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Résumé

Depuis avril 2018, l’instrument Nadir and Occultation for Mars Discovery (NOMAD) embarqué
à bord du Trace Gas Orbiter de l’ESA enregistre en continu des mesures de l’atmosphère de Mars.
L’objectif principal était de confirmer la présence de méthane, un possible indicateur de vie sur
Mars. Des mesures de NOMAD, aucune trace de méthane n’a encore pu être trouvée, mais ces
mesures permettent de déduire de nombreux autres constituants de l’atmosphère de Mars.

Ce travail se concentre sur la déduction de profils verticaux (tranches de l’atmosphère pour
une gamme d’altitudes) de la densité et de la température du dioxyde de carbone à partir du canal
d’occultation solaire (SO) de NOMAD. Ce canal comprend un réseau échelle pour la dispersion de
la lumière couplé à un filtre accordable acousto-optique (AOTF). Une attention particulière a été
portée à l’étalonnage spectral. Les profils de densité et de température du dioxyde de carbone sont
nécessaires pour déduire la densité d’autres espèces telles que l’eau et le monoxyde de carbone.
En télédétection, cette déduction est appelée "restitution" (retrieval) et est un problème inverse,
nécessitant la régularisation des profils "restitués". Dans ce travail, la régularisation est effectuée
avec la méthode de Tikhonov et un affinement de cette régularisation est obtenu avec la méthode
d’estimation de l’erreur attendue.

Jusqu’à 1848 profils de densité et de température du dioxyde de carbone ont été obtenus
entre le 21 avril 2018 et le 26 décembre 2022. Les profils de densité de dioxyde de carbone sont
directement extraits des spectres de NOMAD-SO, tandis que la température est extraite de ces
derniers et de l’équation d’équilibre hydrostatique.

Les profils de température obtenus sont comparés aux simulations d’un modèle de circulation
générale GEM-Mars ainsi qu’à celles d’autres instruments sondant l’atmosphère de Mars. Les
données de GEM-Mars sont en moyenne supérieures de 5K, mais la moyenne des différences
absolues est de 12K. Un total de 117 profils colocalisés a été trouvé avec ceux de l’instrument
Mars Climate Sounder (MCS). La moyenne des différences avec le MCS est de 0.1K alors que la
moyenne des différences absolues est de 8.5K. Ces chiffres peuvent s’expliquer par les variabilités
naturelles des profils de température pour les différences en temps et localisation des profils, et
s’explique également par de possibles différences restantes dans les résolutions verticales des deux
ensembles de données. Un total de 64 profils sont comparés aux profils simultanés du canal proche
infrarouge (NIR) de l’Atmospheric Chemistry Suite (ACS) et la moyenne des différences est de
4.7K et la moyennes des différences absolues est de 6.7K.

Ce manuscrit présente les variations saisonnières, latitudinales, longitudinales et diurnes
de la densité et de la température du CO2 au terminateur de Mars, en se concentrant sur la
mésosphère (qui s’étend de 50 à 100 km). Des tendances spécifiques ont été identifiées, telles que
le cycle saisonnier du CO2, la variation avec les cellules de Hadley (circulation), les réchauffements
polaires et les poches chaudes et froides. Ces dernières portent parfois la marque de la présence
de nuages de glace CO2 et leur présence est rapportée dans ce manuscrit. Certaines couches
chaudes sont présentes dans l’hémisphère nord à l’aube et au crépuscule et elles ont des amplitudes
particulièrement élevées dans l’hémisphère sud à l’aube, mais sont absentes dans l’hémisphère
sud au crépuscule. De fortes variations longitudinales sont également rapportées. Elles sont
probablement liées aux marées atmosphériques. Cet ensemble de données couvre deux années
martiennes et les tendances sont très similaires entre ces deux années.





Samenvatting

Sinds april 2018 registreert het Nadir and Occultation for Mars Discovery (NOMAD) instrument
aan boord van ESA’s Trace Gas Orbiter continu metingen van de atmosfeer van Mars. Het
belangrijkste doel was om de aanwezigheid van methaan, een mogelijke indicator van leven op
Mars, te bevestigen. In de metingen van NOMAD is nog geen teken van methaan gevonden, maar
er kunnen wel veel andere bestanddelen van de atmosfeer van Mars worden afgeleid.

Dit werk richt zich op de afleiding van verticale profielen (laagjes van de atmosfeer voor
een reeks hoogtes) van de dichtheid en temperatuur van kooldioxide uit het SO-kanaal (Solar
Occultation) van NOMAD. Dit kanaal bestaat uit een echelle diffractieroster voor de lichtdispersie
gekoppeld aan een akoestisch-optisch afstembaar filter. Bijzondere aandacht is besteed aan
de spectrale kalibratie. De profielen van de kooldioxidedichtheid en -temperatuur zijn nodig
om de dichtheid van andere soorten zoals water en koolmonoxide af te leiden. In teledetectie
wordt deze afleiding een "retrieval"genoemd en is het een invers probleem, waarbij de afgeleide
profielen moeten worden geregulariseerd. De regularisatie wordt in dit werk uitgevoerd met
de Tikhonov-methode en de beste fijnafstemming van deze regularisatie wordt bereikt met de
Expected Error Estimation-methode.

Er zijn 1848 profielen van kooldioxidedichtheid en -temperatuur afgeleid voor de periode
van 21 april 2018 tot 26 december 2022. Dichtheidsprofielen van kooldioxide zijn rechtstreeks
verkregen uit de spectra van NOMAD-SO, terwijl de temperatuur is verkregen uit de spectra van
NOMAD-SO en de vergelijking voor hydrostatische evenwicht.

De gevonden temperatuurprofielen werden vergeleken met simulaties van het algemene circu-
latiemodel GEM-Mars en van andere instrumenten die de atmosfeer van Mars onderzoeken. De
dataset van GEM-Mars is gemiddeld 5K hoger, maar het gemiddelde absolute verschil is 12K. Er
zijn in totaal 117 profielen gevonden die in plaats en tijd overeenstemmen met data van het Mars
Climate Sounder (MCS) instrument. Het gemiddelde verschil met de MCS is 0.1K, terwijl het
gemiddelde absolute verschil 8.5K is. Deze getallen kunnen worden verklaard door natuurlijke
variabiliteit van temperatuurprofielen met de verschillen in tijd en locatie van de profielen en
ook door mogelijke resterende verschillen in de verticale resolutie van beide datasets. In totaal
zijn 64 profielen vergeleken met gelijktijdige profielen van het nabij-infrarood (NIR) kanaal van
de Atmospheric Chemistry Suite (ACS) en het gemiddelde verschil is 4.7K en het gemiddelde
absolute verschil is 6.7K.

Dit manuscript bevat de seizoens-, breedte-, lengte- en dagschommelingen van de dichtheid en
de temperatuur van CO2. Specifieke trends zijn geïdentificeerd, zoals de seizoenscyclus van CO2,
de variatie met Hadley circulatiecellen, de polaire opwarming en warme en koude lagen. Deze
laatste vertonen soms de aanwezigheid van CO2 ijswolken en hun locaties worden gerapporteerd.
Sommige warme lagen zijn zowel bij zonsopgang als bij zonsondergang aanwezig op het noordelijk
halfrond en hebben bijzonder hoge amplitudes op het zuidelijk halfrond bij zonsopgang, maar
zijn afwezig op het zuidelijk halfrond bij zonsondergang. Er worden ook sterke longitudinale
variaties gerapporteerd. Deze zijn waarschijnlijk gerelateerd aan atmosferische getijden. Deze
dataset bestrijkt twee Marsjaren en de trends zijn van jaar tot jaar zeer vergelijkbaar.





Abstract

Since April 2018, the Nadir and Occultation for Mars Discovery (NOMAD) instrument on
board ESA’s Trace Gas Orbiter has been continuously recording measurements of the atmosphere
of Mars. The main goal was to confirm the presence of methane, a possible indicator of life on
Mars. From the measurements of NOMAD, no sign of methane has yet been found but many
other constituents of the atmosphere of Mars can be derived.

This work focuses on the deduction of vertical profiles (slices of the atmosphere for a range of
altitudes) of carbon dioxide density and temperature from the Solar Occultation (SO) channel
of NOMAD. This channel comprises an echelle grating for the light dispersion coupled with an
acousto-optic tunable filter. Particular attention has been dedicated to the spectral calibration.
The profiles of carbon dioxide density and temperature are necessary for the deduction of the
density of other species such as water and carbon monoxide. In remote sensing, this deduction is
called a "retrieval" and is an inverse problem, involving the regularisation of the retrieved profiles.
The regularisation is performed in this work with the Tikhonov method and the best fine-tuning
of this regularisation is achieved with the Expected Error Estimation method.

Up to 1848 profiles of carbon dioxide density and temperature have been retrieved from April,
21st 2018 until December 26th 2022. Carbon dioxide density profiles are directly retrieved from
the spectra of NOMAD-SO while temperature is retrieved from the latter and the hydrostatic
equilibrium equation.

The retrieved temperature profiles are compared to simulations from the general circulation
model GEM-Mars as well as from other instruments probing the atmosphere of Mars. The dataset
from GEM-Mars is on average 5K higher but the average absolute difference is 12K. A total
of 117 co-located profiles were found with the Mars Climate Sounder (MCS) instrument. The
average difference with the MCS is 0.1K while the average absolute difference is 8.5K. Those
numbers can be explained by natural variabilities temperature profiles with the ranges in time
and location of the profiles and explained as well by possible remaining differences in the vertical
resolution of both datasets. A total of 64 profiles are compared to simultaneous profiles from
the near-infrared (NIR) channel from the Atmospheric Chemistry Suite (ACS) and the average
difference is 4.7K and the average absolute difference is 6.7K.

This manuscript contains the seasonal, latitudinal, longitudinal, and diurnal variations of
CO2 density and temperature at the terminator of Mars, focusing on the mesosphere (extending
from 50 to 100 km). Specific trends have been identified, such as the CO2 seasonal cycle, the
variation with Hadley circulation cells, the polar warmings, and warm and cold pockets. The
latter sometimes bear the presence of CO2 ice clouds and their locations are reported. Some warm
layers are present in the Northern hemisphere at both dawn and dusk and have particularly high
amplitudes in the Southern hemisphere at dawn but are absent in the Southern hemisphere at
dusk. Strong longitudinal variations are also reported. They are probably related to atmospheric
tides. This dataset covers two Martian years and the trends are very similar between those two
years.
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Chapter 1

Introduction

Related to one of the most important challenges in the present time, climate change, understanding
the physical and chemical atmospheric processes is necessary for accurate forecasting on short
and long timescales. Studying the atmosphere of other planets helps to improve our knowledge of
those atmospheric processes. Venus and Mars - the two planets with orbits closest to the Earth -
are the most probed planets after the Earth. New results from those atmospheres have never
stopped to surprise us. Our understanding of those atmospheres has been widespread for a few
decades thanks to sending instruments on landers, rovers, and remote sensing from spacecrafts.

The very hot and high pressure found at the surface of Venus is very different from the one
found on our mostly temperate Earth atmosphere, and both are very different from the so cold
and low pressures found in the atmosphere of Mars. In addition, Venus is constantly wrapped
with a cloud mainly composed of sulfuric acid (Krasnopolsky and Parshev, 1981). Hopefully,
no such structure can be found in the Earth’s atmosphere, and neither on Mars. The Earth
is wrapped in an ozone layer protecting the surface from dangerous ultraviolet radiation. The
atmosphere of Mars has some traces of ozone (Piccialli et al., 2022), but not with any similar
quantity that would protect the surface from dangerous ultraviolet radiations. An important
other difference is the greenhouse warming in these atmospheres: it is highly efficient for Venus,
sufficiently efficient for the Earth, and almost inexistent for Mars due to its too-thin atmosphere
nowadays.

However, scientists have many reasons to think that Mars and the Earth were not much
different at their first stages, billions of years ago with probably an efficient greenhouse warming
or local warming due to large meteor impacts Haberle (2015). Several pieces of evidence of past
water flowing on the surface of Mars are still present, such as river valley networks, and lake beds,
and Mars might have had an ocean. Why did those neighbour planets evolve in such different
states?

Many other fascinating questions concerning Mars are unsolved. The most intriguing question
is probably the possible presence of life, probably below the surface, hidden from the deadly
radiation, and where liquid water could be stable. Nowadays, Mars seems very inhospitable but
between three and four billion years ago Mars had a sufficiently thick atmosphere, and liquid
water could have flown on its surface. A possible indicator of this life could be methane. Most
of the methane present in the Earth’s atmosphere is produced by biological activities. Methane
could be an indirect indicator of life. Several of the measurements of methane in the atmosphere
of Mars (Krasnopolsky et al., 2004; Formisano et al., 2004; Geminale et al., 2008; Mumma et al.,
2009; Geminale et al., 2011; Webster et al., 2015; Giuranna et al., 2019) are controversial (Zahnle
et al., 2011; Zahnle, 2015) and the well-known signature of methane is absent in NOMAD-SO
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measurements (Korablev et al., 2019).
Other important challenges that will solve wider questions concern temperature variations,

homopause location, atmospheric tides, or gravity waves, etc. These phenomena still need to be
better constrained within general circulation models and in particular in the upper layers, i.e.
the mesosphere and thermosphere. The middle atmosphere (50-100 km) contains an important
latitudinal variability due to circulation with the Hadley cells. In the winter hemisphere, polar
warming results from adiabatic compression due to the downward flux produced by the Hadley
cell (McDunn et al., 2013). Other important local variabilities are found due to thermal tides
(England et al., 2019), gravity waves (Nakagawa et al., 2020b).

Temperature is also important to model properly the spectral signature of other constituents
such as water and carbon monoxide. The simultaneous derivation of temperature is thus necessary
to quantify accurately the density of those species.

Remote sensing is one of the most efficient ways to collect information about the atmosphere.
The aim is to determine indirectly, or "retrieve", atmospheric parameters from measurements,
translating their presence and/or state. Remote sensing has a clear advantage over in situ measure-
ments as the latter makes very local measurements while the former can cover wide spatial ranges.
Retrieving atmospheric parameters from remote sensing measurements is not straightforward
and has a cost. It is an ill-posed problem in regards to Hadamard’s criteria1 (Hadamard, 1923;
Kirsch, 1996; Doicu et al., 2010b). In particular, any variation in the measurements will have
an important impact on the retrieved atmospheric parameter. In this work, the presence of this
ill-posedness is translated to the presence of high frequency features in the retrieved data. This
work aims at fine-tuning the "retrievals" to remove those artefact while keeping the real variations.

At the time of writing this manuscript, the mesosphere of Mars is sounded by mainly five
instruments which are, in order of arrival around Mars: the infrared channel of the SPectroscopy
for the Investigation of the Characteristics of the Atmosphere of Mars (SPICAM) spectrometer
(Korablev et al., 2006) on board Mars Express (MEx), the Mars Climate Sounder (MCS) (Kleinböhl
et al., 2009) on board Mars Reconnaissance Orbiter (MRO), the Imaging UltraViolet Spectrograph
(IUVS) and the Extreme UltraViolet Monitor (EUVM) both on-board Mars Atmosphere and
Volatile Evolution (MAVEN), the Atmospheric Chemistry Suite (ACS) and the Nadir and
Occultation for Mars Discoveries (NOMAD) both on board the Trace Gas Orbiter (TGO). The
SPICAM dataset is rather sparse and dedicated to water retrieval. The MCS dataset covers a
wide range in time and sounds mainly the local solar times around 3 h and 15 h and thus the
day side and the night side. The IUVS dataset covers the night side. The EUVM, ACS, and
NOMAD datasets cover the less well-known region separating the day side and the night side:
the terminator.

The main goal of this work is the derivation of vertical profiles of carbon dioxide number
density at the terminator from measurements made by the NOMAD instrument. Carbon dioxide
constitutes around 95% of the atmosphere of Mars and is thus a good indicator of seasonal,
latitudinal, diurnal, and longitudinal variations of the atmosphere. The carbon dioxide density is
also a good proxy of the total density which is necessary to quantify the volume mixing ratio of
other species. A vertical profile of temperature is derived from the carbon dioxide density thanks
to the hydrostatic law.

This manuscript is split into eleven chapters: After this general introduction, the atmosphere
of Mars and some atmospheric constraints are introduced in chapter 2. Before describing the
instrument, its instrument function in chapter 5 and its calibration in chapter 6, chapter 3 and
chapter 4 provide the necessary background to understand, respectively, the measurements and
the regularisation to apply on the retrievals. Chapter 7 describes a method to directly infer the
detection limits from the measurements and that method was applied to infer the detection limits

1A problem is said "well-posed" if it has a unique and stable solution and "ill-posed" otherwise.
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for methane. Chapter 8 describes in detail the retrieval algorithm and the assessment of the
errors. Chapter 9 contains some comparisons of the obtained dataset to other measurements
and simulations from a general circulation model. Chapter 10 gathers all the results of the
inter-annual, seasonal, latitudinal, and longitudinal variations analysed from the retrieved dataset
focusing on the mesosphere at the terminator. This chapter also contains an analysis of some
extreme temperature values spotted in this dataset. Finally, the conclusions and outlook are
summarised in chapter 11.
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Chapter 2

Mars

Mars is named the red planet due to its rust colour. Its surface shows deep canyons, craters,
and the highest volcanoes in our solar system. The topography of Mars is very different in both
hemispheres as seen in image 2.1: the Northern hemisphere is flatter and less elevated than the
Southern hemisphere. The zero elevation is defined as the equipotential surface (gravitational
plus rotational) whose average value at the equator is equal to the mean radius of 3396.2±0.16
km (Smith et al., 2001). The highest surface point is Olympus Mons in the northern hemisphere
culminating at 21.2 km altitude (Lat 18.5°, Lon -133° - the first meridian is defined by the Airy-0
crater) and the lowest point is in the southern hemisphere at the Hellas impact crater at -8.2 km
(Lat -42°, Lon 70° - 2000 km of diameter). Mars is dry today but there are pieces of evidence
that water once flowed on its surface such as valleys and deltas dug by rivers.

Its rotation axis is currently tilted by 25.2° to its revolution axis and there are thus seasonal
variations of its atmosphere. Seasons on Mars are defined by a value known as the solar longitude
(LS), where 0 degrees indicates the start of the northern hemisphere spring equinox. Mars orbit
around the Sun is elliptical and its aphelion and perihelion (respectively farthest and closest
positions to the Sun) occur at respectively LS 71° and 251°. Southern summers are hotter than
northern summers as the perihelion is very close to the southern hemisphere summer solstice
(270°). A Martian year (MY) lasts 687 (terrestrial) days. We commonly find in the literature
that the first Martian year starts on April, 11th 1955 as defined in Clancy et al. (2000). This
work focuses then on MY 34, 35, and 36 which started respectively on May the 5th 2017, March
the 23th 2019, and February the 7th 2021. MY 36 ended on December the 26th 2022. A Martian
day, called a sol, lasts approximatively 40 minutes longer than a terrestrial day. More information
is gathered in table 2.1.

Two natural satellites are orbiting Mars: Phobos and Deimos. They are in a synchronous
orbit, always showing the same face to Mars. Phobos is bigger than Deimos and is the closest to
Mars with a semi-major axis of 9377 km (23450 km for Deimos).

Carbon dioxide constitutes more than 95% (95.32% following Owen et al. (1977); Franz et al.
(2017), or 96.0% following Mahaffy et al. (2012)) of the atmosphere of Mars and its presence
was first reported by Gerard P. Kuiper in 1947 from observations in the infrared spectral region
(Kuiper, 1947). The main other gases are Argon (2.1%), dinitrogen (2.8%), dioxygen (0.17%)
and carbon monoxide (0.075%) (Franz et al., 2017), and their mixing ratio change with the CO2
seasonal cycle on Mars (Daerden et al., 2019).
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Figure 2.1: Topography of Mars from Mars Orbiter Laser Altimeter on board Mars Global
Surveyor (image from NASA/JPL, downloaded at https://www.planetary.org/space-images/mars-
orbiter-laser-altimeter). O the upper panels, the Southern hemisphere is on the left and the
Northern hemisphere is on the right.
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Earth Mars
Mean equatorial radius (km) 6378 3396

Mass (kg) 5.97× 1024 6.24× 1023

Gravity at surface (m/s2) 9.81 3.72
Obliquity (°) 23.4 25.2

Revolution on obliquity (h:m:s) 24:00:00 24:39:35
Axial precession (terrestrial year) 26 000 175 000

Perihelion (U.A.) 0.983 1.384
Aphelion (U.A.) 1.017 1.664

Revolution on orbit (terrestrial day) 365.25 687
Minimal surface temperature (°C) -93 -143
Averaged surface temperature (°C) 15 -63
Maximal surface temperature (°C) 57 20

Table 2.1: Earth and Mars main parameters comparison (Haberle et al., 2017).

2.1 Atmospheric parameters
The important atmospheric parameters such as density, pressure, and temperature are related by
the ideal gas law but also by the hydrostatic equilibrium equation where the knowledge of gravity
at Mars is important. The next section 2.1.1 is thus about the gravitational acceleration at Mars
and the following section 2.1.2 is about the hydrostatic equilibrium.

2.1.1 Gravitational acceleration
Assuming that Mars is a perfect spherical body, the gravitational acceleration at any distance r
(besides the radius of Mars) from the centre of Mars is given by

g(r) = GM

r2 (2.1)

where G is the universal constant of acceleration, and M is the mass of Mars (2.5× 1016 kg). At
the surface of Mars, the averaged gravitational acceleration is g0 = 3.721m/s2.1 From equation
2.1, we can also determine the gravitational acceleration at any altitude z as

g(z) = g0

(
rM

rM + z

)2
(2.2)

where rM is the averaged Mars radius (averaged distance of Mars radius to the surface) and
g0 = g(r = rM ) is the averaged gravitational acceleration at the averaged Mars radius. The
parameter g(z) varies with latitude and longitude as Mars is not spherical (see figure 2.1) and it
even varies with the CO2 cycle2, and the position of other bodies, mainly the Sun and Phobos.
Mars gravity is commonly modelled with spherical harmonics (Smith et al., 2009). Hirt et al.
(2012) derived gravitational acceleration values between 3.66m/s2 and 3.74m/s2 from their Mars
Gravity Model 2011. They also derived a value of 3.70875m/s2 for the equator and 3.73190m/s2

for the pole from the Mars Geodetic Reference System. Thus a difference of maximum 1.5 % (to

1Or 371.1 Gal. The gravimetry community uses galileo units with 1Gal = 1 cm/s2.
2A large amount of atmospheric CO2 condensates and sublimates following the seasons. See section 2.1.4.
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be compared with the uncertainties in section 8.2.5). In this section, we will describe a more
recent model called GMM3 (Genova et al., 2016).

The acceleration g is equal to the gradient of the gravitational potential U , but we are
interested only in the vertical coordinate r (Kaula, William, 2000)

gr = −∂U
∂r

(2.3)

where we passed from rectangular to spherical coordinates for the last equality and where the
geopotential is

U(r, λ, φ) = GM

r

[
1 +

n∑
l=2

ul(r, λ, φ)
]

(2.4)

with

ul(r, λ, φ) =
(rM
r

)l l∑
m=0

[
C̄lm cos(mλ) + S̄lm sin(mλ)

]
P̄lm(sinφ) (2.5)

where the C̄lm and S̄lm are the normalized spherical harmonic coefficients. I choose the ’GMM3’
model (Goddard Mars Model 3) (Genova et al., 2016) produced by the Goddard Space Flight Center
(one of NASA’s space flight complex). They derived these coefficients from small fluctuations of
the orbits from the MGS, Mars Odyssey, and MRO orbiters up to a degree 120 which corresponds
to a surface resolution lower than 90 km. The P̄lm(.) are the normalized associated Legendre
functions which are related to the unnormalized associated Legendre functions Plm(.) by the
following normalization factor

P̄lm(x) = (−1)m
√

(l + 1
2 )(l −m)!

(l +m)! Plm(x) (2.6)

and where the Plm(.) functions are computed with the scipy.specials.lpmn function (Virtanen
et al., 2020).

The C̄lm coefficients for l = 2, 3, 4, 5 are varying with time and take into account the
redistribution of mass due to the CO2 cycle (an important part of CO2 sublimate or condense at
the poles following the seasons). The variation of those coefficients is given by (Lemoine et al.,
2006)

∆C̄lm =
3∑
k=0

Ak cos
(

2kπ
T

∆t
)

+ Bk sin
(

2kπ
T

∆t
)

(2.7)

where ∆t is the elapsed time since 01/01/2000 at 00:00:00 UTC, T is the orbital period of Mars
and the values of the coefficients Ak and Bk are provided in Genova et al. (2016, table 3).

With the mathematical model in 2.4, we find

gr(r, λ, φ) = GM

r2

[
1 +

n∑
l=2

ul(r, λ, φ) +
n∑
l=2

l ul(r, λ, φ)
]

= GM

r2

[
1 +

n∑
l=2

(1 + l)ul(r, λ, φ))
] (2.8)

Figure 2.2 shows the relative error on g0 as computed by equation 2.3 and 2.1. This bias is
always between 0.055% and 0.085% depending on the latitude and longitude, while no noticeable
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change in this bias occurs with seasons. The values are only positive because g0 in 2.1 is set to
3.711m/s2 which is lower than the averaged value used in the GMM3 model.

Figure 2.2: Relative error on g0 as computed by equation 2.3 and 2.1 as a function of longitude
and latitude at solstices (LS 90° and 270°) and equinoxes (LS 0° and 180°).

The uncertainties on the parameters from GMM3 are provided as well. An upper bound over
the uncertainties on the acceleration due to gravity is computed as ((Taylor, 1997, eq. 3.48),
considering no uncertainties on r, λ and φ and independent parameters)

δgr ≤
∣∣∣∣ ∂gr∂GM

∣∣∣∣ δGM +
n∑
l=2

l∑
m=0

∣∣∣∣ ∂gr∂C̄lm

∣∣∣∣ δC̄lm +
n∑
l=2

l∑
m=0

∣∣∣∣ ∂gr∂S̄lm

∣∣∣∣ δS̄lm (2.9)

The uncertainties over the temporal coefficients Ak and Bk are neglected here as they are
three orders of magnitude lower than the other coefficients. With the equation 2.8,∣∣∣∣ ∂gr∂GM

∣∣∣∣ δGM = 1
r2

∣∣∣∣∣1 +
n∑
l=2

(1 + l)ul(r, λ, φ)

∣∣∣∣∣ , (2.10)

l∑
m=0

∣∣∣∣ ∂gr∂C̄lm

∣∣∣∣ δC̄lm = GM

r2 (1 + l)
(rM
r

)l l∑
m=0

δC̄lm
∣∣cos(mλ)P̄lm(sinφ)

∣∣ , (2.11)

l∑
m=0

∣∣∣∣ ∂gr∂C̄lm

∣∣∣∣ δS̄lm = GM

r2 (1 + l)
(rM
r

)l l∑
m=0

δS̄lm
∣∣sin(mλ)P̄lm(sinφ)

∣∣ . (2.12)

This is an upper bound as the uncertainties over the coefficients C̄lm and S̄lm might compensate
each other in the error propagation.

The uncertainties δC̄lm and δS̄lm coefficients are five orders of magnitude lower than the
coefficients themselves and δGM is eight orders of magnitude lower than GM . The uncertainties
δgr for the data plotted on figure 2.2 are between 10−8 and 10−6m/s2. The level of uncertainties
over g (δg/g) computed with the GMM3 model is thus much lower than the level of uncertainties
over the retrieved densities (see 8.4) and are taken into account in the computation of the
uncertainties over the pressure and temperature profiles.
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There is still a small correction to apply on g due to the rotation of Mars on itself. The
apparent gravity g′ takes into account the centrifugal force (Petty, 2008, p. 89) which is a function
of the latitude λ

g′ = g − Ω2 z cos2 |λ| (2.13)

where Ω is the angular velocity of Mars and equals 2π per 88642 s. This correction is 0.017m/s2

at the equator.

2.1.2 Hydrostatic equilibrium

Figure 2.3: Representation of the vertical forces (black) acting on a portion of the atmosphere
(blue) in hydrostatic equilibrium.

Figure 2.3 represents a portion of the atmosphere of volumetric mass density ρ which is not
accelerated and submitted to gravity and the pressure around it. This means that the forces acting
on it are balanced, i.e. this portion of air is in hydrostatic equilibrium. There is no horizontal
pressure gradient so the pressure is balanced on both sides of the portion of the atmosphere.
But the pressure exerted on the upper side is lower than the pressure exerted on the lower side
and the difference of pressure from the bottom to the top of the portion of the atmosphere is
noted ~δp = ~pbelow + ~pabove and thus ~δp point upwards. In amplitude we have δp = pbelow − pabove.
Summing the forces for an arbitrary small layer δz on the vertical gives ~δp+ ~gρδz = 0 where g is
the gravitational acceleration. In amplitude form, as ~δp points upwards and ~g points downwards,

δp = −gρδz (2.14)

simply stating that, at hydrostatic equilibrium, the difference of pressure along a layer of width
δz equals the weight of that layer. For an infinitely small layer δz, we derive from 2.14 the
hydrostatic equilibrium equation
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∂p

∂z
= −ρ g. (2.15)

If we consider pressures p1 and p2 at altitudes z1 and z2 respectively, the integral of equation
2.15 is

p1 − p2 =
∫ z2

z1

ρ(z)g(z)dz. (2.16)

where p1 − p2 is positive if z1 < z2. The pressure p at an altitude z is equal to the integral of the
density multiplied by the gravitational acceleration from z to space

p(z) =
∫ zspace

z

ρ(z)g(z) dz (2.17)

where zspace is the altitude at which the density of the atmosphere is negligible (see Figure 8.5).
In this work, pressure can sometimes be reported in millibar (mbar) equivalent to hectopascale

(hPa) or 100kg/m/s2. We derive the CO2 number density n in molecules/cm3 that we convert
afterwards as volume mass density in kg/cm3 as ρ = nma where the atomic mass ma(kg) =
mm/NA/1 × 103 where NA is the Avogadro constant and mm is the molar mass. An average
value of CO2 molar mass over their isotopologues and weighted by their terrestrial abundances is
44.01 g/mol. The same value is used in this work and the error to Mars isotopic abundances is
lower than 0.001 g/mol.

The pressure retrieved is only the partial pressure for CO2. Carbon dioxide in the conditions
of the atmosphere of Mars can be considered an ideal gas. The corrections from the Van der
Waals equation are around 0.1% on Mars surface3 while the uncertainties on the retrieved profiles
are around 1%. This correction is reduced with increasing altitudes. When computing the
temperature from the ideal gas law as

T = pCO2/RCO2

kBnCO2/RCO2

= pCO2

kBnCO2

(2.18)

the temperature computed is independent from the CO2 volume mixing ratio (RCO2).

Scale Height

From equation 2.14 and the ideal gas law, ρ = ma p
kB T

, where ma is the averaged atomic mass over
all molecules in the atmosphere and kB is Boltzmann’s constant (1.380649× 10−23 J/K4.), we
find

δp

p
= δz

kB T
ma g

. (2.19)

The denominator on the right-hand side of 2.19 has units of meter and is called the scale
height

h = kB T

ma g
. (2.20)

3Computed only for carbon dioxide. The Van der Waals constants are a = 3.64×10−1 m6P a/mol (intermolecular
attraction) and b = 4.267× 10−5 m3/mol (excluded volume).

4Considered exact since 2019 (Bipm, 2018)
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The parameters t, g, and ma are varying with the altitude z but g is varying very slowly,
a gradient over T is limited by the dry adiabatic lapse rate and ma can be considered as
constant below the homopause (∼120 km) where the atmospheric constituents are well mixed. An
often reported scale height value for the atmosphere of Mars (below the homopause) is 11.1 km
considering a mean temperature of 210K. This value is higher for Mars than for Earth (8.5 km)
as the ratio of temperature over gravity (T/g) is higher for Mars (T is around 1.4 times lower
but g is around 2.6 times lower for Mars than for Earth).

If we consider a constant scale height with altitudes, the integration of 2.19 gives the barometric
equation

p(z) = p0 exp
(
z0 − z
h

)
(2.21)

where the pressure is divided (multiplied) by a factor e every 11.1 km upwards (downwards).
For Mars, the value of the gravity varies by 12% when passing from 0 to 200 km altitude, or

by 0.6% when we go up by one scale height (11.1 km). On a few kilometres, we might assume a
constant scale height which is equivalent to assuming an isothermal atmosphere. From 2.19 and
p = nkB T , we then derive

n(z) = n0 exp
(
z0 − z
h

)
. (2.22)

The assumptions of a constant temperature or scale height are acceptable approximations on
a few kilometres, where g, T and h can somewhat be considered constant.

2.1.3 Lapse rate
The lapse rate is the negative of the vertical temperature gradient

Γ = −dT
dz
. (2.23)

An important value for the lapse rate can be derived considering a dry adiabatic parcel of air.
The first law of thermodynamics is

dq = 0 = cpdT −
dp
ρ

(2.24)

where cp is the specific heat capacity. Replacing dp with the hydrostatic equilibrium equation
2.14, we find the theoretical value for the dry adiabatic lapse rate (DALR)

Γd = g

cp
(2.25)

which is around 4.3K/km for Mars. If the parcel moves upwards and the ’environmental’ lapse
rate is superadiabatic (higher than the DALR), then the parcel will be surrounded by colder air
and it will continue to move upwards. If, on the contrary, the parcel is surrounded by warmer air,
the parcel will stop and return downward. The first case is an unstable process while the second
is stable. In reality, the DALR is 2.5K/km just above the boundary layer (Haberle et al., 2017).

This parameter is important in the troposphere (first 50 km altitude) of Mars where convection
can occur. When the lapse rate is smaller than the adiabatic lapse rate, no convection occurs and
the atmosphere is stable.

For a constant lapse rate, we have
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T (z) = T0 − Γ(z − z0) (2.26)

with a temperature T0 at an altitude z0. The integration of equation 2.17 as∫ p

p0

dp′

p′
= −ma g

kB

∫ z

z0

dz′

T (z′) , (2.27)

we then find

ln
(
p

p0

)
= ma g

kB

1
Γ ln

(
T (z)
T0

)
(2.28)

and finally

p(z) = p0

[
T (z)
T0

]ma g
kB Γ

. (2.29)

The pressure is always decreasing with altitudes whatever the value of Γ: the ratio T (z)/T0 is
lower than one if the temperature decreases (Γ > 0) and the exponent in 2.29 is negative if the
temperature increases (Γ < 0). Of course, for Γ = 0, the integral in 2.27 gives 2.21 and not 2.29.

With the ideal gas law and 2.29 we find a similar equation for the density

n(z) = n0

[
t(z)
t0

]ma g
kB Γ−1

. (2.30)

The power in 2.29 is the ratio of the autoconvective lapse rate over the environmental lapse
rate (Petty, 2008). The autoconvective lapse rate is defined as

Γa = g

kB/ma
(2.31)

and is 19.8K/km for Mars. A lapse rate higher than that value can occur close to the surface
where heated air expands producing a density inversion and a convection process (Petty, 2008).

2.1.4 Pressure
The average pressure at 0 km (as defined in Smith et al. (2001)) is 6mbar, a value ∼150 times
lower than for Earth. Carbon dioxide constitutes more than 95% of the atmosphere of Mars
and its main variations are similar to those of the pressure. During the Southern winter, which
coincides with the aphelion of Mars (when Mars is the farthest from the Sun on its elliptical
orbit), the temperature can be so low that a large amount of CO2 condensates at the pole. The
surface pressure decreases by almost 30% to its value in Southern summer. This important
variation of pressure was first recorded from entries of landers with Mars 6 (Kerzhanovich, 1977)
the Viking Landers (Nier and McElroy, 1977; Seiff and Kirk, 1977) measurements (see figure 2.4).
The difference of surface pressure between the two landers are due to a difference in height of the
landed surface, Viking lander 2 being 900m lower in altitude. Along a Martian year, there are
two maxima happening at solstices and two minima happening at equinoxes. The carbon dioxide
volume mixing ratio varies then by a maximum of 0.5% (Forget et al., 2007; Hourdin et al., 1995).

More measurement of pressure and measurements where performed with Pathfinder (Magalhses
et al., 1999), the Mars Exploration Rovers (Withers and Smith, 2006) and from accelerometers
during the aerobreaking phases of Mars Global Surveyor (MGS) (Keating et al., 1998), Mars
Odyssey (ODY) (Withers, 2006) and Mars Reconnaissance Orbiter (Tolson et al., 2008).
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The European orbiter Mars Express (MEx) contained several instruments capable of sounding
the density and pressure. The Spectroscopy for Investigation of Characteristics of the Atmosphere
of Mars (SPICAM) instrument had two channels (Bertaux et al., 2005), one working in the IR
and the other one in the UV. Both channel was sensitive to some CO2 spectral signature up to
around 100 km altitude. The IR channel was mainly dedicated to infer the water vapour volume
mixing ratio (Fedorova et al., 2006, 2009) but the UV channel was used to infer the CO2 seasonal,
latitudinal and diurnal variations (Forget et al., 2009). Concerning the mesosphere, they found a
similar seasonal variation of CO2 density that was explained by an increase of the scale height in
the lower atmosphere as its temperature was increasing with the dust loading. The IR channel
was used to compare the retrieved CO2 density during MY 28 and 32. They found stronger
seasonal variations in MY 28 which involved a global dust storm (Fedorova et al., 2018).

Three other instruments onboard MEx can monitor the density and/or the pressure. The
Observatoire pour la Minéralogie, l’Eau, les Glaces et l’Activité (OMEGA) imaging spectrometer
retrieves the surface pressure from nadir measurements (Forget et al., 2007). The Planetary Fourier
Spectrometer (PFS) (Giuranna et al., 2021)5 and the Mars Radio Science (MaRS) experiment
(Pätzold et al., 2016) are able to retrieve the CO2 density.

Nowadays, the CO2 density is monitored in the thermosphere from Imaging Ultraviolet
Spectrograph (IUVS) (Evans et al., 2023) and Neutral Gas and Ion Mass Spectrometer (NGIMS)
(Stone et al., 2022) onboard Mars Atmosphere and Volatile Evolution (MAVEN) (Jakosky et al.,
2015) and from the troposphere to the thermosphere with the Atmospheric Chemistry Suite
(ACS) (Belyaev et al., 2022) and the Nadir and Occultation for Mars Discovery (NOMAD) (López
Valverde et al., 2022; Trompet et al., 2023a,b) onboard the Trace Gas Orbiter (TGO) (Vago et al.,
2015).

Figure 2.4: Viking Landers pressure curves measured on the landed surface (image downloaded
from https://www.planetary.org/space-images/atmospheric-pressure-data-viking-landers).

5CO2 density can be retrieved from PFS measurements but, to the best of my knowledge, their retrieved
densities have not been published.
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2.1.5 Temperature and thermal structure
The temperature of the atmosphere of Mars is much lower than for the Earth. The annual average
solar irradiance of Mars is about half of that of the Earth and its atmosphere is much thinner,
inhibiting a greenhouse effect. The averaged surface temperature is approximatively 215K with
an extremum of 150K at the poles during winter and 300K at the southern subtropic when Mars
is close to perihelion.

The thermal structure (i.e. the globally averaged temperature profile) is divided into three
main layers (Haberle et al., 2017) represented in Figure 2.5:

• the troposphere extends from the surface up to approximately 60 km, mainly controlled by
the surface temperature and where the temperature decreases with altitude,

• the mesosphere extends from ∼50 to ∼100 km where the average temperature stays
approximatively constant but there are large zonal variations due to vertically propagating
gravity waves, planetary waves, and tides.

• the thermosphere where the temperature increases with altitudes mainly due to extreme
UV (EUV) absorption.

There is mainly convection close to the surface of Mars. Radiation in the middle atmosphere
and conduction in the higher part of the atmosphere.

Figure 2.5: In situ measurements of temperature from different landers. The lower, middle and
upper atmospheres correspond respectively to the troposphere, mesosphere and thermosphere.
Image credits: Haberle et al. (2017)

In the troposphere (0-50 km) the temperature changes with the solar local time and following
the dust loading.

The mesosphere (50-100 km) has an averaged constant temperature but the presence of
planetary waves produces local variations. As the waves propagate upwards, their amplitude
increases, the lapse rate becomes superadiabatic and the wave finally breaks (North et al., 2014).

A planetary boundary layer (PBL) can be considered as a fourth layer. The PBL lays in
the first kilometers of altitude close to the surface. The temperature is highly dependent on

29



the surface temperature. Surface heating can further decrease the gradient of temperature
during the day or invert the temperature gradient at night due to a colder surface. The PBL
is also dependent on the topography. Low surface thermal inertia and such a thin atmosphere
produce high-temperature variation between the day and night sides. But with solar occultation
measurements in the infrared, the PBL is rarely probed due to strong absorption by dust.

In the planetary boundary layer, the lapse rate is superadiabatic during the day and negative
during the night. These strong temperature variations produce atmospheric thermal tides (Haberle
et al., 2017) which are said to be migrating if they are Sun-synchronous and non-migrating
otherwise.

There are four main temporal trends in the thermal structure of Mars: semi-diurnal, diurnal,
seasonal, and inter-annual (Haberle et al., 2017). These variations are mainly due to solar
irradiation and heating due to dust storms (Smith, 2008). The seasonal and diurnal variations of
temperature are related to the position of Mars along its orbit and the rotation of Mars around
itself. Thermal tides with a semi-diurnal variation of temperature appear due to the absorption
of infrared radiation from the warm surface during the day. Variation of temperature depends as
well on the topography, albedo, and thermal inertia. Inter-annual changes can be seen during
the dust storm seasons with some larger regional or global dust storms. Starting on May, 30th

2018, the last global dust storm (GDS) to date covered the whole planet after a few weeks
(Montabone et al., 2020) with a substantial increase of the temperature in the troposphere and
the thermosphere (Belyaev et al., 2022; López Valverde et al., 2022).

The main difference with Earth’s atmosphere is the absence of a stratosphere between the
troposphere and the mesosphere where, on Earth, the temperature is increasing due to the
presence of an ozone layer absorbing UV radiation. The atmosphere of Mars contains also ozone
but in quantity far too small to initiate a substantial modification in the thermal structure of the
atmosphere.

The troposphere of the Earth is ∼12 km (about four times smaller than for Mars) with a
lapse rate of ∼6.5K/km. For both atmospheres, the environmental lapse rate is smaller than the
DALR. For Earth, this is due to latent heat released from the condensation of water vapor while
for Mars, it is the absorption of the solar light by dust which heats the atmosphere.

2.1.6 Homopause

The homosphere is the region of the atmosphere where its gaseous constituents are well mixed by
turbulent processes and all these constituents keep a constant volume mixing ratio (VMR) with
altitude. For higher altitudes, diffusion starts to predominate over turbulence and the constituents
follow equation 2.19 with their atomic mass. This region is called the heterosphere and the VMR
of lighter molecules increases with altitude more rapidly than for heavy molecules. The separation
between those two regions is called the homopause but is not happening at one specific altitude
as the atmosphere continuously passes from mainly turbulent to diffusion processes.

Mahaffy et al. (2015) suggest that the altitude of the homopause should be close to 130 km as
they report similar VMR values for the main constituents derived with NGIMS/Maven and those
reported by Mahaffy et al. (2012) from on-ground measurements with SAM/Curiosity. More
recently, Belyaev et al. (2022) reported a seasonally varying homopause at 90-100 km at aphelion
and 120-130 km at perihelion with short-term variations that seem to be related to the dust
activity.
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2.2 Methane on Mars
Several teams have claimed detection of methane in the atmosphere of Mars but the too-low
signal-to-noise (SNR) of their data could not be considered a clear confirmation of methane
presence. The first detection of methane was reported in (Krasnopolsky et al., 2004) from
measurements made in 1999 using the Fourier Transform Spectrometer Canada-France-Hawaii
Telescope. The methane VMR retrieved was 10±3 part per billion (ppb). In 2003, the PFS
instrument on board the Mars Express spacecraft detected methane with a VMR ranging from
0 to 35 ppb (Formisano et al., 2004). Mumma et al. (2009) detected several ppb of methane
from ground-based measurements in 2003 and 2006 from plumes that were attributed to ground
releases. Since 2013, the TLS-SAM instrument on the rover Curiosity reported measurements of
methane in the Gale crater (Webster et al., 2013, 2015, 2018, 2020, 2021). Recently, one more
result in favor of methane in the atmosphere of Mars is the PFS detection of methane one day
after detection from TLS-SAM on-board the Curiosity rover. PFS found 15.5±2.5 ppb while
TLS-SAM found 5.78±2.27 ppb of methane the day before. A spot tracking mode was performed
(Giuranna et al., 2019) to bin 280 spectra to increase the signal to noise ratio. Different possible
processes can be a source of methane: biotic/abiotic or released from clathrates (Yung et al.,
2018). On Earth, most of the atmospheric methane has biotic origins. Methane can also be
absorbed and released from surface rocks with rates dependent on temperatures. If methane
is present in the atmosphere of Mars, several atmospheric processes should reduce its presence:
ultraviolet photolysis and reactions with OH and OD (D for Deuterium isotope). The release of
methane, if present in the atmosphere of Mars, has been proposed to be seasonal considering
possible regolith adsorption/diffusion (Moores et al., 2019; Etiope and Oehler, 2019) or seasonal
biologic activities. Nevertheless, methane should be well mixed in the atmosphere up to 60 km
of altitude after a few months. Furthermore, GCMs (General Circulation Models) simulations
predict a methane lifetime of 300 years in the atmosphere of Mars (Lefèvre and Forget, 2009).
The confirmation of methane detection and its quantification was the main aim of TGO and it
was first an important topic for this thesis. The first results based on ACS and NOMAD solar
occultation spectra do not provide any clear detection of methane in the range of values detected
by the other instruments.

2.3 Summary
After providing basic information about Mars, this chapter introduced the state of the atmosphere
of Mars. Important seasonal effects are induced on Mars due to its obliquity. In addition, the high
eccentricity of its orbit produces an important discrepancy between the seasons in the Northern
and Southern hemispheres as the Northern summer solstice is happening close to aphelion (Mars
is the farthest from the Sun) and thus Southern summer solstice is happening close to perihelion
(Mars is the closets from the Sun). We first reviewed the hydrostatic law and a model for gravity
around Mars. The knowledge of the latter is important for an accurate description of the former.
The hydrostatic equilibrium equation is very helpful as it directly relates differences in pressure
with height as a function of the density. Some important atmospheric parameters - the pressure
and thermal structure - were then described. Mars has an important seasonal cycle of pressure
and the thermal structure contains three altitude regions: the troposphere (ending at ∼50 km),
the mesosphere (∼50-100 km), and the thermosphere (starting at ∼100 km). Finally, the search
for methane was summarized. The next chapter continues the introduction by explaining the
main concepts necessary to understand the measurements.

31



32



Chapter 3

Molecular spectroscopy and
radiative transfer for solar
occultation

For solar occultation, the radiative transfer equation simplifies to the Beer-Lambert law (section
3.2). The energy transmitted through the atmosphere depends on the number of species along
the line of sight and their absorption coefficients (section 3.1). The following sections recall the
principal notions on these interactions for infrared radiations.

3.1 Molecular spectroscopy
Molecules can absorb, emit, or scatter specific quantum of electromagnetic radiations - called
photons - and molecular spectroscopy is the study of those interactions. Absorption or emission
of a photon changes the energy state of a molecule. In spectroscopy, we do not measure directly
its energy state but we can measure the radiant energy emitted or absorbed. A spectrum is this
radiant energy as a function of the energy range of the photon, which is called a spectral range.

In solar occultation measurements, the radiant energy emitted by molecules in the atmosphere
can be neglected with respect to the radiant energy emitted by the Sun and absorbed by the
molecules. In this work, scattering will not be considered as their spectral signatures are much
broader than those due to absorption by molecules1.

From quantum mechanics, we know that the energy states of a molecule can only have specific
values that are dependent on the symmetry of the molecule. NOMAD spans two different spectral
ranges:

• The infrared range where this transition translated a change in the rotation of the molecule
and/or a change in the vibration of its atoms to each other. Those transitions are thus called
rovibrational: the energy state passes from a rotational level belonging to a vibrational
level to another rotational level belonging to another vibrational level. This spectral range
is usually expressed in wavenumber ν in cm−1 associated with the wave of the photon.
This is not an energy unit but is associated with energy by the Plank-Einstein relation:

1In the lower part of the atmosphere, where a lot of dust is present, scattering is the main process involved in
the extinction of the radiance emitted by the Sun. This lower part is carefully avoided in this work (see section
8.1.1.

33



E = νhc where E is the energy in electron-volt eV or Joule (J), h is Planck’s constant
(4.135667696× 10−15 eV s or 6.62607015× 10−34J s) and c is the speed of light in vacuum
(299792458m/s). In the following, we will continue to express energies in cm−1 and
remember the Plank-Einstein relation.

• The ultraviolet-visible range where an electronic transition occurs. This spectral range is
used to derive ozone density profiles (Khayat et al., 2021; Patel et al., 2021; Piccialli et al.,
2022) as well as aerosols(Willame, 2015). The UV-visible spectral range is usually expressed
in wavelength λ = 1

ν .

As this work focused on the NOMAD-SO infrared channel, only the rovibrational transitions
are described hereafter. The HITRAN database (Gordon et al., 2022) provides the precise
positions of the transitions for the molecules and spectral ranges we are interested in. Detailed
theoretical background on molecular spectroscopy will be found in (Bernath, 2005; Hollas, 2004;
Herzberg and Crawford, 1946).

3.1.1 Rovibrational transitions
The theoretical computation of the rotational and vibrational energy levels of a molecule requires
solving the Schrödinger’s equation and deriving a set of wave functions ψi associated with a set
of eigenvalues Ei (see, for instance, Bernath (2005, chap. 4&7)) which are the molecular energy
levels. Only the results concerning these energy levels are summarized in this section.

The total energy of a molecule is approximated by the sum of the electronic energy, the
translational energy, the rotational energy, and the vibrational energy. This is a consequence of
the Born-Oppenheimer approximation stating that the nuclei and electron wave functions can be
set apart as the nuclei are much heavier than the electrons.

The infrared molecular transitions involve rotational and vibrational energy levels depending
on the symmetry of the molecule. The electronic energy being unchanged, the total energy is the
sum of the vibrational Ev and the rotational energies Er.

E = Er + Ev (3.1)

and is also called the rovibrational energy.
The energy levels for a diatomic molecule are similar to linear molecules such as CO2 and

are briefly recalled in this section. The rotational energy of each vibrational state for a diatomic
molecule is well approximated by

Er(J) = BJ(J + 1)−DJ2(J + 1)2 + ... (3.2)

where B is the rotational constant, D is the centrifugal distortion constant and J is the angular
quantum number specifying the rotational energy level and is a strictly positive integer. The
left-hand side is a series with each following term decreasing by several orders of magnitude.

The B and D parameters are both slightly decreasing as the vibrational energy level increases
but a good approximation to the rotational constant is still

B(I) = h

8π2Ic
(3.3)

where I is the moment of inertia I =
∑
imir

2
i computed for all atoms i. For a molecule with only

two atoms, we have I = µ r2
0 with µ the reduced mass and r0 the bond length. The parameters

B and Er are thus in units of the inverse of a length (usually in cm−1).
The vibrational energy levels are well approximated by
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Ev(v) = νe (v + 1
2) − νe χe (v + 1

2)2 + ... (3.4)

where χe is the anharmonicity coefficients, v is a positive integer called the vibrational quantum
number and νe is the vibrational wavenumber in cm−1. For diatomic molecules, νe is inversely
proportional to the square root of the reduced mass of the molecule.

The vibrational transitions involve energies of the order of 1000 cm−1, much higher than the
rotational transitions with energies of 1− 10 cm−1. Purely rotational transitions are thus spread
in the microwave spectral range.

Neglecting the second terms in 3.2 and 3.4 the rovibrational energy levels are

E(v, J) = νe (v + 1
2) + BJ(J + 1) (3.5)

where vibrational transitions are ∆v = ±1,±2,±3, etc.2.
Not all transitions of the J number are allowed. There must be a permanent dipole moment

and there is a selection rule allowing only transition as ∆J = ±1. For polyatomic molecules, a
change in the dipole moment can be perpendicular to the direction of the molecular axis and
∆J = 0 is allowed in this case.

Those different transitions are called P, Q, and R branches respectively for lower (∆J = −1),
equal (∆J = 0), or higher (∆J = +1) rotational quantum number with respect to the initial
energy level. Those three branches form a complete vibrational band. For a Q branch, as J
remains the same, these transitions appear in a narrow spectral range around ν. For an R
branch, the spacing between rotational levels is E(v + 1, J + 1) − E(v, J) ≈ ν (v + 1 + 1

2 ) +
B(J + 1)(J + 2)− ν (v + 1

2 ) − BJ(J + 1) = ν + 2B(J + 1) and the spacing between adjacent
transitions on a spectrum is ∼ 2B. For a P branch, the spacing between rotational levels is
E(v + 1, J − 1)− E(r, J) ≈ ν − 2B(J + 1) and the spacing between adjacent transitions on a
spectrum is ∼ −2B. For CO2 with two identical oxygen isotopes, only even J levels are allowed
and the spacing between lines is ∼ 4B. For increasing wavenumber (in cm-1) we see first the P
branch with first the transition for higher J levels, then the Q branch if allowed, and then the R
branch with first lower J levels.

There are some noticeable differences for isotopologues (for example, see the CO2 isotopologues
lines in figure 5.14). As the moment of inertia I increases

• the vibrational wavenumber νe (as well as νeχe) decreases and the transition appears at a
lower wavenumber,

• the rotational constant B decreases and the spacings between adjacent rotational transitions
decrease.

The next two subsections provides more details concerning the rovibrational transitions of the
carbon dioxide molecule in the infrared spectral range.

Carbon dioxide rovibrational transitions

Carbon dioxide is a linear triatomic centrosymmetric molecule belonging to the point group D∞h.
The rotational energy of linear molecules is well described by the expression 3.2 used for diatomic
molecules.

2For an harmonic oscillator, there is a selection rule |∆v| = 1. More information will be found in Herzberg
(1950) pp. 79-80 or Hollas (2004) section 6.1.1). In fact, |∆v| > 1 is possible only if we consider the anharmonicity
of the vibration.

35



A molecule has 3N − 6 normal modes of vibration where N is the number of atoms and where
6 degree of freedom are removed as they describe translational and purely rotational movements.
A linear molecule has 3N − 5 normal modes of vibration as the rotation around the molecular
axis is degenerated. Figure 3.1 represents the fundamental vibrational modes for carbon dioxide :

• the symmetric stretching mode ν1 at 1353.6 cm-1,

• the bending mode ν2 at 672.6 cm-1 which is doubly degenerated,

• the asymmetric stretching mode ν3 at 2349 cm-1.

Figure 3.1: Representation of the three fundamental vibration modes of CO2. The black and red
circles represent respectively the carbon and oxygen atoms.

The symmetric stretching mode involves a modification of the dipole only for non-symmetrical
molecules so this mode is active only for CO2 isotopologues containing different oxygen isotopes.
The 2ν1 mode is present in the NOMAD-SO spectral range and is an interesting mode to derive
the densities for 16O12C18O and 16O12C17O as this spectral range is free from any line from the
main isotopologue 12C16O2.

In the following, we will refer to CO2 isotopologues with the three digit provided in table 3.1.

Iso. Code Abundance (Earth) Abundance (Mars)
12C16O2 626 0.98420 0.98338

16O13C16O 636 0.01106 0.01162
16O12C18O 628 0.00395 0.00419
16O12C17O 627 0.00073 0.00078
16O13C18O 638 0.00002 0.00002

Table 3.1: The five most important isotopologues for CO2 with their three digit code and their
abundances for Earth and Mars (Shved, 2016).

The rotational levels are alternatively symmetric for even (gerade in German) J noted g and
antisymmetric for odd (ungerade in German) J noted u. For a centrosymmetric CO2 molecule
containing oxygen atoms with zero-spin nuclei, only even J levels are allowed (Herzberg and
Crawford, 1946, chap. IV) and the spacing between adjacent lines is ∼4B instead of ∼2B.
Therefore, the spacing between adjacent lines for 12C16O2 and 13C16O2 are larger than for
16O12C18O for which odd J levels are allowed.
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The main CO2 transition are described in (Herzberg and Crawford, 1946) and (Courtoy, 1957).
In the following, we use the transitions recorded in the HITRAN database (Gordon et al., 2017)
and use the AFGL notation code as defined in Rothman and Young (1981); Esplin et al. (1988);
Mcclatchey et al. (1973). The energy levels are described by five numbers ν1ν2lν3r where l is
the angular momentum associated with the bending mode and r is the ranking index. The last
number is necessary as there is a Fermi resonance between the modes ν1 and ν2. The quantum
number l can either be ν2, ν2 − 2, ν2 − 4, ..., 1 or 0 and r can either be 1, 2, ...ν1 + 1 and specifies
the level in the Fermi resonating group. A ranking index of 1 means that the state is not involved
in Fermi resonance and higher values correspond to lower energies (Mcclatchey et al., 1973).

As the molecule rotates, there is a Coriolis interaction between the ν2 and ν3 modes and the
energy levels split for symmetric or antisymmetric wave functions referenced respectively by a
letter e or f (Esplin et al., 1988). This is known as the l-type doubling and must not be confused
with the g/u notation.

3.1.2 Spectral line intensity
The derivation of the spectral line intensity S is detailed in (Šimečková et al., 2006). The intensity
of a transition line at thermodynamic equilibrium depends on the Einstein A-coefficients and
on the population of the energy levels which follows a Boltzmann distribution. The resulting
expression is

S21(t) = Ia
A21

8π c ν2
g2 exp

(−c2 E1
T

) (
1− exp

(−c2 ν
T

))
Q(T ) (3.6)

where c2 = h c/kB is the second radiation constant, E1 is the lower state energy, g2 is the
statistical weight of the upper state, Ia is the abundance, usually provided for the Earth and Q is
the total internal partition sum function

Q(t) =
∑
k

gk exp

(
−c2Ek

T

)
(3.7)

where the sum is on all rovibrational states k.
The last factor (1− exp (−c2 ν/T )), called the induced emission term, can be neglected in the

infrared (Gamache et al., 2022).
The peaks of intensity of all lines are a function of the temperature as seen in Figure 3.2 for

transitions involving 2ν1 + ν2. But the lines with high J number of the P and R branch are much
more sensitive to temperature variations.

To get rid of the abundance factor in 3.6, it is written considering a ratio with respect to a
reference temperature Tref = 296K,

S(T ) = S(Tref )Q(Tref )
Q(T ) exp

(
−c2E1

(
1
T
− 1
Tref

))
(1− exp (−c2 ν/T ))

(1− exp (−c2 ν/Tref )) (3.8)

where, in this work, S(Tref ), Q(Tref ), Q(T ) and E1 are taken from the HITRAN database
(Gordon et al., 2017). The intensities of other molecules can be compared in Figure 3.3.

Local Thermodynamic Equilibrium

An assumption used in this work is that the atmosphere of Mars is in local thermodynamic
equilibrium (LTE). This assumption is valid when collision are frequent enough so that the kinetic
temperature of the molecules corresponds to the population of the vibrational energy states.

37



Figure 3.2: The intensity of the lines for transition 2ν1 + ν2 (AFGL code 21102-00001) of CO2
as a function of temperature and computed with equation 3.8. This band contains a Q branch
around 3340 cm−1.
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Figure 3.3: The intensity of lines of different molecules reported in Mars atmosphere and in the
mid-infrared. The values are taken from the HITRAN database.
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At high altitudes, when the mean time between molecular collision starts to be lower than the
radiative lifetime of the vibrational states, the populations of those states do not anymore follow
the Boltzmann law and the intensities of the transition depart from the formula 3.8.

As presented in section 3.1.1, most of the spectral lines fitted in this work correspond to
transitions from the ground state which are less affected than hot bands by non-LTE processes
(Edwards et al., 1998).

The partition functions needed in formula 3.8 and provided by HITRAN are those for LTE
case.

A non-LTE population of levels in the first hot bands in the spectral range corresponding
to diffraction order 165 might lead to a difference of up to 0.005 in transmittance at a tangent
altitude of 130 km (López-Valverde et al., 2018).

3.1.3 Spectral line shape
In practice, a transition line does not appear at a single wavenumber corresponding to the
transition energy but several processes produce a broadening of the line:

• Doppler broadening: the gas molecules are moving in different directions and their average
velocity is proportional to the temperature (provided that the gas is in local-thermodynamic
equilibrium). The velocities are given by the Maxwell-Boltzmann distribution and the
Doppler broadening function is therefore a Gaussian following a normal distribution

ΦD(ν, ν0, T,m) = 1
αD
√

2π
exp− (ν − ν0)2

2α2
D

(3.9)

where ν0 is the wavenumber of the transition and the Half-Width at Half-Maximum (HWHM)
is

αD(ν0, T,m) = ν0

c

√
kB T

m
(3.10)

where m is the molecule mass.

• collisional broadening: when pressure is important enough and a non-negligible amount
of molecules come close enough, their energy levels are perturbed and this is translated
by a line broadening as well as a line displacement (smaller than the broadening). This
broadening is modelled by a Lorentzian

ΦC(ν, ν0, p, T ) = 1
π

γC(p, T )
γ2
C(p, T ) + (ν − ν0 − δC(p))2 (3.11)

where δC is the collisional shift of the centre of the line and γC is the collisional broadening
HWHM

γC(p, T ) =
(
Tref
T

)nair
[γair(ptop, Tref )(p− pself ) + γself (ptop, Tref )pself ] (3.12)

where nair is the coefficient of the temperature dependence of the air-broadened half-width,
γair (with the Martian air) is the air-broadened half width at half maximum, γself is the
self-broadened half width at half maximum, pself is the partial pressure of the gas and
for CO2 in Mars homosphere, pself ≈ 0.95 p. In HITRAN, the values of nair and γair are
provided for standard Earth air. The values for Mars are derived as explained in Robert
et al. (2016); Vandaele et al. (2008) with some values derived from Sung and Varanasi
(2005).

40



• natural broadening: the Heisenberg uncertainty principle tells us that the transition
energy between two states cannot be known with infinite precision. Nevertheless, in our
case, the natural broadening is negligible with respect to the previous processes.

Doppler broadening depends on temperature (and the molecule mass) and collisional broaden-
ing depends on the pressure and temperature of the medium. The relative importance of these
two broadenings can be estimated by comparing their Full-Width at Half-Maximum (FWHM)
which are FWHMD = 2

√
2 ln 2αD and FWHMC = 2γC .

The Voigt profile combines the Doppler broadening and the collisional broadening:

ΦV (ν, ν0, p, T,m) = A
y

π

∫ +∞

−∞

exp−u2

y2 + (x− u)2 du (3.13)

with

A(ν0, T,m) = S
√

ln 2
αD(ν0, T,m)

√
π
,

y(ν0, p, T,m) =
√

ln 2 γC(p, T )
αD(ν0, T,m) ,

x(ν, ν0, p, T,m) =
√

ln 2ν − ν0 − δC(p)
αD(ν0, T,m) .

(3.14)

In practice, the Voigt profile must be approximated and, in this work, we use the Faddeeva
approximation (Wells, 1999).

The spectra treated in this work have a resolution of around 0.15 cm−1 and the Voigt profile
is a well-enough accurate model for the line shape. At low resolution, the Voigt profile deviates
from the experimental profile and we must consider more elaborated line shape profiles like the
Rautian (Rautian and Sobel’man, 1967) or Galatry (Galatry, 1961) models that take into account
the dependence between the Doppler effect and the pressure effect.

The spectral absorption coefficient are eventually computed as

σ(ν, p, T ) = Sij(T ) Φ(ν, ν0, p, T,m). (3.15)

3.2 Solar occultation
A solar occultation consists of recording the spectral signature of species absorbing the Sun light.
Occultation by stars from the ground have been used since a long while (Pannekoek, 1903; Hays
and Roble, 1968). But satellite have the advantage of getting rid of the Earth atmosphere and
provide a better SNR. The latter is much improved thanks to using the Sun as source but the
atmosphere probed is restricted to the terminator.

The first solar occultation measurements from a satellite was performed in 1979 with SAGE
I to study the Earth atmosphere (McCormick, 1987) and the first one scanning the Martian
atmosphere was performed a decade later with PHOBOS-2 (Blamont et al., 1989). Further solar
occultations of the Martian atmosphere were performed with the IR channel of the SPICAM
instrument onboard Mars Express to provide carbon dioxide and water density, and temperature
profiles. More recently, solar occultations have been performed with two instruments onboard the
Trace Gas Orbiter (TGO): the Atmospheric Chemistry Suite (ACS) and the NOMAD instruments.

An occultation measurement consists in recording the remaining radiance passing through the
atmosphere and along the line of sight as drawn in figure 3.4. The radiative transfer equation
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reduces to the Beer-Lambert law, meaning that we consider only absorption and can neglect
refraction and scattering. As the atmosphere of Mars is thin and has a low pressure even at low
altitudes, refraction is neglected as well.

3.2.1 Solar spectrum in the mid-infrared spectral range
In theory, a transmittance spectrum should not contain any remaining features from the source
as they would cancel in the ratio I/I0. In practice, the instrument function, and mainly the pixel
to wavenumber calibration (see section 5.2.1), might slightly change between the recording of
the solar and atmospheric spectra letting some residual of the solar lines in the transmittance
spectrum. Those residuals are small, and have a characteristic "N" shape and we can verify
that they correspond to solar lines thanks to solar spectra like those presented in Hase et al.
(2010); Meftah et al. (2018). Table 3.2 gives an overview of the most important solar lines in
the mid-infrared range3. The solar spectrum used in this work is a combination of ACE data
(Hase et al., 2010) which covers the whole NOMAD-SO spectral range and SOLSPEC data which
starts at 3300cm−1 (Meftah et al., 2018).

Diffraction Wavenumber Species
order [cm−1]
126 2837.83 Si

130 2927.05 Si
2928.08 Na

134 3014.97 Si
140 3154.42 Si
141 3172.87 Si

142
3197.95 Si
3209.44 Mg
3210.67 Si

151 3414.35 Ca
156 3520.43 Si & C
162 3650.93 Si
168 3787.88 Mg

Table 3.2: Main solar lines in the NOMAD-SO spectral range.

Those solar lines are also interesting while working with calibration measurements to derive
some instrumental parameters (see section 5.2.3) or the pixel to wavenumber calibration. We still
need to keep in mind that the intensity of the solar lines varies following the position on the solar
disk and following the solar activity cycle of 11 years.

3.2.2 Absorption
The Beer-Lambert law states that the variation of intensity of a radiation dI passing through a
medium is proportional to the initial intensity I0 multiplied by the density of the medium, the
absorption coefficient of the medium, and the distance travelled in the medium. Applied to a
solar occultation at a tangent altitude ztg, we find

3None of them are present in the spectral ranges (diffraction orders) used in this work.
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dI(ν, ztg) = I0(ν)
∑
gas i

∫
σi(ν, p(r), T (r))ni(r)dr (3.16)

where ni is the number density of the gas i, σi is the spectral absorption coefficients at wavelength
ν of the gas i and dr is the distance travelled along the line of sight.

Another form of the Beer-Lambert law is found by integrating 3.16

T (ν, ztg) = I(ν, ztg)
I0(ν) = e−τ(ν,ztg) (3.17)

where τ is the optical depth, I is the remaining radiance after passing through the atmosphere
and T is the transmittance. The optical depth is a function of density, pressure, and temperature.
In practice, the Beer-Lambert law is not valid any more for high optical depths. In the following,
this analysis will be restricted to optical depth small enough so that the Beer-Lambert law is
valid and more information on the way this restriction is implemented is provided in section 5.3.1.

Both densities and absorption coefficients are functions of the vertical altitude z and not of
the altitudes along the line of sight (LoS) r. We can apply a change of variable using Pythagoras
formula z2 = r2 + z2

tg where z and ztg are given with respect to Mars centre (see Figure 3.4).
Considering that the line of sight does not move during the measurement of a spectrum, it follows
that

dr = z√
z2 − z2

tg

dz. (3.18)

Figure 3.4: Geometry of an occultation.

The optical depth is computed as the integration along the LoS of the absorption coefficients
σ of the gas composing the atmosphere multiplied by the density:

τ(ν, ztg, p, T ) =
∑
gas i

∫ zspace

−zspace
σi(ν, p(z), T (z)) ni(z)

z√
z2 − z2

tg

dz


= 2

∑
gas i

∫ zspace

ztg

σi(ν, p(z), T (z)) ni(z)
z√

z2 − z2
tg

dz

 (3.19)
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where zspace is the altitude above which the remaining density is negligible4. The second equality
remains only if we consider that the gradient of pressure and temperature on both sides of the
terminator is negligible.

The total column density of one gas along the LoS is called the slant column density:

c(ztg) = 2
∫ zspace

ztg

n(z) z√
z2 − z2

tg

dz. (3.20)

The slant column profile is the vertical projection of a two-dimensional circularly symmetric
function of the local density. This relation is known as the Abel5 transform (Abel, 1826). As we
will see in chapter 4, this is a Fredholm integral equation of the first kind (Press et al., 2007) and
is an ill-posed problem.

In practice, c and n are vectors with discrete values of the continuous functions c(z) and n(z).
We make also the approximation of an atmosphere split into spherically symmetrical layers as
in figure 3.5. That assumption of layers within which the density is constant is commonly used
in occultation retrievals. We consider only vertical variations of the atmospheric state and no
horizontal variations. In each of those layers, the density, pressure, and temperature are assumed
to be constant. The density in one layer is then set to the average density within the layer.

From equation 3.20 we have the following matrix notation

ccc = KKKnnn (3.21)

where KKK is the Abel transform matrix. Figure 3.5 describes how the atmosphere is discretised
and the elements Kij are computed as

Kij = 2
∫ zmidj+1

zmidj−1

f(r) r√
r2 − z2

i

dr. (3.22)

where zmid are either

zmidj =
{

(zj + zj−1)/2 if j in [0, N-1],
zj + (zj − zj−1)/2 if j = N.

(3.23)

If the layers are small enough (in practice, less than 1 km), we can make the approximation of
a constant density within the layer and f(r) = 1. Equation 3.22 simplifies to

Kij =
√
zmid2

j+1 − z2
i −

√
zmid2

j−1 − z2
i . (3.24)

The K matrix is an upper quasi-triangular matrix (see Figure 3.7) not necessarily square with
the most important values on the diagonal and continuously decreasing on the off-diagonal.

We approximated the altitude where the mean density occurs in the middle of the layer. This
is not true but with sufficiently small layers, we can consider that this altitude corresponds to
the middle altitudes of each layer zmid. Using the GEM-Mars averaged CO2 density profile and
computing the column profile for different discretisation, we get the figure 3.6. A discretisation of
1 km step leads to a relative error smaller than 2%.

4A precise altitude at which the remaining density can be considered as negligible will be derived in section
8.1.2 and summarized in Figure 8.5.

5Niels Henrik Abel (5 August 1802 – 6 April 1829), Norwegian mathematician
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Figure 3.5: Discretization of the atmosphere for the Abel transform.

Figure 3.6: Relative error on c due to the discretisation of the atmosphere. The density used here
is the GEM-Mars averaged CO2 density profile from version a585.
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Figure 3.7: Example of K matrix where the y-axis corresponds to the i index and the x-axis
corresponds to the j index. Those index correspond to around 60 km for index 0 to around 100 km
for index 36. The colour bar provides the values of the matrix in meter. We see that the K
matrix is an upper triangular matrix with values decreasing with off-diagonal terms.
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3.2.3 Scattering
In the computation of the optical depth in equation 3.19, we should also take into account the
scattering of the Sunlight along the slant path. The consequence of scattering on the infrared
spectra is a broad decrease of the signal at all wavelength with still a more important decrease at
higher wavenumbers. In this work, we will avoid any spectrum that might contain an important
amount of spectral signature of dust, water ice clouds, or carbon dioxide ice clouds by not
processing spectra that have a mean signal half of Sun spectra. Retrieving those features involves
Mie theory for scattering. Nevertheless, we still need to consider the scattering due to the
molecules of the atmosphere which involves the Rayleigh theory which applies when the size of
the scattering particles is much smaller than the wavelength of the scattered light.

The Rayleigh scattering cross-sections are directly proportional to the fourth power of the
wavenumber and is thus more important for UV and visible spectral range than for the infrared.
In practice, the scattering cross sections are computed from the formula in Sneep and Ubachs
(2005) (already implemented in the radiative transfer code ASIMUT, see section 4.1.5).

3.3 summary
This chapter is an overview of the theory of radiative transfer in the infrared for solar occultations.
The first section recalled the necessary background on the spectral signature of molecules with
particular attention brought to carbon dioxide. In the second section, the Beer-Lambert law is
recalled. This law involves the transmittance as a function of absorption coefficients, the path
along the line of sight, and the density. Deriving the density from the transmittance involves the
inverse of the Abel transform which leads to inverse problems. The theory for inverse problems is
thus described in the next chapter.
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Chapter 4

Inverse problems

Our problem consists in finding a vertical profile of number density for selected species from the
transmittance in equations 3.17 and 3.19. This problem is ill-posed and non-linear. The main
cause of the ill-posedness is that the solution, i.e. the local density at the terminator, is unstable
to small variations in the measurements, i.e. the molecular lines in the spectra.

The retrieval implemented in this work is made in two main steps:

• First, for each transmittance spectrum, we adjust a factor to the optical depth in equation
3.17 to fit our forward model to the spectrum. The initial slant column if multiplied by this
factor to find the fitted slant column. This task is done using the ASIMUT program where
the optimal estimation method is implemented (see section 4.1.2).

• Second, we treat the ill-posed problem: the slant column profile is directly inverted into
a local density profile with a Tikhonov regularisation (see section 4.2). The main role of
this regularisation is to reduce as much as possible the amplification of noise due to the
ill-posedness of the problem while keeping the real physical variations of the profile.

The advantage of this inversion in two steps is the possibility to fine-tune the Tikhonov
regularisation as the second part involves only linear algebra.

The notation used in this section is similar to Rodgers (2000) which is the most commonly
used inverse method for atmospheric science.

4.1 Slant column profile inversion
In this first step of the inversion, we derive slant column values for each transmittance spectrum
of the solar occultation with the radiative transfer code ASIMUT-ALVL (Vandaele et al., 2006)
where the regularisation is done in a Bayesian framework.

4.1.1 Non-linear least square solution
In this case, the measurements are the transmittance T and the solution is the true density profile
n to be derived with equation 3.17. This equation is formalised here as

yyy = F (x̂, b) + εF (x̂, b) + εF (x̂, b) + ε (4.1)

where FFF is the forward model containing the exponential of the inverse of the optical depth. This
forward model depends on the true solution x̂̂x̂x (the density profile) and model parameters like
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instrumental and spectroscopic characteristics gathered in bbb, and yyy are the measurements. In
practice, there is always some noise affecting the transmittance spectra translated in the εεε term.
The forward model is a non-linear function of xxx so a direct inversion would be quite difficult.
Instead, we will adjust the retrieved solution to fit as well as possible the measurements using the
forward model. The theoretical solution can be found by iterating over the solution xxx using for
example a Gauss-Newton iteration algorithm weighted on the uncertainties as

xi+1xi+1xi+1 = xi +
(
JTi S

−1
ε Ji

)−1
JTi S

−1
ε (y − F (xi))xi +

(
JTi S

−1
ε Ji

)−1
JTi S

−1
ε (y − F (xi))xi +

(
JTi S

−1
ε Ji

)−1
JTi S

−1
ε (y − F (xi)) (4.2)

where SεSεSε is the covariance matrix over the measurement state and JiJiJi is the Jacobian of the
forward model at the solution xixixi.

This method iteratively changes the solution xxx to match the measurements. We still call it an
’inversion’ but that should not be confused with a ’direct inversion’ of the forward model (that
would require some approximation for this non-linear problem).

4.1.2 Optimal Estimation Method
Also known as statistical regularisation or climatological regularisation, this method is often used
for Earth atmosphere parameter retrievals for which an a priori is pretty well known. It is also
sometimes used for the Mars atmosphere for which some GCM can provide some results for a
precise time and geometry. The general theory over this regularisation method is described in
Rodgers (2000); Tarantola (2005). The solution for a linear problem is (Rodgers, 2000, eq. 4.3)1,

xxx = (KTS−1
ε K + S−1

a )−1 (KTS−1
ε y + S−1

a Kxa
)

(KTS−1
ε K + S−1

a )−1 (KTS−1
ε y + S−1

a Kxa
)

(KTS−1
ε K + S−1

a )−1 (KTS−1
ε y + S−1

a Kxa
)

(4.3)
where SεSεSε is the covariance matrix over the measurement state and should not be confused with
the covariance matrix SeSeSe of an ensemble of state about the mean state:

SeSeSe = E{(x− x)(x− x)}E{(x− x)(x− x)}E{(x− x)(x− x)} (4.4)
If the a priori xaxaxa is set to the null vector, the formula 4.3 is similar to 4.15 for the Tikhonov

regularisation described in section 4.2.2 and they are both compared in section 4.2.3.
The Gauss-Newton iterative algorithm for the non-linear least square problem weighted with

the uncertainties over the measurements is given by this expression

xi+1xi+1xi+1 = xa +
(
JTi S

−1
ε Ji + S−1

a

)−1
JTi S

−1
ε (y − F (xi) + Ji(xi − xa))xa +

(
JTi S

−1
ε Ji + S−1

a

)−1
JTi S

−1
ε (y − F (xi) + Ji(xi − xa))xa +

(
JTi S

−1
ε Ji + S−1

a

)−1
JTi S

−1
ε (y − F (xi) + Ji(xi − xa))

= xa +G (y − F (xi) + J(xi − xa))xa +G (y − F (xi) + J(xi − xa))xa +G (y − F (xi) + J(xi − xa))
(4.5)

where the SaSaSa matrix is called the covariance matrix over the a priori (Rodgers, 2000, eq. 2.23 &
5.9)

SaSaSa = E{(x̂− xa)(x̂− xa)}E{(x̂− xa)(x̂− xa)}E{(x̂− xa)(x̂− xa)}. (4.6)
This iterative algorithm stops when the following convergence criteria are satisfied ((Rodgers,

2000, eq. 5.29 and 5.33))

(xi − xi−1)TS−1
i (xi − xi−1)(xi − xi−1)TS−1
i (xi − xi−1)(xi − xi−1)TS−1
i (xi − xi−1) < 10−2 n,

(yi − yi−1)TS−1
ε (yi − yi−1)(yi − yi−1)TS−1
ε (yi − yi−1)(yi − yi−1)TS−1
ε (yi − yi−1) < 10−3m.

(4.7)

Rodgers (2000) does not explain in detail how to build the SaSaSa matrix. Of course, its diagonal
elements should be at least of the order of JJJTS−1

εS
−1
εS
−1
ε JJJ to have an impact on the retrieval. When we

1In the linear case, JJJ = KKK.
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have some good reasons to think that the a priori xaxaxa is close to the true solution x̂̂x̂x, we can see
this problem as a modification of the a priori with a SaSaSa matrix that allows some modifications to
that a priori to better fit the measurements. This works if the a priori information represents
a good knowledge of the parameter state to be retrieved. Usually, three kinds of matrices are
proposed: a diagonal matrix or some sort of diagonal matrix but with values on the off-diagonal
terms which decrease with a Gaussian, an exponential, or a tent function. If the a priori is taken
from a GCM, we might construct this matrix with the variability over the a priori as provided
by the GCM.

In our case, we want to derive a slant column c from a transmittance spectrum. To simplify
the problem, ASIMUT does not fit c directly but a factor f multiplying c and we rewrite eq. 3.17
as

T (ν, ztg) = e−f τ(ν,ztg,p,T,n). (4.8)

The Jacobian of T with respect to f is then −τT . The baseline of the spectra is fitted at the
same time with a fourth-order polynomial. It is important to use multiplication when deriving
the baseline as an addition can introduce a biased factor f if the baseline is lower than 1.

In this work, the slant columns are computed individually for each transmittance spectrum
with an a priori covariance value Sa = 0.81x2

a. The inverse of this term, which appears in the
formula 4.5, is small with respect to the term JJJTSεSεSε

−1JJJ . The impact of the regularisation applied
here is weak2. This value of 0.81 correspond to a confidence up to 90% on the a priori value.
The aim is to avoid implausible values that might appear at too high altitudes when the lines in
the spectra are too weak to be correctly fitted or lower in the atmosphere when some aerosols
strongly reduce the signal.

4.1.3 Uncertainties
The uncertainties over the slant column profile are computed here from the square root over the
diagonal of the covariance matrix of the slant column profile which is computed as (Rodgers,
2000, eq. 5.30)

SiSiSi = (JTi S−1
ε Ji + S−1

a )−1(JTi S−1
ε Ji + S−1

a )−1(JTi S−1
ε Ji + S−1

a )−1 (4.9)

if the solution xixixi has converged.
Some caution must be taken, we see that the covariance matrix is a function of the SaSaSa matrix

which is usually provided by the user. Its value can then be artificially reduced by giving small
covariance values. This is not the case in this work as we provide a value of 81% of the a priori.

Also, this formula considers only the first moment (first derivatives) that can provide an
approximated value for weakly non-linear problems. When saturation occurs, we should take into
account additional terms involving higher derivatives. By comparing the values using the formula
4.9 with a Monte Carlo method, the first method provides uncertainty values that are three times
lower than with the second method.

4.1.4 Information content
An important operator describing the retrieval is the averaging kernel defined in the n-space as

AAA = GGGKKK (4.10)
2The importance of this Sa value at this step of the retrieval is low because I select the retrieved slant column

values with a degree of freedom higher than 0.99 (see section 4.1.4)
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where GGG is the gain matrix (or generalized inverse of KKK) and KKK is either the linear forward model
in the linear case or the Jacobian of the final iteration step in the non-linear case.

From equations 4.5 and 4.9, we can also see the average kernel as the ratio of the covariance
matrix for the regularised solution SSS to the covariance matrix of the unregularised solution S0S0S0

AAA = SSSS−1
0S
−1
0S
−1
0 (4.11)

The same operator but in the measurement-space is computed as

AyAyAy = KKKGGG. (4.12)

Both operators contain the same information while A is, by far, the most used one in literature
as well as the most useful as we usually need to check the spatial resolution of the solution
related to the width of the averaging kernels. In the non-regularised least square case where
no regularisation is applied, AAA is the identity matrix. The AAA matrix gets further away from
the identity matrix as more information from the a priori is used to the derived solution. In
information theory, the trace of A gives the number of degrees of freedom for the signal and the
trace of (AAA− InInIn) gives the number of degrees of freedom for noise (Rodgers, 2000).

4.1.5 ASIMUT-ALVL radiative transfer code
In this work, the slant columns are derived with the ASIMUT-ALVL radiative transfer code
(Vandaele et al., 2006) developed at BIRA-IASB. ASIMUT fits a simulated spectrum to a measured
one using a Gauss-Newton algorithm as a non-linear least square method with an analytical
computation of the Jacobian. ASIMUT can retrieve densities for different geometries and different
instrument types. ASIMUT can regularise any solution using the Optimal Estimation Method
(Rodgers, 2000) through an a priori profile and its covariance matrix controlling the level of
regularisation.

ASIMUT uses the onion peeling scheme to split the atmosphere into spherically homogenous
layers and uses the Curtis-Godson approximation for the density, pressure and temperature
vertical profiles. The contribution from each layer depending on varying vertical density, pressure,
and temperature profiles are approximated with a single homogenous path with mean density,
pressure, and temperature profiles that would give the same contribution to the transmittance
spectrum (Curtis, A, 1952; Godson, 1953; Goody and Yung, 1989; Kleinböhl et al., 2009).

ASIMUT is able to simulate a gradient of temperature to avoid the hypothesis of a symmetric
temperature profile from both side of the terminator as explained in section 3.2.2 (equation 3.19).
This feature is not used in this work and is left for a further study.

4.2 Density profile inversion
We have derived some slant column profiles in the previous section and we now derive the
corresponding local number density profile.

4.2.1 Linear least square solution
In practice, there is always some noise affecting the data, and equation 3.21 needs to be rewritten
as

ccc = KKK n̂̂n̂n + ececec (4.13)
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where ececec represents the error on the slant column ccc and n̂̂n̂n is the true density profile to be
distinguished from the retrieved density profile nnn.

Our problem consists to inverse the matrix KKK to derive the solution nnn from ccc. Even if ccc is
not the actual measurement, in literature, it is a common practice to say that the quantity to be
retrieved belongs in the "solution" space and the quantity to invert belongs in the "measurement"
space. So we say that nnn is in the (solution) n-space in units of cm-3 and ccc is in the (measurement)
c-space in units of cm-2.

The Abel transform KKK defined in chapter 3 is not necessarily square but its Gram matrix
KKKTKKK is square (also symmetric and positive semi-definite) by construction. The theoretical
solution for nnn in equation 3.21 is then found by multiplying that equation by (KKKTKKK)−1KKKT . As
KKK is the Abel transform matrix, the pseudo inverse is then also an upper triangular matrix with
two main diagonals.

Our problem consists to find the minimum of the linear least square problem
∥∥∥S− 1

2
cS
− 1

2
cS
− 1

2
c (ccc−KKKnnn)

∥∥∥2

2
.

The solution of the local number density profile nnn is

n̂̂n̂n =
(
KKKTS−1

cS
−1
cS
−1
c KKK

)−1
KKKTS−1

cS
−1
cS
−1
c ccc

= G0G0G0 ccc
(4.14)

where ScScSc is the covariance matrix on the slant columns and G0G0G0 can be seen as a pseudo-inverse
matrix of KKK. The G0G0G0 matrix is approximatively bidiagonal (see figure 4.1) and thus is not
continuous, a symptom of ill-posed problems.

Figure 4.1: Example of G0G0G0 matrix.

Some examples of results are shown in figures 4.2 and 4.3. First, a local density profile is
taken from GEM-Mars GCM3 (Daerden et al., 2019). This profile plotted in blue on the upper
right panel is a CO2 density profile averaged over all local times, seasons, and latitudes (Erwin

3version a585
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et al., 2018). This profile is then converted to a slant density profile using equation 3.21 (blue
curve on the upper left panel). Some noise is added by considering a normal distribution centred
on the profile and a standard deviation of 0.1 or 0.01 (orange curve). A local density profile is
finally retrieved using equation 4.14 (orange curve on the upper left panel). Comparing the errors
to the true profile (lower panels of figure 4.2), we see that they have been amplified by a factor of
∼5 after the retrieval. A well-known effect of ill-conditioned matrices.

A parameter that gives a hint about the well-posedness of a matrix is the condition number
which is here computed as the ratio of the highest singular value to the smallest one. For the KKK
matrix of this example, the condition number has a high value around 550 (and the value is the
same for the corresponding G0G0G0 matrix).

The same values of amplification of the noise are found whatever the initial error on the slant
column profile as can be seen in figure 4.3.

The amplification of the noise is also related to the discretisation of the profile. If we further
increase the altitude step, the condition number ofKKK increases as well and so does the amplification
of the errors.

Figure 4.2: Example of slant columns (upper left panel) and local densities (upper right panel).
From the local density nnn, a slant column ccc is computed. Some random noise is added from a
Gaussian distribution with σ = 0.1 to get ĉ̂ĉc (see the ratio ĉ̂ĉc/ccc in the lower left panel). A local
density n̂̂n̂n is retrieved from ĉ̂ĉc using the non-regularised least square formula (see the ratio n̂̂n̂n/nnn in
the lower right panel).

4.2.2 Tikhonov regularisation
A first attempt to solve an ill-posed problem with this regularisation method was carried on
by Phillips (1962). Later Andrey Tikhonov developed the mathematical theory of this linear
regularisation method, first in a paper (Tikhonov, 1963), and later in a book with Vasiliy Arsenin
(Tikhonov and Arsenin, 1977). At the same time, Sean Twomey made an in-depth description
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Figure 4.3: Same as figure 4.2 but with added noise by considering a standard deviation of 0.01.

of the method in Twomey (1963, 1977) for atmospheric parameter retrievals. For these reasons,
what we call here the Tikhonov regularisation might be found in the literature as any combination
of the names Phillips-Tikhonov-Twomey. In machine learning, this method is also known as the
"ridge regression" method.

This regularisation method is quite similar to the one developed in Backus and Gilbert (1970)
but Tikhonov’s method regularises with respect to the smoothness of the solution while Backus
and Gilbert (1970) regularise with respect to the variance of the solution, meaning that they do
not seek for a smoother solution but for a more stable solution.

The idea behind Tikhonov’s method is to add a constraint to the least square problem in
favor of a smoother solution. The least-square solution consisted then to find the minimum of
the penalized least square problem

∥∥∥S− 1
2

cS
− 1

2
cS
− 1

2
c (ccc−KKKnnn)

∥∥∥2

2
+ λ ‖LLLnnn‖22 where λ is the regularisation

parameter and LLL is the regularisation matrix which can either be the identity matrix, a discrete
approximation of a differential operator or even a combination of them Eriksson (2000).

The solution to the regularisation least square problem is

n̂̂n̂n = (KKKTS−1
cS
−1
cS
−1
c KKK +RRR)−1KKKTS−1

cS
−1
cS
−1
c ccc (4.15)

where RRR = λLLLTLLL and LLLTLLL is the Gram matrix of LLL.
The choice of the LLL matrix has different effects on the retrieved solution: an identity matrix

III allows control of the magnitude of the solution while the first L1L1L1 and second L2L2L2 derivative
operators control the smoothness of the solution. There are still some differences in using L1L1L1 or
L2L2L2. The second one better removes spurious peaks caused by noise.

For a regular grid step, L2L2L2 is simply:

55



L2L2L2 =


−1 1 0 0 ... 0
1 −2 1 0 ... 0
0 1 −2 1 ... 0
... ... ... ... ... ...
0 ... 0 1 −2 1
0 ... 0 0 −1 1

 (4.16)

The first and last lines of the matrix are here chosen as a first differential but they can be
replaced as well with (2 − 1) or (0 0).

This matrix needs to be slightly modified if the altitude steps are not regular and the values
are derived following the algorithm of Fornberg (1988).

The retrieved solution is a density profile varying exponentially with altitudes. The density
profile spans a wide range of orders. Thus, in equation 4.15, we would prefer to have a regularisation
scaled to each altitude. Quémerais et al. (2006) propose to use λ proportional to the inverse
of the uncertainties on the estimated density (1/en). This way of defining λ assumes that the
uncertainties are directly proportional to the densities. Otherwise, densities with higher relative
uncertainties will be less regularised. In our case, when the line starts to appear, the noise is
important and decreases in the very first altitudes until it increases again due to the density
increases.

As we can already guess, the level of regularisation required should be proportional to the
level of noise on the densities. We thus modify the regularisation term as RRR = λLLLTS−1

nS
−1
nS
−1
n LLL and SnSnSn

needs to be a diagonal matrix. When λ is increased, the uncertainties increase but the vertical
resolution decreases.

The Tikhonov regularisation is applied here only once but we will see in section 4.2.4 that
applying several times the Tikhonov method improves the result.

4.2.3 Similarity to the Optimal Estimation Method
Equations 4.15 and 4.3 are equivalent if all values of xaxaxa are zeros and if we state

λLLLTLLL = RRR = S−1
aS
−1
aS
−1
a . (4.17)

Tikhonov (1963) developed the mathematical background to regularise an ill-posed inverse
problem by choosing LLL as a differential operator (or a combination of a differential operator, also
called Sobolev’s norm). Rodgers (2000) developed very similar tools but in a Bayesian background
and defined the regularisation term as a covariance matrix. This work uses both regularisation
and we want to compare those two views on regularisation.

The two methods were already compared in Steck (2002) where he proposed four different
ways to find the best λ: a) considering the number of degrees of freedom, b) considering the
retrieval noise error, c) considering the forward model error, d) considering the total error (Steck
(2002) considered only the smoothing error and the noise uncertainty). That last method is the
expected error estimation described in the section 4.2.5.

The same regularisation could have been done using only the Optimal Estimation Method.
By choosing a convenient (or a Sobolev’s sum of) differential operator and the problem of finding
λ remains.

In OEM theory, Rodgers (2000, sect. 2.6) proposes as example to construct SaSaSa as a Markovian
covariance matrix

Saij = σ2
ae
−|i−j| δzh (4.18)
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where i and j are different layers of the atmosphere, δz is the layers spacing, σa is "a variance"
(Rodgers, 2000, 10.3.3.2) and h is a parameter related to the scale height. For example, Irwin
et al. (2008) suggest using 1.5 times the scale height for h. The formula 4.18 is followed in several
radiative transfer inversion codes (Vandaele et al., 2006; Irwin et al., 2008; Eriksson et al., 2005)
in a slightly modified form allowing for different altitude z:

Saij = σ2
ae
− 1
h |z(i)−z(j)| (4.19)

The choice of σa is important to compute a properly regularised inversion. This formulation
is nice as it somewhat reminds the barometric equation 2.21.

As Rodgers (2000, Eq. B71) showed, the inverse of expression 4.18 which is a Markovian
covariance matrix is known to be a tridiagonal matrix of the form

SaSaSa
−1 = σ−2

a

1
1− α2


1 + α2 −α 0 · · · 0 0
−α 1 + α2 −α · · · 0 0
...

...
. . .

...
...

...
0 0 0 · · · 1 + α2 −α
0 0 0 · · · −α 1 + α2

 (4.20)

where α = e−dz/h. The Cholesky factorization of the previous matrix gives

LLL =


1 −α 0 · · · 0 0
0 1 −α · · · 0 0
...

...
. . .

...
...

...
0 0 0 · · · 1 −α
0 0 0 · · · 0 1

 (4.21)

which is close to being a combination of an identity matrix and a first differential operator.
In the case for varying altitude steps (eq. 4.19) the inverse can be well approximated by

1
λ(1−(dz/h)2)LLL

TLLL where

LLL =


1 e(−|z1−z0|/h) 0 · · · 0 0
0 1 e(−|z2−z1|/h) · · · 0 0
...

...
. . .

...
...

...
0 0 0 · · · 1 e(−|zn−zn−1|/h)

0 0 0 · · · 0 1

 (4.22)

if h < ndz/10 where n is the number of altitudes.
Some authors also propose a Gaussian (Xu et al., 2020) that fits better with a probability

distribution function, or also a linearly decreasing correlation function (Eriksson et al., 2005).
While the use of an identity matrix in SaSaSa is obvious and translates our confidence in the a priori,
it is good to keep in mind that the off-diagonal terms are there to smooth a retrieved profile
which is altered by the noise in the measurement. We will prefer to keep the Tikhonov form of
the regularisation term with a combination of differential operators as their effects are well known
and one can manage easily the level of smoothing required. This way also avoids the inversion of
the SaSaSa matrix.

We can compute as well the inverse matrices for LT1 L1LT1 L1LT1 L1, LT2 L2LT2 L2LT2 L2, LT1 L1 + LT2 L2LT1 L1 + LT2 L2LT1 L1 + LT2 L2, I + LT2 L2I + LT2 L2I + LT2 L2, and
I + LT1 L1 + LT2 L2I + LT1 L1 + LT2 L2I + LT1 L1 + LT2 L2 but we cannot compute an inverse for singular matrices like LT1 L1LT1 L1LT1 L1. Figure
4.4 provides the shape of the middle row of the SaSaSa matrix corresponding to different differential
operators.
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Figure 4.4: Values for the middle row of the SaSaSa matrix obtained by inverting different combinations
of differential operators. The orange and blue curves are the Markovian covariance matrices. The
green curve is the identity matrix. The red, purple and brown curves correspond, respectively, to
the L0L0L0 +L1L1L1, L0L0L0 +L1L1L1 +L2L2L2 and L0L0L0 +L2L2L2 differential operators.

The SaSaSa from equations 4.18 or 4.19 are very close to an identity matrix added with a square
of a first derivative.

Another interesting study on those different regularisation matrices is Xu et al. (2020) which
showed that L1L1L1 better smooths the solution than L2L2L2 when the a priori information is less reliable.

Another method with a very similar formulation than OEM or Tikhonov is the Levenberg-
Marquardt algorithm which consists in improving the solution x̂ix̂ix̂i with

x̂ix̂ix̂i = x̂i−1x̂i−1x̂i−1 +
(
JJJTS−1

cS
−1
cS
−1
c JJJ + λDDDTDDD

)−1
JJJTS−1

cS
−1
cS
−1
c (yyy −FFF (x̂i−1x̂i−1x̂i−1))

= x̂i−1x̂i−1x̂i−1 +GGG (yyy −FFF (x̂i−1x̂i−1x̂i−1))
(4.23)

where FFF is the forward model function, JJJ is the corresponding Jacobian matrix over the retrieved
parameters and evaluated in xi−1xi−1xi−1. The positive parameter λ controls the trade-off between a
Gauss-Newton iteration as λ tends to zero and a steepest-descent iteration as λ tends to infinity.
If the first guess is far from the solution, the term JJJTS−1

cS
−1
cS
−1
c JJJ might become ill-conditioned and

the steepest descent would perform better. This formula was first given in Levenberg (1944)
and improved in Marquardt (1963). More information can be found in Moré (1977). The choice
of λ was recommended to change at each iteration: if the residual increases, increase λ and
forget the retrieved x̂ix̂ix̂i otherwise decrease λ. The DDD matrix must be positive definite and is also
recommended to be a diagonal matrix where each diagonal element are scaled as the inverse
of the diagonal elements of JJJTS−1

cS
−1
cS
−1
c J . What appears like a regularisation term λDDDTDDD is more

commonly called the ’damping’ term in literature.
The interest in reviewing all these methods was to show that they are all equivalent. Indeed,

all of them methods try to reduce the presence of noise in the data and they all need fine-tuning
of a parameter controlling the regularisation.
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4.2.4 Iterated Tikhonov regularisation
Due to the presence of noise in the measurements, applying the Tikhonov regularisation only once
often does not provide an enough accurate solution (Doicu et al., 2010a, sect. 3.4). In this case,
the iterated Tikhonov regularisation improves the accuracy by applying first a simple weighted
least square solution 4.14 without regularisation and then applying successively the Tikhonov
regularisation until the desired accuracy is achieved. In the theoretical iterative Tikhonov
regularisation, the solution of the next iteration is computed as

n̂in̂in̂i = GiGiGi ccc+ (InInIn −GiGiGiKKK)n̂i−1n̂i−1n̂i−1 (4.24)

where the step in the solution n̂in̂in̂i is

pipipi = n̂in̂in̂i − n̂i−1n̂i−1n̂i−1

= GiGiGi (ccc − Kn̂i−1n̂i−1n̂i−1)
(4.25)

Quémerais et al. (2006) proposes the following algorithm

n̂in̂in̂i = (KKKTScScSc
−1KKK + λ0LLL

T(S−1
i−1)jj(S−1
i−1)jj(S−1
i−1)jjLLL)−1KKKTS−1

cS
−1
cS
−1
c ccc

= SiSiSiKKK
T S−1

cS
−1
cS
−1
c ccc

= GiGiGi ccc

(4.26)

where the new solution ninini are improved as the covariance matrix Si−1Si−1Si−1 are refined with the
following equation

S−1
ni
S−1
niS−1
ni = KTS−1

c KKTS−1
c KKTS−1
c K + λ0L

TS−1
ni−1

LLTS−1
ni−1

LLTS−1
ni−1

L

=
i−1∑
j=0

λj0(LTLTLT )jS−1
n0
S−1
n0S−1
n0

(LLL)j
(4.27)

and where the covariance matrix for the non-regularised least square solution is

S−1
n0
S−1
n0S−1
n0

= KTS−1
c KKTS−1
c KKTS−1
c K. (4.28)

which is a full matrix as KKK is an upper triangular matrix. The equation 4.27 can be used only if
the solution ninini has converged. The uncertainties on the density profile are the square roots of
the diagonal values of the covariance matrix over the solution Sn which are computed from the
covariance matrix Sc (Doicu et al., 2010a).

The steps in the solutions are this time

pipipi = n̂in̂in̂i − n̂i−1n̂i−1n̂i−1

= (SiSiSi −Si−1Si−1Si−1)KKKTS−1
cS
−1
cS
−1
c ccc

(4.29)

where equation 4.27 is used for the last equality. The LLL matrix being a second derivative operator,
LLLTS−1

ni−1
S−1
ni−1S−1
ni−1

LLL is a pentadiagonal matrix. Also KKK being an upper triangular matrix, the computed SiSiSi
for the next iteration with 4.27 is not a diagonal matrix. Nevertheless, this algorithm works only
if only the diagonal values of S−1

iS
−1
iS
−1
i are kept. Those values are the square of the uncertainties on

ninini. In 4.26, those values play the role of scaling factors to the values of the densities which are
much higher at low altitudes.

This iteration scheme cannot be formulated like 4.24 where the solution of the next iteration is
a linear function of the solution at the previous step. But in practice, this algorithm provides the
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desired accuracy faster than 4.24. An important point that must be noted is that the covariance
matrix Sn−1Sn−1Sn−1 must always be diagonal or the algorithm will not give the correct solution.

Two convergence criteria are applied:

• the desired accuracy over the solution must be reached

χninini = (ninini −ni−1ni−1ni−1)TS−1
ni−1
S−1
ni−1S−1
ni−1

(ninini −ni−1ni−1ni−1) < 10−6; (4.30)

• ensuring that the solution is converging

χcicici = (ccc−KKKninini)TS−1
cS
−1
cS
−1
c (ccc−KKKninini) + λ0(LLLninini)TS−1

ni−1
S−1
ni−1S−1
ni−1

(LLLninini),
χcicici − χci−1ci−1ci−1 < 10−2.

(4.31)

An improved version of the method from Quémerais et al. (2006) is detailed in the Algorithm
1. It is called HC as it is referred in Quémerais et al. (2006) as developed by Alain Hauchecorne
and Charles Cot.

Algorithm 1 Improved HC algorithm
1: procedure HC(ccc,ececec, zczczc, λ0) . Find nnn and enenen
2: ComputeKKK, LLLfromzczczc
3: ScScSc = eTce

T
ce
T
c ececec

4: Sn0Sn0Sn0 =
(
KKKTScScSc

−1KKK
)−1

5: en0en0en0 =
√

(Sn0Sn0Sn0)jj
6: loop over ninini and start at i = 1
7: SniSniSni =

(
S−1
n0
S−1
n0S−1
n0

+ λ0LLL
TS−1

ni−1
S−1
ni−1S−1
ni−1

LLL
)−1

8: GiGiGi = SniSniSniKKK
TS−1

cS
−1
cS
−1
c

9: ninini = GiGiGi ccc

10: enienieni =
√

(Sni)jj(Sni)jj(Sni)jj
11: end loop
12: return ninini, enienieni
13: end procedure

The convergence is generally achieved after around twelve iterations.

4.2.5 Regularization parameter selection
The regularisation parameter controls the smoothing applied to the retrieved profile. Looking
at 4.26 we could take a parameter for which λ = trace(Sn0Sn0Sn0)/trace(RRR) as proposed by Twomey
(1977). Unfortunately, this regularisation parameter is often too high. Since then, many methods
have been proposed and we will compare them.

• The most common method is the L-curve (Hansen, 1992a,b; Hansen and O’Leary, 1993)
which consists to draw the logarithm of the square of the Euclidean norm ‖.‖2 of the residual

ρ(λ0)2 = ‖KKKnnn(λ0)− ccc‖22 (4.32)

versus the logarithm of the square of the Euclidean norm of the regularisation term

η(λ0)2 = ‖LLL(nnn(λ0)−nanana)‖22 (4.33)

the best λ0 then corresponds to the point of maximum curvature.
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• Another method is based on Morozov’s discrepancy principle (Morozov, 1966; Doicu et al.,
2010a) which seeks λ0 that satisfies

ρ(λ0) ' ‖ececec‖2 . (4.34)

There is only one λ0 that can satisfy this equation as ρ is a monotonically increasing function
of λ0. The idea behind this method is that the residual should be of the same order as the
level of the uncertainties.

• The formula provided by the generalized cross-validation method (Golub et al., 1979)
consists in finding λ0 that minimizes

‖(ImImIm −AcAcAc(λ0))ccc‖22
[trace(ImImIm −AcAcAc(λ0))]2 (4.35)

provided that there is one. In formula 4.35, m is the length of the c vector and AcAcAc is the
influence matrix, i.e. the equivalent of the averaging kernels matrix in the slant column
space. The numerator is the square of the residual and this formula is the square of the
ratio of the residual over the degree of freedom for noise (Rodgers, 2000).

• The maximum likelihood estimation method (Doicu et al., 2010a) fits particularly well with
the optimal estimation method and consists in finding the λ0 that minimizes

cccT (ImImIm −AcAcAc(λ0))ccc
m
√
det(ImImIm −AcAcAc(λ0))

(4.36)

• The quasi-optimality criterion (Doicu et al., 2010a) which consists in finding λ0 that
minimizes

‖(AAA(λ0)− InInIn)GGG(λ0)ccc‖2 . (4.37)

• The expected error estimation finds the value of λ0 that minimizes the total expected error.
It was used by Steck (2002) and briefly described in Rodgers (2000, chap. 10). The total
expected error is the sum of the smoothing error, the retrieval noise error, the forward
model error (mainly due to spectroscopic uncertainties), and the instrument model error.
Evaluating the total expected error is complicated because evaluating the smoothing error
requires knowing the true state, and in practice, we only guess the forward and instrument
model error. In this work, I used the approximation of the smoothing error as given in Xu
et al. (2016) and neglected the forward and instrument error:

‖etotetotetot(λ0)‖2 = ‖eseses(λ0)‖2 + ‖ememem(λ0)‖2

= ‖(AAA(λ0)− InInIn)(nnn(λ0)−nanana)‖2 + σ2trace(GGG(λ0)GGG(λ0)T ).
(4.38)

where σ is the variance over ececec. This function has theoretically a minimum as the smoothing
error is an increasing function of λ0 and the retrieval noise error is a decreasing function of
λ0. In practice, this method shows good performance. Unfortunately, no method is perfect
and in very rare cases, the two terms might not be of the same order of magnitude and no
clear minimum can be seen.

• The unbiased predictive risk estimation (Doicu et al., 2010a) consists in finding the minimum
of

ρ(λ0)2 + 2σ2trace(AcAcAc(λ0))−mσ2 (4.39)
which seems very similar to the expected error estimation but its results are definitively
not. This method is also known to give undersmoothing (Doicu et al., 2010a).
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4.2.6 Vertical resolution
An averaging kernel matrix can be computed like in 4.10 or 4.12. When a regularisation is applied
using L1L1L1 or L2L2L2, the averaging kernel matrix deviates from the identity matrix translating in a
decrease in resolution.

There are several ways to compute the vertical resolution of a profile using the averaging
kernel matrix AAA and computing

• the full width at half maximum of each row of AAA divided by 2
√

2 ln 2 if we consider that
the averaging kernels are Gaussians,

• the grid width divided by the diagonal elements (König et al., 2019)

• different formulation of the Backus-Gilbert spread (Purser and Huang, 1993).

All these formulations give roughly the same values but the Backus-Gilbert spread has the
advantage to be weakly sensitive to the grid used. The original formulation is:

s(z) = 12
∫

(z − zi)2a2
i (z)dz[∫

a2
i (z)dz

]2 (4.40)

where the normalizing factor 12 has been chosen for rectangular averaging kernels (Conrath,
1972).

Another formula better takes into account the possible negative lobes of the averaging kernels

s(z) = 4
∫
|(z − zi)ai(z)|dz∫
|ai(z)|dz

(4.41)

Purser and Huang (1993) also proposed a very similar formulation to the ’radius of gyration’:

s(z) =
[
12
∫

(z − zi)2a2
i (z)dz∫

a2
i (z)dz

] 1
2

(4.42)

It is also important to keep in mind that those values correspond to resolutions which are
smaller than the full width at half maximum.

4.3 Summary
This chapter reviewed the formality in inverse problems as we will need it in the following of
this work. We started with the theory that will be necessary for the slant column retrieval
from transmittances. The formulation for a non-linear least squares combined with the Optimal
Estimation Method for the regularisation was then presented. The second part provided the
formulation for linear least squares combined with an iterated Tikhonov method for the reg-
ularisation. A similarity to the Optimal Estimation Method is highlighted. This second part
contained more details about the regularisation and in particular several ways for a fine-tuning
of the regularisation as needed for the local densities retrieval from the slant columns. The
instrument and its measurements is presented in the next two chapters now that the necessary
background has been reviewed.
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Chapter 5

The NOMAD instrument

The science objectives of the NOMAD instrument (Vandaele et al., 2015a) onboard the Trace Gas
Orbiter (Vago et al., 2015) are in line with those of the ExoMars mission. NOMAD is dedicated
to the detection and characterising of the distribution of trace gases in the atmosphere of Mars.
Up to now, the main investigations are on the distribution of water (Aoki et al., 2022a, 2019;
Vandaele et al., 2019), the D/H ratio (Villanueva et al., 2021, 2022), carbon monoxide (Yoshida
et al., 2022), hydrogen chloride (Aoki et al., 2021), dust (Liuzzi et al., 2019), CO2 ice clouds
(Liuzzi et al., 2021), and ozone (Piccialli et al., 2022). The spectral signature of methane, one
of the main targets of TGO was not detected (Korablev et al., 2019; Montmessin et al., 2021;
Knutsen et al., 2021). While not being a trace gas as it represents 95% of Mars atmosphere,
carbon dioxide is an important species to track the bulk variations of the atmosphere (López
Valverde et al., 2022; Aoki et al., 2022b; Trompet et al., 2023b,a). NOMAD is also able to improve
spectroscopic theories by characterising previously unobserved emission lines, such as the oxygen
green and red lines at, respectively, 577 and 630 nm (Gérard et al., 2020, 2021).

NOMAD is a set of three spectrometers (see figure 5.1):

• SO: an infrared (IR) spectrometer dedicated to solar occultation;

• LNO: an IR spectrometer dedicated to limb and nadir;

• UVIS: an ultraviolet (UV) and visible spectrometer dedicated to limb, nadir, and occultation.

The LNO and UVIS channels contain two apertures, one for solar occultation and the other one
for nadir or limb measurements. The SO channel has only one aperture dedicated to occultation
measurements. The occultation LoS are represented with yellow lines and the nadir LoS are
represented with orange arrows in Figure 5.1. The angle between these two LoS is 67.07◦which is
approximately the same angular difference between nadir and the limb of Mars, to minimize the
length of manoeuvres required to pass from nadir to occultation measurements.

The NOMAD design is described in Neefs et al. (2015) for the IR channels and in Patel et al.
(2017) for the UVIS channel. NOMAD optical and radiometric models have been first described
in Thomas et al. (2016) for the IR channels and in Vandaele et al. (2015b) for the UVIS channel.

This manuscript focused on the NOMAD-SO channel data and which will be described in
more detail in the two following sections. The first section 5.1 describes the SO channel and 5.2
describes its instrumental function.
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Figure 5.1: The NOMAD instrument (Vandaele et al., 2015a) with (1) the SO channel, (2) the
LNO channel; (3) the UVIS channel; (4) the electronics SINBAD.

Figure 5.2: NOMAD-SO base plate (Neefs et al., 2015): 1) Entrance consisting of three flat
mirrors, 3) AOTF entrance optics, 4) diaphragm, 6) the AOTF, 7) AOTF exit optics, 8) folding
mirror, 9) spectrometer entrance slit, 10) off-axis parabolic mirror, 11) the echelle grating, 12)
folding mirror, 13) detector optics, 14) the detector.
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5.1 NOMAD-SO description
Figure 5.2 represents the base plate of NOMAD-SO. The main optical elements are

• the slit (4) that affects the instrument line shape and the spectral resolution,

• the echelle grating (11) for the dispersion of radiation of wavelengths within each diffraction
order (see section 5.1.1),

• the AOTF (6) for the diffraction order selection (see section 5.1.2),

• and the detector (14 - see section 5.1.3).

All measurements are controlled by the NOMAD control unit SINBAD (Neefs et al., 2015;
Jerónimo Zafra et al., 2016; Pastor-Morales et al., 2016).

5.1.1 Echelle grating
The spectral range of SO extends from around 2200 to around 4800 cm-1 (2.2 to 4.5µm). SO is
composed of an echelle grating (made of triangular grooves with a very high blaze angle) for the
dispersion of the light following the grating equation for near-Littrow configuration:

λcm = 2N sin ΘB cos i cos γ = 443.3µm (5.1)
where λc is the central wavelength in diffraction order m, N is the grating spacing, ΘB is the
blaze angle, i is the off-Littrow angle and γ is the off-blaze angle. For the SO channel, N , ΘB , i
and γ are respectively 248.06µm, 63.43◦, 2.6◦and -0.02◦from the on-ground calibration (Neefs
et al., 2015). The corresponding equation for the central wavenumber νc in diffraction order m is

νc
m

= 1
2N sin ΘB cos i cos γ = 22.56 cm−1 (5.2)

With these equations, we can compute that the central wavenumber should be 3722,4 cm-1

(2.6867µm) for the diffraction order 165 while the actual value (see section 5.2.1) is 3722.9 cm-1.
Also, the central wavenumber should be 2616.9 cm-1 (3.8216µm) for diffraction order 116 while
the calibrated value is 2617.3 cm-1. The pixel to wavenumber calibration for diffraction orders
(section 5.2.1) is made with a second-degree polynomial due to some small imperfection of the
grating which is unavoidable for such small design (Palmer, Jr., 2005). Also, the grating spacing
slightly varies with temperature and passes from 248.06µm at 24.5 ◦C to 247.92µm (Neefs et al.,
2015) at 0 ◦C so a refined wavenumber calibration is necessary for each occultation (see section
5.2.1).

An important parameter for grating is the free spectral range (FSR) which is defined as the
largest wavelength range in a diffraction order for which there is no superposition of a wavelength
from an adjacent order, i.e. m(λ+ FSR) = (m+ 1)λ (Palmer, Jr., 2005) or

FSRλ = λ

m
= 443.3µm

m2 . (5.3)

This equation is inversely proportional to the square of the diffraction order but recomputing
the free spectral range in wavenumber leads to a formula independent of the diffraction order

FSRν = ν

m
= 22.56 cm−1. (5.4)

and, in wavenumber, the difference between central wavenumbers of adjacent orders is thus a
constant. As we will see in section 5.2.4, in practice, the FSR for NOMAD-SO is not a constant
and changes as the grating expands or contracts due to variations of the instrument temperature.
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5.1.2 Acousto-optic tunable filter

The SO channel is based on an Acousto-Optical Tunable Filter (AOTF) for the diffraction order
selection. The transfer function of the AOTF is theoretically a sinc square function (Dekemper,
2014) and the full width at half maximum (FWHM) of the main lobe of the AOTF transfer
function is close to the FSR of the grating. Detailed analysis of an AOTF can be found in
Yano and Watanabe (1976); Dekemper (2014); Neefs et al. (2015). The NOMAD-SO AOTF is
made of an anisotropic crystal of paratellurite in which Bragg diffraction filters the outgoing
light. Paratellurite is a birefringent crystal that consists of tellurium dioxide (TeO2) and allows
longitudinal and shear strains. The latter ones are needed for the AOTF capability (see Dekemper
(2014) for a complete description of this effect). An electrical signal with a frequency A (see
section 5.2.3) is transformed by a transducer into an acoustic wave that propagates into the
AOTF crystal and interacts with photons following Bragg diffraction and the tuning function
(Dekemper, 2014, eq. 4.38 and 4.10) summarized in equation 5.5.

A = ν v fA(no(λ), ni(λ), ...) (5.5)

where v is the phase velocity of the shear wave and fA is a function depending on the ordinary no
and extraordinary ne refractive indices as well as different angles which are fixed in our case. The
frequency A can well be approximated by a linear function of wavenumber but a more precise
approximation of the tuning function requires a second-order term (given in equation 5.13) to
take into account the dependence of the refractive indices on wavenumber. For TeO2 with a
temperature of 293K and a wavenumber between 2900 and 20000 cm-1, Dekemper (2014, eq. 4.39,
4.40) computed the refractive indices as:

n2
o(ν) = 1 + 3.71789

1− 0.196192ν2 + 0.07544
1− 4.611962ν2 ,

n2
e(ν) = 1 + 4.33449

1− 0.2024292ν2 + 0.14739
1− 4.936672ν2 .

(5.6)

Dekemper (2014, eq. 4.46, 4.44, 4.45) derived the theoretical AOTF transfer function fAOTF
which is a square of a sinc function with an argument proportional to ν but also non-linearly
proportional to the ordinary and extraordinary refractive indices.

The main advantage of this filter is the absence of any mechanical parts. Some drawbacks
with AOTFs are that adjacent diffraction orders are still transmitted by the side lobes of the sinc
square function. Also, their tuning curves are slightly temperature dependent (Neefs et al., 2015).
It is also known that for relatively high driving powers (as required for NOMAD-SO AOTF (Neefs
et al., 2015)), the stiffness coefficients and the refractive indices depend on temperature and lead
to an asymmetric transfer function (Dekemper, 2014, chap. 4).

5.1.3 Detector

The detector of NOMAD-SO is a two-dimensional array made of photovoltaic mercury cadmium
telluride (HgCdTe) pixels with 320 pixels in the spectral direction and 256 pixels in the spatial
direction. All 320 pixels of the spectral direction are illuminated. In the spatial direction, the slit
length corresponds to 24 lines but the solar disk illuminates only 16 lines. During a measurement,
NOMAD-SO performs 12 accumulations of 4ms integration time and these 16 lines are binned
into four spectra. In the following we will call one of those four spectra a ’bin’.
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5.1.4 Measurements
The number of solar occultations that can be performed is limited to a maximum of 24 occultations
per day as TGO performs 12 orbits per day. TGO is on a quasi-circular orbit at 400 km of
altitude. The orbit of the TGO itself slightly rotates.

A solar occultation can either be:

• an ingress as the Sun is setting behind the planet;

• an egress where the Sun is rising out of the atmosphere.

In an ingress case (see for example Figure 23), the measurement starts when NOMAD points to
the Sun above the atmosphere. As the LoS gets closer to the surface, the baseline of the spectra
drops due to three different causes:

• the extinction by dust or ice clouds,

• the continua of absorption due to the superposition of line wings from strong absorption
lines of CO2 and H2O,

• refraction but this effect can be neglected due to the low values of density in the atmosphere
of Mars.

Solar occultation observations are limited to the terminators, i.e. the plane separating the daylight
side to the night side of a planet. The terminator corresponds generally to local times close to 6h
or 18h. The important geometrical parameters in solar occultation are the tangent altitude and
the β-angle.

• The tangent altitude is the lowest altitude reached by the LoS of the instrument, i.e. it is
the intersection between the LoS and the altitude axis perpendicular to that LoS. As the
spacecraft moves further in its orbit, several scans with different LoS cross different tangent
altitudes, corresponding to different latitudes and longitudes. In Figure 3.4, the tangent
altitude is the intersection between the red vertical line (the LoS) and the vertical black
line (ztg).

• The β-angle is the angle between the Mars-Sun direction and the current orbital plane of
the satellite. Typically, when the β-angle is lower than 63.5◦, TGO performs a complete
occultation from/to the surface. As the β-angle increases, the range of tangent altitudes and
the ranges of latitudes/longitudes covered increase as well. For β-angles between 63.5◦and
67◦, grazing occultations are performed as the LoS never reaches the surface of the planet.
The ingress occultation immediately follows up by the egress occultation. When the beta
angle is higher than 67◦, the lowest tangent altitude reached by the LoS is 100 km and
the NOMAD team decided not to perform solar occultations in that case. There are thus
periods where no occultations are possible due to the orbit of the TGO.

An important parameter characterizing the measurements is the Field of View (FOV) which
is the projection of the slit of the instrument at the terminator. For NOMAD-SO, the FOV
varies between 1.6 km and 1.9 km. Another important parameter is the vertical sampling, i.e.
the vertical distance between two measurements and which varies a lot with the β-angle: from a
dozen of metres to less than a kilometre for, respectively high and low β-angles.

Different measurements are performed with NOMAD-SO:

• Science measurements which are regular ingress or egress occultation and where there are
two typical science measurement sequences for NOMAD-SO:
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– scan five diffraction orders and one dark each second;
– scan six diffraction orders with onboard background subtraction each second.

The last option is the one giving higher SNR (see figure 5.3) as the background is directly
subtracted for each line of the detector. For the first option, the spectra and the darks
are first binned and then subtracted in the NOMAD data pipeline (which is the code that
converts the incoming raw data into calibrated data for further analysis).

• Solar fullscans where more than a dozen to more than a hundred sequential diffraction
orders are scanned while pointing to the Sun.

• Atmospheric fullscans where more than a dozen to more than a hundred sequential diffraction
orders are scanned during an occultation. Those measurements give a lower vertical sampling
per diffraction order scanned than the regular science measurements.

• Miniscans where the frequency applied to the AOTF is slightly swept across and serves to
derive the AOTF function.

• Solar line scans are performed to adjust the pointing.

Figure 5.3: Mean SNR in the Sun region for on-board background subtraction (green), background
subtraction (orange), and no background subtraction (blue).

5.1.5 Data processing
The NOMAD data calibration pipeline is separated into the following levels:
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• 0.0a: Binary files are received from the ESA EDDS (EGOS Data Dissemination System);

• 0.1a: Conversion to Hierarchical Data Format, Version 5, known as HDF5 files. Gathering
and sorting of data;

• 0.1d: Data split into one diffraction order per file;

• 0.1e: Bad pixels removal;

• 0.2a: Geometry computation using SPICE kernels and APIs;

The next levels are made for Science measurements (ingress, egress, atmospheric fullscans)
only.

• 0.3a: Spectral calibration using coefficients of spectral resolution, pixel-to-wavenumber
conversion and coefficients, AOTF-to-wavenumber coefficients (and the reverse), AOTF
bandwidth, and blaze function parameters from look-up tables;

• 0.3i: the dark frame is added to the file if it was not subtracted on-board;

• 0.3j: The dark frames are subtracted. Then, observations with the same diffraction order
are merged, if the combination of orders was switched during an occultation and if both
combinations contained the same diffraction order. For instance, if the orders measured
were [121, 134, 165, 168, 190, dark] and [121, 136, 149, 168, 190, dark] then merge [121,
168, and 190]. Merged ingress-egress occultations are split.

• 0.3k: If the ingress and egress occultations were merged (for high beta-angle) then they
are split. The merged occultations with short duration, that pass only slightly or not at
all behind Mars are called grazings (the filename contains a ’G’ letter as science case (5th

parameter of the file name, see next paragraph).

• 1.0a: Transmittance calibration as described in section 6.2. Save all supplementary infor-
mation on the transmittance calibration. The uncertainties are also computed and added
to the file.

The filename contains four to seven parameters: 1) date; 2) time; 3) level; 4) channel; 5) science
case; 6) observation type; 7) diffraction order. (example: 20180820_094517_1p0a_SO_1_E_134).
All information on the content of NOMAD files can be found in the EAICD1. My task for the
transmittance calibration started at level 0.3i.

The metaparameters of the observations can be found on the NOMAD-obs database that I main-
tain and which is hosted at BIRA-IASB and accessible at https://mars.aeronomie.be/en/exomars/obs-
overview/index.php. Three different web pages are available, one for each channel of NOMAD.
This database is updated every night. There is another database for the retrieved profiles to
easily access them. The retrieved profiles are also accessible through the VESPA portal 2.

5.2 NOMAD-SO model
The instrument function described here is described in (Villanueva et al., 2022) and based on the
preliminary work in Liuzzi et al. (2019) which relies on the previous work from Mahieux et al.
(2008, 2010) made for the SOIR instrument.

1https://nomad.aeronomie.be/ProjectDir/documents/EXM-NO-ICD-AER-00001-iss3rev0-
EAICD_NOMAD_221221.pdf

2https://vespa.obspm.fr/planetary/data/

69



5.2.1 Wavenumber calibration
A first spectral calibration was performed on-ground and a temperature shift of the pixel to
wavenumber calibration was already noticed. An in flight spectral calibration was performed later
using known solar lines (Liuzzi et al., 2019). The relation between the detector pixel number p
(integer from 0 to 319) and the wavenumber ν for each order m is modelled with a polynomial
function

ν

m
=
∑
i

Fi p
i. (5.7)

The wavenumber calibration changes with the instrument temperature T probably due to the
thermal expansion of the grating.

The pixel to wavenumber calibration given in (Liuzzi et al., 2019) uses a second-order
polynomial (see table 5.1 for the coefficients) and can still be off by ∼ 0.8 cm−1 and this offset
changes for each occultation.

The Doppler shift alone cannot explain this shift. The maximum TGO speed with respect to
the Sun is around 3.3 km/s and the Doppler shift would then be around 0.036 cm−1. An order of
magnitude lower than the shift encountered.

To be able to fit the molecular lines correctly we must refine this wavenumber calibration
and set each line on its theoretical position. A correction is applied independently to each bin of
each dataset. We first need to carefully select some CO2 lines as provided by HITRAN (Gordon
et al., 2017). They must be intense enough, not too saturated and they should not overlap any
significant line from other molecules or adjacent orders. If there is no strong CO2 lines, we then
use the most intense solar lines (Hase et al., 2010). For higher diffraction orders (189, 190, 191),
CO lines are used.

We need to compute this correction on the NOMAD-SO level 0.3k. The spectra are refined
by zero-padding (with a subroutine from ASIMUT (Vandaele et al., 2006)) and sixty points are
added within each pixel to accurately find a minimum of the absorption lines. The zero padding
technique is an interesting tool when we only seek the position of a line and it takes into account
the asymmetric ILS.

The spectra are then normalized by dividing them with a baseline computed with the
asymmetric least square method as proposed by Eilers (2003). This method can fit to a curve
by de-weighting values that are below the main curve. Two parameters must be specified: a
parameter λ controlling the smoothness of the fitted curve and a parameter p controlling the
asymmetry of the constraint applied on the data point used for the fit. After several attempts,
the best parameters for NOMAD-SO spectra were chosen as λ = 109 and p = 2.10−4. An example
of the fit of the baseline with this method is shown in Figure 5.4.

The theoretical spectrum must be convolved with the ILS. For each line of each spectrum, we
then compute the shift ∆ν as the difference and divide it by the diffraction order number. The
coefficients can then directly be added to the coefficients in equation 5.7. We do not expect a
strong variation of the shift along the spectra and a strong constraint is applied against outliers:
all shifts that are further than 0.2 cm−1 from the median shift are considered outliers.

These shifts are then fitted with a linear regression along the spectra with

∆ν(I) = A0 +A1 z (5.8)

where z is the tangent altitude of the spectrum. Figure 5.5 shows an example of this linear
regression which takes into account a slight and continuous variation of the shift with spectra
due to a variation of the temperature over a long time. For order 140, only a shift is computed as
the CO2 lines are too weak and there is only one strong solar line.
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Figure 5.4: Example of refined and normalized line for 20180502_130154_0p3k_SO_A_I_149,
bin 1. The initial spectrum is in blue, the refined one with zero padding is in green and the
minimum of the line is the orange dot. The black curve in the left panel is the baseline fitted
with the asymmetric least-square method. The curves in the right panel have been normalized by
dividing the curves in the left panel by the black curve.
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Figure 5.5: Example of fitted wavenumber shift for the CO2 lines in the dataset
20180626_182155_1p0a_SO_A_E_149, bin 2. The shift computed here is with respect to
the previous calibration.
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Once the two coefficients of the linear regression are computed for all lines, we then apply
another constraint against outliers: all lines with any coefficient different from the median with
more than 20% are removed. We then compute another linear regression over the remaining
coefficients with respect to pixels as shown in Figure 5.6. An example of the resulting shift can
be seen in figure 5.7.

Figure 5.6: Coefficients of the shift with respect to pixels and computed from a linear regression
on the coefficients computed along the spectra for 20181231_210823_1p0a_SO_A_I_123.

The spectral calibration is fitted for each occultation individually. I then computed the
spectral calibration with as many datasets as possible and with all diffraction orders containing
strong and isolated molecular lines: 116, 122, 123, 140, 147, 148, 149, 158, 164, 165, 189, 190,
and 191. From the shifts computed with 5.8, I compute an average shift along altitudes (within
bounds to avoid too faint or saturated lines) and for each occultation. An example of pixel to
wavenumber relation is seen in figure 5.9 for diffraction order 116. We can also see how the lines
move along the pixels following the temperature of the instrument.

From figure 5.8 it is obvious that the relation between temperature and pixel number is linear.
If, on average, some diffraction orders were scanned at a different temperature, the coefficients
would then be biased. To avoid that, I fitted for each molecular line and for all occultations the
variation of the pixels with temperature with a simple linear regression (see appendix A)

∆pi(t) = Ai,0 +Ai,1 T. (5.9)

for each molecular line i. The Ai,0 coefficients are the pixels at 0°C. The wavenumber at 0°C was
computed in the same way. The uncertainties σAi,0 and σAi,1 are computed as in appendix A.

The A1 coefficients found for each line of a diffraction order are very similar. They are
averaged with a weighted mean
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Figure 5.7: Example of corrected spectrum for 20180502_130154_0p3k_SO_A_I_149, bin 1 at
60 km. The initial spectrum is in black, and the new one is in red. The main theoretical CO2
lines positions are marked with vertical lines. The green lines are those used for the correction.

Figure 5.8: Variation of the position of the line on the detector as a function of temperature for
diffraction order 116 and all datasets until August 2021.
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A1 =
∑
Ai,1σAi,1∑
σAi,1

,

σA1 =
∑
σ2
Ai,1∑
σAi,1

.

(5.10)

A mean coefficient amongst all orders is then computed using the same formula as in 5.10 and
I found the value −0.8281± 0.0022 pixel/◦C.

We have found the variation of pixel to wavenumber with the instrument temperature but we
still need to derive the coefficients for the relation pixel to wavenumber considering a temperature
of 0°C. From figure 5.9, the relation seems almost linear but looking at the left panel in 5.6
which shows the corrections to apply to the wavenumber as given by Liuzzi et al. (2019), it seems
that a higher degree polynomial would improve the fit. For all diffraction orders, the pixel to
wavenumber was fitted with different polynomials of different degrees. Looking at the residuals of
these fits, there is no improvement after a fourth-degree polynomial. The coefficients were then
again averaged across orders their values are given in table 5.1.

Figure 5.9: Pixel to wavenumber for diffraction order 116 and all datasets until August 2021.

Poly. fit F0 F1 F2 F3 F4

Liuzzi et al. (2019) 22.473 5.560e-4 1.751e-8 0 0
1storder 22.469 5.596e-4 0 0 0
2ndorder 22.470 5.480e-4 3.287e-8 0 0
3rdorder 22.470 5.600e-4 -4.863e-8 1.597e-10 0
4thorder 22.469 5.802e-4 -2.531e-7 1.009e-9 -1.230e-12

Table 5.1: Table of coefficients Fi corresponding to different polynomial orders n with i an integer
in [0, n]. Those coefficients are in units of cm−1.

Figure 5.10 shows the relative difference between the ν/m obtained by the different polynomial
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fit with respect to the previous values. The differences are very weak but we still note more
differences for the first pixels where we have fewer constraints as less strong and isolated lines
could be found there. The improvement with the higher order polynomial appears for pixels
below 50 where the noise on the spectra are larger, thus keeping a second order polynomial is a
good compromise between enough complexity to represent the pixel to wavenumber shift and
avoiding unnecessary complexity.

Figure 5.10: Variation of the position of the line on the detector as a function of temperature for
diffraction order 116 and all datasets until August 2021.

Spectral sampling

The minimum and maximum spectral sampling within one order is provided in Figure 5.11. The
spectral resolution induced by the spectral sampling is twice the spectral sampling. It is smaller
than the spectral resolution induced by the blurring due to the width of the slit (see section 5.2.2)
and is not taken into account.

5.2.2 Instrument Line Shape
In theory, it would be better to have an infinitely small slit to avoid any blurring of the spectrum.
In practice, we need to let enough light enter the instrument to have enough signal arriving to the
detector. The width of the slit is a compromise between the incoming light and the blurring of
the spectrum. The instrument line shape (ILS) models this blurring. In the case of NOMAD-SO,
it is an asymmetric function modelled with a double Gaussian function with parameters varying
with diffraction orders and pixels

fSlit(m, ν) = I0,2 exp
(
− (I0,0 − ν)2

2 I0,1

)
+ I1,2 exp

(
− (I1,0 − ν)2

2 I1,1

)
. (5.11)

where ν is the relative wavenumber to the center where this function is evaluated.
The parameters were reported in Villanueva et al. (2022) and are

76



Figure 5.11: Minimum and maximum spectral sampling within diffraction orders.
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I0,0 = 0

I0,1 = wvnmid

2
√

(2 ln (2))RP
I0,2 = 1

I1,0 = −
(
1.31671485.10−3 + 1.71638815.10−3 pixel − 3.06665339.10−6 pixel2

) wvnmid
wvnref

I1,1 = wvnmid

2
√

(2 ln (2))RP
I1,2 = 0.27

(5.12)

where wvnmid is the mean pixel of the diffraction order, wvnref is 3700 cm-1, and RP is the
expected resolving power of 17 000. Only the displacement of the second Gaussian (I1,0) varies
along a spectrum and only this displacement and the resolutions (I0,1 and I1,1) vary with
diffraction orders.

The total vertical resolution is computed as the sum of the resolution and the displacement.
We can also compute the spectral resolution from the detector array by considering two times the
spectral sampling (Nyquist-Shannon sampling theorem). Both are provided in Figure 5.12. The
latter are lower limits to the spectral resolution. The model provides lower spectral resolution for
the 60 first pixels but those pixels where not taken into account for its derivation.

5.2.3 AOTF transfer function
The AOTF theoretical transfer function is a sinc square function (Dekemper, 2014) which is
the Fourier transform of a rectangular electrode as seen in the direction of optical propagation.
Miniscans measurements are dedicated to deriving the AOTF transfer function (fAOTF ). During
a miniscan, the radio frequency applied to the transducer is increased by small steps of a few
kHz, and the center of the fAOTF slightly moves along wavenumbers.

The centre of fAOTF , that we note here ν0 changes with frequency A applied to the transducer,
and the peak of the main lobe of the transfer function is given by (Liuzzi et al., 2019)

ν0 = G0 +G1A+G2A
2 (5.13)

where G0, G1, G2 are respectively 305.0604 cm−1, 0.1497089 cm−1, 1.3408210−7 cm−1.
The fAOTF can be derived by fitting the depth of solar lines which varies with the intensity

of the fAOTF at the wavenumber corresponding to that line. We need strong solar lines and they
must also be isolated from the presence of other lines that would overlap from nearby orders, i.e.
at a multiple of the FSR.

The solar lines depth is fitted with respect to the AOTF central wavenumber and the AOTF
transfer function is fitted as

fAOTF (m, ν) = sinc2
(
ν − ν0

w

)
(5.14)

where the sinc(x) = sin(πx)/πx, and ν0 and w are functions of temperature and order.
It has been reported that the centre of the AOTF function slightly varies with the instrument

temperature as

ν0(t) = ν0
(
1− 6.5278.10−5 T

)
. (5.15)
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Figure 5.12: Spectral resolution computed from the model 5.11 and 5.12 in black for all diffraction
orders and pixels referred on the right of each curve. The minimum and maximum spectral
resolution computed from the detector array is provided, respectively, in red and blue. The green,
orange and purple curves are the width and the opposite of the displacement for the first and last
pixels, respectively.
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The best model for the AOTF function has higher side lobes than expected for a sinc2 function.
It is as well asymmetrical and has a Gaussian offset with a width of 50 cm-1. All those parameters
and the width varies with diffraction order (Villanueva et al., 2022).

The width w, the sidelobe ratio sl, the asymmetry a and the amplitude of the Gaussian offset
o of the AOTF function in equation 5.14 are

w(ν0) = 20.1730360 + 7.47648684.10−4 ν0 − 1.66406991.10−7 ν2
0

sl(ν0) = 4.08845247− 3.30238496.10−3 ν0 + 8.10749274.10−7 ν2
0

a(ν0) = −1.24925395 + 1.29003715.10−3 ν0 − 1.54536176.10−7 ν2
0

o(ν0) = 1.60097815− 9.63798656.10−4 ν0 + 1.49266526.10−7 ν2
0

(5.16)

The side lobe ratio is applied only further than one width w from the AOTF central wavenumber
nu0 and the asymmetry is applied only at wavenumbers that are one width w lower than nu0.

5.2.4 Blaze function
The blaze function for a perfect grating, for a diffraction order m with p0 the centre in pixel and
wp the width, is well approximated by:

fBlaze(p, p0, wp) = sinc2(π(p− p0)/wp) (5.17)

where p0 for order m is given by:
p0(m) = B0 +B1m (5.18)

and where B0 and B1 are respectively 150.80 and 0.22.
The theoretical formula for the Blaze function is (Engman and Lindblom, 1982; Pyo, 2003;

Mahieux, 2011)

BF (ν) = sinc2
(
σν cos(γ) cos(α)

cos(αB) (sin(αB)− sin(β − θB))
)
. (5.19)

The incidence angle to the grating normal is simply α = θB + αB . The diffracted angles are
then computed from the grating equation β = arcsin

(
m

σν cos(γ) − sin(α)
)
.

As we use a high blaze angle, we need to take into account a shadowing due to the presence of
the grooves when the diffracted angle β is larger than the incidence angle α. The effective blaze
function for α < β is

EBF = BF

(
cos(β)
cos(α)

)2
(5.20)

The effect of this shadowing is a quasi-linear reduction of the intensity of the blaze function
from the pixel corresponding to the blaze angle (where α = β) to the first pixel where the
maximum reduction is of 7%. The blaze function is shown in Figure 5.13 for three ranges of
diffraction orders. We see that there are some gaps between the wavenumber ranges of lower
diffraction orders (110-115) while higher diffraction orders are covering partly their neighbour
ones.

The blaze width is equal to the FSR computed at the wavenumber corresponding to the blaze
angle. We know that wavenumber changes with temperature following 5.7. Writing it again with
the correction due to the temperature shift
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Figure 5.13: Blaze function for different diffraction orders in the range 110-115, 145-150, and
185-190.

ν

m
= F0 + F1(p+G1T ) + F2(p+G1T )2.

=
( ν
m

)
T=0

+ (F1G1 + 2F2G1p)T + (F2G
2
1)T 2

≈
( ν
m

)
T=0
− 4.65 10−4T − 2.25 10−8T 2.

(5.21)

But the temperature variation might be just a shift of the wavenumber on the detector and
the blaze function remains the same.

5.2.5 NOMAD-SO transfer function
To model a spectrum recorded by SO, we need to consider all wavenumbers that the AOTF let
pass. Typically, this corresponds to five to nine orders if we consider, respectively, two to four
adjacent orders. The radiance defined in section 3.2 is affected by the slit modelled as in section
5.2.2. That radiance is then multiplied by the AOTF function selected for the central order m.
Then the radiance for each order is multiplied by its Blaze function (formula 5.17). Finally, the
orders are summed up on the pixels of the detector.

The transformation of the atmospheric intensities due to NOMAD-SO optical elements is then

Itot(m, ν, ztg) =
m+∆m∑
i=m−∆m

fAOTF (A(m), νi)fBlaze(i, νi) [fSlit(i, νi) ∗ I(ztg, νi)]
(5.22)
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where ∆m is the number of adjacent orders, νi is the wavenumber from order i recorded on
the same pixel than wavenumber ν from order m (νi = ν + FSRν ∗ (i−m)).

5.3 Carbon dioxide lines in NOMAD-SO spectral range
Figure 5.14 shows the simulated transmittance of CO2 for the five most abundant CO2 isotopo-
logues for the whole NOMAD-SO spectral range at an altitude of 5 km, and convolved with the
SO ILS (simplified as one Gaussian with a width of 0.15 cm−1). The SO diffraction orders where
CO2 lines can be retrieved are 116, 118, 121, 132, 140, 147, 148, 149, 154, 156, 158, 159, 164, 165,
171, and 200. Not all of these orders are dedicated to CO2 density retrievals. For instance, order
121 is dedicated to water density retrievals but contains some weak CO2 lines and is one of the
most often scanned orders. The next most often scanned orders are 148, 149, 164, and 165 which
are usually scanned several times per day.

Table 5.2 summarizes the diffraction orders and the approximated altitudes a which the
isotopologues can be retrieved. The upper limit depends on the line strength and the lower
limit depends on the saturation of the line (described in section 5.3.1) that occurs two to four
scale heights below the upper limit. The lower limit also depends on the presence of dust that
might already remove any signal above 40 km, especially during the dusty seasons. The altitude
provided in this table varies with the CO2 cycle as well as with latitudes.

CO2 Diffraction Altitude
iso. order [km]

626

140 40-80
147 60-100
148 50-90
149 60-100
158 100-140
159 130-170
164 140-180
165 140-190

636 154 70-110
156 100-140

628
116 50-90
121 20-60
132 100-140
171 30-70

627 118 20-80
638 154 60-100

Table 5.2: Diffraction orders and altitude for the retrievals of CO2 density profiles. The first
column provides the isotopologue number as defined in the AFGL notation (Mcclatchey et al.,
1973): 626 for 12C16O2, 636 for 13C16O2, 628 for 16O12C18O, ...

Table 5.3 provides some useful parameters for the five main CO2 isotopologues. The Earth and
Mars abundances are close and we still use the Earth values for the retrieval. Each isotopologue
is retrieved separately. To simplify the notation, in the following, we will use the AFGL notations
that were first defined in (Mcclatchey et al., 1973).
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Chemical AFGL Earth Mars Molar mass
formula code abundance abundance g/mole
12C16O2 626 0.984204 0.98338 43.98983
13C16O2 636 0.011057 0.01162 44.993185

16O12C18O 628 0.003947 0.00419 45.994076
16O12C17O 627 7.339890.10−4 7.76.10−4 44.994045
16O13C18O 638 4.434460.10−5 2.43.10−5 46.997431

Table 5.3: Parameters of the five most abundant CO2 isotopologues. The Earth abundance are
those provided in HITRAN and used in ASIMUT. The Mars abundances are those provide in
(Shved, 2016).

In NOMAD-SO spectral range, there are many strong CO2 bands involving different CO2
isotopologues. The main transitions bands used in this work are the fundamental ones with the
ground state (00001) as a lower level. Table 5.4 provides the main CO2 bands scanned with
NOMAD-SO.

AFGL Fundamental Approx. band Diff. order iso.
code mode centre [cm−1] (branch)

20002-00001 2ν1 2614 116 (P+R) 628
20002-00001 2ν1 2641 118 (R) 627
01111-00001 ν2 + ν3 2981 132 (P+Q+R) 628
21103-00001 2ν1 + ν2 3181 140 (P) 626
21102-00001 2ν1 + ν2 3340 148 (P+Q+R) 626
10012-00001 ν1 + ν3 3490 155 (P+R) 638
10012-00001 ν1 + ν3 3527 156 (P) 636
10012-00001 ν1 + ν3 3613 160 (P+R) 626
10011-00001 ν1 + ν3 3714 165 (R) 626

Table 5.4: The main CO2 bands regularly scanned by NOMAD-SO. The AFGL code for CO2
(Rothman and Young, 1981; Esplin et al., 1988; Mcclatchey et al., 1973) rovibrational energy
levels is ν1ν2lν3r (see section 3.1.1). The fundamental modes are those described in Figure 3.1.
The diffraction orders correspond to spectral ranges specific to the NOMAD-SO channel and are
explained in chapter 5. The last column gives the corresponding CO2 isotopologue.

The ν2 + ν3 band around 2981 cm-1 from the isotopologue 628 was already studied in the
atmosphere of Venus with the SOIR instrument on-board VenusExpress (Wilquet et al., 2008).
Two of the three channels of NOMAD have strong heritage from the SOIR instrument (see section
5.1).

Order 140 contains the least intense lines of the main isotopologue 626 but most of them
saturate (see section 5.3.1) already at an altitude of 40 km. The troposphere (0 to 50 km) is
probed with orders 132 and 121. For the latter, the CO2 628 lines are on the right side of the
spectrum covered by more intense lines from order 122. Order 132 contains the Q branch of the
(ν2 + ν3) band of the isotopologue 628 well centered in that order as well as a few lines from
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the P and R branches, and there are no noticeable CO2 lines contribution from the adjacent
orders. Diffraction orders 147 to 149 contain CO2 lines from the 2ν1 + ν2 fundamental band of
the main isotopologue (626). This band contains the Q branch of the 2ν1 + ν2 band centered in
order 148 with an intensity adequate to probe the mesosphere. Diffraction orders 164-165 contain
the strong ν1 + ν3 fundamental band of the main isotopologue (626) adequate to probe the
upper thermosphere (140-200 km). Diffraction orders 158-159 contain CO2 lines with intermediate
intensities between the mesosphere and the upper thermosphere. Those last orders are more
challenging to invert as they contain many bands with almost similar intensity from different
isotopologues (see Figure 5.14) as well as from the adjacent orders.

The line intensity for carbon dioxide, water, and carbon monoxide are plotted in Figure 5.15.
It is important to notice that water lines are present over the whole spectral range of NOMAD-SO
but the water density is considerably varying with seasons and latitudes (Aoki et al., 2022a).
This needs to be taken into account for the retrievals.

5.3.1 Saturation
The lower limit of the altitude in table 5.2 is due to the saturation of the lines. The saturation is
easily seen when looking at the curve of growth of the molecular lines which is defined as the
area covered by the line

W =
∫ ∞
−∞

(1− e−τ(ν))dν. (5.23)

The curve of growth of a molecular line has three main parts:

• The "linear" part where the whole line increases with the density: W ∝ n for τ < 1.

• The "saturated" part where the line weakly increases with the density: W ∝
√

ln(n) for
10 < τ < 103.

• The "damped" part where the wings of the line increase with the density: W ∝
√
n for

104 < τ .

Example of curves of growth 3 for orders 149 and 165 are presented in figures 5.16 and 5.17,
respectively. The equivalent width is the area of one line and is usually plotted against the natural
logarithm of the density. However, here, it is plotted against altitude which is close to a linear
function of the logarithm of the density. To retrieve the density in the saturated part is difficult
as the lines grow very weakly when the density increases and any error in the line parameter, the
forward model, and the instrument function leads to an important error in the retrieved density.

For order 149, the "linear" part extends from 70 to 100 km, the "saturated" part extends from
40 to 70 km and the "damped" part extends to altitudes lower than 30 km. For order 165, the
"linear" part extends from 140 to 180 km, the "saturated" part extends from 70 to 140 km, and
the "damped" part extends to altitudes lower than 70 km.

Retrievals in the "damped" part of orders 164 and 165 are possible as an increase in the density
is translated into a substantial increase of the wings of the lines. But retrievals in the "damped"
part have the additional difficulty that weaker lines begin to be significant.

3In practice, the baseline of the transmittance spectra is not always perfectly set to one. To correct the baseline
of the spectrum we apply a least square fit with a second-order polynomial for the baseline and the asymmetric
ILS as described in section 5.2.2 for the line. The spectra are then divided with the baseline retrieved and then
the area under the line is numerically integrated.
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Figure 5.14: Simulated transmittance of CO2 five main isotopologues at an altitude of 5 km
with GEM-Mars version a585 (Erwin et al., 2018) and convolved with an ILS consisting of one
Gaussian with a width of 0.15cm−1. The spectral range of the main diffraction order where CO2
density is retrieved are shown in grey.
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Figure 5.15: Line intensities for CO2 (orange), H2O (blue) and CO (green) in NOMAD-SO
spectral range. Examples of extension of diffraction orders 132, 140, 148, and 165 are represented
in black.
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Figure 5.16: Example of curves of growth for order 149 and dataset
20180502_130154_1p0a_SO_A I.
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Figure 5.17: Example of curves of growth for order 165 and dataset
20180611_201459_1p0a_SO_H I.
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For order 149, we can see also that below 10 km, the equivalent width is decreasing. This
effect is due to another artificial effect: as the baseline reduces, the line (normalized to 1) should
reach the 0 of transmittance but this is never the case, the line reduces as the baseline decreases.

The saturated part will be dealt with in further work. For the moment, we automatically cut
the profiles when the second derivative of the curve of growth (applying also a Savitzky-Golay
filter to smooth the noise) reaches zero on average for the most important lines in the diffraction
order.

The effect of saturation can be seen in other measurements using occultations and even in
the UV spectral range. Montmessin et al. (2017) noticed that the data below 60 km altitude
in SPICAM-UV had an important bias as the density profiles were lower than expected. This
was attributed to insufficiently accurate CO2 cross-sections for the temperatures present in the
atmosphere of Mars. This increase in the sensitivity of the CO2 lines to temperature could be
attributed to the saturation of the CO2 lines.

5.4 summary
This analysis focuses on the measurements from the SO channel of the NOMAD instrument.
This channel is a spectrometer which diffracts the light with an echelle grating and selects one
main diffraction order thanks to an acousto-optic tunable filter (AOTF). SO’s transfer function is
affected by the instrument line shape (ILS), the blaze function produced by the echelle grating,
and the AOTF transfer function. All those functions affect the instrument function described in
this chapter. Another important function is the detector’s pixel-to-wavenumber conversion. The
last section provided the main carbon dioxide lines within the spectral range of the SO channel
and described the saturation of those lines. Now that the instrument and its transfer function
are known, we will describe the transmittance calibration in the next chapter.
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Chapter 6

NOMAD-SO calibration

NOMAD-SO spectra are affected by shot noise, electronics read-out noise, dark current noise,
quantization noise, and thermal background (Thomas et al., 2016).

Quantification noise will accumulate while thermal background noise and dark current noise
can be removed.

6.1 Background subtraction
When no impulses are applied to the AOTF crystal, no light should be passing through and the
recorded signal should be zero. In practice, there are still the detector dark current, and the
thermal background (photons from the instrument hitting the detector) and the signal is non-zero.
This noise can be removed by simply recording that remaining signal and subtracting it from the
spectra.

NOMAD-SO scans six diffraction orders per second (with twelve accumulations of 4ms
integration time) and has two main modes to record the dark current:

1. For each order, half of the accumulations are dedicated to the order and the other half are
dedicated to the dark, with the AOTF switched off.

2. SO scans five orders and the dark is recorded as a sixth order.

In the first case, the darks are directly subtracted from the spectra for each line of the detector
and are not saved for downlinking. In the second case, the integration time is entirely dedicated
to the order and the darks are binned on-board before downlinking. They are then subtracted
in the NOMAD calibration pipeline before the transmittance calibration (between levels 0.3a
and 1.0a, see section 5.1.5). Before subtraction, the values of the dark are interpolated for the
corresponding time stamps.

Figure 6.1 shows an example of a variation of the signal at a given detector pixel obtained
while the AOTF is turned on (red - the light can pass through the AOTF) and the background
noise obtained when the AOTF is turned off (blue - no light should pass through the AOTF)
with respect to tangent altitude. The background noise follows the curve of the signal indicating
also the possible presence of a remaining signal of around 1% of the total signal and which is
removed from the spectra with the background subtraction. This remaining signal is thought to
be due to straylight.
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Figure 6.1: Comparison of the variations of the background (blue) and the signal for order 164
(red) at pixel 180 for dataset 20180521_195114_0p3k_SO_A_E_164.

6.2 Transmittance calibration
The transmittance calibration of NOMAD-SO and NOMAD-UVIS solar occultation spectra is
based on Trompet et al. (2016). A transmittance calibrated spectrum T is the ratio of the
remaining radiance I to the initial radiance I0 as in equation 3.17. Transmittance spectra are
then free from any instrument artefacts if both signals are recorded by the same instrument and
under similar instrumental conditions. During a solar occultation measurement, I corresponds
to a radiance spectrum obtained while scanning the atmosphere and I0 is the reference source
spectrum of the Sun. The latter is recorded while the instrument is pointing to the Sun but at a
tangent altitude well above the atmosphere.

We define three main regions during a solar occultation (see 6.2):

• The “Sun” region (S) which contains solar spectra recorded while pointing at a tangent
altitude well above the atmosphere.

• The “Transmission” (P) region contains spectra of the atmosphere of Mars. They are
recorded between the surface and the top of the atmosphere.

• The “Umbra” (U) region contains the data recorded when Mars occults the Sun.

To separate between the S and P regions, a parameter, Smin, is set to different values depending
on the diffraction order. While this limit can be set to 120 km for most of the orders, we must
raise it for orders containing some strong CO2 lines that can be observed above this altitude. The
limits are given in table 6.1.

The black curves in figure 6.3 is an example of the variation of the recorded signal for six
pixels. The reference source I0 needs to be extrapolated while the Line Of Sight (LOS) is passing
through the atmosphere as the intensity may change due to limb darkening, i.e. the LOS is
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Figure 6.2: Example of the signal recorded on pixel 180, bin 1 for the dataset
20180820_094517_0p3a_SO_A_E_134. For diffraction order 134, the top of the atmosphere is
120 km.
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Channel SO UVIS
Diffraction order 97-145 146-154 155-157 158-166 167-210 /

Smin [km] 120 160 180 200 120 120

Table 6.1: Table of Smin: the tangent altitudes separating the atmosphere region T and the Sun
region U .

slightly moving on the apparent Solar disk resulting in a change of the signal intensity. The signal
will continue to change in the atmosphere region and we assume that the signal varies linearly.
We extrapolate its values in the P region using a linear regression over the signal in the S region.
We avoid higher-order regressions as they are likely to give some extrapolated values that deviate
too far from the curves. Also from figure 6.3, we see that the slope of the curves is different for
each pixel in the S region (above 120 km) thus we compute a linear regression per pixel.

Figure 6.3: Example of variation of the signal over six pixels (numbers 20, 80, 140, 160, 200, 260)
for bin 1 of dataset 20180528_004211_0p3j_SO_A_I_168. The linear regression is in green and
the extrapolated values are in red and purple.

In the following, we write Pij the value of the signal of the spectrum i and pixel j, and P̂ij is
the corresponding value computed from the linear regression on the Pij values in the S region:

P̂ij = Aj Xi +Bj . (6.1)

where Aj and Bj are the coefficients of the linear regression for pixel j and Xi is the time stamp

94



of the spectrum. The transmittance is then computed as

Tij = Pij

P̂ij
. (6.2)

6.2.1 Uncertainties on transmittance
If we have a closer look at the signal on each pixel for SO data (see figure 6.4), we notice a
systematic variation of the signal for all pixels probably due to a voltage fluctuation of the detector.
Before computing any uncertainty, we remove these systematics in SO data by subtracting the
mean signal for each spectrum from the S, P , and U regions:

Nij = Pij −
1
np

np−1∑
j=0

Pij (6.3)

where np is the number of pixels (320).

Figure 6.4: Signal for pixels 160 to 240 for dataset 20180607_140558_0p3a_SO_A_I_133.

The uncertainties δUj is the noise over the Umbra spectra. Provided that we consider enough
spectra to be statistically significant, the uncertainties are computed as the (Bessel corrected)
standard deviation over the signal for each pixel

δUj =

√√√√√ 1
nu − 1

nu−1∑
i=0

Nij − 1
nu

nu−1∑
j=0

Nij

2

(6.4)

for i ∈ U and where nu is the number of spectra in the u region.
The uncertainties on the fitted values Sij in the S region with the linear regression are

computed as (see Taylor (1997, sect. 8.3))
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δFj =

√√√√ 1
ns − 2

ns−1∑
i=0

(
Nij − N̂ij

)2
(6.5)

for i ∈ S where the N̂ij are the values derived from a linear regression on Nij . This formula is
very similar to the usual standard deviation formula but takes into account the slope of the signal
for each pixel.

When predicting a particular value, the uncertainties must also take into account the distance
from the S region. It can be shown (Casella and Berger, 2002, sect. 11.3) that the uncertainties
on the predicted value Sij from a linear regression must be computed as

δSij = δFj

√√√√√1 + 1
ns

+ (i− Î)2(∑smax
k=smin k − Î

)2 (6.6)

where smin and smax are the bounds of the S and Î is the average of the indexes in S. This
uncertainty must be taken into account when we are fitting broad features to retrieve dust or
water ice clouds. For retrievals of molecular spectral signature, the fit of the baseline serves only
to normalize the spectra and the uncertainties from equation 6.6 would not make sense.

The uncertainties on the atmospheric spectra are computed as

δPij = δUj + |Tij | (δFj − δUj) . (6.7)

This last formula estimates the noise in the T region, considering that the transmittance
values are close to one near the S region, and zero near the U region. This formula gives back
δPij ≈ δFj close to the S region and δPij ≈ δUj close to the U region. There is a very similar
formula in Vandaele et al. (2013) where the only difference is that they were computing the square
root over the transmittances. But the transmittance value is between zero and one and thus the
square root over the transmittance values was always higher than the transmittance values.

The transmittance Tij is a function of Pij and Sij which are independent and

δTij =

√(
∂Tij
∂Pij

)2
δP 2

ij +
(
∂Tij
∂Sij

)2
δS2

ij

= Tij

√(
δPij
Pij

)2
+
(
δSij
Sij

)2
.

(6.8)

Atmospheric fullscans

Atmospheric fullscans are measurements where NOMAD-SO scans a range of diffraction orders
during an occultation. That range extends generally from order 110 to 225. There are only a
few spectra per order in the U, T, and S regions and the uncertainties cannot be computed as a
standard deviation over those few points. Instead, we consider that the signal is mainly noise as
the Sun is hidden behind Mars. For the S region, the signal is mainly due to the intense radiation
from the Sun. We then consider that the uncertainties are mainly composed of the shot noise
which is proportional to the square root of the signal.

So for atmospheric fullscans, 6.5, 6.6 and 6.4 are replaced with
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δSj =

√√√√( 1
ns

ns∑
i=0

Sij

)
,

δUj = 1
ns

umax∑
i=umin

Sij .

(6.9)

The SNR is thus varying from one in U to the square root over the signal in S. The uncertainties
computes with 6.5 is three to four times smaller than the square root over the signal.

6.2.2 Selection of the Sun region
In a perfect measurement, the signal is constant in the S region. In practice, the signal might vary
due to, for instance, limb-darkening, detector voltage variation inducing a variation of the pixel
sensitivity, instrument function change due to temperature variation, etc. Taking into account all
the spectra recorded in the S region may not lead to the correct extrapolated solar spectra.

Looking again at figure 6.3, we see a slight increase of the signal above 250 km mainly for the
pixels with the highest values. If this part was taken into account, the linear regression would
have a too large slope, and the transmittances would be much higher than 1. We would prefer to
restrict the S region to the green part in figure 6.3. We would also prefer to keep the signal as
close as possible to the P region and be continuous.

An algorithm to find the best S region for SOIR/VEx is described in Trompet et al. (2016)
and has been slightly modified for NOMAD. It is based on the fact that the highest spectra in
the T region should not deviate too much from 1± fδTij where f is a positive integer and δTij
are the uncertainties on the transmittance. For these spectra, we know that the solar light is still
too weakly absorbed to reduce their baselines. We define two new subregions where this criterion
is tested: the Reference (R) region extending 30 km above Smin where the tested transmittances
must be close to 1. From the five criteria defined in Trompet et al. (2016) we now only use two:

1
nr

rmax∑
i=smin

(|1− Tij | < f δTij) ,

1
ns − 1

smax∑
i=smin

(
Pij −

1
ns

smax∑
i=smin

Pij

)2

< f

√√√√ 1
ns

smax∑
i=smin

Pij .

(6.10)

where f is a factor set to 2, nr is the number of spectra in the R region. The factor f = 2 was
chosen by trial and error as f = 1 was rejecting too many pixels while f = 3 was accepting too
many of them. These criteria are tested on pixels 70 to 300 for SO and on [np/4; 3np/4] for UVIS
to avoid the noisy part of the spectra. The first criterion serves to test the condition mentioned
above while the second one serves to avoid the case where the slope of the curves Sij is too large.

The algorithm iterates by removing the highest spectra of the S region. The minimum number
of spectra must be twenty to keep statistically significant samples for the uncertainty computation.
Otherwise, the dataset is rejected. More than 99.5% of the datasets passed the criteria. The
other ones are impossible to calibrate because of a movement of the High Gain Antenna of TGO
that perturbed the recorded signal by NOMAD-SO right in the R region.

Figure 6.5 shows an example of a dataset where this algorithm is important. As we see on
that figure, the algorithm selected the pixels after the huge decrease of the signal which, in this
case, was due to a movement of the High Gain Antenna.
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Figure 6.5: Example of occultation (20180729_032027_0p3j_SO_1_I_121 bin 3) where there
was a movement of the High Gain Antenna (HGA). The selected solar region for the transmittance
calibration is represented in green. The region with the drop in the signal recorded was avoided
by the algorithm.
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As transmittance is the ratio of the atmospheric spectra to a Sun spectrum, we might thus
increase the effect of shot noise on transmittance-calibrated atmospheric spectra. This is avoided
by taking enough Sun spectra to compute an averaged Sun reference spectra. Random noise
can also be reduced by increasing the integration time but then reducing as well the vertical
resolution.

6.2.3 Signal to noise ratio
The signal-to-noise ratio (SNR) is defined as

SNRij = Pij
δPij

=

√(δTij
Tij

)2
−
(
δSij
Sij

)2
−1

(6.11)

where the last part of the equation comes from 6.8 and the SNR is not equal to Tij/δTij .
Once the background is subtracted from the signal, we expect the SNR to increase with the

integration time as for this high level of the signal, the main source of noise should be the shot
noise which has a Poisson distribution. We therefore expect an SNR roughly equal to the square
root of the signal.

Figure 6.6 shows the mean signal, uncertainty, and SNR in the S region for diffraction order
168. As explained in section 6.1 the spectra with on-board subtracted background (orange) have
half the number of accumulations and therefore half the total integration time of the spectra with
background subtracted in the pipeline (blue). Nevertheless, as seen in the third subplot, the SNR
of the onboard subtracted seems to be higher or similar to the pipeline subtracted spectra.

6.3 summary
This chapter described the transmittance calibration of the spectra of the SO channel. The
same calibration was performed for the SOIR spectrometer that was onboard Venus Express and
to the UVIS channel of NOMAD. Although calibrating the spectra into transmittance seems
rather simple by dividing the atmospheric spectra by a reference Sun spectrum, some difficulties
arise in practice due to the presence of many perturbations. An algorithm was set up to select
the best Sun spectra. This chapter also provided the computation of the uncertainties on the
transmittance spectra which is necessary for the retrievals of atmospheric parameter and for the
determination of detection limits that will be described in the next chapter.
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Figure 6.6: Mean signal (top), mean uncertainty on the signal(middle) and mean signal-to-noise
ratio (bottom) in the S region for all datasets for diffraction order 168. Orange points are for
datasets where the background is subtracted on-board TGO (before binning) while the blue
points are for datasets with the background subtracted in the pipeline.
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Chapter 7

Detection limits

One of the main objective of the Trace Gas Orbiter and the NOMAD instrument was to retrieve
methane. From Robert et al. (2016), we already knew that the best diffraction orders to derive
methane were 134 and 136. The first one contains the Q branch and the second one contains the
strongest lines (for a temperature corresponding to the atmosphere of Mars) in the R-branch of
the ν3 band of methane. Unfortunately, no methane lines could be seen in NOMAD-SO spectral
range either by "eye", trying to combine spectra, or using statistical methods. An example of
spectra where the methane spectral signature was expected can be seen in Figure 7.1. A last
attempt was performed using independent component analysis1 to try to isolate the methane
spectral signature. A better method was tested in Schmidt et al. (2020) using non-negative
matrix factorization and could not find any methane too in NOMAD-SO spectra. This left us
with determining the detection limits for methane.

The method to derive the detection limit consists of a direct inversion of the spectrum
uncertainties Yerr assuming a constant VMR profile. The optical depth due to that CH4 VMR is
then simplified as

τCH4(ν, ztg) =
∫ zspace

ztg

σCH4(ν, p(z), T (z))nCH4(z)dz

= RCH4

∫ zspace

ztg

σCH4(ν, p(z), T (z))ntot(z)dz
(7.1)

where nCH4 is the CH4 number density profile, ntot is the total density profile of all species
present in the atmosphere of Mars, and σ represents the absorption coefficients depending on
the pressure p and the temperature T . The three parameters ntot, p and t were obtained from
GEM-Mars (Daerden et al., 2019). We integrated along the line of sight from the tangent altitude
of the measurement ztg to the top of atmosphere zspace defined as 120 km. We then convolve
τCH4 with the instrument resolution.

This optical depth must be at least equal to the optical depth computed from the spectrum
uncertainties

τerr(ν, ztg) = −ln
(

1− 3.2Yerr(ν, ztg)
Ybg(ν, ztg)

Itot(ν)
Io(ν)

)
(7.2)

where Ybg is the background, and Itot and Io are the contributions from the central order radiance
and the total radiance obtained when probing the ztg altitude. The factor 3 is a common factor

1See, for instance, Hyvärinen (2013) for more information on independent component analysis.
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Figure 7.1: Example of NOMAD-SO spectra in black for occultation
20180823_063314_1p0a_SO_A_E, left panel for diffraction order 134 and right panel
for diffraction order 135. Simulations of spectra containing 0.1 ppb and 1 ppb of methane are
plotted in red and green respectively and a water spectrum in cyan (those spectra are simulated
but not fitted to the experimental spectra).
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when ones want to retrieve detection limits. Following the standards on detection limits as defined
for chemistry, it is good practice to derive a detection limit as 3 times the standard deviation
(Long and Winefordner, 1983; Committee, 1987; Shrivastava and Gupta, 2011).

By considering the detection limit as the equality between τCH4 and τerr, we can then compute
the CH4 VMR detection limit as

RCH4(ztg) = min
ν

τerr∫ zspace
ztg

σCH4(ν, p(z), T (z))ntot(z)dz
(7.3)

The minimum over the wavenumbers corresponds for the strongest CH4 line. As the uncer-
tainties are more important on the edge of the spectrum, it will also tend to choose a line centered
on the spectrum (higher τerr on the side of the spectra).

The elements of path are computed for each tangent altitude of the observed spectra. The
absorption coefficients are computed from HITRAN and are different for each layer as the
temperature and pressure are different for each layer. For the line shape, we used a simple
Doppler-broadened Gaussian line shape. It is sufficient for this detection limit computation as we
are interested in the maximum of the intense lines and not the shape of the wings.

A more common method to derive detection limits from remote sensing data consists to fit
simulated spectra to the measured ones using regularisation and check if the retrieved values
(density or VMR) are significantly higher than the retrieved uncertainties (Korablev et al., 2018).
This method here called the "fitting method" is the same as the method described here except
that the comparison of the signal to noise is done in the solution (density or VMR) space instead
of the measurement space (transmittance) as used here.

The direct inversion method has the advantage of being faster than the fitting method basically
because no simulated spectrum is fitted to the measured spectrum. Also, the fitting method can
be used with some regularisation. If this is the case, the averaging kernels should be provided too.
Otherwise, we do not know if the detection limit is derived from information coming from the a
priori profile used.

Some detection limits for MY 34 are shown in Figure 7.2. For each occultation, their values
vary with height as the lines increase with increasing density and decreasing altitude until aerosols
decreases the signal and the values of detection limit increase again. In the upper panel, we
recognize that the lowest detection limit for an occultation increase closer to perihelion (LS 251° -
reddish profiles) as there are more dust at higher altitudes. The lowest detection limits are around
60 part per trillion (ppt), a similar value than in Korablev et al. (2019) and the reprocessing of
the NOMAD data in Knutsen et al. (2021).

I used the same method as described here to derive the SOIR PH3 detection limits (Trompet
et al., 2021). They are equivalent to those derived with a fitting method when the latter provided
detection limits that are not stuck on the a priori profile.

The NOMAD-SO methane detection limits found with the method described in (Trompet
et al., 2021) are similar to those derived using an inversion in Korablev et al. (2019). The detection
limits in the latter consist to provide three times the uncertainties from a fit of methane to the
spectra. Nevertheless, one need to be careful if the inversion is done in an Optimal Estimation
framework (see section 4.1.2). The results from the inversion can be artificially changed as the
uncertainties are then computed as a sum in quadrature over the measurements uncertainties
and those on the a priori.

Another method to derive detection limits was reported in Piccialli et al. (2022) and consist
to determine whether there is a substantial increase of the χ2 when the spectral signature of the
targetted molecule is added in the fit.
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Figure 7.2: Detection limits as a function of altitude for occultations in Martian year 34. The
colour bars in the left and right panels represent respectively the solar longitude on the latitude.
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7.1 summary
One of the objectives of this work was to retrieve methane. The quantity of retrieved methane
could have an important impact on the possibility of past or present life on Mars. Unfortunately,
no spectral signature has been found up to now in the spectra of SO. This chapter aims to
provide a simple way to derive the detection limits for methane based on the uncertainties in the
transmittance spectra defined in the previous chapter. The detection limits decrease with height,
as the simulated line decreases, and can be lower than 100 ppt. The lowest detection limits are
not found close to the surface but rather around 10 km due to the presence of dust close to the
surface. Dust reduces the incoming signal and thus the signal-to-noise ratio.
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Chapter 8

Carbon dioxide and temperature
retrievals from NOMAD-SO
spectra

The retrieval of CO2 density and temperature is performed in several steps depicted in Figure 8.1.
The retrieval of a vertical profile of CO2 from NOMAD-SO transmittance spectra are described
in section 8.1. The retrieval is split into two main parts: a spectral inversion converting a
transmittance spectrum to a slant column density, and a vertical inversion converting this slant
column to a local density. The pressure and temperature profiles are then derived from the CO2
density profile as described in section 8.2 assuming hydrostatic equilibrium. Those two profiles
are needed in the first step and an iteration is performed as explained in section 8.3.

8.1 Retrieval of vertical profiles of carbon dioxide density
The aim is to derive a CO2 vertical profile of density from transmittance spectra containing CO2
lines and acquired from solar occultation. The theory necessary for solar occultation measurements
is provided in chapter 3 and can be found as well in Smith and Hunten (1990) or Lenoble (1993).

As the modelling of the instrument function is quite complex, the vertical profiles are not
directly inverted from the transmittance spectra but are fitted with a forward model. The fit is
performed by first using the forward model to derive slant columns (spectral inversion - section
8.1.1) and then a direct inversion of the slant column with the Abel transform provides the local
number density (vertical inversion - section 8.1.2).

8.1.1 Spectral inversion
The necessary background for the spectral inversion was provided in section 4.1. Seven parameters
are adjusted:

• a multiplicative factor to the optical depth adjusting the slant column value,

• five coefficients for a fourth-order polynomial fit of the baseline,

• one parameter adjusting a residual shift of the pixel to wavenumber calibration.
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Figure 8.1: Diagram of the retrieval of vertical profiles of CO2 density, CO2 partial pressure and
temperature. Once retrieved, pressure (computed from the CO2 partial pressure) and temperature
are provided fir another loop on the retrieval until convergence.

108



The fit of the baselines needs a fourth-order polynomial as several effects produce bendings of
the baseline such as aerosols or a variation of the instrument function along an occultation.

To ease the radiative transfer computation, ASIMUT uses the Curtis-Godson approximation
(Curtis, A, 1952; Godson, 1953). Another important assumption is that the atmosphere is split
into homogeneous layers of density, temperature, and pressure. The maximum equivalent slant
path for Mars atmosphere is

√
2π(rM + z)H ≈ 500 km (250 km on each side of the terminator)

where rM is Mars radius, z is the altitude and H is the scale height 1. Considering the homogenous
layers, this horizontal extension corresponds to a vertical extent of only 10 km for the Mars radius
and to a longitudinal angle of 15◦(7.5◦on each side of the terminator). From the models, we know
that the atmospheric parameters (density, pressure, temperature) can vary by 2%. Considering
that this is for the maximum equivalent slant path, this assumption is acceptable.

The forward model takes into account the latest updates on the calibration of the AOTF,
blaze function, and ILS (Villanueva et al., 2022). ASIMUT uses a Gauss-Newton iteration scheme
for the fit and the Optimal Estimation Method (OEM) for regularisation(Rodgers, 2000). The a
priori profile is a GEM-Mars profile (Daerden et al., 2019; Neary et al., 2020) averaged over all
seasons, latitudes, and local solar times. The variance over the a priori is set to 81% meaning
that we do not expect the true CO2 density being further away than 90% of the a priori value.
Once the slant column has been retrieved from the spectrum, we keep this retrieved value only
if the associated DOF is higher than 0.99 and we can consider that there is no regularisation
applied in this retrieval. The spectroscopic parameters are taken from HITRAN (Gordon et al.,
2022) and self-broadening and broadening by a CO2 are considered. Example of fitted spectra
are provided in figures 8.2, 8.3, and 8.4 for diffraction orders 165, 148 and 132.

Water slant column density is retrieved below 60 km in a second fit to improve the fit of the
CO2 slant column. The a priori value is set to a constant VMR of 1 ppm with a variance of
100,000%. An example of the fit of water lines with carbon dioxide lines can be seen in figure 8.4.

As explained in section 5.3.1, the lowest limit in altitude for the retrieval are given by the
saturation of the molecular lines. But scattering by aerosols might also give a lower limit as it
reduces the baseline of the spectra. The spectra with a baseline lower than 0.5 in transmittance
are avoided.

The spectral inversion is the most time-consuming part of the retrieval due to the computation
of the absorption coefficients on a fine spectral grid and the convolution with the ILS. Fitting one
spectrum takes around one minute. However, this step is parallelized as the fit of each spectrum
is independent.

8.1.2 Vertical inversion
In this step, we convert the slant column profile c into a local density profile n by applying
the inverse Abel transform. This is an inverse problem and solutions to inverse problems are
known to be unstable when uncertainties are present in the measurements. An iterated-Tikhonov
method is applied in this work where we use a slightly modified version of the iterated Tikhonov
regularisation (see section 4.2.4) and the smoothing parameters are different for each altitude.
That algorithm was first described in Quémerais et al. (2006) were they report this algorithm as
developed by Hauchecorne and Cot. This algorithm was also used in other works, for instance, in
Forget et al. (2009); Sandel et al. (2015); Gröller et al. (2018); Koskinen et al. (2013); Sandel
et al. (2015); Snowden et al. (2013).

This algorithm needs between 10 and 15 iterations. The criteria for convergence are given in
section 4.2.4.

1This is related to the Chapman functions, see Chapman (1931)
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Figure 8.2: Example of fit for order 165, dataset 20200806_074733_1p0a_SO_AI for four
altitudes. The residuals are provided in the lower panels and compared to the 1− σ standard
deviation on the spectra.
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Figure 8.3: Example of fit for order 148, dataset 20200824_020917_1p0a_SO_AI for four
altitudes. The residuals are provided in the lower panels and compared to the 1− σ standard
deviation on the spectra.
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Figure 8.4: Example of fit for order 132, dataset 20200622_155025_1p0a_SO_AI for four
altitudes. The residuals are provided in the lower panels and compared to the 1− σ standard
deviation on the spectra. There are also some strong water lines fitted as the water line at
2973.25 cm−1.
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In that algorithm, we still need to provide a parameter controlling the regularisation. Since
the first application of the Tikhonov method, a lot of effort was carried on to find the best
regularisation parameter λ (see section 4.2.5). Most of them involve to compare the uncertainties
to the smoothing error (Hansen (1992a); Doicu et al. (2010a)). The latter can be computed only
after the solution to the inverse problem is found. Thus finding the best smoothing parameter
requires first computing the solution for many λ. The best method to derive λ was found to
be the Expected Error Estimation (Doicu et al., 2010a; Xu et al., 2016) in section 4.2.5. This
method is coupled with a simplex using the Nelder-Mead algorithm (Gao and Han, 2012) to find
the best λ.

The altitudes on all plots are with respect to Mars areoid but the computation of the Abel
transform needs the altitudes with respect to the center of Mars (as computed from SPICE
kernels). The difference between the two depends on the surface elevation of Mars below the
tangent point probed. On average, it is 2-3 km.

Correction to the Abel transform equation

In theory, the upper bound of the integral in equation 3.20 should be the limit for space, i.e.
when the atmosphere is negligible. In practice, the measurements are bounded on an upper
tangent altitude but the remaining density above this last tangent altitude is not negligible. We
can compute the altitude at which the atmosphere is negligible by applying the Abel transform.
The ratio of the atmosphere considered to the atmosphere neglected is depicted in figure 8.5.
Following the line cout/cin = 10−2 (error of 1%), we see that we always need to consider 20 km
above the last tangent point. For the retrievals, we use a limit of 40 km above the last tangent
point which corresponds to an error of 0.1%.

In practice, to consider the altitudes above the last measured tangent altitude, we extrapolate
the slant column profile using a similar method as in Thiemann et al. (2018).

The characteristic effect on the density inversion of neglecting the upper part of the atmosphere
which is not negligible is an increase of density for the highest altitudes as it can be seen in
Quémerais et al. (2006, fig. 15).

Best method for the regularisation parameter selection

We tested seven methods (see section 4.2.5) with a known density profile, called ntrue, and taken
from GEM-Mars version hf-a585. I converted this density profile into a slant column profile and
then added some random noise. Seven noise levels extends from 0.1%, 0.5%, 1%, 5%, 10%, 50%,
100%, and a thousand samples for each noise level. For each sample, the HC algorithm is tested
with a hundred values of λ0. It then computed the result for the seven methods which provided
their best λ0 and the corresponding density profile. I then computed the averaged relative error
to ntrue. The results are shown in figure 8.6.

The two best methods are the discrepancy principle and the expected error estimation.
Morozov’s discrepancy principle seems to work better than the Expected Error Estimation as in
this synthetic case we know exactly what the level of error is. For a real case, we approximate the
level of error with the uncertainties in the data. Those are slightly overestimated and thus the
discrepancy principle is likely to give a too high λ0. The discrepancy principle is already known
to give slightly overestimated λ0. Thus I decided to keep the expected error estimation as the first
method to derive the best λ0. In practice, it happens that the expected error estimation cannot
find a minimum and then the algorithm uses the discrepancy principle. We see also that as the
input noise level increases, the retrieved profiles will also have higher noise levels. The Tikhonov
method can reduce the noise level but not discard it completely and as the noise increases, its
presence also increases in the retrieved profile.
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Figure 8.5: Ratio of slant column below the altitude to the slant column above that altitude for
different limits of the atmosphere considered (space).

Figure 8.6: Relative error with respect to ntrue from the synthetic tests for different noise levels.
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All methods described above need first to retrieve the local density for different smoothing
parameters. Thus the algorithm 1 established in section 4.2.4 has to be recomputed with different
values of λ0. In our case, this is quite fast as we have separated the spectral inversion and the
vertical inversion and this is applied only to the vertical inversion. To find the λ0 leading to a
minimum, a first guess computes the algorithm 1 for 100 values of λ0 between zero and seven
using the expected error estimation method and takes the minimum value. Then I refine the
computation of the minimum by using a Simplex starting from the previously found minimum.
This entire computation of the optimal λ0 takes one to a maximum of two minutes.

Another method that is worth mentioning is the error consistency method (Ceccherini, 2005)
but this method always provides a smoothing parameter at least an order of magnitude too low.

Examples of inverted profiles for different λ0 for the same occultation is given in Figure 8.7.
The differences on the density profiles (first panel) are difficult to see by "eye" but the differences
are larger in the temperature profiles (last panel). The best λ0 was found to be 0.73 from the
expected error estimation method. We see that for lower values of λ0, spurious variations in the
profile still remains while higher values deviate from the true variability of the profile.

Figure 8.7: Inverted density profile for different λ0 values for occultation
20200824_020917_1p0a_SO_A_I, diffraction order 148. The best λ0 is 0.73 from the
expected error estimation method. The first panel provides the density profiles and the second
panel provides the corresponding relative uncertainties. The vertical line in the second panel
corresponds to 1/6. The third panel provides the vertical resolution corresponding to each λ0
with the Backus-Gilbert spread formula. The last panel represents the corresponding temperature
profiles.

8.1.3 Bins profile combination
The density profiles are computed for each bin independently and combined afterward by first
interpolating the profiles on the same altitude grid
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xixixi = WiWiWi yiyiyi (8.1)

with xixixi the profile on the altitude grid combining the grids of all bins, yiyiyi is the profile for bin
i, and the interpolation matrix WiWiWi. The best λ0 values for each bin are usually very similar.
For density and pressure profiles, this linear interpolation is applied on the logarithm of the
profile and we then need to compute the exponential of the interpolated profile. There is no loss
of information when passing from a coarser to a finer grid. The inverse transformation is the
pseudo-inverse of W

VVV = (WTW )−1WT(WTW )−1WT(WTW )−1WT . (8.2)

The Jacobian, gain, and averaging kernels matrices are transformed as (Calisesi et al., 2005)

KxKxKx = KzVKzVKzV ,

GxGxGx = WGzWGzWGz,

AxAxAx = WAzVWAzVWAzV .

(8.3)

where the x subscript is for the finer grid and the z subscript is for the initial coarser grid. As for
the regularisation, we describe the divergence of the product WV from the identity matrix with
the averaging kernel for the interpolation AinterpAinterpAinterp = WVWVWV König et al. (2019). We then compute
the total averaging kernel that also considers the modifications of the vertical resolution due to
the different regularisation and interpolation.

AcombinedAcombinedAcombined = AinterpAAinterpAAinterpA = W V GKW V GKW V GK (8.4)

Figure 8.8: Retrieved profiles of CO2 density in MY 35 with NOMAD-SO.

Figure 8.8 shows all the derived CO2 density profiles for MY 35 after recombination of the
four bins. We see a typical seasonal variation that will be discussed in section 10.2.
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8.2 Retrieval of vertical profiles of pressure and tempera-
ture

This section describes the retrieval of temperature from the carbon dioxide profiles. The tem-
perature profiles are characterised by important parameters such as the uncertainties, and the
vertical resolution that are treated in sections (8.4) and (8.5) respectively.

8.2.1 Introduction
By using the hydrostatic equilibrium equation (2.16) and the previously retrieved CO2 density
profile, we derive a carbon dioxide partial pressure profile as

p(zi) = p(zi+1) +
∫ zi+1

zi

ρ(z)g(z) dz

= p(zi+1) + ∆pi

= ptop +
N∑
j=i

∆pj

(8.5)

where the pressure profile is computed as a series of differences of pressure ∆pi. An initial pressure
ptop = p(zN ) needs to be guessed (see section 8.2.4) and N is the total number of vertical layers.
The pressure profile is computed downward in 8.5. This equation can be reformulated in linear
algebra as

ppp = KpKpKp∆p∆p∆p (8.6)

where ∆p∆p∆p is a vector containing the ∆pj elements except the last (first) element which contains
ptop for the downward (upward) case. The KpKpKp matrix is an upper (lower) triangular matrix of
ones (−1 except the first column which is filled with 1) for the downward (upward) case.

Eventually, we derive the temperature profile from the pressure and CO2 number density
profiles by using the ideal gas law.

This method was already used in the 60s for the pitot-static tube experiment, the falling
sphere experiment (Jones et al., 1959, eq. 2), (Theon and Nordberg, 1965), the rocket grenade
experiment (Horvath et al., 1962, eq. 12). They all argued that the error on the starting value
is negligible after 15 km (the Earth scale height is around 8.5 km) and they selected the initial
pressure ptop as the one that gives the fastest convergence.

This hypothesis of hydrostatic equilibrium might not always be valid. Leclercq et al. (2020)
shows that in absence of significant perturbation, this method reproduces the temperature profile,
but for higher altitudes, where the perturbation is more significant, this method might not be
reliable any more. Unfortunately, they do not provide any correction or alternative method to
apply. In this work, I consider the hydrostatic equilibrium for all retrieved temperature profiles.

The integral of ∆pi is usually computed numerically: for instance Snowden et al. (2013) uses
the midpoint rule while Mahieux et al. (2015) uses the trapezoidal rule. The numerical integration
requires the refinement of the integrand and the values are interpolated by considering a linear
variation of the logarithm of the density and equation 2.2.

8.2.2 Deriving simpler formulae
The assumption of a linear logarithm of the density used in all numerical integration of 8.5 is
equivalent to equation 2.22 with a constant scale height (see appendix C)
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hi = zi − zi+1

ln
(
ni+1
ni

) . (8.7)

By using 2.2 and 2.22, the integral can be summarized as

∆pi = ma ni g0 r
2
M

∫
zi+1

zi

exp ((zi − z)/hi)
(rM + z)2 dz (8.8)

Using this formula, an error is introduced as we are using equation 2.22 which is valid only if
the scale height and the temperature are constant along altitudes. In our case, this assumption
works for steps in altitudes lower or around one kilometre. An analytical formulation of 8.8 can
be computed as (see appendix B)

∆pi = ma ni g0 r
2
M exp

(
rM + zi
hi

)E2

(
rM+zi
hi

)
rM + zi

−
E2

(
rM+zi+1

hi

)
rM + zi+1

 (8.9)

where E2 is an exponential integral (see Zhang and Jin (1996, chap. 19) and Press et al. (2007,
sect. 6.3)2). Zhang and Jin (1996, sect. 19.4) provides an algorithm that gives an approximation
of the exponential integral and we use this algorithm via the scipy.special module (Virtanen et al.,
2020). This algorithm iterates until an accuracy of the machine epsilon is reached. The values of
the argument (rM + zi)/hi in our case are typically around 3003.

Finally, a simpler formulation is obtained if we define the reduced altitudes ai = rM+zi
hi

and
bi = rM+zi+1

hi
:

∆pi = ma ni g0 r
2
M hi exp (ai)

[
E2 (ai)
ai

− E2 (bi)
bi

]
. (8.10)

This last formula is the one used in the data pipeline but we could consider g as a constant as
the gravitational acceleration computed as 2.2 is varying by only 0.012% between 0 and 200 km.
Then by computing the integral for n only

∆pi = −ma g hi

[
exp

(
zi − zi+1

hi

)
− 1
]
. (8.11)

But by using 8.7, an even simpler formula can be derived from the ideal gas law to compute
directly the pressure profile:

pi = ni kB ti

= nima g0 r
2
M hi

1
(rM + zi)2

(8.12)

where we used equation 2.20 and 2.2 for the last equality and we did not use the hydrostatic
equilibrium equation. This last formula requires much fewer operations than any numerical
integration nor formula 8.10 and we call it the ’direct’ method. It is also much simpler to derive
the uncertainties. The pressure pi at altitude zi depends on the density ni but also on ni+1 as hi
is computed by 8.7.

2The exponential integral is also present in radiative transfer, in the Scharzschild-Milne integral equation
(Chandrasekhar, 1960, chap I, eq. 97-98).

3It cannot exceed 709.7 otherwise the exponential and E2 functions return a value no more representable in
double precision.
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8.2.3 Synthetic test
From equation 8.5, it seems that we could start either from a top altitude and add the ∆pi values
or start from the bottom altitude and subtract the ∆pi values. We will call those two cases,
respectively, the downward case and the upward case. In practice, the density profile contains
a small presence of error (but with more important errors at the extremities of the profile due
to lower information at the top and saturation at the bottom). As the density is exponentially
decreasing with altitudes, the error propagation through the computation of the series in equation
8.5 leads to much higher error propagation in the upward case. In practice, only the downward
case works, still with a bias for the highest altitudes.

Constant scale height

To better see this effect and the differences amongst the different formulae we built a synthetic
pressure profile generated with equation 2.21 with p(z0 = 0) = 0.58hPa, an altitude grid z with
steps of 1 km from 0 to 100 km and a constant scale height of h = 11.1 km. The ’true’ temperature
profile t̂ can be directly derived from the scale height and we will consider only CO2 for the
atomic mass. We then compute the density profile p̂ from the ideal gas law. The values of ∆p̂ are
then computed as the first (discrete) difference over p̂. On another side, we compute ∆p from
equation 8.9, then p and t from 8.5 and the ideal gas law. Eventually, we compute the relative
error on ∆p as ∆p̂−∆p

∆p̂ .
We can also use this test to check the number of required interpolated points within each

layer i to compute a sufficiently accurate numerical integration. As seen from figure 8.9, by using
a trapezoidal rule, thirty interpolated integration points already give a solution with an accuracy
of less than 1× 10−6. We also see that the curve are independent on the altitude. As this test
was made with an altitude step of 1 km the number of integration points must be proportional to
the altitude step to keep the same accuracy.

Figure 8.9: Relative error on ∆p with respect to the number of points interpolated within each
altitude z to compute the numerical integration of 8.5. As the integrand in 8.8 is concave up,
the numerical integration slightly overestimates the value of the integral and the relative error is
negative. The opposite of the relative error is shown here as we used a logarithmic scale. The
curves are the same for all altitudes.

Table 8.1 contains the results for this synthetic test for an altitude of 50 km.
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Method ∆p at zi = 50 km Relative error on ∆p
True 49.9676654 /

Analytical 49.9676646 1.5× 10−8

Numerical 49.9677048 −7.9× 10−7

With g=cst 49.9821866 2.9× 10−4

Direct 50.2970442 −6.6× 10−3

Table 8.1: Relative error on ∆p for zi = 50 km from the different methods. The methods are
sorted in ascending order of absolute relative error on ∆p.

The precision on the numerical integration is improved by considering more segments. On
another side, the round-off error4 is more important depending on its accumulation with the
number of operations and, thus, the number of segments. Nevertheless, such low relative errors
and their accumulation in 8.5 are negligible with respect to the level of uncertainties in the derived
profiles in 8.2.5.

For the analytical integration, we must be cautious with the term exp( rM+z
h ) which cannot

be represented any more in double float precision if h is smaller than 5 km considering the mean
radius of Mars. The same argument stands for the term with the exponential integrals.

The formula 8.11 provides a relative error around 0.03% since g is not a constant but varies
with altitudes. For the direct method 8.12, where we did not use the hydrostatic equilibrium
equation, the relative error is −0.66%. This value cannot be explained by any discretisation error
and is close to the uncertainties on the pressure and temperature profiles (section 8.2.5). This
formula is therefore inadequate for the computation of the pressure from the density.

Error on the density

Figure 8.10 shows the relative error of the profiles derived with the density profile multiplied by
values in the range [0.99:1.01] with a step of 0.002 and corresponding to blue to red curves. This
figure shows the cumulative sum of errors in both cases. In the upward case, the relative error
increases exponentially due to the propagation of error from the higher pressure at the bottom.
In the downward case, the propagation of error increases first fast but reaches a constant value
after two scale heights as the errors from the higher altitudes can be neglected at higher pressures.
If the density profile is too high, the pressure profile will also be too high in the upward case
while it will be too low in the downward case as we subtract higher ∆p at each layer. Thus the
downward case would be better to remove any bias in the temperature profile as it is computed
as a ratio between pressure and density (and divided by Boltzmann’s constant) and the error in
the temperature profile decreases exponentially with lower altitudes. Thus only the downward
case gives a stable solution if n contains some noise.

This effect in the propagation of errors explains why the profile needs one to two scale heights
before reaching the right pressure when starting from the top. This is due to the relatively high
errors for the pressure retrieved for the highest altitude and it needs two scale heights before the
pressure is divided by e2 and the error becomes much smaller than the pressure. In addition to
the noise on the density profile, the error on the starting pressure also propagates and becomes
negligible as we reach lower altitudes.

4In double precision, the epsilon machine is around 2.2 10−16.
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Figure 8.10: Relative error on the derived pressure(up) and temperature (down) profiles for the
synthetic case. The left panels are for the upward case and the right panel are for the downward
case. The colours are passing from dark blue to dark red corresponding to 0.99 to 1.01 times the
density profile by step of 0.001.

Constant lapse rate

We continue our synthetic tests to determine the errors introduced but consider several values
for the lapse rate. A non-zero lapse rate brings us further away from a constant scale height or
an assumption of a constant temperature in 2.22. To fix the problem for this exercise, I choose
p0 = 5.8Pa and t0 = 209.8K at z0 = 0 km which are typical mean values for the atmosphere of
Mars. Then a temperature profile is computed with 2.26 and the pressure is computed with 2.29.

A constant positive lapse rate through the atmosphere is physically impossible as the tem-
perature would finally reach 0K. The aim is to keep plausible temperature values so we will
restrict the difference in altitude to only 40 km which is the length of the profiles retrieved from
SO spectra.

Figure 8.11 shows the relative error on the pressure retrieved with 8.5 for this synthetic case.
The presence of this error can be easily understood as on one side we have a pressure computed

from a non-constant temperature profile with 2.29. On another side, the integration of ∆p is
made assuming that the logarithm of the density can be linearly interpolated which requires a
constant scale height and thus a (quasi-)constant temperature.

From the formula 2.29, the Binomial Theorem and by considering that Γ(z − z0)� t0 then
we can derive

n = p

kB t
=
p0

[
1− ma g

kB t0
(z − z0)

]
kB t

= p0 kB t0 + p0 kB Γ(z − z0) + p0ma g z0 − p0ma g z

k2
B t t0

(8.13)
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Figure 8.11: Derived pressure profiles for the synthetic case with different values for the lapse
rate Γ.

On the other side, to compute ∆p with 2.17, we consider n varying with equation 2.22. We
consider also that (z − z0)� h which acceptable assumption as h is 11.1 km and the difference
in altitude is ∼ 1 km. Then we derive also

nΓ=0 = p0

kB t0

[
1 + (z0 − z)

ma g

kB t

]
= p0 kB t0 + p0ma g z0 − p0ma g z

k2
B t t0

(8.14)

where we already see that 8.14 is equal to 8.13 if Γ = 0, the difference increases as Γ is further
away from 0. The absolute error between those two expressions is

εn(z) = p0 Γ(z − z0)
kB t(z) t0

= n0
Γ(z − z0)

t0 − Γ(z − z0) (8.15)

using 2.26 for the second equality. The relative error induced by this assumption is a function of
the lapse rate Γ, the difference in altitude z− z0, and is inversely proportional to the temperature
t0.

For NOMAD-SO measurements, the altitude step for only one bin ranges from 100m to
1.6 km, respectively for low to high β-angles. If we consider all four bins, then these values have
to be divided by four. This error will be larger at the middle of the altitude step, where the
interpolated density value is the most distant from the known density values. So we restrict this
error analysis to a maximum altitude difference (z − z0) of 0.8 km (half of 1.6 km). Given the
values of p0 and t0 given above and a lapse rate of 3.5K/km, the relative error are the same as
the ones shown in figure 8.11.
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8.2.4 Choice of the initial pressure
For diffraction orders dedicated to altitudes below 130 km, the pressure profiles from GEM-Mars
give a reasonably close guess of the pressure at top of the SO retrieved profile and a pressure
value combining the retrieved density and the temperature from GEM-Mars is p = nSO kB tGEM .
For higher altitudes (mainly for NOMAD-SO diffraction orders 164, 165), we need to derive the
pressure at the top altitude and we need to keep in mind that the pressure retrieved in this work
is only the partial pressure for CO2. From the ideal gas law, we can write

1
p

dp

dz
= 1
n

dn

dz
+ 1
t

dt

dz
. (8.16)

Replacing dt/dz and dp/dz with the adiabatic lapse rate 2.23, the hydrostatic equilibrium
equation 8.5 respectively and replacing t with the ideal gas law, we find

− g(z)mn(z)
p(z) = 1

n(z)
dn(z)
dz

− Γn(z) kB
p(z) , (8.17)

where m is the average atomic mass of the atmosphere. Above the homopause (∼ 120 km), m is
a function of altitude but we will consider it as approximatively constant.

Rearranging the terms to isolate p, we have

p(z) = n2(z)
(
dn(z)
dz

)−1
(Γ kB − g(z)m). (8.18)

If we bring out the kB factor in the last term and remember the definition of the autoconvective
lapse rate 2.31, we find that the pressure can be expressed as a function of the difference between
the environmental lapse rate and the autoconvective lapse rate

p(z) = kB n
2(z)

(
dn(z)
dz

)−1
(Γ− Γa). (8.19)

Replacing Γ as a ratio α of the DALR from equation 2.25 (with a value between -1 and 1), we
finally write

p(z) = g(z)n2(z)
(
α
kB
cp
−m

)(
dn(z)
dz

)−1
(8.20)

The specific heat capacity at constant pressure cp is related to the heat capacity at constant
pressure Cp as cp = Cp/m and the heat capacity is related to the heat capacity ratio γ as
Cp = (γ/γ − 1)kB. For CO2, the heat capacity ratio is usually reported as 1.3 for 293K and
1013.25 hPa. That value is not a constant and decreases with temperature (and changes also with
pressure but very slightly). So γ should also be a function of altitude but we will approximate
it as a constant for the range of temperature spanned in the atmosphere of Mars (∼ 150 to
∼ 250K).

By using n = nCO2/vmrCO2

p(z) = g(z)n2(z)m
(
α
γ − 1
γ
− 1
)(

dn(z)
dz

)−1
(8.21)

This formula is used for altitudes above 150 km as this is the limit of the profiles provided by
GEM-Mars. The temperature gradient in the thermosphere will be considered as small enough
and we will take α = 0. Another approximation is necessary for the gradient over the density
dn(z)/dz. Most usually, that gradient is computed from the three-four highest values from
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the density profile retrieved (Snowden et al., 2013; Mahieux et al., 2015) but this has shown
bad results as the highest values are those corresponding to the thinnest lines (and thus lowest
information content). Instead, we use equation 2.22 to compute the derivative and 8.21 becomes

p(z) = h(z) g(z)n(z)m
(

1− αγ − 1
γ

)
= n(z) kB t(z)

(
1− αγ − 1

γ

) (8.22)

and we find back the ideal gas law if we choose α = 0.
The sensitivity of temperature profiles to the choice of this parameter is assessed by recomputing

the temperature profiles with Ptop varying by a factor up to 20%. We could notice that 10 km
below ztop the profile variation due to that parameter is below the uncertainty level.

Another formula is

p(z) = n(z) kB t(z)
(

1 + kB
mg(z)

dt

dz

)
(8.23)

where the second term in the parenthesis slightly corrects the pressure taking into account the
temperature gradient directly computed from the smoothed version of the GEM-Mars profile
(Erwin et al., 2018).

Uncertainties on the initial pressure

The error on this initial pressure introduces is difficult to assess as it depends on the true
temperature profile and lapse rate values.

δptop =

√(ptop
n
δn
)2

+
(ptop

t
δt
)2

+
(
nkB t

γ − 1
γ

δα

)2
(8.24)

The variability on the temperature provided by GEM-Mars is around 20%, the uncertainty
on the gravitational acceleration is neglected, the uncertainties on the density are around 1%
(depending on the spectral lines intensity) and the uncertainty over α can be important depending
on the region of the atmosphere. But still, α is expected to be close to 0 above 160 km.

We will consider an uncertainty of 20% and take δptop = 0.2 ptop.

8.2.5 Uncertainties on the temperature profile
The uncertainties on the temperature δt can be derived in two different ways:

• the Monte Carlo method: by computing the temperature profile for all many density profiles
computed within the uncertainties and then taking the standard deviation,

• the first moment method: the covariances are forward propagated (see for example Taylor
(1997)).

By Monte Carlo analysis

The propagation of the uncertainties δn over the density n to uncertainties δp over pressure p
computed by 8.5 with a Monte Carlo analysis follows three steps:

1. A number nt of random density profiles are computed following a normal distribution with
a mean n and a standard deviation δn.
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2. Then, nt pressure profiles are computed using 8.5.

3. Finally, an uncertainty pressure profile δp is computed as the standard deviation over all
the nt pressure profiles.

First, we need to know which number of profiles for δn gives a converged solution for the
uncertainties over t. The improvement in the solution accuracy with the increase of the number
of samples is slow with a relative error on the uncertainties around 10−3 for 2000 samples and
10−4 for 20000 samples (see figure 8.12).

Figure 8.12: Convergence of the δt/t values computed with the Monte Carlo method to the
number of samples Ns.

By forward propagation of the covariances

To compute the uncertainties over the δ∆pj(nj , nj+1) elements with j = 0, ..., N , we consider
only the uncertainties nj and nj+1 which are not independent due to the regularisation (section
4.2). The covariance terms σnjnj+1 are provided by the covariance matrix computed with 4.27
and then compute

δ∆pj(nj , nj+1) ≈

√(
∂∆pj
∂nj

)2
δn2

j +
(
∂∆pj
∂nj+1

)2
δn2

j+1 + 2∂∆pj
∂nj

∂∆pj
∂n

σnjnj+1 . (8.25)

Or in matrix notation, we derive the covariance matrix as

S∆pS∆pS∆p = J∆p Sn J
T
∆pJ∆p Sn J
T
∆pJ∆p Sn J
T
∆p. (8.26)
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where J∆p is a bi-diagonal matrix containing the ∂∆pi/∂ni elements on the diagonal and the
∂∆pi/∂ni+1 on the first diagonal above. The S∆p matrix is thus a tridiagonal matrix. The
uncertainties over the ∆pi are the square roots of the diagonal elements in S∆p.

From formula 8.9 and knowing that E′2(x) = −E1(x), we derive the expression for the partial
derivative to nj

∂∆pj
∂nj

=∆pj
nj
− ∆pj

nj

rM + zj
(zj+1 − zj)

+ ma g0 r
2
M

(zj+1 − zj)
exp

(
rM + zj
hj

)[
E1

(
rM + zj
hj

)
− E1

(
rM + zj+1

hj

)]
,

(8.27)

and the partial derivative to nj+1

∂∆pj
∂nj+1

= ∆pj
nj+1

rM + zj
(zj+1 − zj)

− nj
nj+1

ma g0 r
2
M

(zj+1 − zj)
exp

(
rM + zj
hj

)[
E1

(
rM + zj
hj

)
− E1

(
rM + zj+1

hj

)]
.

(8.28)

The two last terms in 8.27 represent 24% of ∂∆pj/∂nj and cannot be neglected in practice.
The uncertainties on the pressure profile depend on the uncertainty on ptop and the uncertainties

on ∆pi. The variable ptop is independent of all ∆pi but the ∆pi are not independent of each
other so we need to take into account their covariances

δpi =

√√√√δp2
top +

N∑
j=i

δ∆p2
j + 2

N∑
j=i

N∑
k=i

σ∆pj∆pk (8.29)

where the uncertainty δpi correspond to the altitude zi.
In matrix notation, we find the covariance matrix for the pressure retrieved

SpSpSp = Kp S∆pK
T
pKp S∆pK
T
pKp S∆pK
T
p (8.30)

and the δpi are the square roots of the diagonal elements of SpSpSp. Due to the KpKpKp matrix, SpSpSp is a
full matrix.

To understand how the uncertainty ratio evolves from δn/n to δt/t, let’s consider δptop = 0, a
constant ratio δn/n and we also neglect the last two terms in 8.27 and 8.28. Those terms almost
compensate each other in the computation of δp provided that δni ≈ δni+1, which is fine for
small steps in altitudes (zi+1 − zi << hi). By first propagating the uncertainties from δn/n to
δ∆pj/∆pj , we find

δ∆pj
∆pj

≈ 1
∆pj

∆pj
nj

δnj = δnj
nj

. (8.31)

and the uncertainty ratio did not change when passing from density to increments of pressure.
Continuing for δp/p using 8.30,

δpj
pj

=

√∑N
i=j δ∆p2

i∑N
i=j ∆pi

=

√∑N
i=j

(
∆pi δni
ni

)2

∑N
i=j ∆pi

= δnj
nj

√√√√√ ∑N
i=j(∆pi)2(∑N
i=j ∆pi

)2 (8.32)
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and the ratio δpj/pj is smaller than the ratio δnj/nj as
∑N
i=j(∆pi)2 ≤

(∑N
i=j ∆pi

)2
as the

pressure is computed as a sum of the ∆pj .
Finally, we derive in a similar manner the ratio δt/t where the t is computed from the n and

p, the latter being computed from n. It is easier to derive the temperature formula directly from
the density. We then construct a vector ∆t containing the differences in temperature

∆ti = ∆pi
kB ni

(8.33)

and the associated covariance matrix is

S∆tS∆tS∆t = J∆t Sn J
T
∆tJ∆t Sn J
T
∆tJ∆t Sn J
T
∆t (8.34)

where J∆pJ∆pJ∆p is again a bi-diagonal matrix containing the partial derivatives ∂∆ti/∂ni elements on
the diagonal and the ∂∆ti/∂ni+1 on the first diagonal above. The partial derivative to nj is

∂∆tj
∂nj

= 1
kB nj

(
∂∆pj
∂ nj

− ∆pj
nj

)
(8.35)

and the partial derivative with respect to nj+1 is

∂∆tj
∂nj+1

= 1
kB nj

(
∂∆pj
∂ nj

)
(8.36)

As for the pressure profile, we have a matrix formulation

ttt = KpKpKp∆t∆t∆t, (8.37)

and the covariance matrix associated with the temperature profile

StStSt = Kp S∆tK
T
pKp S∆tK
T
pKp S∆tK
T
p . (8.38)

Roughly, the relative uncertainties over the temperature are close to the relative uncertainties
over the pressure as

δti =

√(
∂t

∂p

)2
δp2
i +

(
∂t

∂ni

)2
δn2

i =

√
δp2
i

k2
B n

2
i

+ δn2
i

k2
B n

4

≈ δpi
kB n

= ti
pi
δpi.

(8.39)

In practice, the Monte Carlo method with 20000 samples and the covariance method retrieve
uncertainties that are different by 0.08%. This value is fairly acceptable and the covariance
method will be used in the following as the Monte Carlo analysis is much more time-consuming
as we need to compute 20000 operations while the moment method takes only a few operations.

8.3 Iteration over the retrieved temperature profile
As seen in section 3.1.2, the CO2 spectral lines intensities are sensitive to temperature. Thus,
we need a first guess of temperature as close as possible to the correct one for the fitting of the
CO2 lines. This first guess is provided by simulations from GEM-Mars for the location and time
of the tangent points of the solar occultation. As we are using simulation and not the direct
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temperature of the atmosphere at the tangent points, the fit of the lines can be improved by
iterating the retrievals over the temperature.

In practice, for the diffraction orders treated in this work, there is not a lot of improvement of
the fit with the loop over the temperature and one loop over the temperature is sufficient for
convergence. An example is provided in Figures 8.13 for fits of spectra and 8.14 for retrieved
profiles. The first profile (blue) is already very close to the ones of the next iterations. The
profiles for iterations 1 to 3 are almost similar. Another example is provided in Figure 8.15 where
again the second retrieved temperature is already very close to the fifth one.

Figure 8.13: Fit of the profiles along three loops over the temperature. The blue spectrum
is the measured one. The other spectra are the fits and the iteration number is given in the
lower right panel. The sub-panels contain the residuals. Those spectra are from the occultation
20200824_020917_1p0a_SO_A_I_148.

The convergence criteria of this iteration are simply that the last temperature profile ti must
be within the uncertainties of the previous one.

(tititi − ti−1ti−1ti−1)TS−1
i (tititi − ti−1ti−1ti−1) < n. (8.40)

where ti−1ti−1ti−1 and tititi are the penultimate and last temperature profiles, Si is the covariance matrix
over tititi, and n is the number of values in the temperature profile.
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Figure 8.14: Profiles of density in the left panel and temperature in the right panel for occultation
20200824_020917_1p0a_SO_A_I_148 and for three loops over the temperature.
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Figure 8.15: Profiles of density in the left panel and temperature in the right panel for occultation
20191216_222753_1p0a_SO_A_I_148 and for five loops over the temperature.
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The algorithm described in this part is fast and robust. It takes usually 10 minutes to perform
one loop over the temperature, meaning that four (the number of bins) times 100 spectra are
inverted to CO2 density and temperature profiles within that time. The inversion of each spectrum
is independent and done in parallel on ten threads.

8.4 Uncertainties on the profiles
The computation of the uncertainties over NOMAD-SO transmittance spectra was described in
section 6.2.1. The uncertainties on the slant column and the density profiles are provided in section
4.1.3 and equation 4.27 respectively while the uncertainties on the pressure and temperature
profiles are computed from a Monte Carlo analysis (see section 8.2.5). Figure 8.16 present
the relative error of the slant column (panel a), density (panel b), and temperature (panel c).
The relative uncertainties over the transmittance spectra are of the order of 0.1% while the
uncertainties on the slant column, local density, and temperature profiles are of the order of 1%
with slightly increasing relative errors along the retrieved products. The increase of the relative
error on the temperature profiles is due to the error on ptop which affects the highest altitudes.
On average for the profiles from diffraction order 148, the uncertainties are 5.0± 1.7K but with
10.2± 3.6K at top of profile (2× 10−2 Pa) and 2.1± 0.8K at bottom of profile (4× 10−1 Pa).

8.5 Vertical resolution
The vertical resolution of a profile depends on the field of view (FOV), the vertical sampling, and
the regularisation applied. Figure 8.17 shows those three parameters for the occultations with
diffraction order 148 in MY 35.

The vertical sampling of the NOMAD-SO spectra has an averaged value of 250m and varies
between 0.1 and 1.0 km. This variation depends on the β-angle as there is an apparent higher
vertical sampling for occultations where the LoS spans broader latitude-longitude ranges.

The FOV has an averaged value of 1.8 km and it changes by a maximum of 100m as the orbit
of TGO is quasi-circular. The displacement of the FOV along the measurement of a spectrum
was taken into account. The FOV values have a clear dependence on a latitude which is in fact
dependent on the orbit of TGO.

The regularisation depends on the noise and the vertical sampling and has already been
discussed in section 4.2.6. The vertical resolution has an averaged value of 1.6 km5 and varies
between 1.2 and 3.0 km. The most important constraint on the vertical resolution is the broad
FOV which is much higher than the vertical sampling.

We only consider the averaging kernels from the vertical inversion and neglect the regularisation
from the spectral inversion as we kept only slant columns with a DOF higher than 0.99. The
corresponding averaging kernels matrix of the spectral inversion is close to the identity matrix.

8.6 Combination of the pressure and temperature profiles
with GEM-Mars simulated data

A goal of temperature profile retrievals is to provide those profiles for the density retrieval of
other species such as carbon monoxide and water which also have line intensities sensitive to
temperature. Those other species are retrieved in the troposphere and the mesosphere and the

5Caution is needed as sometimes the resolution is misinterpreted as the full-width at half maximum of the
averaging kernels.
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Figure 8.16: Relative error on the profiles for diffraction order 148 and MY 35. Profiles of slant
column, density, and temperature in panels a, b, and c respectively.
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a) FOV

b) Vertical sampling

c) Vertical resolution

Figure 8.17: Field of view (FOV), vertical sampling, and resolution for occultations where
diffraction order 148 was scanned in MY 35.
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corresponding altitudes are covered by diffraction orders 132 and 148 (see section 5.3). When
combining the profiles from different diffraction orders scanned during the same occultation, there
can be a gap in altitude in-between them. A smooth combination of those profiles is implemented
in an inverse problem background with the formula (Calisesi et al., 2005; Ceccherini, 2012)

x̂̂x̂x = xaxaxa +AAA (xxx− xaxaxa) (8.41)

where, here, x̂̂x̂x is the smoothed profile, xaxaxa the profile from GEM-Mars, xxx the retrieved profile,
and AAA is a matrix build with triangular functions

Aij =


0ij if zi > ztop or zi < zbot
δij if zbot + h < zi < ztop − h
max

(
0, 1

ai

(
1−

∣∣∣ zj−ziai

∣∣∣)) if zbot < zi < zbot + h

max
(

0, 1
bi

(
1−

∣∣∣ zj−zibi

∣∣∣)) if ztop − h < zi < ztop

(8.42)

where zi is the altitude corresponding to xi, ai = zi − zbot, bi = ztop − zi, and h is a constant
controlling the smoothness of the combination of the profiles. By try-error, the best value
was found as 10 km. Figure 8.18 shows three examples of a combination of vertical profiles of
temperature. The combined profile (green) and the initial SO profile (blue) are almost similar.

Figure 8.18: Three examples of vertical profiles of temperature. Orange profile for the simulation
from GEM-Mars, the blue curve for a combination of profiles from diffraction order 132 and 148,
and the green curve for the combination with GEM-Mars.
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The pressure profile can also be provided by dividing the retrieved CO2 partial pressure by the
CO2 VMR provided by GEM-Mars. Its importance in the computation of the radiative transfer
happens in the collisional broadening of the line shape. Instead of the formula 8.41, the pressure
profile is combined with the formula

x̂i = exp

ln(xai) +
∑
j

Aij ln

(
xj
xaj

). (8.43)

The creation of those files is automatically launched each day. A cron scheduler runs the
retrievals of diffraction orders 132 and 148 and creates those atmosphere files. Those profiles can
then be used the same day as when the level 1.0a files (transmittance calibrated) are produced.

8.7 summary
This chapter described the retrieval algorithm to derive carbon dioxide density, pressure, and
temperature from the transmittance spectra of the SO channel. This algorithm is divided into
three main steps: 1) a spectral inversion to derive a slant column from a transmittance spectrum,
2) a vertical inversion to derive the carbon dioxide local density at the terminator from the slant
column, and 3) the use of the hydrostatic equilibrium equation and the ideal gas law to derive
the carbon dioxide partial pressure and the temperature profiles from the local density profile.
The first step is performed with the ASIMUT radiative transfer code and no regularisation is
applied at this point. The regularisation is applied in the second step with an iterated-Tikhonov
regularisation. Several methods developed to find the best regularisation were compared with
a synthetic test and the best one is the Expected Error Estimation. This fine-tuning requires
the computation of many local density profiles and then selecting the one that minimises the
total error. For the derivation of the pressure and temperature profiles, several formulae are
compared with a synthetic test. The analytical and numerical computation of the hydrostatic
equilibrium equation provides the best results. An extended analysis of the error was provided.
This includes the errors due to the pressure guess at the top of the profile, the discretisation, and
the assumption of a constant scale height in between the grid-step. We have also seen that if
we consider an error on the first pressure guess, only the downward method prevents a rapid
increase in the errors. The retrieved pressure and temperature profiles are then fed back to the
first step as the line shape and intensity are a function of those parameters and it usually takes
less than three iterations until the profiles converge. The last section explained the merging of
profiles from different diffraction orders with the GEM-Mars profile.
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Chapter 9

Comparisons

Before describing the variabilities in the retrieved dataset, this section shows some comparisons
to highlight possible biases of the retrieved profiles. Those comparisons are an important step for
the validation of the profiles.

We compare simulations from the GEM-Mars GCM but also to datasets available online from
other instruments.

9.1 Comparison to simulations from the GEM-Mars gen-
eral circulation model

The GEM-Mars general circulation model (GCM) simulates densities of various species as well as
temperature on a three-dimensional mesh of 4° by 4° (horizontal grid of 45 by 90 points) and
103 vertical levels from the surface to around 150 km. The time step is 1/48th of a sol (30.8246
minutes). Details on the GEM-Mars GCM can be found in Daerden et al. (2019) and Neary et al.
(2020). The GEM-Mars data shown in this section was derived with the model version a731 and
GEM-Mars data were provided up to November, 30th 2021 (MY36 LS 135°).

It is important to remind that the SO profiles retrieved in this work do not contain any
information from the a priori (which is a GEM-Mars profile averaged for all seasons, latitudes,
longitudes, and local solar times) as only retrieved values with a DOF higher than 0.99 are kept.

The comparison to GEM-Mars is shown in Figures 9.1 and 9.2 for averaged profiles in seasons
and latitudes for, respectively, dawn and dusk profiles in MY 35. The same datasets were
presented in (Trompet et al., 2023a) but the profiles there are still those before the reprocessing
of the altitude grid of late 2021. Over all, the agreement between the two datasets is fairly good
with averaged absolute differences of 15.8K and 11.4K for, respectively, dawn and dusk. The
SO profiles in Figure 9.1 (Dawn) in LS 0°-120° all show a distinct pattern as a cold layer below
0.1Pa, even more evident in the Southern hemisphere. The profiles in LS 120°-240° are in good
agreement and the profiles in LS 240°-360° show some warm layer around 0.02Pa in panels 11
and 12 with, appearing still stronger for SO. The dusk profiles show similar trends except that no
warm layer is seen in LS 240°-360° and the cold layers in LS 0°-60° for the SO profiles have higher
amplitudes.

All the individual profiles are presented as well in Figures 9.3 and 9.4 but for MY 35 and 36.

137



Figure 9.1: Averaged profiles of GEM-Mars in orange and NOMAD-SO in blue for Martian year
35 and only dawns (0 hr < LST <12 hr). The shaded areas indicate the 1-sigma variability in the
LS-lat bins. The number below the panel number is the weighted absolute difference between the
GEM-Mars and NOMAD-SO profiles. Approximated altitudes are provided as the second Y-axis.
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Figure 9.2: Averaged profiles of GEM-Mars in orange and NOMAD-SO in blue for Martian year
35 and only dusks (12 hr < LST < 24 hr). The shaded areas indicate the 1-sigma variability in
the LS-lat bins. The number below the panel number is the weighted absolute difference between
the GEM-Mars and NOMAD-SO profiles. Approximated altitudes are provided as the second
Y-axis.
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The weighted average difference (SO - GEM-Mars) over the two Martian years is -5.1K. This
value is similar to the average uncertainties on the SO profiles. This value seems relatively small
with respect to the differences seen in the figures. It is due compensation of the positive and
negative biases. A better value to represent the disparities between the dataset is the weighted
absolute difference which is 12.1K.

The higher temperature values in SO profiles at pressures above 0.3 Pa and around LS 200°
is some reminiscent effect due to saturation of the CO2 lines. For both dawn and dusk, in the
Southern hemisphere and around LS 40° to 120°, we see some warmer temperatures in SO profiles
above 0.1 Pa and colder temperatures in SO profiles below 0.1Pa, both in MY 35 and 36. Between
LS 120° to 240°, two dataset shows a good agreement with the same recurrences of temperature
variations. The most important bias seen in this dataset is the warmer layers in SO between LS
250° to 280° at both dawn and dusk, and at pressures below 0.1Pa. The two datasets between
LS 280° to 360° in MY 35 shows a good agreement as well but with some higher SO temperature
at pressures below 0.1 Pa in the Northern mid-latitudes.

The differences around aphelion in the Southern hemisphere might be explained by thermal
tides being out of phase (F. Daerden, private communication). More details are provided in
Trompet et al. (2023b).

Figure 9.3: Maps of profiles from SO (second line), GEM-Mars (third line), and their difference
(fourth line - SO-GEM) at dawn. The first line provides the coverage of the profiles. The left
panels are for the Northern hemisphere and the right panels are for the Southern hemisphere.
The black vertical line separates MY 35 and 36.
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Figure 9.4: Maps of profiles from SO (second line), GEM-Mars (third line), and their difference
(fourth line - SO-GEM) at dusk. The first line provides the coverage of the profiles. The left
panels are for the Northern hemisphere and the right panels are for the Southern hemisphere.
The black vertical line separates MY 35 and 36.
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9.2 Comparison to other instruments sounding the atmo-
sphere of Mars

9.2.1 Comparison to MRO-MCS
The Mars Climate Sounder (MCS) is a spectrometer measuring the thermal emission in limb,
nadir, and off-nadir McCleese et al. (2007). MCS is one of the instruments onboard the Mars
Reconnaissance Orbiter (MRO) which is on a Sun-synchronous polar orbit and crosses the equator
at local times of 3 h and 15 h (Zurek and Smrekar, 2007). Those local times are scanned by SO
when its LoS reaches high latitudes around 70° (see Figure 10.1 panel b).

The MCS team provides profiles of temperature, dust, and water vapour from the surface to
90 km altitude Kleinböhl et al. (2009). Their vertical resolution corresponds to a FWHM of 5 to
6 km and the average uncertainty is 0.5K at low altitudes and up to 3K above 65 km Kleinböhl
et al. (2009, p. 13).

The comparison of SO temperature profiles against those of MCS is interesting as the latter
have already been compared against those of the Thermal Emission Spectrometer (TES) and
Radio Science onboard Mars Global Surveyor (MGS). Their average difference was lower than
2K (Shirley et al., 2015). MCS temperature profiles of Mars atmosphere can be considered as
the most reliable ones nowadays.

The retrieved SO profiles for diffraction order 148 are compared to MCS ones using a co-
location criterion similar to the one proposed in Guerlet et al. (2022): the maximum difference
must be 0.5° in solar longitude, 0.5 h in local solar time, 3° in latitude, and 6° in longitude. There
are often several MCS profiles matching with an SO one and we select the closest MCS profile as
the one which minimizes the weighted Eulerian distance over the differences in solar longitude,
local solar time, latitude, and longitude. For each parameter, the weight is the inverse of the
maximum difference, thus 2, 2, 1/3, 1/6.

The compared time range extended from the beginning of the TGO science operation till
October 2022 (MY 36 LS 330°). A total of 117 co-located profiles were found within that time
range. Forty-seven of them (until only November 2021 and before reprocessing of the dataset
with the SPICE kernel issue) are shown in Figure 2 in Trompet et al. (2023a). As explained
above, due to the coverage of NOMAD-SO, all profiles except one occurred at a latitude above
45°. The limits in altitude of this comparison are due, at the top (∼ 90 km), to the MCS profiles
and, at the bottom (∼ 50 km), to the saturation of the CO2 lines in NOMAD-SO spectra.

To reduce the biases due to the difference in vertical resolution, the SO profiles have been
smoothed with the same method as the one described in Guerlet et al. (2022). The equation 8.41
is used where the averaging kernel matrix AAA is built with normalized Gaussian functions and with
a full-width at half-maximum of 5 km. The a priori profile is the MCS profile. The choice of the a
priori has very limited importance to the edges of the profile. The uncertainties on the smoothed
profile are the square roots of the diagonal elements of the matrix (1−A)Ua(1−A)T +AUAT(1−A)Ua(1−A)T +AUAT(1−A)Ua(1−A)T +AUAT

where UaUaUa and UUU are, respectively, the covariance matrix over the SO and MCS profile. The
average uncertainties on the smoothed SO profiles and the MCS profiles are respectively 5.1K
and 6.4K.

Figures 9.5 and 9.6 show all the 117 profiles. Many values are within the uncertainties (1-σ)
of each other dataset and they show very similar curvatures with sometimes different amplitudes,
as for instance in panel 33 of Figure 9.5 around 55 km. Starting in the end of MY 36 LS 224°
(panel 18 in Figure 9.6), we see some higher differences but still with similar curvatures.
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Figure 9.5: The 65 first co-located profiles of temperature from MCS (in orange) and NOMAD-SO
(in blue). On the left of each panel are provided the solar longitude, local solar time, latitude and
longitude of the NOMAD-SO profile and on the right are provided the ingress (I) or egress (E) case
and the differences then the differences in solar longitude, local time, latitude, and longitude of the
NOMAD-SO profile to the MCS.
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Figure 9.6: The 52 last co-located profiles of temperature from MCS (in orange) and NOMAD-SO
(in blue). On the left of each panel are provided the solar longitude, local solar time, latitude and
longitude of the NOMAD-SO profile and on the right are provided the ingress (I) or egress (E) case
and the differences then the differences in solar longitude, local time, latitude, and longitude of the
NOMAD-SO profile to the MCS.
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The weighted average difference between the 117 sets of profiles is 0.1K but the weighted
average absolute difference is 8.5K. The first value represents an overall good match between the
two datasets. The second value represents some remaining disparities within the profiles. They
show the same variations along altitudes but the SO profiles still show some stronger variabilities
than the MCS ones. This can be due to a still better vertical resolution in SO profiles as they
were smoothed considering the average MCS vertical resolution of 5 km while the true vertical
resolution at those high altitudes might be worse. Another reason for the discrepancy might
be the difference in airmass scanned as the LoS of both instruments crosses each other close to
the tangent point but are not parallel. A last possibility might be the natural variability of the
temperature profiles which is more important in the mesosphere then the troposphere where
strong thermal tides and gravity waves are known to occur.

Figure 9.7 shows the average difference on the profiles (NOMAD-SO - MCS) in green. The
difference is within the 1-σ standard deviation variabilities of both datasets (blue for SO and
orange for MCS). The SO profiles have on average higher values around 60 km which is explained
by a reminiscence of some effects from the saturation of the CO2 lines. The SO profiles are on
average lower than the MCS ones at around 85 km. This bias could be explained by a reminiscence
of lower values due to the pressure taken at the top of the profile Ptop (see section 8.2.4) which is
a value taken from GEM-Mars. (Neary and Daerden, 2018) made a comparison between the data
from GEM-Mars and MCS and found on average a slightly lower value in GEM-Mars.

Figure 9.7: Weighted average difference between the 117 co-located profiles (NOMAD-SO - MCS)
in green. The blue and orange curves are the variabilities on, respectively, SO and MCS profiles.
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9.2.2 Comparison to TGO-ACS-MIR

The Mid-InfraRed (MIR) channel of the Atmospheric Chemistry Suite (ACS) instrument is also
measuring at the terminator and has a spectral range of 2.3 to 4.3µm, similar to NOMAD-SO. It
is composed of two gratings. The secondary grating sweeps across a dozen of diffraction orders to
be recorded. The resolving power (λ/∆λ) is reported as 30000 (Alday et al., 2021). The SNR is
reported to be between 2500 and 5000 (Korablev et al., 2018).

The channels ACS-MIR and NOMAD-SO are never switched on together as the angle between
their respective pointing is too important. Nevertheless, datasets from both channels can be
compared. Alday et al. (2021) used data from the secondary grating position number four which
covers ten diffraction orders (215 to 224) in a spectral range between 2.65 and 2.77 µm (3600 to
3770 cm-1).

For the retrieval of CO2, they used only the diffraction order 223 corresponding to a spectral
range covering partly the highest wavenumber range in diffraction order 165 and the lowest
wavenumber range in diffraction order 166. They are using the optimal estimation method and
their a priori and first guess are provided by the Mars Climate Database (MCD) GCM (Forget
et al., 1999; Millour et al., 2012). Alday et al. (2021) derived the temperature from the CO2
density profile using the hydrostatic equilibrium equation.

A comparison between SO and MIR retrieved data is presented in Figures 9.8 and 9.9 with
SO data in orange and MIR data in blue. The datasets are split into ingress and egress cases to
better follow the variations in latitudes and time as described in section 10.1. Quantifying this
comparison is impossible due to the variations in the distributions of the measurements of both
channels.

Figure 9.8 shows the CO2 density at altitudes of 60, 70, and 80 km retrieved from the SO and
MIR channels. Both datasets show very similar variations except at 60 km after LS 250° where
the density from SO is lower due to the saturation of the CO2 lines. The effect of saturation is
more important in that season as the density increases. There is also some difference around LS
210° for both ingress and egress cases. This difference is difficult to understand without knowing
the averaging kernels from the MIR dataset.

Figure 9.9 represents the temperature retrieved from the SO and MIR channels. The temper-
ature datasets show more variabilities than for the CO2 density but the same trends are seen in
both datasets with, again some differences after LS 250° due to the saturation of the CO2 lines.
Another difference is the level of uncertainties between the two datasets. Even if the method to
retrieve the data is the same, the averaged relative uncertainties on the CO2 density and the
temperature values are 1.5% and 3.0% on SO data while they are 1.0% and 0.8% for MIR data.
While the uncertainties on the CO2 density are similar, those on the temperature are almost four
times lower for the MIR dataset.
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Figure 9.8: Carbon dioxide density retrieved at three altitudes: 60, 70, 80 km in MY35. Orange
points for NOMAD-SO and blue points for ACS-MIR. The datasets are split into ingress and
egress cases. The panels on the first line show the coverage.

Figure 9.9: Temperature retrieved at three altitudes: 60, 70, 80 km in MY35. Orange points for
NOMAD-SO and blue points for ACS-MIR. The datasets are split for ingress and egress cases.
The panels on the first line show the coverage.
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9.2.3 Comparison to TGO-ACS-NIR

The NIR channel from the ACS instrument is very similar to NOMAD-SO. It also uses solar
occultation measurements but covers the 0.7 to 1.7 µm spectral range with a spectral power of 28
000 (Fedorova et al., 2023). What is interesting about the NIR channel is that it is pointing almost
in the same direction as NOMAD-SO and they are sometimes switched on together allowing to
compare some simultaneous profiles of temperature. Temperature and CO2 are retrieved from
the CO2 bands at 1.43 µm and 1.57 µm. The temperature is retrieved from both the rotational
structure of the CO2 band and the hydrostatic equilibrium law (Fedorova et al., 2023).

Figure 9.10: Temperature retrieved from ACS-NIR (Fedorova et al., 2023) in blue and NOMAD-
SO in orange for simultaneous measurements. The number on the upper right side of each panel
is the panel number and the numbers on the left side of each panel provide the solar longitude,
latitude, longitude, and local solar time corresponding to the profiles.

The average difference (NIR - SO) is -4.7K while the absolute difference is 6.7K. The difference
between those two numbers leads to think that most of the differences within the comparison of
the datasets of NOMAD-SO to MCS (section 9.2.1) are due to differences in co-locations.
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9.3 summary
The dataset of temperature profiles in the mesosphere was compared to simulations from the
GEM-Mars model. The average difference was around 5K but some differences are found especially
when warm layers (around Northern dawn around perihelion) or very cold layers (around Southern
dusk around aphelion) are seen in the SO dataset. The GEM-Mars profiles also show warm or
cold layers but of weaker amplitude. This dataset was also compared to measured temperature
from the Mars Climate Sounder (MCS) on-board Mars Reconnaissance Orbiter. The vertical
resolution had to be degraded to the one of MCS. Within the co-location criteria, 117 profiles
could be compared. On average the difference between the two datasets is very small (0.1K) but
the average of the absolute differences is quite high (8.5K) meaning that there are some disparities
within the variabilities of the compared profiles. Those disparities can be due to a remaining
difference in vertical resolution or co-location. A comparison to the dataset of ACS-MIR on-board
TGO shows a fairly good agreement. However, as ACS-MIR and NOMAD-SO are never switched
on together, we cannot compare some corresponding profiles and it is difficult to provide an
average value for the difference between the two datasets. Finally, the NOMAD-SO dataset was
compared to the one of ACS-NIR on-board TGO. Contrary to the comparison to ACS-MIR,
ACS-NIR and NOMAD-SO are sometimes switched on together, they have a similar vertical
resolution and they are pointing in almost the same direction. The average difference is quite
small with a value of 4.7K while the average absolute difference is only 6.7K. This means that
the variability between the two datasets is rather small with a value around 2K. These results
suggest that the average absolute difference in the comparison with MCS is due to differences in
vertical resolution and co-locations.
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Chapter 10

Mars climatology - Thermal
structure at the terminator

This chapter details the main trends present in the datasets of CO2 density and temperature
derived from order 148 and thus focuses on the mesosphere. First, section 10.1 describes the
coverage of the datasets. Then the seasonal, inter-annual, latitudinal, and longitudinal trends
are presented. The diurnal trends are shown across latitudinal trend as it is tightly related to
latitude (see section 10.1) in solar occultation measurements. The dataset shown here is mainly
derived from diffraction order 148. The two last sections provide the distribution of cold layers
and strong warm layers present in this dataset.

10.1 Coverage

Figure 10.1 depicts an example of coverage, for diffraction order 148 along MY 35 and 36. Panel
a shows the latitudes scanned along those two Martian years. Panel b shows that there is a
dependence between local solar time and latitudes. Due to the inclination of Mars rotation axis,
the local solar times between 6 h and 18 h are scanned in the atmosphere which is closer to its
winter solstice (in the southern hemisphere from LS 0° to 180° and the northern hemisphere from
LS 180° to 360°). The opposite happens for the local solar times between 18 h and 6 h. The local
solar times 6 h and 18 h are scanned only at the equator.

The panels are split for ingress and egress cases in figure 10.2 and the latitude to solar
longitude curves are continuous functions. The ingress and egress cases mainly scan respectively
the afternoons and the mornings. There is also a bias inducing that LST corresponding to late
evening and early mornings are scanned in the Northern hemisphere in Northern spring and
summer (first half year) and in the Southern hemisphere in Southern spring and summer (second
half year). On the opposite, the LST corresponding to late morning and early afternoon are
scanned in the hemisphere in autumn and winter.
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Figure 10.1: Coverage for diffraction order 148 in MY 35 and 36. Panel a is for the latitude
coverage as a function of solar longitude and the colours are for the local solar time. Panel b is
for the latitude coverage as a function of the local solar time and the colours are for the solar
longitude.
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Figure 10.2: Coverage for diffraction order 148 in MY 35 and 36 splits for ingress (upper panel)
and egress (lower panel) occultations.
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10.2 Seasonal variations

Figures 10.3 to 10.6 show all 1748 vertical profiles of temperature retrieved from diffraction order
148 (mesosphere) in MY 35 and 36. Those figures are split for dawn/dusk and North/South
profiles. The latitude and local solar time coverage are provided in the corresponding panel a in
each Figure. As noted in section 10.1, the latitude and local solar time covered varies rapidly
over time and the coverage is almost similar in MY 35 and 36.

We can notice that several warmer layers appear around 0.1Pa in the dawn profiles in both
northern and southern hemispheres but only in the northern profiles at dusk. Those warm layers
appear to be stronger in the southern hemisphere at dawn and around aphelion while the southern
dusk profiles appear much colder with temperature as low as around 120K. A strong increase
in the temperatures can also be seen in both MY in the Northern winter hemisphere (around
perihelion). Those features are also visible in the datasets shown in Belyaev et al. (2021, Figure 2
panel b) and in Alday et al. (2021, Figure 2 panel b) which are both covering MY 35.

Seasonal trends are better seen when considering some specific altitudes and Figure 10.7
presents the CO2 density at 75 km. We see some seasonal variations with much higher density
around LS 240° in MY 35 and around LS 280° in MY 36. It is known that the seasonal trend of
density in Mars atmosphere is a sinusoidal-like function with two peaks, an important one around
perihelion and a weaker one around aphelion (e.g. Forget et al. (2009)). The solar longitudes
of both maxima are around 50° and 260° (Smith et al., 2017). The reason for those seasonal
variations of density is the variation of the temperature in the lower atmosphere. A higher
temperature in the lower atmosphere induces a higher scale height and thus the density increases
for the same altitude. This increase of the temperature in the lower atmosphere is due to the
presence of more dust heating the atmosphere. The reason for a higher peak around perihelion
than at aphelion is the increase in the incoming solar flux as Mars is closer to the Sun (Forget
et al., 2009) around perihelion. In the dataset presented here, the peak at aphelion does not
appear clearly. The likely reason is that the variations in latitudes and local solar time overwhelm
the presence of this peak.

Nevertheless, we can still see an increase in the density during the B storm at LS 240-270° and
the C storm at LS 320-330° both in the Southern hemisphere in MY 35 that were also present in
ACS-MIR profiles (Belyaev et al., 2022). Similar increases are found in MY 36.

Figure 10.8 shows the variation of temperature at 75 km. There are strong variations of
temperature with seasons but there is also more disparity in the temperature values that are
uneasy to follow on this plot but will be easier to follow while checking for the latitudinal and
longitudinal variations in the next sections.

The distribution of temperature is very similar in Figures 10.8 and 10.9 except that the
variation of temperature along season is much reduced while looking at the temperature on the
same pressure level. Thus this seasonal variation of temperature is explained by the seasonal
density variation.
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Figure 10.3: Map of vertical profiles of temperature retrieved from diffraction order 148 in MY
35 and 36 for dawn and northern measurements in panel b. Panel a provides the corresponding
coverage in latitude in Y-axis and local solar time as a colourbar. A second Y-axis in panel b
provides the corresponding rough altitudes to the pressure scale.

Figure 10.4: Same as Figure 10.3 but for dawn and southern measurements.
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Figure 10.5: Same as Figure 10.3 but for dusk and northern measurements.

Figure 10.6: Same as Figure 10.3 but for dusk and southern measurements.
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Figure 10.7: Retrieved CO2 density in MY 35 and 36 at 75 km from diffraction order 148 in
panels b and d as a function of solar longitude. Panels a and b provide the latitude in Y-axis and
the local solar time as colour-bar. Panels a and c are for the northern hemisphere and panels b
and d are for the Southern hemisphere. The vertical lines mark the solstices and equinoxes.
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Figure 10.8: Same as Figure 10.7 but panels c and d present the retrieved temperature.
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Figure 10.9: Same as Figure 10.8 but for a pressure of 0.1Pa.
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10.3 Inter-annual variations

A comparison of the retrieved CO2 density and temperature values at 75 km for MY 35 and 36
are presented in Figures 10.10 and 10.11. During both years, the orbit of TGO was similar, in
particular in the second half year (LS > 180°) meaning that an inter-annual comparison can be
easily done with this dataset. In particular, the amplitude of the increase in the density within
each hemisphere was very similar for both years. Concerning density and temperature, MY 35
and 36 are very similar Martian years.

Figure 10.10: Retrieved CO2 density at 75 km in MY 35 in red and MY 36 in green as a function
of solar longitude.
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Figure 10.11: Same as Figure 10.10 but for temperature.
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10.4 Latitudinal variations
Figure 10.12 highlights the variation of the density along latitudes throughout solar longitudes.
There is a symmetrical distribution of density to latitudes equinoxes (LS ∼0° - black and grey -
and ∼180° - dark green) where the Hadley cell (McCleese et al., 2010) is split into two branches
lifting air at the equator and the descending branches are at high latitudes in both hemispheres.
The solstices (LS ∼90° - blue - and ∼270° - yellow and orange) have an asymmetrical distribution
of density with higher values towards the Summer hemisphere.

Figure 10.12: Retrieved CO2 density at 75 km in MY 35 and 36 as a function of latitude and the
colour-bar for solar longitude.

The local solar times are tightly correlated to latitudes and we see some patterns in Figure
10.13 that are mainly due to the latitudinal variations. The main results from this figure is
that diurnal variations cannot be inferred from solar occultation except for the morning-evening
distinction. The conclusions are the same for Figure 10.15.

In Figure 10.14, we see an increase of the temperature towards the poles for all times of
the year but still with a striking higher increase in the Northern hemisphere around perihelion
(LS 250° - yellow points) with a few temperatures even higher than 200K around perihelion
(late northern fall). This polar warming results from the adiabatic compression induced by the
descending branch of the mean meridional circulation (e.g. McDunn et al. (2013); McCleese et al.
(2010)).

Figure 10.16 compares the retrieved temperature profiles between MY 35 and 36 up to around
LS 180°. The local solar time and solar longitudes roughly match from one year to another.
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Figure 10.13: Retrieved CO2 density at 75 km in MY 35 and 36 as a function of local solar time
and the colour-bar for solar longitude. Panel a and b are, respectively, for the northern and
southern hemispheres.
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Figure 10.14: Same as Figure 10.12 but for temperature.
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Figure 10.15: Same as Figure 10.13 but presenting the retrieved temperature at 75 km.

Similar features are found in the datasets of both MY. In particular, in panels 8 and 20 (LS
30°-60°), a similar tongue of higher temperature of around 170K stretches from southern high
latitudes towards 40°S and to higher altitudes. From the comparable latitudes in LS 50°-140°
(panels 9 to 11 and 21 to 23), warmer layers are seen at very similar altitudes across MY. The last
panels, 12 and 24 (LS 130°-180°), both cover very high latitudes and have higher temperatures
reaching 200K.

Figure 10.17 is the same than Figure 10.16 but presents the second half year (LS 180° to 360°).
An important difference is that MY 36 was better covered by scans of diffraction order 148. MY
35 and 36 contain respectively 404 and 392 occultations in the first half of the year while the
second half contains respectively 202 and 703 occultations.

Nevertheless, the profiles that can be compared show similar features. In particular, panels 8
and 20 show very similar warmer temperatures around latitudes of 0° to 50°N from the higher
pressure to 0.1 Pa and a warmer layer stretching from the southern latitudes towards the 20°S. A
general increase of the temperature at most latitudes is seen in LS 230° to 340° (panels 3-5 and
21-23).

Figures 10.18 and 10.19 shows the latitudinal trends in the retrieved temperature profiles
at dusk. Those profiles show similar trends in both MY when the corresponding profiles can
be compared. The temperature in the dusk profiles are very cold (∼100K) compared to dawn
profiles in the southern hemisphere during the first part of the Martian years (LS 30° to 150°)
which appears to be featureless, especially above 0.1Pa. The second part of the MYs has higher
temperatures up to 170K along all latitudes from (LS 180° to 310°). An interesting feature in
panel 21 (LS 38° to 76°) in Figure 10.18 is a warm layer appearing around the equator. A similar
feature was reported in Lee et al. (2009); McCleese et al. (2010) at close pressure levels and might
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Figure 10.16: Retrieved temperature profiles at dawn for the first half year in panels 7 to 12 and
19 to 24. Panels 1 to 12 for MY 35 and panels 13 to 24 for MY36. Panels 1 to 6 and 13 to 18
provide the latitudes (x-axis), local solar times (y-axis), and solar longitude (colour-bar).
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Figure 10.17: Same as for figure 10.16 but for the second half year.
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be related to thermal tides.

Inter-annual variations of temperature are mainly related to differences in dust content
(Giuranna et al., 2021). MY 35 and 36 had a close dust activity favouring a similar temperature
distribution.

Figure 10.18: Retrieved temperature profiles at dusk for the first half year in panels 7 to 12 and
19 to 24. Panels 1 to 12 for MY 35 and panels 13 to 24 for MY36. Panels 1 to 6 and 13 to 18
provide the latitudes (x-axis), local solar times (y-axis), and solar longitude (colour-bar).
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Figure 10.19: Same as for figure 10.18 but for the second half year.
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10.5 Longitudinal variations
Some TGO occultation periods are appropriate to derive the longitude variations. When looking
at Figure 10.2, those periods mainly appear at the peaks of the LS to latitude curves. Those
peaks mainly happen at high latitudes around 60° here thermal tides have a weaker amplitude
(González-Galindo et al., 2011). To check for longitudinal variations, we would prefer to analyse
them at low latitudes. Unfortunately, the curves in Figure 10.2 are rapidly sweeping across the
equator. Nevertheless, we will see in this section that some longitudinal variations can be seen at
those high latitudes.

The maximum ranges of solar longitude, latitude, and local solar time are set to 30°, 10°, and
1.5 h to avoid to mixing different possible phenomena in the longitudinal variations. Figure 10.20
shows the profiles in those specific ranges in MY 35. The mean solar longitude and local solar
time are provided above the panels and can be compared to Figure 10.2. We need to keep in
mind that those ranges are not equivalently spread in local solar time and seasons as the ingress
and egress cases mainly scan respectively the afternoons and the mornings while they scan the
night times in the hemisphere which is in summer. There are clear variations of a temperature
inversion in the morning around 7 and 10 h (panels b, h, i, k, and m) around 65 km, and smooth
profiles in the afternoon around 14 h (panels e, g, j, l, and p). The main parameter changing is
the local solar time as the longitudinal variations within one panel are equivalently distributed
along hemispheres and seasons. No information can be given on the latitudinal variations as
those ranges are all located around 60°. Some of those longitudinal variations might be related to
the polar warming phenomenon (e.g. McDunn et al. (2013)) happening in the lower mesosphere
at latitudes in the polar night but most of those profiles are not located in the polar night.

The diurnal variation of the Solar radiant flux produces planetary-wide thermal tides (Haberle
et al., 2017, section 9.5) which have higher amplitudes around the equator than at high latitudes
(González-Galindo et al., 2011) and vary in amplitude and phase with height (e.g. Lee et al.
(2009)). Thermal tides are split into migrating and non-migrating tides which are, respectively,
synchronous and asynchronous with the position of the Sun around Mars. For the sets of profiles
presented in Figure 10.20 only non-migrating tides can be derived as the local solar time is fixed.
For a specific altitude and a fixed local solar time, the amplitudes Ak and the corresponding
phases φk of the wavenumbers k are fitted with the formula

T (λ) =
∑
k

Ak cos (k λ− φk) (10.1)

where k is positive integer, and λ is the longitude. There are thus six (eight) parameters fitted if
we consider the three (four) first wavenumbers. We need to have much more profiles than the
number of fitted parameters to avoid any over-fitting of the data. This formula is a simplification
where k is the difference of the westward propagating zonal wavenumber s minus a harmonic
of the diurnal period m (England et al., 2016). With a fixed local solar time, we cannot derive
any knowledge about s or m nor derive migrating tides for which s is a multiple of m. The fit
is performed with a Levenberg-Marquardt least square algorithm from the MINPACK library
(Moré, 1977) through the SciPy module (Virtanen et al., 2020). No bounds are applied to the
fitted parameters Ak and φk and their initial values are set to zero to avoid forcing any particular
solution. The uncertainties are computed with a Monte Carlo analysis with a thousand of samples.

Some results were already provided in Trompet et al. (2023a) for MY 35 LS 100°–125°, Lat
63°S–56°S, LST 8.5–10 h and MY 35 LS 126°–146°, Lat 70°S–64°S, LST 14.5–16 h. In the first
case corresponding to the southern hemisphere in the morning was found around 65 km a WN-1
with an amplitude of 10% of the averaged temperature in addition to a 5% WN-3. In the afternoon
case corresponding to the southern hemisphere too but 20° in LS later, was found a 5% amplitude
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Figure 10.20: Profiles of temperature for specific solar longitude, latitude, and local solar time
ranges in MY 35. Upper panels (a to h) for the northern hemisphere and lower panels (i to p) for
the southern hemisphere. The mean solar longitude and local solar time are provided above the
panels. The shaded area represents the uncertainty on the profiles.
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for WN-1 around 65 km. For other altitudes, it is difficult to provide any information about
longitudinal variations as the uncertainties on the amplitudes are important. In addition, when
the uncertainties on the amplitude increase, those on the corresponding phase are important too,
indicating an unsteady fit on the phase. We need also to note that only the tidal activity is fitted
here while the variations of temperature might be due in addition to variations due to circulation
or gravity waves, the latter mainly happening where Mars topography contains large variations.

Those results of stronger tidal activities in the morning and lower tidal activities in the
afternoon were already reported in (Jain et al., 2021) although their results were reported for the
90-105 km altitude range.

10.6 CO2 condensation temperature limit
Tropospheric CO2 ice clouds were already reported from the MOLA instrument onboard MGS in
the polar night (Ivanov and Muhleman, 2001; Pettengill and Ford, 2000). Mesospheric CO2 ice
clouds were reported from Mariner 6 and 7 from a spectral signature at 4.2 µm (Herr and Pimentel,
1970) but later attributed to CO2 fluorescence (Lellouch et al., 2000; Piccialli et al., 2016). During
the entry of Pathfinder in the Martian atmosphere, temperature in the mesosphere was found
lower than the limit for CO2 condensation (Schofield et al., 1997). Earth ground measurements
also detected some locations in Mars mesosphere where the temperature was lower than this limit
(Clancy and Sandor, 1998). When Mars Express (MEx) started its science operations, several
instruments identified the presence of CO2 ice clouds. First, the Planetary Fourier Spectrometer
(PFS) reported the detection of a CO2 ice spectral signature at LS 135°, LST 11h30 and at
80-85 km altitude (Formisano et al., 2006). Then the SPectroscopy for the Investigation of the
Characteristics of the Atmosphere of Mars (SPICAM) instrument detected very high clouds at
∼100 km on the nightside in the Southern winter subtropical region (Montmessin et al., 2006;
Forget et al., 2009). Other measurements with the Observatoire pour la Minéralogie, l’Eau, les
Glaces et l’Activité (OMEGA) instrument detected the CO2 ice spectral signature at 4.26 µm
before and after the northern summer solstice (LS 45° and 135°) (Montmessin et al., 2007). Other
super cold pockets were reported from the Thermal Emission Spectrometer (TES) and the Radio
Sounder experiment onboard MGS (Colaprete et al., 2008) as well as from MCS onboard MRO
(Sefton-Nash et al., 2013).

The mechanisms producing those cold pockets are involving thermal tides (González-Galindo
et al., 2011) where the minima of temperature are further amplified with gravity waves (Spiga
et al., 2012; Listowski et al., 2014). The nucleation of CO2 ice clouds cannot be solely homogeneous
as it would require temperature minima 50K lower than the limit for CO2 condensation, and this
temperature has never been reported in Mars atmosphere (González-Galindo et al., 2011). It
might be initiated by dust or water ice but this heterogeneous nucleation still needs a temperature
8-18K lower than the limit for CO2 condensation (Nachbar et al., 2016).

Those mechanisms are not yet fully understood and more reports of CO2 ice clouds were
provided from TES and Mars Orbiter Camera onboard MGS (Clancy et al., 2007), OMEGA and
High Resolution Stereo Camera (HSRC) onboard MEx (Scholten et al., 2010; Määttänen et al.,
2010), Thermal Emission Imaging System (THEMIS) onboard Mars Odyssey (Inada et al., 2007;
McConnochie et al., 2010), OMEGA and Compact Reconnaissance Imaging Spectrometer for
Mars (CRISM) (Vincendon et al., 2011), Imaging Ultraviolet Spectrograph (IUVS) onboard Mars
Atmosphere and Volatile EvolutioN (MAVEN) (Jiang et al., 2019; Stevens et al., 2017), PFS and
OMEGA (Aoki et al., 2018), CRISM, MCS and Mars Color Imager (MARCI) onboard MRO
(Clancy et al., 2019). All those datasets have time and location biases but most of the reported
presence of CO2 ice clouds are at the equator (20°S-20°N) in-between Meridiani (0° longitude)
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and the extent of Valles Marineris (150°W) around northern summer and at mid-latitudes in the
southern hemisphere east of Hellas Bassin around LS perihelion (200°-300°).

Liuzzi et al. (2021) already reported the presence of CO2 ice clouds in 26 occultations from
NOMAD-SO using three criteria: the broadband reduction of the signal due to scattering of the
sunlight by the cloud, a temperature lower than the limit for CO2 condensation, and the spectral
signature of CO2 ice clouds at 3820 cm-1, in diffraction order 169. Amongst those 26 occultations,
there were five occultations where diffraction order 148 was scanned. They correspond to the
timestamps:

• 2019-05-05 07:00:03 ingress,

• 2019-07-15 16:23:35 egress,

• 2019-11-05 16:20:06 egress,

• 2019-12-16 14:35:36 ingress,

• 2019-12-16 22:27:53 ingress.

From this analysis on diffraction order 148 from MY 34 to MY 36, we found eight over 1811
temperature profiles with values lower than the limit for CO2 condensation in the mesosphere:

• 2018-05-04 14:10:44 ingress,

• 2019-05-05 07:00:03 ingress,

• 2019-10-13 04:31:21 ingress,

• 2019-12-16 14:35:36 ingress,

• 2021-07-01 05:49:15 egress,

• 2022-03-06 12:23:50 egress,

• 2022-05-14 17:08:26 ingress

• 2022-12-16 13:50:50 egress,

The second and third ones in the list from Liuzzi et al. (2021) could not be found here as
the CO2 ice cloud was found at too low altitudes for this dataset (respectively 45 and 55 km).
The last one in the list from Liuzzi et al. (2021) could not be found here as the temperature
profile does not reach the limit for CO2 condensation but is as close as 2K from it at the altitude
reported in Liuzzi et al. (2021) (65 km). The four last ones in the second list could not be reported
in Liuzzi et al. (2021) as the time range of this study stopped at the end of 2020.

Those eight profiles are gathered in Figure 10.21. The ordering in the legend is the same as in
the list above. The temperature limit is computed from the formula provided in Sánchez-Lavega
et al. (2004). We see that the reduction of the transmittance, which is here just the value at
pixel 180, is happening at tangent altitudes lower than the temperature minimum. This height
difference depends on the position of the cloud along the line of sight. For the same reason, the
decrease in transmittance is broader in height if the cloud is horizontally broad and covers more
tangent heights. The two profiles in MY 35 and for LS 20° ad 121° were already presented in
Liuzzi et al. (2021). A strong decrease in transmittance is visible for MY 34 LS 170°, MY 35 LS
20°, MY 35 LS 121°, MY 36 LS 66°, MY 36 LS 355° which are all happening at latitudes lower
than 40°.
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Figure 10.21: The possible presence of CO2 ice clouds in the dataset of temperature retrieved
from NOMAD-SO for diffraction order 148 in MY 34 to MY 36. Panel a for the temperature
profiles and panel b for the transmittance at pixel 180. The second Y-axis provides rough altitude
values.

Mesospheric CO2 ice clouds are reported either closer to the equator (Aoki et al., 2018; Liuzzi
et al., 2021) in LS 0°-140° and in LS 200°-300° at midlatitudes in the Southern hemisphere.

The three profiles at high Northern latitudes, MY 35 LS 92° (light blue), MY 36 LS 185°
(yellow), and MY 36 LS 227° (orange) do not have a clear reduction of the baseline meaning that
a CO2 ice cloud is less likely to be effectively present in those occultations.

The two occultations with a reduction of the transmittance over only a few kilometers, MY
35 LS 20° (dark blue) and MY 36 LS 66° (light green), are located at the equator. A third profile,
MY 35 LS 121°, is close to the equator (9°S) and contains a long reduction of the baseline possibly
due to the presence of the cloud further away from the tangent point combined with a long
extends. MY 36 LS 355° (red) at mid-latitudes in the southern hemisphere contains a reduction
of the baseline at an altitude well below the temperature minimum. This profile is close to the
season for CO2 ice clouds but further away from the equator. The last profile with a reduction of
the baseline is MY 34 LS 170° (purple) at mid-latitudes in the Southern hemisphere. All those
profiles are located where CO2 ice clouds were already previously reported.

Interestingly, we can see that there are two different sets of temperature minima: two happening
at 0.1 Pa and those happening at 0.7 Pa. The first ones happens in the morning and the second
ones happen in the afternoon.

10.7 Mesospheric inversion layers
The previous section reported some strong cold pockets in the mesosphere but this dataset
contains as well some strong warm layers. Nakagawa et al. (2020a) already reported those strong
warm layers in the nightside and some warm layers are also noticeable in the datasets presented
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in Belyaev et al. (2022) and López Valverde et al. (2022). I adopted a similar method than the
one implemented in Nakagawa et al. (2020a) to infer their presence in this dataset:

• 1. I compute a linear regression on the temperature profile to derive a background tempera-
ture profile

• 2. A profile contains a warm layer if some of its values are 20K higher than this background.

Figure 10.22: Four examples of temperature profiles in blue where the fitted background is plotted
in dashed orange, and the limit of background plus 20K is plotted in dot-dash green. Panels a
to c contain a warm layer but not panel d. The dates, times, solar longitudes, local solar times,
latitudes, and longitudes are reported on the left side of each panel.

Figure 10.22 shows some examples of profiles with the background in dashed orange and the
+20K limit in dash-dot green. Panels a to c thus contain a warm layer but not panel d.

The detected warm layers for the dataset in MY 35 and 36 are presented in Figure 10.23 in
orange while the blue dots are the mean position of all occultations reported here. As already
reported in section 10.1, we notice some important biases in the distribution of occultations and
this dataset is represented in histograms in Figures 10.24 and 10.25. The histogram on solar
longitude in Figure 10.24 is split for North (panel a) and South (panel b). There is an important
seasonal trend with most of the warm layers found in the Southern hemisphere around Southern
winter solstice (LS 90°) while around Northern winter solstice (LS 180°) most of them are found
in the Northern hemisphere. The times and locations of the warm layers are similar to the "polar
warming" happening in the mesosphere in the polar night. This warming is due to adiabatic
heating from the downward flux of the Hadley cell (Forget et al., 1999; Wilson, 1997).

Coming back to the paper from Nakagawa et al. (2020a), they reported the presence of warm
layers in the nightside in the mesosphere in a dataset covering LS 0° to 180°. During those solar
longitudes, the warm layers were present at mid-latitudes in the Northern hemisphere as well as
at high latitudes in the Southern hemisphere but absent in the Southern mid-latitudes. Panels a
and g (for LS 0° to 180°) in Figure 10.25 show very similar results at the terminator.
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From panels b, e, h, and k, no clear longitudinal trend can be seen but from panels c, f, i, l
we note a strong dependence with local solar time. Almost all warm layers are seen between 8 h
and 10 h with most of the remaining ones between 14 h and 16 h.

Amongst the 1848 profiles used for this section 86 (4.7%) of them contains a warm layer. This
value is lower than those reported in Trompet et al. (2023a) as the dataset in this manuscript
has been reprocessed due to a problem with the clock time in the SPICE kernels in the previous
version. But the conclusions remains the same. The number of warm layers for each half year is
provided in table 10.1.

Figure 10.23: Location and time of all retrieved temperature profiles in MY 35 and 36 in blue
and those with a warm layer in orange. All y-axis are latitudes and x-axes are longitudes (panel
a), local solar times (panel b) and solar longitudes (panel c). In panel c, the vertical lines indicate
the solstices and equinoxes. Note that the y-axis is in log scale to better see the warm layers
distributions.

Time range # of profiles # warm layers Ratio [%]
MY 35 LS 0°-180° 454 34 7.5

MY 35 LS 180°-360° 202 11 5.4
MY 36 LS 0°-180° 403 20 5.0

MY 36 LS 180°-360° 789 21 2.7
Total 1848 86 4.7

Table 10.1: Number of temperature profiles retrieved in half a year, the number of strong warm
layer found amongst them and the ratio of warm layer to the total number of profiles.
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Figure 10.24: Histograms on solar longitudes of all retrieved temperature profiles in MY 35 and
36 in blue and those with a warm layer in orange.
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Figure 10.25: Histograms on latitude, longitude and local solar time for all retrieved temperature
profiles in MY 35 and 36 in blue and those with a warm layer in orange. Panels a, b, c for MY 35
LS 0° to 180°, panels d, e, f for MY 35 LS 180° to 360°, panels g, h, i for MY 36 LS 0° to 180°,
and panels j, k, l for MY 36 LS 180° to 360°. Note that the y-axis is in log scale to better see the
warm layers distributions.
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10.8 summary
This chapter gathered the main results from the carbon dioxide density and temperature profiles
at the terminator and in the mesosphere retrieved from the SO channel of NOMAD. First, the
coverage in space and time is described. For solar occultation measurements, there is a correlation
between latitudes and the local solar times (LST). Most of the latitudes scanned are around 60°.
The LST around midday are scanned in the hemisphere in spring or summer and the LST around
midnight are scanned in the hemisphere in autumn and winter.

This dataset shows a clear seasonal variation of the carbon dioxide density in the mesosphere
following the known dust cycle. Warm layers are present in the morning and appear stronger in
the Southern Hemisphere. This dataset spans Martian years 35 and 36 and very similar variations
of carbon dioxide are seen in both years.

The latitudinal variations highlight the seasonal change in circulation as the Hadley cells
pass from symmetrical cells around equinoxes to asymmetrical cells around solstices. There is
an enhanced cell in the hemisphere close to summer and a weaker cell in the other hemisphere
with still a stronger cell in the summer hemisphere. This results in an important increase in the
density in that hemisphere around the summer solstice. Comparing MY 35 and 36 for specific
solar longitude ranges shows very similar temperature values and variations.

Longitudinal variations could be studied for specific solar longitude, latitude, and local solar
time ranges. The latitudinal range has to be around 60°. Important longitudinal variations
were found around 70 km altitude for local solar times around 7 h to 9 h. An analysis of the
non-migrating tides is reported and the main tidal components found are a first component of
10% and a third component of 5% of the background temperature.

Some temperature profiles present some strong cold layers and others some strong warm
layers. Concerning the temperature with a cold layer, some of them have values lower than the
limit for carbon dioxide condensation and match a substantial decrease in the baseline of the
spectra. This translates to the presence of an important layer of aerosols likely to be some carbon
dioxide ice clouds. Most of them are in the first half year close to the equator at longitudes where
the topography of Mars has many important variations. The times and locations of the warm
layers are also presented and compared to a previous study concerning the nightside of the Mars
mesosphere. Those warm layers are mainly seen in the late morning at high latitudes in the
hemisphere closer to winter and mid-latitudes closer to summer.

In conclusion, the mesosphere of Mars comprises important density and temperature variations.
Some seasonal and latitudinal temperature variations were related to known phenomena. This
analysis first focussed on longitudinal variations. Due to the typical coverage of solar occultation
measurements, this analysis can be done only for particular ranges in time and location. However,
some important longitudinal variations were found at 70 km altitude. A second part of this
analysis focussed on the very cold and very warm layers in the mesosphere and similar results
were found in the literature. Continuing the comparison with general circulation models will
allow us to learn more about the atmospheric mechanism behind those results.
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Chapter 11

Conclusions and outlook

The SO channel of the NOMAD instrument benefits from the legacy of the SOIR instrument
(2005-2014) and its calibration stands on the preliminary work made for SOIR (Mahieux, 2011).
One major difference with the calibration for SOIR is the presence of an asymmetrical ILS for
SO. Special attention was given to the transmittance calibration (see chapter 6) which is not as
simple as one would first think due to instrumental variations, spacecraft pointing, and possibly
limb darkening (Trompet et al., 2016). This work also focussed on the pixel-to-wavenumber
calibration and its variation with the instrument temperature. The parameters for the pixel to
wavenumber calibration are provided in section 5.2.1. Concerning the outlook for the calibration of
NOMAD-SO spectra, still, some artefacts remain with the current transmittance calibration. One
of those artefacts is a curvy baseline of the transmittance spectra probably due to a modification
of the instrument function along an occultation. This artefact is now simply removed by fitting
the baseline with a polynomial but in the future, we could investigate a possible improvement by
using a wider pixel grid using zero-padding, providing the wavenumber range for each spectrum
that varies with the instrument temperature and computing the transmittance on the wavenumber
grid instead of the pixel grid.

Before the launch of ESA’s TGO mission, claims of methane detection in Mars atmosphere were
reported from Earth ground observation (Krasnopolsky et al., 2004; Mumma et al., 2009), orbiter
(Formisano et al., 2004), as well as from a rover (Webster et al., 2015) with quantifications in the
order of 1 ppb. The detection of this molecule in the atmosphere could have important consequences
concerning astrobiological possibilities. A primary objective of the NOMAD instrument was to
detect and quantify the presence of methane in the Martian atmosphere. However, no trace of the
spectral signature of methane around 3020 cm-1 could be found from both the ACS and NOMAD
instruments (both onboard TGO). The detection limits reported from both ACS and NOMAD
are at least an order of magnitude lower than the detections reported before the Science phase of
TGO. But the altitudes with the highest sensitivity of those instruments to methane is around
10 km while the measurements of the rover are made at the surface.

This work mainly focussed on the retrievals of CO2 density and temperature profiles. It has
been known for a long time that the retrieval of atmospheric parameters from remote sensing is
an ill-posed problem (e.g. Phillips (1962)). This ill-posedness is translated here into an important
impact on the inverted parameters of any error or uncertainty on the measurement. The presence
of noise in the data, an extended field of view, and a vertical sampling leads to the presence of
some spurious features in the retrieved solution. Many methods have been proposed to "regularise"
the solution. Amongst them, there is the Monte Carlo method, the Optimal Estimation method
(Rodgers, 2000), or the Tikhonov method (Tikhonov, 1963). In practice, the two last methods are
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similar if one chooses carefully the regularisation term in the Optimal Estimation method (see
section 4.2.3). In this work, we have chosen to split the spectral inversion and the vertical inversion
to be able to fine-tune the regularisation. We have made tests with seven known methods and
found that the best one is the expected error estimation (see sections 4.2.5 and 8.1.2). We have
also shown that the regularisation matrix in the Tikhonov method corresponds to the Cholesky
factorization of the inverse of the covariance matrix used in the statistical method (see section
4.2.3). Retrievals were performed mainly in the mesosphere (approx. 50-100 km altitude) with
spectra from diffraction order 148 and we are starting to retrieve CO2 and temperature profiles
in the troposphere (≈ 0− 50 km altitude) with diffraction order 132. However, some diffraction
orders contain stronger CO2 lines to infer CO2 density and temperature in the thermosphere
(≈ 100− 200 km altitude). Those altitudes correspond to very low pressures (< 10−3 Pa) and we
would need to check if non-local thermodynamic equilibrium might play a role there.

The results of this work have been compared with datasets from co-located measurements
or simulations to validate these retrievals. The focus was given to MCS datasets as it has been
previously validated towards other datasets (Shirley et al., 2015). A proper comparison requires
taking into account the possible presence of bias from the instrument, and/or from the retrievals.
We have seen that too high regularisation is capable to biasing the solution towards the a priori.
This clearly needs to be taken into account. A quantification of the comparison can be computed
only for co-located profiles. The comparison with MCS gave an average difference of 0.1K with
an average absolute difference of 8.5K. A comparison to simultaneous measurements from the
ACS-NIR channel gave an average difference of −4.7K while the average absolute difference is
6.7K. A comparison of those numbers leads to thinking that most of the absolute difference
with the MCS dataset might come from the difference in co-location. In addition, the datasets
compared can have different vertical resolutions leading to differences as some variabilities can
be seen in the dataset with a better vertical resolution. Also, some differences might be from
bias toward the a priori. In the method used in this work, this a priori can be considered as
the null vector. A proper comparison must consider the averaging kernels, the a priori, and the
regularisation operator. Unfortunately, none of the datasets available in the literature provide
those data.

The results found in this work and partly reported in Trompet et al. (2023a,b) are supporting
previous results, in particular, concerning the CO2 seasonal variation. The solar longitudes and
latitudes probed in MY 35 and 36 were close enough and we found very similar temperature
variations comparing those two Martian years. Some cold pockets that could bear the presence
of CO2 ice clouds were found with a decrease of the corresponding transmittance inducing the
presence of a cloud or an extended object able to scatter or absorb most of the light. The
corresponding locations match the previously reported presence of CO2 ice clouds. We also
checked for the presence of longitudinal variations and found important variations around 65 km
in the morning terminator while the evening terminator was much smoother. Concerning this
last analysis, only two ranges in solar longitude, local solar time, and latitudes were reported
here. Those ranges are always located around 60° latitude (north or south) due to the orbit of
TGO. In the case of the morning terminator, an analysis of the amplitude and phase showed
mainly a wavenumber-1 with a 10% amplitude with a wavenumber-3 with a 5% amplitude with
respect to the background temperature. This analysis could be extended to a dozen of other
adequate ranges. An analysis of the vertical variabilities in the profiles showed that amongst the
1848 profiles used for this work, 86 (4.7%) of them contains a warm layer.

The data reported in this work is available on the VESPA portal (https://vespa.obspm.fr) as
well as all profiles derived from the SOIR measurements (Trompet et al., 2018).
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Appendix A

Recall on simple linear regression

The simple linear regression is described in detail in Taylor (1997, chap. 8). The main formulas
are reproduced hereafter as they are used in several part of this manuscript.

We want to fit the vector y as a linear function of the vector x, both containing N values

y = A+Bx. (A.1)

where A and B are the coefficients to fit. Deriving
∑N
i=0 yi −A−Bxi with respect to A and B

and solving the equations, we find

A =
∑
x2∑ y −

∑
x
∑
xy

∆ ,

B = N
∑
xy −

∑
x
∑
xy

∆ ,

∆ = N
∑

x2 −
(∑

x
)2
.

(A.2)

The interpolated values of y will be different from the measured ones except if all measured
values are strictly linear along x. The uncertainties on the interpolated y and the coefficients A
and B are

σy =

√√√√ 1
N − 2

N∑
i=0

(yi −A−Bxi)2,

σA = σy

√∑
x2

∆ ,

σB = σy

√
N

∆

(A.3)

where σA and σB are computed by error propagation from the uncertainties on the measurements
x and y. All those values are standard deviations. The standard error are then found as s = σ/

√
N .

Those uncertainties considered that all uncertainties on the measured y are similar and that the
uncertainties on x are negligible.

The uncertainty on any extrapolated value Y(X) is (Casella and Berger, 2002)

σY (X) = σy

√
N + 1 + NX −

∑
x

∆ . (A.4)
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Appendix B

Analytical integration of the
hydrostatic equilibrium equation

This appendix details the analytical integration of equation 8.5 using equations 2.2, 2.22 and 8.7.
Replacing 2.2 and 2.22 in 8.5, we find

∆pi = −ma nig0r
2
M exp

(
zi
hi

)∫ zi+1

zi

exp
(
−z
hi

)
(rM + z)2 dz. (B.1)

Now substituting x = (rM + z)/hi,

∆pi = −ma nig0r
2
M

hi
exp

(
rM + zi
hi

)∫ (rM+zi+1)/hi

(rM+zi)/hi

exp(−x)
x2 dx. (B.2)

This last integral is a close form of the exponential integral (Zhang and Jin, 1996, eq. 19.1.1)
defined as

En(x) = xn−1

∫ ∞

x

exp(−y)
yn

dy. (B.3)

Recognizing indeed E2(x)
x in the integral in B.2,
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Appendix C

Derivation of the scale height
from a linear interpolation on the
natural logarithm of the density

Considering a density profile with a finite number of values ni, we want to find a linear interpolation
of the natural logarithm of this density profile. The formula for the linear interpolation gives

ln(n) = ln(ni) + (z − zi)
ln(ni+1)− ln(ni)

zi+1 − zi
. (C.1)

Rearranging it as

n = ni exp

 zi − z
zi+1−zi

ln
(

ni
ni+1

)
 . (C.2)

This equation is similar to 2.22 if we pose

hi = zi+1 − zi
ln
(

ni
ni+1

) . (C.3)

The formula 2.22 can be used only if the scale height and the temperature can be considered
as constant with altitude, i.e. the altitude step must be small with respect to the scale height.
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Nomenclature

ACS Atmospheric Chemistry Suite

AOTF Acousto-Optical Tunable Filter

CRISM Compact Reconnaissance Imaging Spectrometer for Mars

DALR Dry Adiabatic Lapse Rate

EUVM Extreme UltraViolet Monitor

FOV Field Of View

FSR Free Spectral Range

FWHM Full-Width at Half-Maximum

GCM General Circulation Model

GDS Global Dust Storm

GEM −Mars Global Environmental Multiscale model adapted to the Martian atmosphere

GMM3 Goddard Mars Model 3

HRSC High Resolution Stereo Camera

HWHM Half-Width at Half-Maximum

ILS Instrument Line Shape

IR Infrared

IUV S Imaging UltraViolet Spectrograph

LS Solar longitude

LNO Limb, Nadir and Occultation

LoS Line of Sight

LST Local Solar Time

MARCI Mars Color Imager

MAV EN Mars Atmosphere and Volatile EvolutioN
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MCD Mars Climate Database

MCS Mars Climate Sounder

MEx Mars Express

MGS Mars Global Surveyor

MIR Mid-InfraRed

MRO Mars Reconnaissance Orbiter

MY Martian Year

NIR Near-InfraRed

NOMAD Nadir and Occultation for MArs Discoveries

OEM Optimal Estimation Method

OMEGA Observatoire pour la Minéralogie, l’Eau, les Glaces et l’Activité

PFS Planetary Fourier Spectrometer

ppb part per billion

ppt part per trillion

SNR Signal to noise ratio

SO Solar Occultation

SOIR Solar Occultation in the InfraRed

SPICAM SPectroscopy for the Investigation of the Characteristics of the Atmosphere of Mars

TES Thermal Emission Spectrometer

TGO Trace Gas Orbiter

THEMIS Thermal Emission Imaging System

UV Ultraviolet

UV IS UltraViolet-VISible

VMR Volume Mixing Ratio

LTE Local Thermodynamic Equilibrium
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