17M3E/7xOrP0rN2EiijUVZPGQH3OkQzRLAPWZpETzqSGYSGZuRWSIJSba5FQwITjLX14lzYuyUy1XHiql2k0WRx5O4BTOwYFLqMEd1KEBBJ7gGV7hzZpYL9a79bEYzVnZzjH8gfX5A98Zki4=</latexit>

Lij = Lji

Non-positive definite

Diagonalisable and with real eigenvalues<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)

<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
<latexit sha1_base64="HM2B7os7DXKIofdzBO0zyc4x084=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmpKgboejGhYsK9gHtWDKZtA3NZIYkI9ShX+LGhSJu/RR3/o1pOwttPRA4nHMu9+b4MWdKO863lVtZXVvfyG8WtrZ3dov23n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oeuq3HqlULBL3ehxTL8QDwfqMYG2knl3s3ppwgB/SsnsyuXR6dsmpODOgZeJmpAQZ6j37qxtEJAmp0IRjpTquE2svxVIzwumk0E0UjTEZ4QHtGCpwSJWXzg6foGOjBKgfSfOERjP190SKQ6XGoW+SIdZDtehNxf+8TqL7F17KRJxoKsh8UT/hSEdo2gIKmKRE87EhmEhmbkVkiCUm2nRVMCW4i19eJs3TintWqd5VS7WrrI48HMIRlMGFc6jBDdShAQQSeIZXeLOerBfr3fqYR3NWNnMAf2B9/gA8eZIs</latexit>

⇤(1) = 0
<latexit sha1_base64="/FxgFK0iqf0ehJil4ESRGP8k7+Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSK0UmoiRd0IRTcuK9gHNG2ZTKft0MkkztwUSsg/uPFX3LhQxK0bd/6N08dCqwcuHM65d+be44WcKbDtLyO1tLyyupZez2xsbm3vmLt7NRVEktAqCXggGx5WlDNBq8CA00YoKfY9Tuve8Hri10dUKhaIOxiHtOXjvmA9RjBoqWMeuyNKYjccsKQd55x8cplzCm43AFVw8m0XgvDEVfcSYpF0zKxdtKew/hJnTrJojkrH/NQPkcinAgjHSjUdO4RWjCUwwmmScSNFQ0yGuE+bmgrsU9WKpzcl1pFWulYvkLoEWFP150SMfaXGvqc7fQwDtehNxP+8ZgS9i1bMRBgBFWT2US/iFgTWJCCryyQlwMeaYCKZ3tUiAywxAR1jRofgLJ78l9ROi85ZsXRbypav5nGk0QE6RDnkoHNURjeogqqIoAf0hF7Qq/FoPBtvxvusNWXMZ/bRLxgf39EBnYU=</latexit>

~�(1) = (1, . . . , 1)>/
p
n

<latexit sha1_base64="DJHNdjBWfo4Qjl33LgzMrMdp3Lo="></latexit>

�M>M = A� diag(k1, k2, k3) = L

<latexit sha1_base64="xQ18RPkxDESh3gZ3ZPDx5B5oH3k=">AAACUXicdVHLSgMxFL0dX7X1UXXpZrAILWiZkaJuhKIbFwoV7AM6bcmkGSc0MxOSjFCG+UUXuvI/3LhQTB+gtnohcHLOPdybE5czKpVlvWaMpeWV1bXsei6/sbm1XdjZbcooFpg0cMQi0XaRJIyGpKGoYqTNBUGBy0jLHV6N9dYjEZJG4b0acdIN0ENIPYqR0lS/4Jcc7tNeUnIQ4z4qp0dOgJTveslNOqeUL47/bb5Ne46K+Pd1wdsvFK2KNSlzEdgzUIRZ1fuFZ2cQ4TggocIMSdmxLa66CRKKYkbSnBNLwhEeogfS0TBEAZHdZJJIah5qZmB6kdAnVOaE/elIUCDlKHB153hlOa+Nyb+0Tqy8825CQx4rEuLpIC9mporMcbzmgAqCFRtpgLCgelcT+0ggrPQn5HQI9vyTF0HzpGKfVqp31WLtchZHFvbhAEpgwxnU4Brq0AAMT/AGH/CZecm8G2AY01YjM/Pswa8y8l9/2bRF</latexit>

(�(↵),L�(↵)) = �(�(↵),M>M�(↵)) =
<latexit sha1_base64="cSMz+FA9+ePf3Bui96R/kyFZWq4="></latexit>

= �(M>�(↵),M�(↵)) = �||M�(↵)||2  0
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Diffusion coefficients
<latexit sha1_base64="xAV0BMofCiM2czzkRLWqzgxYOZw="></latexit>

~̇xi = ~f(~xi) +D
X

j

Lij~xj 8i
<latexit sha1_base64="3Nq0YjUvinEfMAYjohzhBxUYB4k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiLlxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxTea3nlBpHskHM4mxF9Kh5AFn1FjpsRtSM/KD9HbaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTP788rteu8jiIcwTGcggeXUIM7qEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/sSOQ8Q==</latexit>

D

Under which conditions on the network, i.e., on  , we can 
destabilise the equilibrium      ?

<latexit sha1_base64="UAlli7br5MtHorENXtB3gLRYzDg=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrsiahm0sbCIYB6YhDA7uZsMmZ1dZmaFsOQvbCwUsfVv7PwbZ5MtNPHAwOGce5lzjx8Lro3rfjuFldW19Y3iZmlre2d3r7x/0NRRohg2WCQi1fapRsElNgw3AtuxQhr6Alv++CbzW0+oNI/kg5nE2AvpUPKAM2qs9NgNqRn5QXo37ZcrbtWdgSwTLycVyFHvl7+6g4glIUrDBNW647mx6aVUGc4ETkvdRGNM2ZgOsWOppCHqXjpLPCUnVhmQIFL2SUNm6u+NlIZaT0LfTmYJ9aKXif95ncQEV72UyzgxKNn8oyARxEQkO58MuEJmxMQSyhS3WQkbUUWZsSWVbAne4snLpHlW9S6q5/fnldp1XkcRjuAYTsGDS6jBLdShAQwkPMMrvDnaeXHenY/5aMHJdw7hD5zPH71LkPk=</latexit>

L
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

Let us observe that      is also a solution of the coupled systems
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

because
<latexit sha1_base64="7Pd1cX7yYhAHnuu8ViRxscAsdRo=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjFRUmkqBuh6MaFiwr2AU0Mk8mknXbycGZSLCG/4MZfceNCEbfu3Pk3TtsstPXAhcM593LvPW7MqJCG8a0tLC4tr6wW1orrG5tb2/rOblNECcekgSMW8baLBGE0JA1JJSPtmBMUuIy03MHl2G8NCRc0Cm/lKCZ2gLoh9SlGUkmOXrZEEjj9ayel/cwaEpw+ZE7/7ujcgNZ9gjzLjzhiDFJHLxkVYwI4T8yclECOuqN/WV6Ek4CEEjMkRMc0YmmniEuKGcmKViJIjPAAdUlH0RAFRNjp5KMMHirFg2q3qlDCifp7IkWBEKPAVZ0Bkj0x643F/7xOIv0zO6VhnEgS4ukiP2FQRnAcD/QoJ1iykSIIc6puhbiHOMJShVhUIZizL8+T5nHFPKlUb6ql2kUeRwHsgwNQBiY4BTVwBeqgATB4BM/gFbxpT9qL9q59TFsXtHxmD/yB9vkDqlqdiA==</latexit>X

j

Lij~x
⇤
j = 0 8i
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Diffusion coefficients
<latexit sha1_base64="xAV0BMofCiM2czzkRLWqzgxYOZw="></latexit>

~̇xi = ~f(~xi) +D
X

j

Lij~xj 8i
<latexit sha1_base64="3Nq0YjUvinEfMAYjohzhBxUYB4k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiLlxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxTea3nlBpHskHM4mxF9Kh5AFn1FjpsRtSM/KD9HbaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTP788rteu8jiIcwTGcggeXUIM7qEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/sSOQ8Q==</latexit>

D

Under which conditions on the network, i.e., on  , we can 
destabilise the equilibrium      ?

<latexit sha1_base64="UAlli7br5MtHorENXtB3gLRYzDg=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrsiahm0sbCIYB6YhDA7uZsMmZ1dZmaFsOQvbCwUsfVv7PwbZ5MtNPHAwOGce5lzjx8Lro3rfjuFldW19Y3iZmlre2d3r7x/0NRRohg2WCQi1fapRsElNgw3AtuxQhr6Alv++CbzW0+oNI/kg5nE2AvpUPKAM2qs9NgNqRn5QXo37ZcrbtWdgSwTLycVyFHvl7+6g4glIUrDBNW647mx6aVUGc4ETkvdRGNM2ZgOsWOppCHqXjpLPCUnVhmQIFL2SUNm6u+NlIZaT0LfTmYJ9aKXif95ncQEV72UyzgxKNn8oyARxEQkO58MuEJmxMQSyhS3WQkbUUWZsSWVbAne4snLpHlW9S6q5/fnldp1XkcRjuAYTsGDS6jBLdShAQwkPMMrvDnaeXHenY/5aMHJdw7hD5zPH71LkPk=</latexit>

L
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

Let us observe that      is also a solution of the coupled systems
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

because

This is the celebrated Turing instability phenomenon

<latexit sha1_base64="G43F4JtjeihW/zYPPF3bT7zjf8c=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjioiRS1I1QdOPCRQX7gCaGyWTSTjt5ODMplpA/cOOvuHGhiFu37vwbp20W2nrgwuGce7n3HjdmVEjD+Nbm5hcWl5YLK8XVtfWNTX1ruyGihGNSxxGLeMtFgjAakrqkkpFWzAkKXEaabv9y5DcHhAsahbdyGBM7QJ2Q+hQjqSRHP7BEEji9ayelvcwaEJw+ZHdH54Z1nyAPWn7EEWOQOnrJKBtjwFli5qQEctQc/cvyIpwEJJSYISHaphFLO0VcUsxIVrQSQWKE+6hD2oqGKCDCTsf/ZHBfKR5Uu1WFEo7V3xMpCoQYBq7qDJDsimlvJP7ntRPpn9kpDeNEkhBPFvkJgzKCo3CgRznBkg0VQZhTdSvEXcQRlirCogrBnH55ljSOy+ZJuXJTKVUv8jgKYBfsgUNgglNQBVegBuoAg0fwDF7Bm/akvWjv2sekdU7LZ3bAH2ifPxE0nKs=</latexit>X

j

Lij~x
⇤ = 0 8i
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<latexit sha1_base64="xAV0BMofCiM2czzkRLWqzgxYOZw="></latexit>

~̇xi = ~f(~xi) +D
X

j

Lij~xj 8i

<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

We have to show that

is stable for (decoupled systems)

<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67b mx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤ is unstable for (coupled systems)

<latexit sha1_base64="Cj7y8+Q02nYpStdSsUy3YJVWqDE=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0Wom5KUom6EohuXFewDmhAmk0k7dPJwZlIsIf/hxl9x40IRV4IL/8ZpmoW2Hhg4nHMvZ+5xY0aFNIxvrbSyura+Ud6sbG3v7O7p+wddESUckw6OWMT7LhKE0ZB0JJWM9GNOUOAy0nPH1zO/NyFc0Ci8k9OY2AEahtSnGEklOXrD8iKZWhOC04cscyi8zLmf1QrNoafQuk+QZ/kRR4xB6uhVo27kgMvELEgVFGg7+qcKwUlAQokZEmJgGrG0U8QlxYxkFSsRJEZ4jIZkoGiIAiLsNL8tgydK8aDKVi+UMFd/b6QoEGIauGoyQHIkFr2Z+J83SKR/Yac0jBNJQjwP8hMGZQRnRUGPcoIlmyqCMKfqrxCPEEdYqjorqgRz8eRl0m3UzbN687ZZbV0VdZTBETgGNWCCc9ACN6ANOgCDR/AMXsGb9qS9aO/ax3y0pBU7h+APtK8fKV2iGQ==</latexit>

~̇xi = ~f(~xi) 8i

under suitable assumptions on      and          <latexit sha1_base64="UAlli7br5MtHorENXtB3gLRYzDg=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrsiahm0sbCIYB6YhDA7uZsMmZ1dZmaFsOQvbCwUsfVv7PwbZ5MtNPHAwOGce5lzjx8Lro3rfjuFldW19Y3iZmlre2d3r7x/0NRRohg2WCQi1fapRsElNgw3AtuxQhr6Alv++CbzW0+oNI/kg5nE2AvpUPKAM2qs9NgNqRn5QXo37ZcrbtWdgSwTLycVyFHvl7+6g4glIUrDBNW647mx6aVUGc4ETkvdRGNM2ZgOsWOppCHqXjpLPCUnVhmQIFL2SUNm6u+NlIZaT0LfTmYJ9aKXif95ncQEV72UyzgxKNn8oyARxEQkO58MuEJmxMQSyhS3WQkbUUWZsSWVbAne4snLpHlW9S6q5/fnldp1XkcRjuAYTsGDS6jBLdShAQwkPMMrvDnaeXHenY/5aMHJdw7hD5zPH71LkPk=</latexit>

L
<latexit sha1_base64="3Nq0YjUvinEfMAYjohzhBxUYB4k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiLlxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxTea3nlBpHskHM4mxF9Kh5AFn1FjpsRtSM/KD9HbaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTP788rteu8jiIcwTGcggeXUIM7qEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/sSOQ8Q==</latexit>

D

Following the instability, the system will (possibly) reach a new 
equilibrium, in general not homogeneous, i.e., the patchy solution.

Nakao, H, Mikhailov, AS, 2010 Turing patterns in network-organized activator–inhibitor systems. Nature Physics,  6, 544
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A relevant example : the Brusselator

<latexit sha1_base64="U/5q38ZHAazhaW5l+rjkWCQo+gw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc99mKlMeeI9csVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJsfPEVnThkgt9uVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9j0aME2J5RNHMNHM3YrICGtMrMuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwgIeIZXePO09+K9ex+L1oKXzxzDH3ifP45LkEI=</latexit>

8i

<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) equilibrium isolated system

<latexit sha1_base64="wcNET+g5qGMqNFYdD5sFvVRu78o="></latexit>(
u̇i = 1� (b+ 1)ui + cu2

i vi +Du
P

j Lijuj

v̇i = bui � cu2
i vi +Dv

P
j Lijvj
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A relevant example : the Brusselator

<latexit sha1_base64="U/5q38ZHAazhaW5l+rjkWCQo+gw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc99mKlMeeI9csVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJsfPEVnThkgt9uVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9j0aME2J5RNHMNHM3YrICGtMrMuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwgIeIZXePO09+K9ex+L1oKXzxzDH3ifP45LkEI=</latexit>

8i

<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) equilibrium isolated system
<latexit sha1_base64="UNhcmmz/rFKSMZArIqGgRHa9Umw=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgIYZdCWojBG0sI5gHJJtldjKbDJl9MI/gsqSw8VdsLBSx9SPs/Bsnj0ITDwyce8693LnHixkV0rK+jczK6tr6RnYzt7W9s7tn7h80RKQ4JnUcsYi3PCQIoyGpSyoZacWcoMBjpOkNbyZ+c0S4oFF4L5OYOAHqh9SnGEktuWb+waVXyqWnqlvslGAJJroe6XrULbpmwSpbU8BlYs9JAcxRc82vTi/CKiChxAwJ0batWDop4pJiRsa5jhIkRniI+qStaYgCIpx0esQYHmulB/2I6xdKOFV/T6QoECIJPN0ZIDkQi95E/M9rK+lfOikNYyVJiGeLfMWgjOAkEdijnGDJEk0Q5lT/FeIB4ghLnVtOh2AvnrxMGmdl+7xcuasUqtfzOLIgD47ACbDBBaiCW1ADdYDBI3gGr+DNeDJejHfjY9aaMeYzh+APjM8fJeaWgQ==</latexit>

xi = ui � u⇤ , yi = vi � v⇤

<latexit sha1_base64="skYUUh+QuHrLwlPe28gBxwaAceU="></latexit>(
ẋi = (b� 1)xi + cyi +Du

P
j Lijxj

ẏi = �bxi � cyi +Dv
P

j Lijyj

<latexit sha1_base64="wcNET+g5qGMqNFYdD5sFvVRu78o="></latexit>(
u̇i = 1� (b+ 1)ui + cu2

i vi +Du
P

j Lijuj

v̇i = bui � cu2
i vi +Dv

P
j Lijvj

linearised system
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The stability of
<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) can be stated by looking at

the spectrum of
<latexit sha1_base64="o96t+O5R4cD5ZVVNCndWs08onxw="></latexit>

J0 =

✓
b� 1 c
�b �c

◆

<latexit sha1_base64="v96/NSfNDMvZQtZknB62onOUHVQ=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCRVpmSlE3QtGNywr2Ae1YMplMG5p5kGSEUrpy46+4caGIW7/BnX9j2s5CWw8EDuecy809bsyZVJb1bWSWlldW17LruY3Nre0dc3evIaNEEFonEY9Ey8WSchbSumKK01YsKA5cTpvu4HriNx+okCwK79Qwpk6AeyHzGcFKS13zsMN12MP35WLKUMEt2kVyckoura6Zt0rWFGiR2CnJQ4pa1/zqeBFJAhoqwrGUbduKlTPCQjHC6TjXSSSNMRngHm1rGuKASmc0PWOMjrXiIT8S+oUKTdXfEyMcSDkMXJ0MsOrLeW8i/ue1E+VfOCMWxomiIZkt8hOOVIQmnSCPCUoUH2qCiWD6r4j0scBE6eZyugR7/uRF0iiX7LNS5baSr16ldWThAI6gADacQxVuoAZ1IPAIz/AKb8aT8WK8Gx+zaMZIZ/bhD4zPH9Svlsk=</latexit>

�2 � �(b� 1� c) + c = 0

<latexit sha1_base64="SqLHpJjua05IChrVXtV3EIMb2MQ=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0Woi5YkFHUjFN24rGAf0MQymUzaoZOHMxOhhPyHG3/FjQtFXAku/BunbQRtPTBwOOdc7tzjxowKaRhfWmFpeWV1rbhe2tjc2t7Rd/faIko4Ji0csYh3XSQIoyFpSSoZ6cacoMBlpOOOLid+555wQaPwRo5j4gRoEFKfYiSV1Nctm6mwh+A5tH2OcFpxq2YVH9txAG1xx+WPcGtV6zjLUivr62WjZkwBF4mZkzLI0ezrH7YX4SQgocQMCdEzjVg6KeKSYkaykp0IEiM8QgPSUzREARFOOr0tg0dK8aAfcfVCCafq74kUBUKMA1clAySHYt6biP95vUT6Z05KwziRJMSzRX7CoIzgpCjoUU6wZGNFEOZU/RXiIVIVSVVnSZVgzp+8SNpWzTyp1a/r5cZFXkcRHIBDUAEmOAUNcAWaoAUweABP4AW8ao/as/amvc+iBS2f2Qd/oH1+AzBXnwk=</latexit>

� =
(b� 1� c)±

p
(b� 1� c)2 � 4c

2
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The stability of
<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) can be stated by looking at

the spectrum of
<latexit sha1_base64="o96t+O5R4cD5ZVVNCndWs08onxw="></latexit>

J0 =

✓
b� 1 c
�b �c

◆

<latexit sha1_base64="v96/NSfNDMvZQtZknB62onOUHVQ=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCRVpmSlE3QtGNywr2Ae1YMplMG5p5kGSEUrpy46+4caGIW7/BnX9j2s5CWw8EDuecy809bsyZVJb1bWSWlldW17LruY3Nre0dc3evIaNEEFonEY9Ey8WSchbSumKK01YsKA5cTpvu4HriNx+okCwK79Qwpk6AeyHzGcFKS13zsMN12MP35WLKUMEt2kVyckoura6Zt0rWFGiR2CnJQ4pa1/zqeBFJAhoqwrGUbduKlTPCQjHC6TjXSSSNMRngHm1rGuKASmc0PWOMjrXiIT8S+oUKTdXfEyMcSDkMXJ0MsOrLeW8i/ue1E+VfOCMWxomiIZkt8hOOVIQmnSCPCUoUH2qCiWD6r4j0scBE6eZyugR7/uRF0iiX7LNS5baSr16ldWThAI6gADacQxVuoAZ1IPAIz/AKb8aT8WK8Gx+zaMZIZ/bhD4zPH9Svlsk=</latexit>

�2 � �(b� 1� c) + c = 0

<latexit sha1_base64="SqLHpJjua05IChrVXtV3EIMb2MQ=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0Woi5YkFHUjFN24rGAf0MQymUzaoZOHMxOhhPyHG3/FjQtFXAku/BunbQRtPTBwOOdc7tzjxowKaRhfWmFpeWV1rbhe2tjc2t7Rd/faIko4Ji0csYh3XSQIoyFpSSoZ6cacoMBlpOOOLid+555wQaPwRo5j4gRoEFKfYiSV1Nctm6mwh+A5tH2OcFpxq2YVH9txAG1xx+WPcGtV6zjLUivr62WjZkwBF4mZkzLI0ezrH7YX4SQgocQMCdEzjVg6KeKSYkaykp0IEiM8QgPSUzREARFOOr0tg0dK8aAfcfVCCafq74kUBUKMA1clAySHYt6biP95vUT6Z05KwziRJMSzRX7CoIzgpCjoUU6wZGNFEOZU/RXiIVIVSVVnSZVgzp+8SNpWzTyp1a/r5cZFXkcRHIBDUAEmOAUNcAWaoAUweABP4AW8ao/as/amvc+iBS2f2Qd/oH1+AzBXnwk=</latexit>

� =
(b� 1� c)±

p
(b� 1� c)2 � 4c

2Note 
<latexit sha1_base64="5+Q5vXYsDf5VQY/NiJP/SoDOaz4="></latexit>

J0 =

✓
@uf @vf
@ug @vg

◆
<latexit sha1_base64="VJLFdah+DZRyd26qLZ5nGcTY554=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIFbHMlKJuhKIbcVXBXqBTSyaTaUMzF5IzQhn6Om58FTcKirr1RUzbWdjWHwIf/zmHnPM7keAKTPPLyCwtr6yuZddzG5tb2zv53b2GCmNJWZ2GIpQthygmeMDqwEGwViQZ8R3Bms7gelxvPjKpeBjcwzBiHZ/0Au5xSkBb3XzVFrrZJQ/l05Sw7RPoSz8BOSpO2PGS21HXPD6xXQaz1qXZzRfMkjkRXgQrhQJKVevm32w3pLHPAqCCKNW2zAg6CZHAqWCjnB0rFhE6ID3W1hgQn6lOMrl0hI+042IvlPoFgCfu34mE+EoNfUd3jtdU87Wx+V+tHYN30Ul4EMXAAjr9yIsFhhCPY8Mul4yCGGogVHK9K6Z9IgkFHW5Oh2DNn7wIjXLJOitV7iqF6lUaRxYdoENURBY6R1V0g2qojih6Qi/oHX0Yz8ar8Wl8T1szRjqzj2Zk/PwC4LumXw==</latexit>

�2 � �tr(J0) + det(J0) = 0

imply stability
<latexit sha1_base64="MprJzT63iCb1PYDE9TATpg8w9Ek=">AAACJXicbVDLSsNAFJ34rPVVdelmsAi6KYkUdVGk6EZcKVhbaEqZTG50cDIJMzdiCfkZN/6KGxcWEVz5K05rF74ODBzOOZe59wSpFAZd992Zmp6ZnZsvLZQXl5ZXVitr61cmyTSHFk9kojsBMyCFghYKlNBJNbA4kNAObk9GfvsOtBGJusRBCr2YXSsRCc7QSv1Kw48Z3ug4R13sjHkQ5WdF391tuNRHuMecMhXSwg8BfwaO3H6l6tbcMehf4k1IlUxw3q8M/TDhWQwKuWTGdD03xV7ONAouoSj7mYGU8Vt2DV1LFYvB9PLxlQXdtkpIo0Tbp5CO1e8TOYuNGcSBTY7WNL+9kfif180wOuzlQqUZguJfH0WZpJjQUWU0FBo4yoEljGthd6X8hmnG0RZbtiV4v0/+S672at5+rX5RrzaPJ3WUyCbZIjvEIwekSU7JOWkRTh7IE3khQ+fReXZenbev6JQzmdkgP+B8fALXbKTO</latexit>

tr(J0) < 0 and det(J0) > 0
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<latexit sha1_base64="x/XKtT4vq1vjXkq6rIsCCBrV8WQ="></latexit>

d

dt

✓
xi

yi

◆
=

✓
b� 1 c
�b �c

◆✓
xi

yi

◆
+

X

j

Lij

✓
Du 0
0 Dv

◆✓
xi

yi

◆

<latexit sha1_base64="h5acZnJtr4tK+jsBJ4VFhkSHzzU="></latexit>

xi =
X

↵

⇠↵�
(↵)
i and yi =

X

↵

⌘↵�
(↵)
i

Let us decompose x and y on the eigenbasis of L

<latexit sha1_base64="FH1F9+e+AHo6EkVnPPUOG2GEbMY="></latexit>X

j

Lijxj =
X

↵

X

j

Lij⇠↵�
(↵)
j =

X

↵

⇤(↵)⇠↵�
(↵)
i
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<latexit sha1_base64="x/XKtT4vq1vjXkq6rIsCCBrV8WQ="></latexit>

d

dt

✓
xi

yi

◆
=

✓
b� 1 c
�b �c

◆✓
xi

yi

◆
+

X

j

Lij

✓
Du 0
0 Dv

◆✓
xi

yi

◆

<latexit sha1_base64="h5acZnJtr4tK+jsBJ4VFhkSHzzU="></latexit>

xi =
X

↵

⇠↵�
(↵)
i and yi =

X

↵

⌘↵�
(↵)
i

Let us decompose x and y on the eigenbasis of L

<latexit sha1_base64="FH1F9+e+AHo6EkVnPPUOG2GEbMY="></latexit>X

j

Lijxj =
X

↵

X

j

Lij⇠↵�
(↵)
j =

X

↵

⇤(↵)⇠↵�
(↵)
i

Project on each eigenvector
<latexit sha1_base64="IOsAyg1hsK5Rpd9KInwpJvC7stk="></latexit>

d

dt

✓
⇠↵
⌘↵

◆
=

✓
b� 1 c
�b �c

◆✓
⇠↵
⌘↵

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆✓
⇠↵
⌘↵

◆
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Growth ansatz
<latexit sha1_base64="ZIPacAljStfjfVLdbpIbSXWxO0Q="></latexit>

⇠↵(t) ⇠ e�↵t and ⌘↵(t) ⇠ e�↵t

<latexit sha1_base64="kRVXjAhxBLa1snsbWJuehspKvco="></latexit>

J↵ :=

✓
b� 1 c
�b �c

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆
= J0 + ⇤(↵)D

<latexit sha1_base64="Drq1OehqGc3xqesA1jHNIpEZnBc="></latexit>

det

✓
b� 1 c
�b �c

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆
� �↵I

�
= 0

<latexit sha1_base64="Zet2/QTaORfHBpQaweu5/wMPIN8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK0m5JIUTdC0Y0LFxXsA5oYbibTdujkwcxEKKHf4cZfceNCEXfixr9xmmZhWw8MnHvOvdy5x4sZFdI0f7TCyura+kZxs7S1vbO7p+8ftEWUcExaOGIR73ogCKMhaUkqGenGnEDgMdLxRtdTv/NIuKBReC/HMXECGIS0TzFIJbm6ZTPV7INrA4uHcDlfVuzbrHxIKzOhOqm6etmsmRmMZWLlpIxyNF39y/YjnAQklJiBED3LjKWTApcUMzIp2YkgMeARDEhP0RACIpw0O21inCjFN/oRVy+URqb+nUghEGIceKozADkUi95U/M/rJbJ/4aQ0jBNJQjxb1E+YISNjmpPhU06wZGNFAHOq/mrgIXDAUqVZUiFYiycvk/ZpzTqr1e/q5cZVHkcRHaFjVEEWOkcNdIOaqIUwekIv6A29a8/aq/ahfc5aC1o+c4jmoH3/AvSeoM4=</latexit>

�↵ = �↵(⇤
(↵))
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Growth ansatz
<latexit sha1_base64="ZIPacAljStfjfVLdbpIbSXWxO0Q="></latexit>

⇠↵(t) ⇠ e�↵t and ⌘↵(t) ⇠ e�↵t

<latexit sha1_base64="kRVXjAhxBLa1snsbWJuehspKvco="></latexit>

J↵ :=

✓
b� 1 c
�b �c

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆
= J0 + ⇤(↵)D

<latexit sha1_base64="t7LOV/BuEOPbJU3I3WpgTby7IYg=">AAACQXicbVA9SwNBFNzz2/gVtbRZDEJEDHciaiOINmIVwZhALoZ3e3tmyd4Hu++EcOSv2fgP7OxtLBSxtXGTXGGiAwvDzDze2/ESKTTa9os1NT0zOze/sFhYWl5ZXSuub9zqOFWM11gsY9XwQHMpIl5DgZI3EsUh9CSve92LgV9/4EqLOLrBXsJbIdxHIhAM0EjtYsOVJuxD2wWZdODuYH9coG4I2FFhhqpfHnIvyK76ubu75/oc/9FP7XaxZFfsIehf4uSkRHJU28Vn149ZGvIImQStm46dYCsDhYJJ3i+4qeYJsC7c86ahEYRct7JhA326YxSfBrEyL0I6VH9PZBBq3Qs9kxzcqie9gfif10wxOGllIkpS5BEbLQpSSTGmgzqpLxRnKHuGAFPC3EpZBxQwNKUXTAnO5Jf/ktuDinNUObw+LJ2d53UskC2yTcrEIcfkjFySKqkRRh7JK3knH9aT9WZ9Wl+j6JSVz2ySMVjfPyx6sTU=</latexit>

�2
↵ � �↵tr(J↵) + det(J↵) = 0

<latexit sha1_base64="Drq1OehqGc3xqesA1jHNIpEZnBc="></latexit>

det

✓
b� 1 c
�b �c

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆
� �↵I

�
= 0

<latexit sha1_base64="Zet2/QTaORfHBpQaweu5/wMPIN8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK0m5JIUTdC0Y0LFxXsA5oYbibTdujkwcxEKKHf4cZfceNCEXfixr9xmmZhWw8MnHvOvdy5x4sZFdI0f7TCyura+kZxs7S1vbO7p+8ftEWUcExaOGIR73ogCKMhaUkqGenGnEDgMdLxRtdTv/NIuKBReC/HMXECGIS0TzFIJbm6ZTPV7INrA4uHcDlfVuzbrHxIKzOhOqm6etmsmRmMZWLlpIxyNF39y/YjnAQklJiBED3LjKWTApcUMzIp2YkgMeARDEhP0RACIpw0O21inCjFN/oRVy+URqb+nUghEGIceKozADkUi95U/M/rJbJ/4aQ0jBNJQjxb1E+YISNjmpPhU06wZGNFAHOq/mrgIXDAUqVZUiFYiycvk/ZpzTqr1e/q5cZVHkcRHaFjVEEWOkcNdIOaqIUwekIv6A29a8/aq/ahfc5aC1o+c4jmoH3/AvSeoM4=</latexit>

�↵ = �↵(⇤
(↵))

instability
<latexit sha1_base64="GZI0jWStvLYEmjpogee4Z22DCHY="></latexit>

tr(J↵) � 0 or det(J↵)  0

<latexit sha1_base64="yg8ZzhBHUZsr802Sjbi7FJ+er98="></latexit>

tr(J↵) = tr(J0) + ⇤(↵)(Du +Dv)  tr(J0) < 0but

for some <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵
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<latexit sha1_base64="TvPLe2ApjWrFPlHgw6mjp3qER4c=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHoRTxFMA/IhjA76U2GzD6c6ZWEJT/ixV/x4kERD17Ev3GS7EETCxqKqm66u7xYCo22/W0tLa+srq3nNvKbW9s7u4W9/bqOEsWhxiMZqabHNEgRQg0FSmjGCljgSWh4g6uJ33gApUUU3uEohnbAeqHwBWdopE6h7MLQbNHUZTLuMxdhiCnVSMduF9ANGPY9P70ZdzJfwj21O4WiXbKnoIvEyUiRZKh2Cp9uN+JJACFyybRuOXaM7ZQpFFzCOO8mGmLGB6wHLUNDFoBup9PvxvTYKF3qR8pUiHSq/p5IWaD1KPBM5+RcPe9NxP+8VoL+RTsVYZwghHy2yE8kxYhOoqJdoYCjHBnCuBLmVsr7TDGOJtC8CcGZf3mR1E9LzlmpfFsuVi6zOHLkkByRE+KQc1Ih16RKaoSTR/JMXsmb9WS9WO/Wx6x1ycpmDsgfWF8/kE2i0g==</latexit>

9↵ st detJ↵  0
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<latexit sha1_base64="TvPLe2ApjWrFPlHgw6mjp3qER4c=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHoRTxFMA/IhjA76U2GzD6c6ZWEJT/ixV/x4kERD17Ev3GS7EETCxqKqm66u7xYCo22/W0tLa+srq3nNvKbW9s7u4W9/bqOEsWhxiMZqabHNEgRQg0FSmjGCljgSWh4g6uJ33gApUUU3uEohnbAeqHwBWdopE6h7MLQbNHUZTLuMxdhiCnVSMduF9ANGPY9P70ZdzJfwj21O4WiXbKnoIvEyUiRZKh2Cp9uN+JJACFyybRuOXaM7ZQpFFzCOO8mGmLGB6wHLUNDFoBup9PvxvTYKF3qR8pUiHSq/p5IWaD1KPBM5+RcPe9NxP+8VoL+RTsVYZwghHy2yE8kxYhOoqJdoYCjHBnCuBLmVsr7TDGOJtC8CcGZf3mR1E9LzlmpfFsuVi6zOHLkkByRE+KQc1Ih16RKaoSTR/JMXsmb9WS9WO/Wx6x1ycpmDsgfWF8/kE2i0g==</latexit>

9↵ st detJ↵  0

<latexit sha1_base64="R06cwRxEqDziu9A5K5cLFTYxCtM="></latexit>

det(J↵) = DuDv

h
⇤(↵)

i2
+ ⇤(↵) (Dv@uf +Du@vg) + det(J0)

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
positive positive

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
negative

<latexit sha1_base64="Niab98ofJ+XAW4HNuBL1iz8mY9A=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDIjRV1J0S5cVrAPaIchk2ba0ExmyKNQStdu/BU3LhRx6xe482/MtINo64HAyTn33uSeIGFUKsf5snJLyyura/n1wsbm1vaOvbvXkLEWmNRxzGLRCpAkjHJSV1Qx0koEQVHASDMY3KR+c0iEpDG/V6OEeBHqcRpSjJSRfPuw6g9hJ0FCUcR8HZ5Wff1zHcLelePbRafkTAEXiZuRIshQ8+3PTjfGOiJcYYakbLtOorxxOhMzMil0tCQJwgPUI21DOYqI9MbTVSbw2ChdGMbCHK7gVP3dMUaRlKMoMJURUn0576Xif15bq/DSG1OeaEU4nj0UagZVDNNcYJcKghUbGYKwoOavEPeRQFiZ9AomBHd+5UXSOCu556XyXblYuc7iyIMDcAROgAsuQAXcghqoAwwewBN4Aa/Wo/VsvVnvs9KclfXsgz+wPr4BXpqaEA==</latexit>

Dv@uf +Du@vg > 0
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<latexit sha1_base64="TvPLe2ApjWrFPlHgw6mjp3qER4c=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHoRTxFMA/IhjA76U2GzD6c6ZWEJT/ixV/x4kERD17Ev3GS7EETCxqKqm66u7xYCo22/W0tLa+srq3nNvKbW9s7u4W9/bqOEsWhxiMZqabHNEgRQg0FSmjGCljgSWh4g6uJ33gApUUU3uEohnbAeqHwBWdopE6h7MLQbNHUZTLuMxdhiCnVSMduF9ANGPY9P70ZdzJfwj21O4WiXbKnoIvEyUiRZKh2Cp9uN+JJACFyybRuOXaM7ZQpFFzCOO8mGmLGB6wHLUNDFoBup9PvxvTYKF3qR8pUiHSq/p5IWaD1KPBM5+RcPe9NxP+8VoL+RTsVYZwghHy2yE8kxYhOoqJdoYCjHBnCuBLmVsr7TDGOJtC8CcGZf3mR1E9LzlmpfFsuVi6zOHLkkByRE+KQc1Ih16RKaoSTR/JMXsmb9WS9WO/Wx6x1ycpmDsgfWF8/kE2i0g==</latexit>

9↵ st detJ↵  0

<latexit sha1_base64="R06cwRxEqDziu9A5K5cLFTYxCtM="></latexit>

det(J↵) = DuDv

h
⇤(↵)

i2
+ ⇤(↵) (Dv@uf +Du@vg) + det(J0)

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
positive positive

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
negative

<latexit sha1_base64="Niab98ofJ+XAW4HNuBL1iz8mY9A=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDIjRV1J0S5cVrAPaIchk2ba0ExmyKNQStdu/BU3LhRx6xe482/MtINo64HAyTn33uSeIGFUKsf5snJLyyura/n1wsbm1vaOvbvXkLEWmNRxzGLRCpAkjHJSV1Qx0koEQVHASDMY3KR+c0iEpDG/V6OEeBHqcRpSjJSRfPuw6g9hJ0FCUcR8HZ5Wff1zHcLelePbRafkTAEXiZuRIshQ8+3PTjfGOiJcYYakbLtOorxxOhMzMil0tCQJwgPUI21DOYqI9MbTVSbw2ChdGMbCHK7gVP3dMUaRlKMoMJURUn0576Xif15bq/DSG1OeaEU4nj0UagZVDNNcYJcKghUbGYKwoOavEPeRQFiZ9AomBHd+5UXSOCu556XyXblYuc7iyIMDcAROgAsuQAXcghqoAwwewBN4Aa/Wo/VsvVnvs9KclfXsgz+wPr4BXpqaEA==</latexit>

Dv@uf +Du@vg > 0

<latexit sha1_base64="F/GD7sqMVBPkRZSdqMAhxKLGEBw=">AAACHXicbZDLSsNAFIYnXmu9RV26GSxCRSiJFHWhUHQjrirYCzQhTKaTdujkwsykUEJexI2v4saFIi7ciG/jJA2irQcGPv5zmXN+N2JUSMP40hYWl5ZXVktr5fWNza1tfWe3LcKYY9LCIQt510WCMBqQlqSSkW7ECfJdRjru6DrLd8aECxoG93ISEdtHg4B6FCOpJEevWz6SQ+4nkqfVnF0vuU0d4+jSihCXFDEn9o5/eAwHF4ajV4yakQecB7OACiii6egfVj/EsU8CiRkSomcakbSTbCZmJC1bsSARwiM0ID2FAfKJsJP8uhQeKqUPvZCrF0iYq787EuQLMfFdVZntL2ZzmfhfrhdL79xOaBDFkgR4+pEXMyhDmFkF+5QTLNlEAcKcql0hHiKOsFSGlpUJ5uzJ89A+qZmntfpdvdK4KuwogX1wAKrABGegAW5AE7QABg/gCbyAV+1Re9betPdp6YJW9OyBP6F9fgPxuKJr</latexit>

tr(J0) = @uf + @vg < 0

but

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit>

{<latexit sha1_base64="QQTCqaTxmcPz+FUIjKZVmz3kVt0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8WHu/NzM68IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilXj+hGgWVgzQcVGtu3Z2DrBKvIDUo0BxUv/rDmKURV8gkNabnuQn6WT6QST6r9FPDE8omdMR7lioaceNn85Vn5MwqQxLG2j6FZK7+7shoZMw0CmxlRHFslr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLC7EjammjK0KVVsCN7yyaukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDGJ4hld4c9B5cd6dj0VpySl6juEPnM8fkfuRdA==</latexit>

@uf
<latexit sha1_base64="Tx4Slv+qn6K6ZquE1wd1D2UY9qc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHToWTSTBuaSYbkTqEM/Qw3LhRx69e482/MtLPQ1gOBwzn33tx7wkRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJx6hUU9amSijdC4lhgkvWBg6C9RLNSBwK1g0n97nfnTJtuJJPMEtYEJOR5BGnBKzk9xOigRMxmI4G1ZpbdxfA68QrSA0VaA2qX/2homnMJFBBjPE9N4EgywdSweaVfmpYQuiEjJhvqSQxM0G2WHmOL6wyxJHS9knAC/V3R0ZiY2ZxaCtjAmOz6uXif56fQnQbZFwmKTBJlx9FqcCgcH4/HnLNKIiZJYRqbnfFdEw0oWBTqtgQvNWT10nnqu5d1xuPjVrzroijjM7QObpEHrpBTfSAWqiNKFLoGb2iNwecF+fd+ViWlpyi5xT9gfP5A5UEkXY=</latexit>

@vgand should have
opposite sign, i.e., should be
activator and inhibitor

<latexit sha1_base64="KF7BU1uLYt/WmbnzrB1vsOc53/Y=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuim5cVrAPaIeSSTNtaCYTk0yhDP0ONy4UcevHuPNvzLSz0NYDFw7n3JvcewLJmTau++0U1tY3NreK26Wd3b39g/LhUUvHiSK0SWIeq06ANeVM0KZhhtOOVBRHAaftYHyX+e0JVZrF4tFMJfUjPBQsZAQbK/k9iZVhmPcnwxu3X664VXcOtEq8nFQgR6Nf/uoNYpJEVBjCsdZdz5XGT7MnCaezUi/RVGIyxkPatVTgiGo/nS89Q2dWGaAwVraEQXP190SKI62nUWA7I2xGetnLxP+8bmLCaz9lQiaGCrL4KEw4MjHKEkADpigxfGoJJorZXREZYYWJsTmVbAje8smrpHVR9S6rtYdapX6bx1GEEziFc/DgCupwDw1oAoEneIZXeHMmzovz7nwsWgtOPnMMf+B8/gCL+5H2</latexit>

@vg < 0
<latexit sha1_base64="KD75IScbDKo8bMV/TPjg6u3OUyU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSdOOygn1AO5RMmmlDM5mYZApl6He4caGIWz/GnX9jpp2Fth64cDjn3uTeE0jOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFKFNEvNYdQKsKWeCNg0znHakojgKOG0H47vMb0+o0iwWj2YqqR/hoWAhI9hYye9JrAzDvJ+EN26/XHGr7hxolXg5qUCORr/81RvEJImoMIRjrbueK42fZk8STmelXqKpxGSMh7RrqcAR1X46X3qGzqwyQGGsbAmD5urviRRHWk+jwHZG2Iz0speJ/3ndxITXfsqETAwVZPFRmHBkYpQlgAZMUWL41BJMFLO7IjLCChNjcyrZELzlk1dJ66LqXVZrD7VK/TaPowgncArn4MEV1OEeGtAEAk/wDK/w5kycF+fd+Vi0Fpx85hj+wPn8AYv4kfY=</latexit>

@uf > 0
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Note : the inhibitor should diffuse faster than the activator

<latexit sha1_base64="b6k5JgemRnio09d5xPOERx5ZtI0=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqCcp2oPHCvYD2mXJptk2NJtdkmyhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3jfKPC2vrG5lZxu7Szu7d/UD48auk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GN3P/PaYKc1j+WQmCfMiMpA85JQYK7Xr/vi27qd+ueJUnTnwKnFzUoEcDb/81evHNI2YNFQQrbuukxgvI8pwKti01Es1SwgdkQHrWipJxLSXzc+d4jOr9HEYK1vS4Ln6eyIjkdaTKLCdETFDvezNxP+8bmrCGy/jMkkNk3SxKEwFNjGe/Y77XDFqxMQSQhW3t2I6JIpQYxMq2RDc5ZdXSeui6l5VLx8vK7W7PI4inMApnIML11CDB2hAEyiM4Ble4Q0l6AW9o49FawHlM8fwB+jzB8ghjzg=</latexit>

Dv > Du

Gierer A, Meinhardt H. 1972 A theory of biological pattern formation. Kybernetik 12, 30
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instability
<latexit sha1_base64="TvPLe2ApjWrFPlHgw6mjp3qER4c=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHoRTxFMA/IhjA76U2GzD6c6ZWEJT/ixV/x4kERD17Ev3GS7EETCxqKqm66u7xYCo22/W0tLa+srq3nNvKbW9s7u4W9/bqOEsWhxiMZqabHNEgRQg0FSmjGCljgSWh4g6uJ33gApUUU3uEohnbAeqHwBWdopE6h7MLQbNHUZTLuMxdhiCnVSMduF9ANGPY9P70ZdzJfwj21O4WiXbKnoIvEyUiRZKh2Cp9uN+JJACFyybRuOXaM7ZQpFFzCOO8mGmLGB6wHLUNDFoBup9PvxvTYKF3qR8pUiHSq/p5IWaD1KPBM5+RcPe9NxP+8VoL+RTsVYZwghHy2yE8kxYhOoqJdoYCjHBnCuBLmVsr7TDGOJtC8CcGZf3mR1E9LzlmpfFsuVi6zOHLkkByRE+KQc1Ih16RKaoSTR/JMXsmb9WS9WO/Wx6x1ycpmDsgfWF8/kE2i0g==</latexit>

9↵ st detJ↵  0

<latexit sha1_base64="R06cwRxEqDziu9A5K5cLFTYxCtM="></latexit>

det(J↵) = DuDv

h
⇤(↵)

i2
+ ⇤(↵) (Dv@uf +Du@vg) + det(J0)

<latexit sha1_base64="BwIGrQDpgISRnRlm+L/iIQi7Y1Q="></latexit>

�1

4

(Dv@uf +Du@vg)2

DuDv
+ det(J0) < 0
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Turing conditions

<latexit sha1_base64="BwIGrQDpgISRnRlm+L/iIQi7Y1Q="></latexit>

�1

4

(Dv@uf +Du@vg)2

DuDv
+ det(J0) < 0

<latexit sha1_base64="2Gn42bO3kMdfqzKN7YLOsMyAqPI="></latexit>

det(J0) = @uf@vg � @vf@ug > 0

<latexit sha1_base64="Niab98ofJ+XAW4HNuBL1iz8mY9A=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDIjRV1J0S5cVrAPaIchk2ba0ExmyKNQStdu/BU3LhRx6xe482/MtINo64HAyTn33uSeIGFUKsf5snJLyyura/n1wsbm1vaOvbvXkLEWmNRxzGLRCpAkjHJSV1Qx0koEQVHASDMY3KR+c0iEpDG/V6OEeBHqcRpSjJSRfPuw6g9hJ0FCUcR8HZ5Wff1zHcLelePbRafkTAEXiZuRIshQ8+3PTjfGOiJcYYakbLtOorxxOhMzMil0tCQJwgPUI21DOYqI9MbTVSbw2ChdGMbCHK7gVP3dMUaRlKMoMJURUn0576Xif15bq/DSG1OeaEU4nj0UagZVDNNcYJcKghUbGYKwoOavEPeRQFiZ9AomBHd+5UXSOCu556XyXblYuc7iyIMDcAROgAsuQAXcghqoAwwewBN4Aa/Wo/VsvVnvs9KclfXsgz+wPr4BXpqaEA==</latexit>

Dv@uf +Du@vg > 0

<latexit sha1_base64="wW6FLSxXKCQVNFSvBWSuzdM6QJM=">AAACHHicbZDLSsNAFIYn9VbrLerSTbAIFaEkWtSFQtGNuKpgL9CUMJlO2qEzSZiZFErIg7jxVdy4UMSNC8G3cZIG0dYDAx//ucw5vxtSIqRpfmmFhcWl5ZXiamltfWNzS9/eaYkg4gg3UUAD3nGhwJT4uCmJpLgTcgyZS3HbHV2n+fYYc0EC/15OQtxjcOATjyAoleToJzaDcshZLHlSydj14tvEMQ8v7RBySSB1Iu/oh8eDC9PRy2bVzMKYByuHMsij4egfdj9AEcO+RBQK0bXMUPbidCSiOCnZkcAhRCM4wF2FPmRY9OLsuMQ4UErf8AKuni+NTP3dEUMmxIS5qjJdX8zmUvG/XDeS3nkvJn4YSeyj6UdeRA0ZGKlTRp9wjCSdKICIE7WrgYaQQySVnyVlgjV78jy0jqvWabV2VyvXr3I7imAP7IMKsMAZqIMb0ABNgMADeAIv4FV71J61N+19WlrQ8p5d8Ce0z2+ItaJB</latexit>

tr(J0) = @uf + @vg < 0

Turing AM. 1952 The chemical basis of morphogenesis. Phil. Trans. R. Soc. Lond. B 237, 37 
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Turing conditions for the Brusselator model

<latexit sha1_base64="utiepHD4CPBB6BYJadEJVBh28VI=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CXbQkUtSFQtGNuKpgL9CGMJlO2qEzSZiZCCVk7cZXceNCEbc+gTvfxknahbb+MPDxn3OYc34vYlQqy/o2FhaXlldWC2vF9Y3NrW1zZ7clw1hg0sQhC0XHQ5IwGpCmooqRTiQI4h4jbW90ndXbD0RIGgb3ahwRh6NBQH2KkdKWax70OFJDwRMl0nLOnp/cpq51fOlV7Aq+sFyzZFWtXHAe7CmUwFQN1/zq9UMccxIozJCUXduKlJMgoShmJC32YkkihEdoQLoaA8SJdJL8lBQeaacP/VDoFyiYu78nEsSlHHNPd2bLytlaZv5X68bKP3cSGkSxIgGefOTHDKoQZrnAPhUEKzbWgLCgeleIh0ggrHR6RR2CPXvyPLROqvZptXZXK9WvpnEUwD44BGVggzNQBzegAZoAg0fwDF7Bm/FkvBjvxsekdcGYzuyBPzI+fwDO75mq</latexit>

tr(J0) = b� 1� c < 0

<latexit sha1_base64="3CQLvgcCv/j5iHd+PGa5V5oIMuQ=">AAACB3icbVDLSsNAFJ34rPUVdSlIsAh1UxIp6kYpuhFXFewD2hAm00k7dGYSZiZCCdm58VfcuFDErb/gzr9xkmahrQcGzpxzL/fe40eUSGXb38bC4tLyympprby+sbm1be7stmUYC4RbKKSh6PpQYko4bimiKO5GAkPmU9zxx9eZ33nAQpKQ36tJhF0Gh5wEBEGlJc886DOoRoIlA6zSav7xg+Q29ezjC3Rpe2bFrtk5rHniFKQCCjQ986s/CFHMMFeIQil7jh0pN4FCEURxWu7HEkcQjeEQ9zTlkGHpJvkdqXWklYEVhEI/rqxc/d2RQCblhPm6MltUznqZ+J/Xi1Vw7iaER7HCHE0HBTG1VGhloVgDIjBSdKIJRILoXS00ggIipaMr6xCc2ZPnSfuk5pzW6nf1SuOqiKME9sEhqAIHnIEGuAFN0AIIPIJn8ArejCfjxXg3PqalC0bRswf+wPj8AV0rmPg=</latexit>

det(J0) = c > 0

<latexit sha1_base64="O6guuXHV+jRCc0UGyycKhe1ZnUg=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Woi5ZEirqSol24rGAf0IYwmU7aoZNJmEehhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCqFSO822trW9sbm3ndvK7e/sHBfvwqCVjLTBp4pjFohMgSRjlpKmoYqSTCIKigJF2MLqb+e0xEZLG/FFNEuJFaMBpSDFSRvLtQt0fl4Kye16u+xrfOL5ddCrOHHCVuBkpggwN3/7q9WOsI8IVZkjKruskykuRUBQzMs33tCQJwiM0IF1DOYqI9NL54VN4ZpQ+DGNhiis4V39PpCiSchIFpjNCaiiXvZn4n9fVKrz2UsoTrQjHi0WhZlDFcJYC7FNBsGITQxAW1NwK8RAJhJXJKm9CcJdfXiWti4p7Wak+VIu12yyOHDgBp6AEXHAFauAeNEATYKDBM3gFb9aT9WK9Wx+L1jUrmzkGf2B9/gA/zZGK</latexit>

Dv(b� 1)�Duc > 0

<latexit sha1_base64="jgWE2TAwMveVPQqG6hLLpNFHy5A="></latexit>

c <
Dv

Du
(b+ 1)

"
1�

s

1� (b� 1)2

(b+ 1)2

#
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Growth ansatz
<latexit sha1_base64="ZIPacAljStfjfVLdbpIbSXWxO0Q="></latexit>

⇠↵(t) ⇠ e�↵t and ⌘↵(t) ⇠ e�↵t
<latexit sha1_base64="Zet2/QTaORfHBpQaweu5/wMPIN8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK0m5JIUTdC0Y0LFxXsA5oYbibTdujkwcxEKKHf4cZfceNCEXfixr9xmmZhWw8MnHvOvdy5x4sZFdI0f7TCyura+kZxs7S1vbO7p+8ftEWUcExaOGIR73ogCKMhaUkqGenGnEDgMdLxRtdTv/NIuKBReC/HMXECGIS0TzFIJbm6ZTPV7INrA4uHcDlfVuzbrHxIKzOhOqm6etmsmRmMZWLlpIxyNF39y/YjnAQklJiBED3LjKWTApcUMzIp2YkgMeARDEhP0RACIpw0O21inCjFN/oRVy+URqb+nUghEGIceKozADkUi95U/M/rJbJ/4aQ0jBNJQjxb1E+YISNjmpPhU06wZGNFAHOq/mrgIXDAUqVZUiFYiycvk/ZpzTqr1e/q5cZVHkcRHaFjVEEWOkcNdIOaqIUwekIv6A29a8/aq/ahfc5aC1o+c4jmoH3/AvSeoM4=</latexit>

�↵ = �↵(⇤
(↵))

<latexit sha1_base64="1+BXFdj/nK/0kad5AiUBxjqNWb0=">AAACCnicbZBPT8IwGMY7/If4b+rRS5WYeCBkMyBeSIh68IiJIAksS1c6aOi6pe1IyMLZi1/FiweN8eon8Oa3sYMdFHyTpr88z/umfR8vYlQqy/o2ciura+sb+c3C1vbO7p65f9CWYSwwaeGQhaLjIUkY5aSlqGKkEwmCAo+RB290nfoPYyIkDfm9mkTECdCAU59ipLTkmsdevdIrwRKuV9Prxo3rVtmqzXmsueqaRa3MCi6DnUERZNV0za9eP8RxQLjCDEnZta1IOQkSimJGpoVeLEmE8AgNSFcjRwGRTjJbZQpPtdKHfij04QrO1N8TCQqknASe7gyQGspFLxX/87qx8i+dhPIoVoTj+UN+zKAKYZoL7FNBsGITDQgLqv8K8RAJhJVOr6BDsBdXXob2edm+KFfuKsXGVRZHHhyBE3AGbFADDXALmqAFMHgEz+AVvBlPxovxbnzMW3NGNnMI/pTx+QMtZpYl</latexit>

b = 4 , c = 5 , Du = 0.07 , Dv = 0.5
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Growth ansatz
<latexit sha1_base64="ZIPacAljStfjfVLdbpIbSXWxO0Q="></latexit>

⇠↵(t) ⇠ e�↵t and ⌘↵(t) ⇠ e�↵t
<latexit sha1_base64="Zet2/QTaORfHBpQaweu5/wMPIN8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK0m5JIUTdC0Y0LFxXsA5oYbibTdujkwcxEKKHf4cZfceNCEXfixr9xmmZhWw8MnHvOvdy5x4sZFdI0f7TCyura+kZxs7S1vbO7p+8ftEWUcExaOGIR73ogCKMhaUkqGenGnEDgMdLxRtdTv/NIuKBReC/HMXECGIS0TzFIJbm6ZTPV7INrA4uHcDlfVuzbrHxIKzOhOqm6etmsmRmMZWLlpIxyNF39y/YjnAQklJiBED3LjKWTApcUMzIp2YkgMeARDEhP0RACIpw0O21inCjFN/oRVy+URqb+nUghEGIceKozADkUi95U/M/rJbJ/4aQ0jBNJQjxb1E+YISNjmpPhU06wZGNFAHOq/mrgIXDAUqVZUiFYiycvk/ZpzTqr1e/q5cZVHkcRHaFjVEEWOkcNdIOaqIUwekIv6A29a8/aq/ahfc5aC1o+c4jmoH3/AvSeoM4=</latexit>

�↵ = �↵(⇤
(↵))

<latexit sha1_base64="BTMeO7C91fWICDrZUNzdbXTeQxA=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRXJQyU1rrplDUhcsK9gLtMGTStA3NZIYkUyhD1258FTcuFHHrE7jzbcy0s9DWAyEf/38Oyfm9kFGpLOvbyKytb2xuZbdzO7t7+wfm4VFLBpHApIkDFoiOhyRhlJOmooqRTigI8j1G2t74JvHbEyIkDfiDmobE8dGQ0wHFSGnJNU+9WqlXgAVcqyTXrRvVrKJVXfBEc8U181qZF1wFO4U8SKvhml+9foAjn3CFGZKya1uhcmIkFMWMzHK9SJIQ4TEakq5GjnwinXi+ygyea6UPB4HQhys4V39PxMiXcup7utNHaiSXvUT8z+tGanDlxJSHkSIcLx4aRAyqACa5wD4VBCs21YCwoPqvEI+QQFjp9HI6BHt55VVolYr2ZbF8X87Xr9M4suAEnIELYIMqqIM70ABNgMEjeAav4M14Ml6Md+Nj0Zox0plj8KeMzx8qIpYj</latexit>

b = 2 , c = 5 , Du = 0.07 , Dv = 0.5
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Erdős–Rényi (random network)
<latexit sha1_base64="pfc9LQzQ317aNgem2HHHkXzkzcc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUJSi3osetBjBfshbSib7aZdursJuxuhhP4KLx4U8erP8ea/cdvmoK0PBh7vzTAzL4gZVdp1v63cyura+kZ+s7C1vbO7V9w/aKookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVjG6mfuuJSEUj8aDHMfE5GggaUoy0kR5vyxX3zHXOT3vFkuu4M9jLxMtICTLUe8Wvbj/CCSdCY4aU6nhurP0USU0xI5NCN1EkRniEBqRjqECcKD+dHTyxT4zSt8NImhLanqm/J1LElRrzwHRypIdq0ZuK/3mdRIdXfkpFnGgi8HxRmDBbR/b0e7tPJcGajQ1BWFJzq42HSCKsTUYFE4K3+PIyaVYc78Kp3ldLtessjjwcwTGUwYNLqMEd1KEBGDg8wyu8WdJ6sd6tj3lrzspmDuEPrM8f+2OOlA==</latexit>

G(20, 0.3)
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Erdős–Rényi (random network)
<latexit sha1_base64="pfc9LQzQ317aNgem2HHHkXzkzcc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUJSi3osetBjBfshbSib7aZdursJuxuhhP4KLx4U8erP8ea/cdvmoK0PBh7vzTAzL4gZVdp1v63cyura+kZ+s7C1vbO7V9w/aKookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVjG6mfuuJSEUj8aDHMfE5GggaUoy0kR5vyxX3zHXOT3vFkuu4M9jLxMtICTLUe8Wvbj/CCSdCY4aU6nhurP0USU0xI5NCN1EkRniEBqRjqECcKD+dHTyxT4zSt8NImhLanqm/J1LElRrzwHRypIdq0ZuK/3mdRIdXfkpFnGgi8HxRmDBbR/b0e7tPJcGajQ1BWFJzq42HSCKsTUYFE4K3+PIyaVYc78Kp3ldLtessjjwcwTGUwYNLqMEd1KEBGDg8wyu8WdJ6sd6tj3lrzspmDuEPrM8f+2OOlA==</latexit>

G(20, 0.3)
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Adjacency coupling
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Interactions occur at each node and among nearby ones

Metapopulation models 
e.g. in the framework of ecology: 
May R., Will a large complex system be stable? 
Nature, 238, pp. 413, (1972)

Dynamical Systems on Network
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Assume each isolated system converges to the same stable 
periodic solution

Assume a adjacency coupling

<latexit sha1_base64="JEQxG0+7+SkMhavKXFV7YgL+PqM="></latexit>

lim
t!1

~xi(t) = ~s(t) 8i

<latexit sha1_base64="z60+1RCQRqXn1reGnwHp0b7txyo="></latexit>

~̇xi ⇠
1

ki

X

j

AijF (~xi, ~xj)
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Assume each isolated system converges to the same stable 
periodic solution

Assume a adjacency coupling

<latexit sha1_base64="JEQxG0+7+SkMhavKXFV7YgL+PqM="></latexit>

lim
t!1

~xi(t) = ~s(t) 8i

<latexit sha1_base64="z60+1RCQRqXn1reGnwHp0b7txyo="></latexit>

~̇xi ⇠
1

ki

X

j

AijF (~xi, ~xj)

<latexit sha1_base64="TomRAgvFHZNfdW1eiaZBdom02OY=">AAACSHicbZDNS8MwGMbT+TXnV9Wjl+IQNtTRylAvg6kgHie4D1hLSbN0y5Z+kKTDUfrnefHozb/BiwdFvJltFXTbA4Efz/O+JHmckBIudP1VySwtr6yuZddzG5tb2zvq7l6DBxFDuI4CGrCWAzmmxMd1QQTFrZBh6DkUN53BzThvDjHjJPAfxCjElge7PnEJgkJatmpXTJdBFBtJPLBJYvLIs/tXdkz6yW3BHGIUPyY2Ofmlfv F0kU2Kx4vtiq3m9ZI+kTYPRgp5kKpmqy9mJ0CRh32BKOS8beihsGLIBEEUJzkz4jiEaAC7uC3Rhx7mVjwpItGOpNPR3IDJ4wtt4v7diKHH+chz5KQHRY/PZmNzUdaOhHtpxcQPI4F9NL3IjagmAm3cqtYhDCNBRxIgYkS+VUM9KIsVsvucLMGY/fI8NM5KxnmpfF/OV6/TOrLgAByCAjDABaiCO1ADdYDAE3gDH+BTeVbelS/lezqaUdKdffBPmcwPB9WzpA==</latexit>

=
1

ki

X

j

AijF (~xi, ~xj)� F (~xi, ~xi) + F (~xi, ~xi) =

<latexit sha1_base64="0a95rklrYdaj4rzbrIQwW1abeXk="></latexit>

=
X

j

✓
Aij

ki
� �ij

◆
F (~xi, ~xj) + F (~xi, ~xi) =

X

j

LijF (~xi, ~xj) + F (~xi, ~xi)
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is the (consensus or reactive) Laplace matrix
<latexit sha1_base64="CjLGWTFXF59RfMMBtr61KTrYaq4=">AAACGHicbVA7T8MwGHR4lvIKMLJYVEgslARVwIJUYGFgKBJ9SE0UOY7TmjoP2Q5SFeVnsPBXWBhAiLUb/wYnzQAtJ1k6332f7Ds3ZlRIw/jWFhaXlldWK2vV9Y3NrW19Z7cjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7T4QLGoUPchwTO0CDkPoUI6kkRz+xAiSHGLH0LnNS+phdWj5HOL0qLlk6cmh2bHmESVQojl4z6kYBOE/MktRAiZajTywvwklAQokZEqJvGrG0U8QlxYxkVSsRJEZ4hAakr2iIAiLstAiWwUOleNCPuDqhhIX6eyNFgRDjwFWTeQwx6+Xif14/kf6FndIwTiQJ8fQhP2FQRjBvCXqUEyzZWBGEOVV/hXiIVDFSdVlVJZizkedJ57RuntUb941a87qsowL2wQE4AiY4B01wC1qgDTB4Bq/gHXxoL9qb9ql9TUcXtHJnD/yBNvkBEnihrg==</latexit>

Lij =
Aij

ki
� �ij

<latexit sha1_base64="k6nCMlvK8kWgJSR1AMqpMmRlcjc=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSyCl5ZEinoR6uOg4KGCfUBby2a7aZduNmF3I5SQr+HFr+LFgyIe9eS3cZOmoK0DC7/9zwwz83cCRqWyrG9jbn5hcWk5t5JfXVvf2DS3tuvSDwUmNewzXzQdJAmjnNQUVYw0A0GQ5zDScIYXSb7xQISkPr9To4B0PNTn1KUYKS11TavtITXAiEU38WnKjhtdxvdR0Y4n37O4OMHruGsWrJKVBpwFO4MCyKLaNT/bPR+HHuEKMyRly7YC1YmQUBQzEufboSQBwkPUJy2NHHlEdqL0shjua6UHXV/oxxVM1d8dEfKkHHmOrkw2lNO5RPwv1wqVe9KJKA9CRTgeD3JDBpUPE5tgjwqCFRtpQFhQvSvEAyQQVtrMvDbBnj55FuqHJfuoVL4tFyrnmR05sAv2wAGwwTGogCtQBTWAwSN4Bq/gzXgyXox342NcOmdkPTvgTxhfP5beoUw=</latexit>

L = D�1A� I It is not symmetric, however
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is the (consensus or reactive) Laplace matrix
<latexit sha1_base64="CjLGWTFXF59RfMMBtr61KTrYaq4=">AAACGHicbVA7T8MwGHR4lvIKMLJYVEgslARVwIJUYGFgKBJ9SE0UOY7TmjoP2Q5SFeVnsPBXWBhAiLUb/wYnzQAtJ1k6332f7Ds3ZlRIw/jWFhaXlldWK2vV9Y3NrW19Z7cjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7T4QLGoUPchwTO0CDkPoUI6kkRz+xAiSHGLH0LnNS+phdWj5HOL0qLlk6cmh2bHmESVQojl4z6kYBOE/MktRAiZajTywvwklAQokZEqJvGrG0U8QlxYxkVSsRJEZ4hAakr2iIAiLstAiWwUOleNCPuDqhhIX6eyNFgRDjwFWTeQwx6+Xif14/kf6FndIwTiQJ8fQhP2FQRjBvCXqUEyzZWBGEOVV/hXiIVDFSdVlVJZizkedJ57RuntUb941a87qsowL2wQE4AiY4B01wC1qgDTB4Bq/gHXxoL9qb9ql9TUcXtHJnD/yBNvkBEnihrg==</latexit>

Lij =
Aij

ki
� �ij

<latexit sha1_base64="k6nCMlvK8kWgJSR1AMqpMmRlcjc=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSyCl5ZEinoR6uOg4KGCfUBby2a7aZduNmF3I5SQr+HFr+LFgyIe9eS3cZOmoK0DC7/9zwwz83cCRqWyrG9jbn5hcWk5t5JfXVvf2DS3tuvSDwUmNewzXzQdJAmjnNQUVYw0A0GQ5zDScIYXSb7xQISkPr9To4B0PNTn1KUYKS11TavtITXAiEU38WnKjhtdxvdR0Y4n37O4OMHruGsWrJKVBpwFO4MCyKLaNT/bPR+HHuEKMyRly7YC1YmQUBQzEufboSQBwkPUJy2NHHlEdqL0shjua6UHXV/oxxVM1d8dEfKkHHmOrkw2lNO5RPwv1wqVe9KJKA9CRTgeD3JDBpUPE5tgjwqCFRtpQFhQvSvEAyQQVtrMvDbBnj55FuqHJfuoVL4tFyrnmR05sAv2wAGwwTGogCtQBTWAwSN4Bq/gzXgyXox342NcOmdkPTvgTxhfP5beoUw=</latexit>

L = D�1A� I It is not symmetric, however
<latexit sha1_base64="rcvZBbVlgCrrvGxNDIr7FxWepL0="></latexit>

Lsym := D�1/2 (A�D)D�1/2

is symmetric and non-positive definite



www.unamur.be timoteo.carletti@unamur.be

Dynamical Systems on Network

is the (consensus or reactive) Laplace matrix
<latexit sha1_base64="CjLGWTFXF59RfMMBtr61KTrYaq4=">AAACGHicbVA7T8MwGHR4lvIKMLJYVEgslARVwIJUYGFgKBJ9SE0UOY7TmjoP2Q5SFeVnsPBXWBhAiLUb/wYnzQAtJ1k6332f7Ds3ZlRIw/jWFhaXlldWK2vV9Y3NrW19Z7cjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7T4QLGoUPchwTO0CDkPoUI6kkRz+xAiSHGLH0LnNS+phdWj5HOL0qLlk6cmh2bHmESVQojl4z6kYBOE/MktRAiZajTywvwklAQokZEqJvGrG0U8QlxYxkVSsRJEZ4hAakr2iIAiLstAiWwUOleNCPuDqhhIX6eyNFgRDjwFWTeQwx6+Xif14/kf6FndIwTiQJ8fQhP2FQRjBvCXqUEyzZWBGEOVV/hXiIVDFSdVlVJZizkedJ57RuntUb941a87qsowL2wQE4AiY4B01wC1qgDTB4Bq/gHXxoL9qb9ql9TUcXtHJnD/yBNvkBEnihrg==</latexit>

Lij =
Aij

ki
� �ij

<latexit sha1_base64="k6nCMlvK8kWgJSR1AMqpMmRlcjc=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSyCl5ZEinoR6uOg4KGCfUBby2a7aZduNmF3I5SQr+HFr+LFgyIe9eS3cZOmoK0DC7/9zwwz83cCRqWyrG9jbn5hcWk5t5JfXVvf2DS3tuvSDwUmNewzXzQdJAmjnNQUVYw0A0GQ5zDScIYXSb7xQISkPr9To4B0PNTn1KUYKS11TavtITXAiEU38WnKjhtdxvdR0Y4n37O4OMHruGsWrJKVBpwFO4MCyKLaNT/bPR+HHuEKMyRly7YC1YmQUBQzEufboSQBwkPUJy2NHHlEdqL0shjua6UHXV/oxxVM1d8dEfKkHHmOrkw2lNO5RPwv1wqVe9KJKA9CRTgeD3JDBpUPE5tgjwqCFRtpQFhQvSvEAyQQVtrMvDbBnj55FuqHJfuoVL4tFyrnmR05sAv2wAGwwTGogCtQBTWAwSN4Bq/gzXgyXox342NcOmdkPTvgTxhfP5beoUw=</latexit>

L = D�1A� I It is not symmetric, however
<latexit sha1_base64="rcvZBbVlgCrrvGxNDIr7FxWepL0="></latexit>

Lsym := D�1/2 (A�D)D�1/2

is symmetric and non-positive definite
<latexit sha1_base64="DUHiceygJlFM7TstoW9zkUtxq4U=">AAACJnicbVDLSsNAFJ34rPUVdelmsAhurEkp6kYo6sJFFxXsA9pYJtNJO3QyCTMToYR8jRt/xY2Liog7P8VJG6G2Hhg4nHMvc+5xQ0alsqwvY2l5ZXVtPbeR39za3tk19/YbMogEJnUcsEC0XCQJo5zUFVWMtEJBkO8y0nSHN6nffCJC0oA/qFFIHB/1OfUoRkpLXfOq4yM1wIjF1WTKXS++TR7jU/uslPwKVS3IkZ/MDqR+1yxYRWsCuEjsjBRAhlrXHHd6AY58whVmSMq2bYXKiZFQFDOS5DuRJCHCQ9QnbU058ol04smZCTzWSg96gdCPKzhRZzdi5Eud0tWTaU4576Xif147Ut6lE1MeRopwPP3IixhUAUw7gz0qCFZspAnCguqsEA+QQFjpZvO6BHv+5EXSKBXt82L5vlyoXGd15MAhOAInwAYXoALuQA3UAQbP4BWMwbvxYrwZH8bndHTJyHYOwB8Y3z/Ydqaf</latexit>

L = D�1/2LsymD1/2

hence they have the same eigenvalues

<latexit sha1_base64="F264BylrKq7FuPgCNPC8BI7xAPU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEiroRim5cuKhgH9CEMJlO2mknkzAzEUqIG3/FjQtF3PoX7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKS8srq2vl9crG5tb2jrm715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP77O/c4DEZJG/F5NYuKGaMBpQDFSWvLMA0cmoTdyQqSGGLH0NvNSOsouLc+sWjVrCrhI7IJUQYGmZ345/QgnIeEKMyRlz7Zi5aZIKIoZySpOIkmM8BgNSE9TjkIi3XT6QQaPtdKHQSR0cQWn6u+JFIVSTkJfd+aXynkvF//zeokKLtyU8jhRhOPZoiBhUEUwjwP2qSBYsYkmCAuqb4V4iATCSodW0SHY8y8vkvZpzT6r1e/q1cZVEUcZHIIjcAJscA4a4AY0QQtg8AiewSt4M56MF+Pd+Ji1loxiZh/8gfH5A+chly8=</latexit>X

j

Lij = 0
<latexit sha1_base64="HM2B7os7DXKIofdzBO0zyc4x084=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmpKgboejGhYsK9gHtWDKZtA3NZIYkI9ShX+LGhSJu/RR3/o1pOwttPRA4nHMu9+b4MWdKO863lVtZXVvfyG8WtrZ3dov23n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oeuq3HqlULBL3ehxTL8QDwfqMYG2knl3s3ppwgB/SsnsyuXR6dsmpODOgZeJmpAQZ6j37qxtEJAmp0IRjpTquE2svxVIzwumk0E0UjTEZ4QHtGCpwSJWXzg6foGOjBKgfSfOERjP190SKQ6XGoW+SIdZDtehNxf+8TqL7F17KRJxoKsh8UT/hSEdo2gIKmKRE87EhmEhmbkVkiCUm2nRVMCW4i19eJs3TintWqd5VS7WrrI48HMIRlMGFc6jBDdShAQQSeIZXeLOerBfr3fqYR3NWNnMAf2B9/gA8eZIs</latexit>

⇤(1) = 0
<latexit sha1_base64="/FxgFK0iqf0ehJil4ESRGP8k7+Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSK0UmoiRd0IRTcuK9gHNG2ZTKft0MkkztwUSsg/uPFX3LhQxK0bd/6N08dCqwcuHM65d+be44WcKbDtLyO1tLyyupZez2xsbm3vmLt7NRVEktAqCXggGx5WlDNBq8CA00YoKfY9Tuve8Hri10dUKhaIOxiHtOXjvmA9RjBoqWMeuyNKYjccsKQd55x8cplzCm43AFVw8m0XgvDEVfcSYpF0zKxdtKew/hJnTrJojkrH/NQPkcinAgjHSjUdO4RWjCUwwmmScSNFQ0yGuE+bmgrsU9WKpzcl1pFWulYvkLoEWFP150SMfaXGvqc7fQwDtehNxP+8ZgS9i1bMRBgBFWT2US/iFgTWJCCryyQlwMeaYCKZ3tUiAywxAR1jRofgLJ78l9ROi85ZsXRbypav5nGk0QE6RDnkoHNURjeogqqIoAf0hF7Qq/FoPBtvxvusNWXMZ/bRLxgf39EBnYU=</latexit>

~�(1) = (1, . . . , 1)>/
p
n

<latexit sha1_base64="HayfYKgufGbh019P18WD8Znmmq8=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQC8NuCGphEbSxsIhgHpCN4e7sbDJk9uHMrBCWFDb+io2FIrZ+hJ1/4+RRaOKBgcM553LnHjfmTCrL+jYyS8srq2vZ9dzG5tb2jrm715BRIgitk4hHouWCpJyFtK6Y4rQVCwqBy2nTHVyO/eYDFZJF4a0axrQTQC9kPiOgtNQ188flc+da5z24S4sO8LgPRyOH03tsdc2CVbImwIvEnpECmqHWNb8cLyJJQENFOEjZtq1YdVIQihFORzknkTQGMoAebWsaQkBlJ50cMcKHWvGwHwn9QoUn6u+JFAIph4GrkwGovpz3xuJ/XjtR/lknZWGcKBqS6SI/4VhFeNwI9pigRPGhJkAE03/FpA8CiNK95XQJ9vzJi6RRLtknpcpNpVC9mNWRRXl0gIrIRqeoiq5QDdURQY/oGb2iN+PJeDHejY9pNGPMZvbRHxifP89vlvE=</latexit>

�2 < ⇤(↵)  0
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A second relevant example : the Stuart-Landau
<latexit sha1_base64="NoRLfO0evjH0DHm5nSj3HVNFQWY=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwMeyGoDZC0MYygnlANobZ2dlkyOyDmbtCsskP2PgrNhaK2Nrb+TdOHoUmHrhwOOde7r3HjQVXYFnfRmZpeWV1Lbue29jc2t4xd/dqKkokZVUaiUg2XKKY4CGrAgfBGrFkJHAFq7u967Fff2BS8Si8g37MWgHphNznlICW2uaR40tCU28wSj0YXTqKdwKCB6eOy4Dg4WB4X8SDtpm3CtYEeJHYM5JHM1Ta5pfjRTQJWAhUEKWathVDKyUSOBVslHMSxWJCe6TDmpqGJGCqlU6+GeFjrXjYj6SuEPBE/T2RkkCpfuDqzoBAV817Y/E/r5mAf9FKeRgnwEI6XeQnAkOEx9Fgj0tGQfQ1IVRyfSumXaLjAR1gTodgz7+8SGrFgn1WKN2W8uWrWRxZdIAO0Qmy0TkqoxtUQVVE0SN6Rq/ozXgyXox342PamjFmM/voD4zPH5ZIm98=</latexit>

dz

dt
= �z � �|z|2z

<latexit sha1_base64="o1suhASaHxERNiGEG9oVYEPoHxE=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEQSgzUtSNUHSjuyr2Ap1hyKSZNjTJDElGKENXbnwVNy4UceszuPNtTNsRtPVAyMf/n0Ny/jBhVGnH+bLm5hcWl5YLK8XVtfWNTXtru6HiVGJSxzGLZStEijAqSF1TzUgrkQTxkJFm2L8c+c17IhWNxZ0eJMTnqCtoRDHSRgrsPU/RLkfnkyvwbskR/eFrHtglp+yMC86Cm0MJ5FUL7E+vE+OUE6ExQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsUiBPlZ+M1hvDAKB0YxdIcoeFY/T2RIa7UgIemkyPdU9PeSPzPa6c6OvMzKpJUE4EnD0UpgzqGo0xgh0qCNRsYQFhS81eIe0girE1yRROCO73yLDSOy+5JuXJTKVUv8jgKYBfsg0PgglNQBVegBuoAgwfwBF7Aq/VoPVtv1vukdc7KZ3bAn7I+vgH5gJjR</latexit>

� = �< + i�=
<latexit sha1_base64="/ECnPDAB9JmyYT/W71zbE6iUuFQ=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCEJJpKgboehGd1XsBdoQJtOTduhkEmYmQgkFN76KGxeKuPUl3Pk2TtMstPXADB//fw4z5/djRqWy7W+jsLC4tLxSXC2trW9sbpnbO00ZJYJAg0QsEm0fS2CUQ0NRxaAdC8Chz6DlD68mfusBhKQRv1ejGNwQ9zkNKMFKS5651/VB4Yvs9rp3cExzvAk9s2xX7KyseXByKKO86p751e1FJAmBK8KwlB3HjpWbYqEoYTAudRMJMSZD3IeORo5DkG6a7TC2DrXSs4JI6MOVlam/J1IcSjkKfd0ZYjWQs95E/M/rJCo4d1PK40QBJ9OHgoRZKrImgVg9KoAoNtKAiaD6rxYZYIGJ0rGVdAjO7Mrz0DypOKeV6m21XLvM4yiifXSAjpCDzlANXaM6aiCCHtEzekVvxpPxYrwbH9PWgpHP7KI/ZXz+AFMEl1Q=</latexit>

� = �< + i�=

Periodic solution
<latexit sha1_base64="eyQ8HjiyObaykKlLM4MFy+PbGqs="></latexit>

ẑ(t) =

r
�<
�<

ei!t
<latexit sha1_base64="zmgqo6DuZgwDYYvL5csUv1ydmjk=">AAACIHicbZDLSsNAFIYnXmu9RV26CRbBjSWRYt0IRTe6q2Iv0IQymZ60Q2eSMDMRSuijuPFV3LhQRHf6NE7TCNp6YODj/8/hzPn9mFGpbPvTWFhcWl5ZLawV1zc2t7bNnd2mjBJBoEEiFom2jyUwGkJDUcWgHQvA3GfQ8oeXE791D0LSKLxToxg8jvshDSjBSktds+pGHPr43JW0z3HXvebHrg8qIzcQmKQ/zi2M09zS2DVLdtnOypoHJ4cSyqveNT/cXkQSDqEiDEvZcexYeSkWihIG46KbSIgxGeI+dDSGmIP00uzAsXWolZ4VREK/UFmZ+nsixVzKEfd1J8dqIGe9ifif10lUcOalNIwTBSGZLgoSZqnImqRl9agAothIAyaC6r9aZIB1LEpnWtQhOLMnz0PzpOyclis3lVLtIo+jgPbRATpCDqqiGrpCddRABD2gJ/SCXo1H49l4M96nrQtGPrOH/pTx9Q38JKQh</latexit>

! = �= � �=
�<
�<
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A second relevant example : the Stuart-Landau
<latexit sha1_base64="NoRLfO0evjH0DHm5nSj3HVNFQWY=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwMeyGoDZC0MYygnlANobZ2dlkyOyDmbtCsskP2PgrNhaK2Nrb+TdOHoUmHrhwOOde7r3HjQVXYFnfRmZpeWV1Lbue29jc2t4xd/dqKkokZVUaiUg2XKKY4CGrAgfBGrFkJHAFq7u967Fff2BS8Si8g37MWgHphNznlICW2uaR40tCU28wSj0YXTqKdwKCB6eOy4Dg4WB4X8SDtpm3CtYEeJHYM5JHM1Ta5pfjRTQJWAhUEKWathVDKyUSOBVslHMSxWJCe6TDmpqGJGCqlU6+GeFjrXjYj6SuEPBE/T2RkkCpfuDqzoBAV817Y/E/r5mAf9FKeRgnwEI6XeQnAkOEx9Fgj0tGQfQ1IVRyfSumXaLjAR1gTodgz7+8SGrFgn1WKN2W8uWrWRxZdIAO0Qmy0TkqoxtUQVVE0SN6Rq/ozXgyXox342PamjFmM/voD4zPH5ZIm98=</latexit>

dz

dt
= �z � �|z|2z

<latexit sha1_base64="o1suhASaHxERNiGEG9oVYEPoHxE=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEQSgzUtSNUHSjuyr2Ap1hyKSZNjTJDElGKENXbnwVNy4UceszuPNtTNsRtPVAyMf/n0Ny/jBhVGnH+bLm5hcWl5YLK8XVtfWNTXtru6HiVGJSxzGLZStEijAqSF1TzUgrkQTxkJFm2L8c+c17IhWNxZ0eJMTnqCtoRDHSRgrsPU/RLkfnkyvwbskR/eFrHtglp+yMC86Cm0MJ5FUL7E+vE+OUE6ExQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsUiBPlZ+M1hvDAKB0YxdIcoeFY/T2RIa7UgIemkyPdU9PeSPzPa6c6OvMzKpJUE4EnD0UpgzqGo0xgh0qCNRsYQFhS81eIe0girE1yRROCO73yLDSOy+5JuXJTKVUv8jgKYBfsg0PgglNQBVegBuoAgwfwBF7Aq/VoPVtv1vukdc7KZ3bAn7I+vgH5gJjR</latexit>

� = �< + i�=
<latexit sha1_base64="/ECnPDAB9JmyYT/W71zbE6iUuFQ=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCEJJpKgboehGd1XsBdoQJtOTduhkEmYmQgkFN76KGxeKuPUl3Pk2TtMstPXADB//fw4z5/djRqWy7W+jsLC4tLxSXC2trW9sbpnbO00ZJYJAg0QsEm0fS2CUQ0NRxaAdC8Chz6DlD68mfusBhKQRv1ejGNwQ9zkNKMFKS5651/VB4Yvs9rp3cExzvAk9s2xX7KyseXByKKO86p751e1FJAmBK8KwlB3HjpWbYqEoYTAudRMJMSZD3IeORo5DkG6a7TC2DrXSs4JI6MOVlam/J1IcSjkKfd0ZYjWQs95E/M/rJCo4d1PK40QBJ9OHgoRZKrImgVg9KoAoNtKAiaD6rxYZYIGJ0rGVdAjO7Mrz0DypOKeV6m21XLvM4yiifXSAjpCDzlANXaM6aiCCHtEzekVvxpPxYrwbH9PWgpHP7KI/ZXz+AFMEl1Q=</latexit>

� = �< + i�=

Periodic solution
<latexit sha1_base64="eyQ8HjiyObaykKlLM4MFy+PbGqs="></latexit>

ẑ(t) =

r
�<
�<

ei!t
<latexit sha1_base64="zmgqo6DuZgwDYYvL5csUv1ydmjk=">AAACIHicbZDLSsNAFIYnXmu9RV26CRbBjSWRYt0IRTe6q2Iv0IQymZ60Q2eSMDMRSuijuPFV3LhQRHf6NE7TCNp6YODj/8/hzPn9mFGpbPvTWFhcWl5ZLawV1zc2t7bNnd2mjBJBoEEiFom2jyUwGkJDUcWgHQvA3GfQ8oeXE791D0LSKLxToxg8jvshDSjBSktds+pGHPr43JW0z3HXvebHrg8qIzcQmKQ/zi2M09zS2DVLdtnOypoHJ4cSyqveNT/cXkQSDqEiDEvZcexYeSkWihIG46KbSIgxGeI+dDSGmIP00uzAsXWolZ4VREK/UFmZ+nsixVzKEfd1J8dqIGe9ifif10lUcOalNIwTBSGZLgoSZqnImqRl9agAothIAyaC6r9aZIB1LEpnWtQhOLMnz0PzpOyclis3lVLtIo+jgPbRATpCDqqiGrpCddRABD2gJ/SCXo1H49l4M96nrQtGPrOH/pTx9Q38JKQh</latexit>

! = �= � �=
�<
�<

Stability
<latexit sha1_base64="4m10tAeRxQCzRcoa67J6xPCaXm8=">AAACHHicbZDLSsNAFIYn9V5vUZdugkVoEUqiRd0IohuXClaFJpbJ9KQZOrkwcyLU0Adx46u4caGIGxeCb+O0ZqGtPwx8859zmDm/nwqu0La/jNLU9Mzs3PxCeXFpeWXVXFu/UkkmGTRZIhJ541MFgsfQRI4CblIJNPIFXPu902H9+g6k4kl8if0UvIh2Yx5wRlFbbXPvvoq1IzekmN8PNLoCAqw6O64Mk+FV8m6INbjNuYshINXeoG1W7Lo9kjUJTgEVUui8bX64nYRlEcTIBFWq5dgpejmVyJmAQdnNFKSU9WgXWhpjGoHy8tFyA2tbOx0rSKQ+MVoj9/dETiOl+pGvOyOKoRqvDc3/aq0Mg0Mv53GaIcTs56EgExYm1jApq8MlMBR9DZRJrv9qsZBKylDnWdYhOOMrT8LVbt3ZrzcuGpXjkyKOebJJtkiVOOSAHJMzck6ahJEH8kReyKvxaDwbb8b7T2vJKGY2yB8Zn99YoqDx</latexit>

z(t) = ẑ(t) (1 + ⇢(t)) ei✓(t)

<latexit sha1_base64="jKa046Wu9czd2FJWDp7APIf9kw0=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QriWbZtvQbLIkWaVs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMY3kz95iNVmklxb0Yx9SPcFyxkBBsrPYw7aiBL5mzc4Rx53ULRLbszoGXiZaQIGWrdwlenJ0kSUWEIx1q3PTc2foqVYYTTSb6TaBpjMsR92rZU4IhqP51dPUGnVumhUCpbwqCZ+nsixZHWoyiwnRE2A73oTcX/vHZiwis/ZSJODBVkvihMODISTSNAPaYoMXxkCSaK2VsRGWCFibFB5W0I3uLLy6RxXvYuypW7SrF6ncWRg2M4gRJ4cAlVuIUa1IGAgmd4hTfnyXlx3p2PeeuKk80cwR84nz+lDZH2</latexit>

|⇢(t)| ⌧ 1
<latexit sha1_base64="OnUV19q3N/2222p3hAxdxW5nlcM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiRT0WvXisYD+gCWWz3bRLN5uwOymUtP/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1XY2Nza3inulvb2Dw6P7OOTlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdD/322OmNI/lE0wS5kdkIHnIKQEj9Wx76sGQAanA5dQTArs9u+xUnQXwOnFzUkY5Gj37y+vHNI2YBCqI1l3XScDPiAJOBZuVvFSzhNARGbCuoZJETPvZ4vIZvjBKH4exMiUBL9TfExmJtJ5EgemMCAz1qjcX//O6KYS3fsZlkgKTdLkoTAWGGM9jwH2uGAUxMYRQxc2tmA6JIhRMWCUTgrv68jppXVXd62rtsVau3+VxFNEZOkcV5KIbVEcPqIGaiKIxekav6M3KrBfr3fpYthasfOYU/YH1+QOpkJMI</latexit>

|✓(t)| ⌧ 1

<latexit sha1_base64="Woyz8U6NOF4LWIMDz25ZcqsV/XQ="></latexit>

d

dt

✓
⇢

✓

◆
=

✓
�2�< 0

�2�=
�<
�<

0

◆✓
⇢

✓

◆ <latexit sha1_base64="iq6N6bY2xEaCBZFWG1+wDrAzN1s=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYj+gCWWznbRLN5uwuxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpk4yxbDBEpGodkg1Ci6xYbgR2E4V0jgU2AqHt1O/9YRK80Q+mlGKQUz7kkecUWMl39e8H9Ou/4DXbrdccavuDGSZeDmpQI56t/zl9xKWxSgNE1TrjuemJhhTZTgTOCn5mcaUsiHtY8dSSWPUwXh284ScWKVHokTZkobM1N8TYxprPYpD2xlTM9CL3lT8z+tkJroKxlymmUHJ5ouiTBCTkGkApMcVMiNGllCmuL2VsAFVlBkbU8mG4C2+vEyaZ1Xvonp+f16p3eRxFOEIjuEUPLiEGtxBHRrAIIVneIU3J3NenHfnY95acPKZQ/gD5/MHaJKRSA==</latexit>

�< > 0
<latexit sha1_base64="GH9T+oByVfA8UTI6G3QMNVlgV5w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kmKXjxWsR+QhLLZTtqlm03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSq4Rsf5tkorq2vrG+XNytb2zu5edf+grZNMMWixRCSqG1INgktoIUcB3VQBjUMBnXB0O/U7T6A0T+QjjlMIYjqQPOKMopE8PwSkPf8Brp1etebUnRnsZeIWpEYKNHvVL7+fsCwGiUxQrT3XSTHIqULOBEwqfqYhpWxEB+AZKmkMOshnJ0/sE6P07ShRpiTaM/X3RE5jrcdxaDpjikO96E3F/zwvw+gqyLlMMwTJ5ouiTNiY2NP/7T5XwFCMDaFMcXOrzYZUUYYmpYoJwV18eZm0z+ruRf38/rzWuCniKJMjckxOiUsuSYPckSZpEUYS8kxeyZuF1ov1bn3MW0tWMXNI/sD6/AGNP5DJ</latexit>

�< > 0
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A second relevant example : the Stuart-Landau
<latexit sha1_base64="o1suhASaHxERNiGEG9oVYEPoHxE=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEQSgzUtSNUHSjuyr2Ap1hyKSZNjTJDElGKENXbnwVNy4UceszuPNtTNsRtPVAyMf/n0Ny/jBhVGnH+bLm5hcWl5YLK8XVtfWNTXtru6HiVGJSxzGLZStEijAqSF1TzUgrkQTxkJFm2L8c+c17IhWNxZ0eJMTnqCtoRDHSRgrsPU/RLkfnkyvwbskR/eFrHtglp+yMC86Cm0MJ5FUL7E+vE+OUE6ExQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsUiBPlZ+M1hvDAKB0YxdIcoeFY/T2RIa7UgIemkyPdU9PeSPzPa6c6OvMzKpJUE4EnD0UpgzqGo0xgh0qCNRsYQFhS81eIe0girE1yRROCO73yLDSOy+5JuXJTKVUv8jgKYBfsg0PgglNQBVegBuoAgwfwBF7Aq/VoPVtv1vukdc7KZ3bAn7I+vgH5gJjR</latexit>

� = �< + i�=
<latexit sha1_base64="/ECnPDAB9JmyYT/W71zbE6iUuFQ=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCEJJpKgboehGd1XsBdoQJtOTduhkEmYmQgkFN76KGxeKuPUl3Pk2TtMstPXADB//fw4z5/djRqWy7W+jsLC4tLxSXC2trW9sbpnbO00ZJYJAg0QsEm0fS2CUQ0NRxaAdC8Chz6DlD68mfusBhKQRv1ejGNwQ9zkNKMFKS5651/VB4Yvs9rp3cExzvAk9s2xX7KyseXByKKO86p751e1FJAmBK8KwlB3HjpWbYqEoYTAudRMJMSZD3IeORo5DkG6a7TC2DrXSs4JI6MOVlam/J1IcSjkKfd0ZYjWQs95E/M/rJCo4d1PK40QBJ9OHgoRZKrImgVg9KoAoNtKAiaD6rxYZYIGJ0rGVdAjO7Mrz0DypOKeV6m21XLvM4yiifXSAjpCDzlANXaM6aiCCHtEzekVvxpPxYrwbH9PWgpHP7KI/ZXz+AFMEl1Q=</latexit>

� = �< + i�=

Coupling
<latexit sha1_base64="FGp72wbNOiCsJv9TaKFIoLutds0="></latexit>

dzj
dt

=
�

kj

X

`

Aj`z` � �zj |zj |2

<latexit sha1_base64="2eiilZlRcjWYQyATnzj6vwZGiYs="></latexit>

dzj
dt

= �
X

`

Lj`z` + �zj � �zj |zj |2

<latexit sha1_base64="YkJB37CAIC8HPNJsaI/WjGWq6RA=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILrTMlKJuhKIblxXsBTq1ZDKZNjZzITkj1Om8hBtfxY0LRdwK7nwb08tCW38IfPnPOSTndyLBFZjmt5FZWFxaXsmu5tbWNza38ts7dRXGkrIaDUUomw5RTPCA1YCDYM1IMuI7gjWc/uWo3rhnUvEwuIFBxNo+6Qbc45SAtjr5I9uThCbuQ+cuTVxIz23Fuz7B+n5sOwwIHmoc3pZGTidfMIvmWHgerCkU0FTVTv7LdkMa+ywAKohSLcuMoJ0QCZwKlubsWLGI0D7pspbGgPhMtZPxVik+0I6LvVDqEwAeu78nEuIrNfAd3ekT6KnZ2sj8r9aKwTtrJzyIYmABnTzkxQJDiEcRYZdLRkEMNBAquf4rpj2iYwIdZE6HYM2uPA/1UtE6KZavy4XKxTSOLNpD++gQWegUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w//p59T</latexit>

dzj
dt

= �zj � �|zj |2zj
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A second relevant example : the Stuart-Landau
<latexit sha1_base64="o1suhASaHxERNiGEG9oVYEPoHxE=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEQSgzUtSNUHSjuyr2Ap1hyKSZNjTJDElGKENXbnwVNy4UceszuPNtTNsRtPVAyMf/n0Ny/jBhVGnH+bLm5hcWl5YLK8XVtfWNTXtru6HiVGJSxzGLZStEijAqSF1TzUgrkQTxkJFm2L8c+c17IhWNxZ0eJMTnqCtoRDHSRgrsPU/RLkfnkyvwbskR/eFrHtglp+yMC86Cm0MJ5FUL7E+vE+OUE6ExQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsUiBPlZ+M1hvDAKB0YxdIcoeFY/T2RIa7UgIemkyPdU9PeSPzPa6c6OvMzKpJUE4EnD0UpgzqGo0xgh0qCNRsYQFhS81eIe0girE1yRROCO73yLDSOy+5JuXJTKVUv8jgKYBfsg0PgglNQBVegBuoAgwfwBF7Aq/VoPVtv1vukdc7KZ3bAn7I+vgH5gJjR</latexit>

� = �< + i�=
<latexit sha1_base64="/ECnPDAB9JmyYT/W71zbE6iUuFQ=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCEJJpKgboehGd1XsBdoQJtOTduhkEmYmQgkFN76KGxeKuPUl3Pk2TtMstPXADB//fw4z5/djRqWy7W+jsLC4tLxSXC2trW9sbpnbO00ZJYJAg0QsEm0fS2CUQ0NRxaAdC8Chz6DlD68mfusBhKQRv1ejGNwQ9zkNKMFKS5651/VB4Yvs9rp3cExzvAk9s2xX7KyseXByKKO86p751e1FJAmBK8KwlB3HjpWbYqEoYTAudRMJMSZD3IeORo5DkG6a7TC2DrXSs4JI6MOVlam/J1IcSjkKfd0ZYjWQs95E/M/rJCo4d1PK40QBJ9OHgoRZKrImgVg9KoAoNtKAiaD6rxYZYIGJ0rGVdAjO7Mrz0DypOKeV6m21XLvM4yiifXSAjpCDzlANXaM6aiCCHtEzekVvxpPxYrwbH9PWgpHP7KI/ZXz+AFMEl1Q=</latexit>

� = �< + i�=

Coupling
<latexit sha1_base64="FGp72wbNOiCsJv9TaKFIoLutds0="></latexit>

dzj
dt

=
�

kj

X

`

Aj`z` � �zj |zj |2

<latexit sha1_base64="2eiilZlRcjWYQyATnzj6vwZGiYs="></latexit>

dzj
dt

= �
X

`

Lj`z` + �zj � �zj |zj |2

<latexit sha1_base64="YkJB37CAIC8HPNJsaI/WjGWq6RA=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILrTMlKJuhKIblxXsBTq1ZDKZNjZzITkj1Om8hBtfxY0LRdwK7nwb08tCW38IfPnPOSTndyLBFZjmt5FZWFxaXsmu5tbWNza38ts7dRXGkrIaDUUomw5RTPCA1YCDYM1IMuI7gjWc/uWo3rhnUvEwuIFBxNo+6Qbc45SAtjr5I9uThCbuQ+cuTVxIz23Fuz7B+n5sOwwIHmoc3pZGTidfMIvmWHgerCkU0FTVTv7LdkMa+ywAKohSLcuMoJ0QCZwKlubsWLGI0D7pspbGgPhMtZPxVik+0I6LvVDqEwAeu78nEuIrNfAd3ekT6KnZ2sj8r9aKwTtrJzyIYmABnTzkxQJDiEcRYZdLRkEMNBAquf4rpj2iYwIdZE6HYM2uPA/1UtE6KZavy4XKxTSOLNpD++gQWegUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w//p59T</latexit>

dzj
dt

= �zj � �|zj |2zj

is also a solution of the coupled system

<latexit sha1_base64="eyQ8HjiyObaykKlLM4MFy+PbGqs=">AAACJHicbZBNaxsxEIa1SZO6zked9tiLqAkkF7MbQhoohdBcenRLnQQsx8zKs7aItLuRZguO2B+TS/5KLz30gx566W+p/HFok74geHhnhtG8aamVozj+Fa2sPlpbf9x40tzY3Np+2tp5duaKykrsyUIX9iIFh1rl2CNFGi9Ki2BSjefp1emsfv4JrVNF/pGmJQ4MjHOVKQkUrGHrtZgA+Zt6j/bfCHdtyYvMgvTCqbGBofiAtR cp0gJrvPRKFAbHwKkettpxJ56LP4RkCW22VHfY+i5GhawM5iQ1ONdP4pIGHiwpqbFuisphCfIKxtgPmINBN/DzI2u+G5wRzwobXk587v494cE4NzVp6DRAE3e/NjP/V+tXlB0PvMrLijCXi0VZpTkVfJYYHymLkvQ0AEirwl+5nEAIiUKuzRBCcv/kh3B20EmOOofvD9snb5dxNNgL9pLtsYS9YifsHeuyHpPsln1mX9m36C76Ev2Ifi5aV6LlzHP2j6LffwBWGKZ7</latexit>

ẑ(t) =

r
�<
�<

ei!t
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Stability
<latexit sha1_base64="Lx1n74FgQSWfg043J7st01TXZIM=">AAACInicbZDLSsNAFIYnXmu9RV26CRahIpRExMtCKLpxWcGq0NQymZ40YycXZk6EGvIsbnwVNy4UdSX4ME7TLrwdGPj4/3M4c34vEVyhbX8YE5NT0zOzpbny/MLi0rK5snqh4lQyaLJYxPLKowoEj6CJHAVcJRJo6Am49PonQ//yFqTicXSOgwTaIe1F3OeMopY65uFd56aKW0duQDG7yzW6AnysOtuuDOLCcyXvBbgF1xl3MQCkhZp3zIpds4uy/oIzhgoZV6NjvrndmKUhRMgEVarl2Am2MyqRMwF52U0VJJT1aQ9aGiMagmpnxYm5tamVruXHUr8IrUL9PpHRUKlB6OnOkGKgfntD8T+vlaJ/0M54lKQIERst8lNhYWwN87K6XAJDMdBAmeT6rxYLqKQMdaplHYLz++S/cLFTc/Zqu2e7lfrxOI4SWScbpEocsk/q5JQ0SJMwck8eyTN5MR6MJ+PVeB+1ThjjmTXyo4zPL0RYo4g=</latexit>

zj(t) = ẑ(t) (1 + ⇢j(t)) e
i✓j(t)

<latexit sha1_base64="KSd71f/sZRREKqPVGgVXRsJhZhM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oQphMJ+3YyYOZG7Gk/RU3LhRx64+482+ctllo64ELh3Pu5d57/ERwBZb1bRTW1jc2t4rbpZ3dvf0D87DcVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcf3cz8ziOTisfRPYwT5oZkEPGAUwJa8szyxIEhA+I9VOFs4giBbc+sWDVrDrxK7JxUUI6mZ345/ZimIYuACqJUz7YScDMigVPBpiUnVSwhdEQGrKdpREKm3Gx++xSfaqWPg1jqigDP1d8TGQmVGoe+7gwJDNWyNxP/83opBFduxqMkBRbRxaIgFRhiPAsC97lkFMRYE0Il17diOiSSUNBxlXQI9vLLq6R9XrMvavW7eqVxncdRRMfoBFWRjS5RA92iJmohip7QM3pFb8bUeDHejY9Fa8HIZ47QHxifPzHik+U=</latexit>

|✓j(t)| ⌧ 1
<latexit sha1_base64="B3Jy0IaNW85xZ0FYC9sn5Uocjhc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mkqMeiF48V7Ac0IWy223btJht2N4WS9p948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2tb2xubRd2irt7+weH9tFxU4lUEtogggvZDrGinMW0oZnmtJ1IiqOQ01Y4vJv5rRGVion4UY8T6ke4H7MeI1gbKbDtiScHIngq64uJxzlyA7vkVJw50Cpxc1KCHPXA/vK6gqQRjTXhWKmO6yTaz7DUjHA6LXqpogkmQ9ynHUNjHFHlZ/PLp+jcKF3UE9JUrNFc/T2R4UipcRSazgjrgVr2ZuJ/XifVvRs/Y3GSahqTxaJeypEWaBYD6jJJieZjQzCRzNyKyABLTLQJq2hCcJdfXiXNy4p7Vak+VEu12zyOApzCGZTBhWuowT3UoQEERvAMr/BmZdaL9W59LFrXrHzmBP7A+vwBo1OTBA==</latexit>

|⇢j(t)| ⌧ 1

<latexit sha1_base64="n8mMJMGvIVQ2Z+b/6zafmOjiFzE="></latexit>

d

dt

✓
⇢j
✓j

◆
=

✓
�2�< 0

�2�=
�<
�<

0

◆✓
⇢j
✓j

◆
+

X

`

Lj`

✓
�< ��=
�= �<

◆✓
⇢`
✓`

◆
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Stability
<latexit sha1_base64="Lx1n74FgQSWfg043J7st01TXZIM=">AAACInicbZDLSsNAFIYnXmu9RV26CRahIpRExMtCKLpxWcGq0NQymZ40YycXZk6EGvIsbnwVNy4UdSX4ME7TLrwdGPj4/3M4c34vEVyhbX8YE5NT0zOzpbny/MLi0rK5snqh4lQyaLJYxPLKowoEj6CJHAVcJRJo6Am49PonQ//yFqTicXSOgwTaIe1F3OeMopY65uFd56aKW0duQDG7yzW6AnysOtuuDOLCcyXvBbgF1xl3MQCkhZp3zIpds4uy/oIzhgoZV6NjvrndmKUhRMgEVarl2Am2MyqRMwF52U0VJJT1aQ9aGiMagmpnxYm5tamVruXHUr8IrUL9PpHRUKlB6OnOkGKgfntD8T+vlaJ/0M54lKQIERst8lNhYWwN87K6XAJDMdBAmeT6rxYLqKQMdaplHYLz++S/cLFTc/Zqu2e7lfrxOI4SWScbpEocsk/q5JQ0SJMwck8eyTN5MR6MJ+PVeB+1ThjjmTXyo4zPL0RYo4g=</latexit>

zj(t) = ẑ(t) (1 + ⇢j(t)) e
i✓j(t)

<latexit sha1_base64="KSd71f/sZRREKqPVGgVXRsJhZhM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oQphMJ+3YyYOZG7Gk/RU3LhRx64+482+ctllo64ELh3Pu5d57/ERwBZb1bRTW1jc2t4rbpZ3dvf0D87DcVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcf3cz8ziOTisfRPYwT5oZkEPGAUwJa8szyxIEhA+I9VOFs4giBbc+sWDVrDrxK7JxUUI6mZ345/ZimIYuACqJUz7YScDMigVPBpiUnVSwhdEQGrKdpREKm3Gx++xSfaqWPg1jqigDP1d8TGQmVGoe+7gwJDNWyNxP/83opBFduxqMkBRbRxaIgFRhiPAsC97lkFMRYE0Il17diOiSSUNBxlXQI9vLLq6R9XrMvavW7eqVxncdRRMfoBFWRjS5RA92iJmohip7QM3pFb8bUeDHejY9Fa8HIZ47QHxifPzHik+U=</latexit>

|✓j(t)| ⌧ 1
<latexit sha1_base64="B3Jy0IaNW85xZ0FYC9sn5Uocjhc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mkqMeiF48V7Ac0IWy223btJht2N4WS9p948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2tb2xubRd2irt7+weH9tFxU4lUEtogggvZDrGinMW0oZnmtJ1IiqOQ01Y4vJv5rRGVion4UY8T6ke4H7MeI1gbKbDtiScHIngq64uJxzlyA7vkVJw50Cpxc1KCHPXA/vK6gqQRjTXhWKmO6yTaz7DUjHA6LXqpogkmQ9ynHUNjHFHlZ/PLp+jcKF3UE9JUrNFc/T2R4UipcRSazgjrgVr2ZuJ/XifVvRs/Y3GSahqTxaJeypEWaBYD6jJJieZjQzCRzNyKyABLTLQJq2hCcJdfXiXNy4p7Vak+VEu12zyOApzCGZTBhWuowT3UoQEERvAMr/BmZdaL9W59LFrXrHzmBP7A+vwBo1OTBA==</latexit>

|⇢j(t)| ⌧ 1

<latexit sha1_base64="n8mMJMGvIVQ2Z+b/6zafmOjiFzE="></latexit>

d

dt

✓
⇢j
✓j

◆
=

✓
�2�< 0

�2�=
�<
�<

0

◆✓
⇢j
✓j

◆
+

X

`

Lj`

✓
�< ��=
�= �<

◆✓
⇢`
✓`

◆

Use the Laplace eigenbasis
<latexit sha1_base64="QmMV+BmlNtQIYMqWJYueKpG8FTY=">AAACGHicbZC7TsMwFIYdrqXcAowsFhVSWUqCKmBBqmBhLBK9SE0aOa7TuHUush2kKupjsPAqLAwgxNqNt8FpMkDLL1n6/J9zZJ/fjRkV0jC+tZXVtfWNzdJWeXtnd29fPzhsiyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vsvqnSfCBY3CRzmJiR2gYUg9ipFUlqOfW9yPnNGNJZLAsRCLfZQ5/RyhFfvUGfXTan4/mzp6xagZc8FlMAuogEJNR59ZgwgnAQklZkiInmnE0k4RlxQzMi1biSAxwmM0JD2FIQqIsNP5YlN4qpwB9CKuTijh3P09kaJAiEngqs4ASV8s1jLzv1ovkd61ndIwTiQJcf6QlzAoI5ilBAeUEyzZRAHCnKq/QuwjjrBUWZZVCObiysvQvqiZl7X6Q73SuC3iKIFjcAKqwARXoAHuQRO0AAbP4BW8gw/tRXvTPrWvvHVFK2aOwB9psx9hy6Cb</latexit>

⇢j =
X

↵

⇢↵�(↵)
j

<latexit sha1_base64="8sTGbjz+Gh7pkeow3P2k+Yb8FaI=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBDiJexqUC9C0IvHCCYK2WTpnUzcMbMPZnqFsORDvPgrXjwo4sWD4N84yebgq2Cguqqbni4/kUKjbX9aM7Nz8wuLhaXi8srq2nppY7Ol41Qx3mSxjNW1D5pLEfEmCpT8OlEcQl/yK39wNvav7rjSIo4ucZjwTgg3kegLBmgkr3TgYsARvNsTV6eh54JMAsi1bl5QNwmEd9vNKnm9N/JKZbtqT0D/EmdKymSKhld6d3sxS0MeIZOgdduxE+xkoFAwyUdFN9U8ATaAG942NIKQ6042OW5Ed43So/1YmRchnajfJzIItR6GvukMAQP92xuL/3ntFPvHnUxESYo8YvmifiopxnScFO0JxRnKoSHAlDB/pSwABQxNnkUTgvP75L+ktV91Dqu1i1q5fjqNo0C2yQ6pEIcckTo5Jw3SJIzck0fyTF6sB+vJerXe8tYZazqzRX7A+vgCspSiXQ==</latexit>

✓j =
X

↵

✓↵�(↵)
j

<latexit sha1_base64="telLM+6/HBPSjqCHy0nQyO44+DI="></latexit>

d

dt

✓
⇢↵
✓↵

◆
=

✓
�2�< 0

�2�=
�<
�<

0

◆
+ ⇤(↵)

✓
�< ��=
�= �<

◆�✓
⇢↵
✓↵

◆

<latexit sha1_base64="v+qB3AldSD41BT3FpmAsJwipGJs=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDJTiroRim5EXFSwD+jU4U4m04ZmHiQZoQz9Gjf+ihsXFRF3forpY1FbDwQO59x7c+9xY86kMs1vI7Oyura+kd3MbW3v7O7l9w8aMkoEoXUS8Ui0XJCUs5DWFVOctmJBIXA5bbr9m7HffKZCsih8VIOYdgLohsxnBJSWnPyVHYDquX56N3Rs4HEP5hXzzL7Xszx4SotT93Q4Z5edfMEsmRPgZWLNSAHNUHPyI9uLSBLQUBEOUrYtM1adFIRihNNhzk4kjYH0oUvbmoYQUNlJJ2cO8YlWPOxHQr9Q4Yk635FCIOUgcHXleEe56I3F/7x2ovzLTsrCOFE0JNOP/IRjFeFxZthjghLFB5oAEUzvikkPBBClk83pEKzFk5dJo1yyzkuVh0qhej2LI4uO0DEqIgtdoCq6RTVURwS9oDc0Qh/Gq/FufBpf09KMMes5RH9g/PwCL76mNQ==</latexit>

J↵ = J0 + ⇤(↵)J2

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
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<latexit sha1_base64="v+qB3AldSD41BT3FpmAsJwipGJs=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDJTiroRim5EXFSwD+jU4U4m04ZmHiQZoQz9Gjf+ihsXFRF3forpY1FbDwQO59x7c+9xY86kMs1vI7Oyura+kd3MbW3v7O7l9w8aMkoEoXUS8Ui0XJCUs5DWFVOctmJBIXA5bbr9m7HffKZCsih8VIOYdgLohsxnBJSWnPyVHYDquX56N3Rs4HEP5hXzzL7Xszx4SotT93Q4Z5edfMEsmRPgZWLNSAHNUHPyI9uLSBLQUBEOUrYtM1adFIRihNNhzk4kjYH0oUvbmoYQUNlJJ2cO8YlWPOxHQr9Q4Yk635FCIOUgcHXleEe56I3F/7x2ovzLTsrCOFE0JNOP/IRjFeFxZthjghLFB5oAEUzvikkPBBClk83pEKzFk5dJo1yyzkuVh0qhej2LI4uO0DEqIgtdoCq6RTVURwS9oDc0Qh/Gq/FufBpf09KMMes5RH9g/PwCL76mNQ==</latexit>

J↵ = J0 + ⇤(↵)J2

<latexit sha1_base64="t7LOV/BuEOPbJU3I3WpgTby7IYg=">AAACQXicbVA9SwNBFNzz2/gVtbRZDEJEDHciaiOINmIVwZhALoZ3e3tmyd4Hu++EcOSv2fgP7OxtLBSxtXGTXGGiAwvDzDze2/ESKTTa9os1NT0zOze/sFhYWl5ZXSuub9zqOFWM11gsY9XwQHMpIl5DgZI3EsUh9CSve92LgV9/4EqLOLrBXsJbIdxHIhAM0EjtYsOVJuxD2wWZdODuYH9coG4I2FFhhqpfHnIvyK76ubu75/oc/9FP7XaxZFfsIehf4uSkRHJU28Vn149ZGvIImQStm46dYCsDhYJJ3i+4qeYJsC7c86ahEYRct7JhA326YxSfBrEyL0I6VH9PZBBq3Qs9kxzcqie9gfif10wxOGllIkpS5BEbLQpSSTGmgzqpLxRnKHuGAFPC3EpZBxQwNKUXTAnO5Jf/ktuDinNUObw+LJ2d53UskC2yTcrEIcfkjFySKqkRRh7JK3knH9aT9WZ9Wl+j6JSVz2ySMVjfPyx6sTU=</latexit>

�2
↵ � �↵tr(J↵) + det(J↵) = 0

instability
<latexit sha1_base64="GZI0jWStvLYEmjpogee4Z22DCHY="></latexit>

tr(J↵) � 0 or det(J↵)  0 for some <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵
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<latexit sha1_base64="v+qB3AldSD41BT3FpmAsJwipGJs=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDJTiroRim5EXFSwD+jU4U4m04ZmHiQZoQz9Gjf+ihsXFRF3forpY1FbDwQO59x7c+9xY86kMs1vI7Oyura+kd3MbW3v7O7l9w8aMkoEoXUS8Ui0XJCUs5DWFVOctmJBIXA5bbr9m7HffKZCsih8VIOYdgLohsxnBJSWnPyVHYDquX56N3Rs4HEP5hXzzL7Xszx4SotT93Q4Z5edfMEsmRPgZWLNSAHNUHPyI9uLSBLQUBEOUrYtM1adFIRihNNhzk4kjYH0oUvbmoYQUNlJJ2cO8YlWPOxHQr9Q4Yk635FCIOUgcHXleEe56I3F/7x2ovzLTsrCOFE0JNOP/IRjFeFxZthjghLFB5oAEUzvikkPBBClk83pEKzFk5dJo1yyzkuVh0qhej2LI4uO0DEqIgtdoCq6RTVURwS9oDc0Qh/Gq/FufBpf09KMMes5RH9g/PwCL76mNQ==</latexit>

J↵ = J0 + ⇤(↵)J2

<latexit sha1_base64="t7LOV/BuEOPbJU3I3WpgTby7IYg=">AAACQXicbVA9SwNBFNzz2/gVtbRZDEJEDHciaiOINmIVwZhALoZ3e3tmyd4Hu++EcOSv2fgP7OxtLBSxtXGTXGGiAwvDzDze2/ESKTTa9os1NT0zOze/sFhYWl5ZXSuub9zqOFWM11gsY9XwQHMpIl5DgZI3EsUh9CSve92LgV9/4EqLOLrBXsJbIdxHIhAM0EjtYsOVJuxD2wWZdODuYH9coG4I2FFhhqpfHnIvyK76ubu75/oc/9FP7XaxZFfsIehf4uSkRHJU28Vn149ZGvIImQStm46dYCsDhYJJ3i+4qeYJsC7c86ahEYRct7JhA326YxSfBrEyL0I6VH9PZBBq3Qs9kxzcqie9gfif10wxOGllIkpS5BEbLQpSSTGmgzqpLxRnKHuGAFPC3EpZBxQwNKUXTAnO5Jf/ktuDinNUObw+LJ2d53UskC2yTcrEIcfkjFySKqkRRh7JK3knH9aT9WZ9Wl+j6JSVz2ySMVjfPyx6sTU=</latexit>

�2
↵ � �↵tr(J↵) + det(J↵) = 0

instability
<latexit sha1_base64="GZI0jWStvLYEmjpogee4Z22DCHY="></latexit>

tr(J↵) � 0 or det(J↵)  0

but

for some <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵

<latexit sha1_base64="s+SPjlQQs159pZtXGVNInw3/ALo="></latexit>

tr(J↵) = tr(J0) + ⇤(↵)2�< < tr(J0) < 0

<latexit sha1_base64="YH3MK3Oms0JKmbyaJy4zNnhJjWo="></latexit>

⇤(↵) >
2�<

�2
< + �2

=

✓
�< +

�=�=
�<

◆

<latexit sha1_base64="4p57gMLn8ptl7r6EWw1aZnPhLz4=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIglhmpKgLF0U3uqvFXqAzDJn0tA1NZoYkI5TSh3Djq7hxoYhbF+58G9N2BG39IfDznXM4OX8Qc6a0bX9ZmYXFpeWV7GpubX1jcyu/vVNXUSIp1GjEI9kMiALOQqhppjk0YwlEBBwaQf9qXG/cg1QsCu/0IAZPkG7IOowSbZCfP3IV6wriuzfCDUBPDL7Axz+4CjjlVfDzBbtoT4TnjZOaAkpV8fOfbjuiiYBQU06Uajl2rL0hkZpRDqOcmyiICe2TLrSMDYkA5Q0nR43wgSFt3ImkeaHGE/p7YkiEUgMRmE5BdE/N1sbwv1or0Z1zb8jCONEQ0umiTsKxjvA4IdxmEqjmA2MIlcz8FdMekYRqk2POhODMnjxv6idF57RYui0VypdpHFm0h/bRIXLQGSqja1RBNUTRA3pCL+jVerSerTfrfdqasdKZXfRH1sc3TiWduw==</latexit>

�=�= < ��<�<
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<latexit sha1_base64="3ozbaTmwCsFY6u1iaqX1HROxD1s=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqiRR1Uyi6cVnFXqAJYTI9aYdOLsxMhBK68VXcuFDErY/hzrdxmmahrT8MfPznHM6c3084k8qyvo3Syura+kZ5s7K1vbO7Z+4fdGScCgptGvNY9HwigbMI2oopDr1EAAl9Dl1/fDOrdx9BSBZHD2qSgBuSYcQCRonSlmceOZINQ+I594Abjg8qx4btmVWrZuXCy2AXUEWFWp755QximoYQKcqJlH3bSpSbEaEY5TCtOKmEhNAxGUJfY0RCkG6WHzDFp9oZ4CAW+kUK5+7viYyEUk5CX3eGRI3kYm1m/lfrpyq4cjMWJamCiM4XBSnHKsazNPCACaCKTzQQKpj+K6YjIghVOrOKDsFePHkZOuc1+6JWv6tXm9dFHGV0jE7QGbLRJWqiW9RCbUTRFD2jV/RmPBkvxrvxMW8tGcXMIfoj4/MHdeGVrg==</latexit>

�< = �< = 1

<latexit sha1_base64="2B4IRaaeD3npfJdMBvSgjn8Ocrg=">AAACG3icbZDLSsNAFIYn9VbrrerSTbAIglCSUtSNUHSju1rsBZoQJtOTduhMEmYmQgl9Dze+ihsXirgSXPg2TtsI2vrDwMd/zuHM+f2YUaks68vILS2vrK7l1wsbm1vbO8XdvZaMEkGgSSIWiY6PJTAaQlNRxaATC8DcZ9D2h1eTevsehKRReKdGMbgc90MaUIKVtrxixZG0z7HnNODECQQm6Y9xwx0f1BTGaYYNGF9YXrFkla2pzEWwMyihTHWv+OH0IpJwCBVhWMqubcXKTbFQlDAYF5xEQozJEPehqzHEHKSbTm8bm0fa6ZlBJPQLlTl1f0+kmEs54r7u5FgN5HxtYv5X6yYqOHdTGsaJgpDMFgUJM1VkToIye1QAUWykARNB9V9NMsA6IaXjLOgQ7PmTF6FVKdun5epttVS7zOLIowN0iI6Rjc5QDV2jOmoigh7QE3pBr8aj8Wy8Ge+z1pyRzeyjPzI+vwGGVqG4</latexit>

�< +
�=�=
�<

= 0

Lattice (k=6) Watts-Strogatz (k=6)
Cencetti G et al. 2020 Generalized patterns from local and non local reactions, Chaos 134, 109707 
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Master 
Stability 
Function

Chaotic 
behaviour
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Directed networks

Assume a diffusive coupling

is the (combinatorial) 
directed Laplace matrix

<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="mGm3xw53nRZPPVZ6aJvyIhhDhfc=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1YUmkVJdVNy4r2Ac0IUym03bamSTMTIol5E/c+CtuXCgi7vo3TtsI2npghsM593LvPX7EqFSWNTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjAakLqiipFWJAjiPiNNf3g79ZsjIiQNgwc1jojLUS+gXYqR0pJnVpxOqBJnRHDymKYehY6kXH8x9wbXXkIHaTEzvcH5D6NnnlmwStYMcJnYGSmADDXP/NKDcMxJoDBDUrZtK1JugoSimJE078SSRAgPUY+0NQ0QJ9JNZvel8FQrHdgNhX6BgjP1d0eCuJRj7utKjlRfLnpT8T+vHavulZvQIIoVCfB8UDdmUIVwGhbsUEGwYmNNEBZU7wpxHwmElY40r0OwF09eJo2Lkl0ple/LhepNFkcOHIMTUAQ2uARVcAdqoA4weAIv4A28G8/Gq/FhfM5LV4ys5wj8gTH5Bvi1pCo=</latexit>

~̇xi ⇠
X

j

Aij(~xj � ~xi)
<latexit sha1_base64="iBZxlmuv8gW7/93yO+XBlUimBIQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUxDIjRd0IVTcuK9gHdMYhk6Zt2iQzJJliGfoRbvwVNy4UcevCnX9j+kC0euDC4Zx7ufeeIGJUadv+tFJz8wuLS+nlzMrq2vpGdnOrqsJYYlLBIQtlPUCKMCpIRVPNSD2SBPGAkVrQuxz5tT6RiobiRg8i4nHUFrRFMdJG8rMHZ66Kud+F535Cu0O3T3ByN/S7hz2f3iZ5Kva/Nepnc3bBHgP+Jc6U5MAUZT/74TZDHHMiNGZIqYZjR9pLkNQUMzLMuLEiEcI91CYNQwXiRHnJ+Kkh3DNKE7ZCaUpoOFZ/TiSIKzXggenkSHfUrDcS//MasW6degkVUayJwJNFrZhBHcJRQrBJJcGaDQxBWFJzK8QdJBHWJseMCcGZffkvqR4VnONC8bqYK11M40iDHbAL8sABJ6AErkAZVAAG9+ARPIMX68F6sl6tt0lryprObINfsN6/AIiVnyc=</latexit>

=
X

j

Aij~xj � k(in)i ~xi

<latexit sha1_base64="QYeFUsleQdLzu1P2Di+/K1nJOzk="></latexit>

=
X

j

(Aij~xj � k(in)i �ij)~xj =:
X

j

Lij~xj

It is not symmetric, thus the eigenvalues can be complex numbers
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Asllani M et al. 2014 The theory of pattern formation on directed networks. Nature Communication 5, 4517 

<latexit sha1_base64="t7LOV/BuEOPbJU3I3WpgTby7IYg=">AAACQXicbVA9SwNBFNzz2/gVtbRZDEJEDHciaiOINmIVwZhALoZ3e3tmyd4Hu++EcOSv2fgP7OxtLBSxtXGTXGGiAwvDzDze2/ESKTTa9os1NT0zOze/sFhYWl5ZXSuub9zqOFWM11gsY9XwQHMpIl5DgZI3EsUh9CSve92LgV9/4EqLOLrBXsJbIdxHIhAM0EjtYsOVJuxD2wWZdODuYH9coG4I2FFhhqpfHnIvyK76ubu75/oc/9FP7XaxZFfsIehf4uSkRHJU28Vn149ZGvIImQStm46dYCsDhYJJ3i+4qeYJsC7c86ahEYRct7JhA326YxSfBrEyL0I6VH9PZBBq3Qs9kxzcqie9gfif10wxOGllIkpS5BEbLQpSSTGmgzqpLxRnKHuGAFPC3EpZBxQwNKUXTAnO5Jf/ktuDinNUObw+LJ2d53UskC2yTcrEIcfkjFySKqkRRh7JK3knH9aT9WZ9Wl+j6JSVz2ySMVjfPyx6sTU=</latexit>

�2
↵ � �↵tr(J↵) + det(J↵) = 0

<latexit sha1_base64="GZI0jWStvLYEmjpogee4Z22DCHY="></latexit>

tr(J↵) � 0 or det(J↵)  0 for some <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵

<latexit sha1_base64="VJLFdah+DZRyd26qLZ5nGcTY554=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIFbHMlKJuhKIbcVXBXqBTSyaTaUMzF5IzQhn6Om58FTcKirr1RUzbWdjWHwIf/zmHnPM7keAKTPPLyCwtr6yuZddzG5tb2zv53b2GCmNJWZ2GIpQthygmeMDqwEGwViQZ8R3Bms7gelxvPjKpeBjcwzBiHZ/0Au5xSkBb3XzVFrrZJQ/l05Sw7RPoSz8BOSpO2PGS21HXPD6xXQaz1qXZzRfMkjkRXgQrhQJKVevm32w3pLHPAqCCKNW2zAg6CZHAqWCjnB0rFhE6ID3W1hgQn6lOMrl0hI+042IvlPoFgCfu34mE+EoNfUd3jtdU87Wx+V+tHYN30Ul4EMXAAjr9yIsFhhCPY8Mul4yCGGogVHK9K6Z9IgkFHW5Oh2DNn7wIjXLJOitV7iqF6lUaRxYdoENURBY6R1V0g2qojih6Qi/oHX0Yz8ar8Wl8T1szRjqzj2Zk/PwC4LumXw==</latexit>

�2 � �tr(J0) + det(J0) = 0

stability of the homogeneous equilibrium decoupled systems

<latexit sha1_base64="MprJzT63iCb1PYDE9TATpg8w9Ek=">AAACJXicbVDLSsNAFJ34rPVVdelmsAi6KYkUdVGk6EZcKVhbaEqZTG50cDIJMzdiCfkZN/6KGxcWEVz5K05rF74ODBzOOZe59wSpFAZd992Zmp6ZnZsvLZQXl5ZXVitr61cmyTSHFk9kojsBMyCFghYKlNBJNbA4kNAObk9GfvsOtBGJusRBCr2YXSsRCc7QSv1Kw48Z3ug4R13sjHkQ5WdF391tuNRHuMecMhXSwg8BfwaO3H6l6tbcMehf4k1IlUxw3q8M/TDhWQwKuWTGdD03xV7ONAouoSj7mYGU8Vt2DV1LFYvB9PLxlQXdtkpIo0Tbp5CO1e8TOYuNGcSBTY7WNL+9kfif180wOuzlQqUZguJfH0WZpJjQUWU0FBo4yoEljGthd6X8hmnG0RZbtiV4v0/+S672at5+rX5RrzaPJ3WUyCbZIjvEIwekSU7JOWkRTh7IE3khQ+fReXZenbev6JQzmdkgP+B8fALXbKTO</latexit>

tr(J0) < 0 and det(J0) > 0

instability of the homogeneous equilibrium coupled systems
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Directed networks

Asllani M et al. 2014 The theory of pattern formation on directed networks. Nature Communication 5, 4517 
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Multiplexes / Multilayers

Social networks 
layers=different social networks 
nodes=same agent in each SN

Transportation networks 
layers=different modalities 
nodes=same spatial location

(a)

(b)

(c)
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Multiplexes / Multilayers

Asllani M et al. 2014 Turing patterns in multiplex networks. Phys Rev E 90, 042814 

supra-Laplace matrix
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Time varying networks
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Time varying networks
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Time varying networks

Petit J et al. 2017 Theory of Turing patterns on time varying networks.  
Phys Rev L 119, 148301 

Theory of average
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Simplicial complexes

d-simplex = d+1 nodes  
(all linked together)

1-simplex = link
2-simplex = triangle

3-simplex = tetrahedron

Simplicial complexes
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Simplicial complexes

d-simplex = d+1 nodes  
(all linked together)

1-simplex = link
2-simplex = triangle

3-simplex = tetrahedron

Hypergraphs

hyperedge = set of nodes

Simplicial complexes and Hypergraphs
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Hypergraphs

ensemble of nodes
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Hypergraphs

hyperedges = set of nodes

ensemble of nodes

|E↵2 | = 3

<latexit sha1_base64="YlX7HzkwzecVWyOK5LkknHYZms8=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQpJGrAuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtZ7LhcM59zJ3TpgyKpVtfxorq2vrG5uFreL2zu7evnlw2JBJJjCp44QlohUiSRjlpK6oYqSVCoLikJFmOLiZ+s0hEZIm/EGNUuLHqMdpRDFSWgpMc3wb5B3E0j4K3Mn4qhyYJdvyXM+tVKBtnZddXdCx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjmCs7Unxs5iqUcxaGejJHqy7/eVPzPa2cqqvg55WmmCMfzh6KMQZXAaQywSwXBio00QVhQfSvEfSQQVjqsog5h6cvLpOFajmdd3nul6vUijgI4BifgDDjgAlTBHaiBOsBgCB7BM3gxcuPJeDXe5qMrxmLnCPyC8f4FVVSTfQ==</latexit>

|E↵1 | = 2

<latexit sha1_base64="DzJ3Zn9QV7efcmne2UaXK+8nxk4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQhJSrQuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtR64cDjnXu69J0wZlcq2P42V1bX1jc3CVnF7Z3dv3zw4bMgkE5jUccIS0QqRJIxyUldUMdJKBUFxyEgzHNxM/eaQCEkT/qBGKfFj1OM0ohgpLQWmOb4N8g5iaR8FzmR85QZmybYqZdtzy1ATz3HPy9Cx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjiCs7UnxM5iqUcxaHujJHqy7/eVPzPa2cqqvg55WmmCMfzRVHGoErgNAbYpYJgxUaaICyovhXiPhIIKx1WUYew9PIyabiW41mX916per2IowCOwQk4Aw64AFVwB2qgDjAYgkfwDF6M3HgyXo23eeuKsZg5Ar9gvH8BWAiTfw==</latexit>

|E↵3 | = 1

<latexit sha1_base64="de7UuOj6tN8PdqiLt9QCd5qgRYE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFRJttVkIRRFcVrAPaEOYTCft0MkkzEwKJe2fuHGhiFv/xJ1/4/RBUdEDFw7n3Mu99wQJo1LZ9qeRW1ldW9/Ibxa2tnd298z9g4aMU4FJHccsFq0AScIoJ3VFFSOtRBAUBYw0g8HN1G8OiZA05g9qlBAvQj1OQ4qR0pJvmuNbP+sglvSRfz4ZXzm+WbQt162cuzZ0LHsGaFvlcsW9KC2VIlig5psfnW6M04hwhRmSsu3YifIyJBTFjEwKnVSSBOEB6pG2phxFRHrZ7PIJPNFKF4ax0MUVnKnfJzIUSTmKAt0ZIdWXv72p+JfXTlVY8TLKk1QRjueLwpRBFcNpDLBLBcGKjTRBWFB9K8R9JBBWOqyCDmH5+/+kcWY5Jcu9LxWr14s48uAIHINT4IBLUAV3oAbqAIMheATP4MXIjCfj1Xibt+aMxcwh+AHj/Qt9CJOZ</latexit>
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Hypergraphs

hyperedges

ensemble of nodes

|E↵2 | = 3

<latexit sha1_base64="YlX7HzkwzecVWyOK5LkknHYZms8=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQpJGrAuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtZ7LhcM59zJ3TpgyKpVtfxorq2vrG5uFreL2zu7evnlw2JBJJjCp44QlohUiSRjlpK6oYqSVCoLikJFmOLiZ+s0hEZIm/EGNUuLHqMdpRDFSWgpMc3wb5B3E0j4K3Mn4qhyYJdvyXM+tVKBtnZddXdCx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjmCs7Unxs5iqUcxaGejJHqy7/eVPzPa2cqqvg55WmmCMfzh6KMQZXAaQywSwXBio00QVhQfSvEfSQQVjqsog5h6cvLpOFajmdd3nul6vUijgI4BifgDDjgAlTBHaiBOsBgCB7BM3gxcuPJeDXe5qMrxmLnCPyC8f4FVVSTfQ==</latexit>

|E↵1 | = 2

<latexit sha1_base64="DzJ3Zn9QV7efcmne2UaXK+8nxk4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQhJSrQuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtR64cDjnXu69J0wZlcq2P42V1bX1jc3CVnF7Z3dv3zw4bMgkE5jUccIS0QqRJIxyUldUMdJKBUFxyEgzHNxM/eaQCEkT/qBGKfFj1OM0ohgpLQWmOb4N8g5iaR8FzmR85QZmybYqZdtzy1ATz3HPy9Cx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjiCs7UnxM5iqUcxaHujJHqy7/eVPzPa2cqqvg55WmmCMfzRVHGoErgNAbYpYJgxUaaICyovhXiPhIIKx1WUYew9PIyabiW41mX916per2IowCOwQk4Aw64AFVwB2qgDjAYgkfwDF6M3HgyXo23eeuKsZg5Ar9gvH8BWAiTfw==</latexit>

|E↵3 | = 1

<latexit sha1_base64="de7UuOj6tN8PdqiLt9QCd5qgRYE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFRJttVkIRRFcVrAPaEOYTCft0MkkzEwKJe2fuHGhiFv/xJ1/4/RBUdEDFw7n3Mu99wQJo1LZ9qeRW1ldW9/Ibxa2tnd298z9g4aMU4FJHccsFq0AScIoJ3VFFSOtRBAUBYw0g8HN1G8OiZA05g9qlBAvQj1OQ4qR0pJvmuNbP+sglvSRfz4ZXzm+WbQt162cuzZ0LHsGaFvlcsW9KC2VIlig5psfnW6M04hwhRmSsu3YifIyJBTFjEwKnVSSBOEB6pG2phxFRHrZ7PIJPNFKF4ax0MUVnKnfJzIUSTmKAt0ZIdWXv72p+JfXTlVY8TLKk1QRjueLwpRBFcNpDLBLBcGKjTRBWFB9K8R9JBBWOqyCDmH5+/+kcWY5Jcu9LxWr14s48uAIHINT4IBLUAV3oAbqAIMheATP4MXIjCfj1Xibt+aMxcwh+AHj/Qt9CJOZ</latexit>

Incidence matrix
ei↵ = 1 i↵ i 2 E↵

<latexit sha1_base64="Wt2SrdHRsPMtVw5Gb4iU4bxXF+4=">AAACF3icbVDLattAFB2laZu6LzVdZjPELnRlpGJIuwiYhkCXCdQPsIy4Gl/Zg0cjdeaqxAj/RTb5lW6yaAnZJrv+TcePRWL3wMDhnHO5c09SKGkpCP56O092nz57vvei9vLV6zdv/Xf7XZuXRmBH5Co3/QQsKqmxQ5IU9guDkCUKe8n0ZOH3fqKxMtffaVbgMIOxlqkUQE6K/SbGlYxAFROYH4c8+lHCKCK8oEqmKecNGUnNT+NVojGP/XrQDJbg2yRckzpb4yz276NRLsoMNQkF1g7CoKBhBYakUDivRaXFAsQUxjhwVEOGdlgt75rzD04Z8TQ37mniS/XhRAWZtbMscckMaGI3vYX4P29QUvp5WEldlIRarBalpeKU80VJfCQNClIzR0AY6f7KxQQMCHJV1lwJ4ebJ26T7qRm2ml/OW/X213Ude+yAHbKPLGRHrM2+sTPWYYJdsl/sN/vjXXnX3o13u4rueOuZ9+wRvLt/B9ifNw==</latexit>

A = eeT

<latexit sha1_base64="RAa2iUqgwIojSUvEnCnLrRzAjRg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIpqAuh6sZlhb6gjWUyvWmHziRhZqKUmE9x40IRt36JO//GSZuFth4YOJxzL/fM8SJGpbLtb6Owsrq2vlHcLG1t7+zumeX9tgxjQaBFQhaKroclMBpAS1HFoBsJwNxj0PEmN5nfeQAhaRg01TQCl+NRQH1KsNLSwCxfXQLcJ32O1VjwpJmmA7NiV+0ZrGXi5KSCcjQG5ld/GJKYQ6AIw1L2HDtSboKFooRBWurHEiJMJngEPU0DzEG6ySx6ah1rZWj5odAvUNZM/b2RYC7llHt6MosoF71M/M/rxco/dxMaRLGCgMwP+TGzVGhlPVhDKoAoNtUEE0F1VouMscBE6bZKugRn8cvLpH1adWrVi7tapX6d11FEh+gInSAHnaE6ukUN1EIEPaJn9IrejCfjxXg3PuajBSPfOUB/YHz+AIBrlDA=</latexit>

Hyperadjacency  matrix Hyperedge  matrix

C = eTe

<latexit sha1_base64="4xb4vPtRxvzt7bnv3QypXKxwBfU=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIpqAuh2I3LCn1BG8tketMOnUzCzEQpMZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z40WMSmXb30ZhbX1jc6u4XdrZ3ds/MMuHHRnGgkCbhCwUPQ9LYJRDW1HFoBcJwIHHoOtNG5nffQAhachbahaBG+Axpz4lWGlpaJYb13CfDAKsJiJIWmkKQ7NiV+05rFXi5KSCcjSH5tdgFJI4AK4Iw1L2HTtSboKFooRBWhrEEiJMpngMfU05DkC6yTx6ap1qZWT5odCPK2uu/t5IcCDlLPD0ZJZRLnuZ+J/Xj5V/6SaUR7ECThaH/JhZKrSyHqwRFUAUm2mCiaA6q0UmWGCidFslXYKz/OVV0jmvOrXq1V2tUr/J6yiiY3SCzpCDLlAd3aImaiOCHtEzekVvxpPxYrwbH4vRgpHvHKE/MD5/AIP5lDI=</latexit>
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Hypergraphs

i

j
j’

j”E1

<latexit sha1_base64="ZTTL+Ly32Ms7ziKU/0qXbjCyVFc=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSMXFuQRE8RjQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/IQzqSzrw8itrK6tb+Q3C1vbO7t7xf2DloxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW3748uZ376nQrI4ulOThHohHkYsYAQrLd1e9e1+sWSZdsWuOGfIMl3XrdZqmljlSrXsINu05ijBEo1+8b03iEka0kgRjqXs2laivAwLxQin00IvlTTBZIyHtKtphEMqvWx+6hSdaGWAgljoihSaq98nMhxKOQl93RliNZK/vZn4l9dNVXDuZSxKUkUjslgUpBypGM3+RgMmKFF8ogkmgulbERlhgYnS6RR0CF+fov9Jq2zajuneOKX6xTKOPBzBMZyCDTWowzU0oAkEhvAAT/BscOPReDFeF605YzlzCD9gvH0CNwqNyg==</latexit>

E2

<latexit sha1_base64="JSdqIQh/+QSYqCjzC/lQRz8o3e0=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KptSbHsriuCxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbVz3w1lZXVvf2Mxt5bd3dvf2CweHbR0lirIWjUSkuj7RTHDJWoYbwbqxYiT0Bev4k8vM79wzpXkk78w0Zl5IRpIHnBJjpdurQXlQKLol13UxxigjuHruWlKv18q4hnBmWRRhieag8N4fRjQJmTRUEK172I2NlxJlOBVslu8nmsWETsiI9SyVJGTaS+enztCpVYYoiJQtadBc/T6RklDraejbzpCYsf7tZeJfXi8xQc1LuYwTwyRdLAoSgUyEsr/RkCtGjZhaQqji9lZEx0QRamw6eRvC16fof9Iul3ClVL+pFBsXyzhycAwncAYYqtCAa2hCCyiM4AGe4NkRzqPz4rwuWlec5cwR/IDz9gkQWI2w</latexit>

E3

<latexit sha1_base64="2j54Y3fpVsuS6sMO27HM8kBBvVs=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSIcstKILHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk39iQRVPRBweO9KqrqeTFnUlnWh5FbW9/Y3MpvF3Z29/YPiodHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ppeZ372nQrIovFOzmLoBHofMZwQrLd1eDSvDYskyG/Vq2akiy7Ssml22M1KuORUH2VrJUIIVWsPi+2AUkSSgoSIcS9m3rVi5KRaKEU7nhUEiaYzJFI9pX9MQB1S66eLUOTrTygj5kdAVKrRQv0+kOJByFni6M8BqIn97mfiX10+UX3dTFsaJoiFZLvITjlSEsr/RiAlKFJ9pgolg+lZEJlhgonQ6BR3C16fof9Ipm7ZjNm6cUvNiFUceTuAUzsGGGjThGlrQBgJjeIAneDa48Wi8GK/L1pyxmjmGHzDePgEk9Y29</latexit>

i

j
j’

j”E1

<latexit sha1_base64="ZTTL+Ly32Ms7ziKU/0qXbjCyVFc=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSMXFuQRE8RjQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/IQzqSzrw8itrK6tb+Q3C1vbO7t7xf2DloxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW3748uZ376nQrI4ulOThHohHkYsYAQrLd1e9e1+sWSZdsWuOGfIMl3XrdZqmljlSrXsINu05ijBEo1+8b03iEka0kgRjqXs2laivAwLxQin00IvlTTBZIyHtKtphEMqvWx+6hSdaGWAgljoihSaq98nMhxKOQl93RliNZK/vZn4l9dNVXDuZSxKUkUjslgUpBypGM3+RgMmKFF8ogkmgulbERlhgYnS6RR0CF+fov9Jq2zajuneOKX6xTKOPBzBMZyCDTWowzU0oAkEhvAAT/BscOPReDFeF605YzlzCD9gvH0CNwqNyg==</latexit>

E2

<latexit sha1_base64="JSdqIQh/+QSYqCjzC/lQRz8o3e0=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KptSbHsriuCxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbVz3w1lZXVvf2Mxt5bd3dvf2CweHbR0lirIWjUSkuj7RTHDJWoYbwbqxYiT0Bev4k8vM79wzpXkk78w0Zl5IRpIHnBJjpdurQXlQKLol13UxxigjuHruWlKv18q4hnBmWRRhieag8N4fRjQJmTRUEK172I2NlxJlOBVslu8nmsWETsiI9SyVJGTaS+enztCpVYYoiJQtadBc/T6RklDraejbzpCYsf7tZeJfXi8xQc1LuYwTwyRdLAoSgUyEsr/RkCtGjZhaQqji9lZEx0QRamw6eRvC16fof9Iul3ClVL+pFBsXyzhycAwncAYYqtCAa2hCCyiM4AGe4NkRzqPz4rwuWlec5cwR/IDz9gkQWI2w</latexit>

E3

<latexit sha1_base64="2j54Y3fpVsuS6sMO27HM8kBBvVs=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSIcstKILHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk39iQRVPRBweO9KqrqeTFnUlnWh5FbW9/Y3MpvF3Z29/YPiodHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ppeZ372nQrIovFOzmLoBHofMZwQrLd1eDSvDYskyG/Vq2akiy7Ssml22M1KuORUH2VrJUIIVWsPi+2AUkSSgoSIcS9m3rVi5KRaKEU7nhUEiaYzJFI9pX9MQB1S66eLUOTrTygj5kdAVKrRQv0+kOJByFni6M8BqIn97mfiX10+UX3dTFsaJoiFZLvITjlSEsr/RiAlKFJ9pgolg+lZEJlhgonQ6BR3C16fof9Ipm7ZjNm6cUvNiFUceTuAUzsGGGjThGlrQBgJjeIAneDa48Wi8GK/L1pyxmjmGHzDePgEk9Y29</latexit>

hyperedge 
size

inc idence 
matrices

kH
ij

=
X

↵

(C↵↵ � 1)⌧ei↵ej↵

<latexit sha1_base64="ovKMq3hgRWC5ydr9boi7A35ggwM="></latexit>
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