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Summary
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➢ Standard random walk on networks  

➢ Random walk with crowding and “social” behaviour

➢ Emergence of empty nodes and mass segregation:
▪ Heterogenous network structure
▪ Ring
▪ Complete graph
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Random walk on networks
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𝑔 0 = 0 : “social” aspect

𝑔 1 = 0 : crowding

Limiting carrying capacity: at most 𝑁 agents per node

Random walk on networks with crowding and aggregation
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𝜌𝑖 ≔ lim
𝑁→+∞

𝑛𝑖
𝑁

Random walk on networks with crowding and aggregation

with 𝑔 𝑥 = 𝑥(1 − 𝑥)

෍

𝑖

ሶ𝜌𝑖 = 0Mass conservation
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Emergence of  empty nodes

Stationary densities: 𝜌𝑗
∗𝑔 𝜌𝑖
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(𝛾𝑡ℎ (sub)community)



The case of  regular networks

Stability of  the homogeneous fixed point ?

Let 𝜌𝑖 = 𝛽 + 𝛿𝑖 with 𝛽 ∈ (0,1) and 𝛿𝑖 = 𝑜(1)

ሶ𝛿 = 𝐽𝛿 with 𝐽 = 𝑔 𝛽 − 𝛽𝑔′ 𝛽 𝐿

𝜉(𝛽)

Stability condition: 𝜉 𝛽 > 0

Semi-definite 

negative matrix
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If  𝑎 > 1: the homogeneous state is stable  𝛽 >
𝑎 − 1

2𝑎 − 1

If  𝑎 ≤ 1: the homogeneous state is always stable

𝑔 𝑥 = 𝑥𝑎(1 − 𝑥)𝑎

𝑎 = 2 Homogeneous state unstable if  𝛽 <
1

3

𝜌𝑖 0 = 𝑝(𝛽 + 𝜎 𝑟𝑖) with

෍

𝑖

𝜌𝑖(0) = Ω𝛽

𝜎 ≪ 1

𝑟𝑖 ∼ 𝑈([0,1])

Ring

Ring network (𝛽 = 0.3 ; 𝜎 = 0.01 ; Ω = 20)

, 𝑎 ∈ ℝ+
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Ring

perturbation𝜌𝑖 0 = 𝛽 + 0.01𝛿𝑖,1 (𝑖 = 1,⋯ , 20) 𝑔 𝑥 = 𝑥2(1 − 𝑥)2
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Ring

perturbation𝜌𝑖 0 = 𝛽 + 0.01𝛿𝑖,1 (𝑖 = 1,⋯ , 20) 𝑔 𝑥 = 𝑥2(1 − 𝑥)2
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Complete graph

ሶ𝜌𝑖 =
𝛽Ω

Ω−1
𝑔 𝜌𝑖 −

𝜌𝑖

Ω−1
σ𝑗=1
Ω 𝑔(𝜌𝑗) with 𝑔 𝑥 = 𝑥2(1 − 𝑥)2

𝜌𝑖 0 < 𝜌𝑗 0 𝜌𝑖 𝑡 ≤ 𝜌𝑗 𝑡 ∀𝑡 ∈ ℝ+

Ω − 1

Ω
ሶ𝜌𝑖 = 𝛽𝑔 𝜌𝑖 −

𝜌𝑖
Ω
෍

𝑗=1

Ω

𝑔(𝜌𝑗)

Indeed if  𝜌𝑖 𝑇 = 𝜌𝑗 𝑇 for some 𝑇 ∈ ℝ+, then ሶ𝜌𝑖 T = ሶ𝜌𝑗 T and thus 𝜌𝑖 𝑡 = 𝜌𝑗 𝑡 ∀𝑡 ≥ 𝑇
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Complete graph
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5000 nodes ; 𝑔 𝑥 = 𝑥2(1 − 𝑥)2; 𝜌𝑖 0 ∈ 𝛽 −
𝛿

2
, 𝛽 +

𝛿

2
with 𝛿 = 10−5

𝑓
𝑓



From local information to global information

ሶ𝜌1 ≈ −𝜌1(𝑋2 − 2𝑋3 + 𝑋4)

𝑟 ≔ lim
𝑡→+∞

−
ሶ𝜌1

𝜌1

𝑟

𝛽2
𝜉 = 1 − 2

𝛽

𝜉
+
𝛽2

𝜉2
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with 𝜉 = 1 − 𝑓

Initial densities: 𝜌1 0 ≤ 𝜌2 0 ≤ ⋯ ≤ 𝜌Ω(0)

Asymptotically:

𝜌𝑖
∗ = 0 or 𝜌𝑖

∗ =
𝛽

1−𝑓

𝑋𝑘 =
𝛽𝑘

(1 − 𝑓)𝑘−1
with



From local information to global information

𝜉

𝜉𝑡

𝑟

𝛽2
𝜉

1 − 2
𝛽

𝜉
+
𝛽2

𝜉2
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10 000 nodes ; 𝛽 = 0.3 ; 𝜉 = 1 − 𝑓



From local information to global information
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5000 nodes ; 𝑔 𝑥 = 𝑥2(1 − 𝑥)2; 𝜌𝑖 0 ∈ 𝛽 −
𝛿

2
, 𝛽 +

𝛿

2
with 𝛿 = 10−5



Conclusion
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➢ We have introduced a class of  non-linear diffusion processes accounting for 

crowding and “social” behaviour

➢ In the steady state, empty nodes emerge leading to a segregation of  the mass 

into multiple (sub)communities

➢ We provided the condition for the homogeneous state to be unstable and 

investigated how the fraction of  empty nodes varies with the average node 

density



Thank you for your attention !



Appendix: fraction of  empty nodes in the ring

𝑔 𝑥 = 𝑥2(1 − 𝑥)2

𝜌𝑖 0 = 𝛽 + 0.01𝛿𝑖,1 (𝑖 = 1,⋯ , 20)
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𝜌𝑖 0 = 𝛽 + 10−4𝑟𝑖 (𝑖 = 1,⋯ , 20)

𝑟𝑖 ∼normal distribution 

centred at 0 with variance 1𝑓


