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Reaction

Autocatalysis
(positive feedback)

Inhibition
(negative feedback)

Activator I -
——>

Catalysis
(positive feedback)

4+

Diffusion

\

= i

u(x, y, t): Amount of activator
af time t and position (x,y)

v(z, Yy, t): Amount of inhibitor
af time t and position (x,y)

X = f(u,v) + D, V2u
% = g(u,v) + D, V2
(z,y) €

+ houndary conditions
+ initial condition

A.M.Turing, The chemical basis of morphogenesis, Phil. Trans. R Soc London B, 237, (1952), pp.37
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u(x, y, t): Amount of activator =
|

Reaction at time t and position (XIY) | D | FFU SIon can d rive dadnj
(poﬁ;"::;“f'::ﬁ;(k) v(z, y, t): Amount of inhiitor

inhibition at time t and position (x,y)

(negative feedback)

- — = 5 2
Activator - 5 = f(u,v) 4+ D, V*u
Catalysi
(posiﬁs;ufzzlisbuck) % =g ('U;, 'U) ‘I‘ Drv V2’U

+ (z,y) € Q

r + boundary conditions
Diffusion + initial condition

'Hence as the perturbation grows, non-inearities enter into the ga

yielding an asymptotic, spatially inhomogeneous, steady state (stationary ]
pattern) or time varying one (wave like pattern). »

| A.M.Turing, The chemical basis of morphogenesis, Phil. Trans. R Soc London B, 237, (1952), pp.37
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social networks &

I et y:-

world ighfs map

Human Disease Network _.® c®g 2
o o ....
o O..

Probability
of failure

@ <25%
0 25-80%
@ >80%

profeins networks technological networks

WWW.unamur.be timoteo.carletti@unamur.be




A network is a set of nodes connected by links (edges)

Ex.: 5 nodes and 4 edges (undirected)

Adjacency matrix

{1 if nodes 7 and j are linked

0 otherwise

The number of links entering (going out) from each node is

called in-degree (out-degree)

Ex.: degree node 1 =3 A network is said to be complex if
degree nodes 2 & 4 = 2 the degree distribution is not trivial,
degree node 3 =1 i.e. not constant (lattice) nor
degree node 5 =0 Poissonian (random, Erd&s-Rényi)
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Reactions occur at each node. Diffusion occurs across edges.

metapopulation model
-- macro scale

/\ -- micro scale
< ° ® 2
P o0’ g
® =3
$ee® ®

May R., Will a large complex system be stable? Nature, 238, pp. 413, (1972)
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Reaction term:

v;(t) = g(ui(t),v;(t)) Ve=1,...,nandt > 0.

_——-—-—-“

At each node i=1...,n, “species” v and v react through some non-inear
functions f and g depending on the quantities available at node ith
(metapopulation assumption)

WWW.unamur.be timoteo.carletti@unamur.be




Diffusion term:

Diffusive fransport of species info a certain node i is given by the sum of
incoming fluxes fo node i from other connected nodes j, fluxes are proportional
to the concentration difference between the nodes (Fick's law).

Ex.: consider the amount of u in node 1
u can enter from 2, 3 and 4

u can leave 110 go fo 2, 3 and 4
)

U2 + U3 + Ug — 3U1 = ZAUU]' — klul = Z (Alj — 51jkj) Uj 1= ZLljuj
J J

J

L is called Laplacian matrix of the network
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Turing mechanism: diffusion driven instability

+
< = > w;(t) Amount of activator in node i af fime 1
activator i v; (t) Amount of inhibitor in node i at fime t
60 ®
— ] diffusion _ _ U;
inhibitor ¢
-
()

Local reaction ferm Diffusion term (Fick's law)

L;; = Aij — k:6;; Laplace matrix

Ai; Adiacency matrix A and L are symmetric

Nakao H. and Mikhailov A. S., Turing patterns in network-organized activator-inhibitor systems, Nature Physics, 6, pp. 544 (2010)
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Turing patterns

Patterns: |
on networks K

Sets of nodes whose
| asymptotic state is far from |
the homogeneous equilibrium |

U, (t)

U(x,y,t), t =15




Turmg mechanism: diffusion driven mstablllty

l) Assume Ihere exists « spoholly homogeneous s’roble solution:

u; =u and v, =0 V1

5’u, 5 5’(1, - fu + DuL f”U
(5&;)_‘7(5’!’) ‘7_< G 9v+DvL> |

('3) Prove that the spatially homogeneous solufion: )

uw; =u and v, = v Vi

turns out fo be unstable once the diffusion is in action |
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(37 Prove e sty Fmogenens solton:

w;, =uwand v, =v Vi

turns out fo be unstable once the diffusion is in action |
Sketch of the proof
Jlet  Lo® = A%, a=1,...,n ¢ = (o7, ..., 0)

Z¢?¢?:5aﬁ A% <0

ii) decompose the solution on the eigenbasis and use the ansaiz
n

ou;i(t) = Z Caﬁb?@/\at

a=1
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iii) Ao (called relation dispersion) is solution of

fu + Dy A° fo ) 4

det _)‘O‘ B ( Ju Gy + D, A

iv) if there exists A%< such that :eAo_ > O then Turing patterns do emerge.

057 0

0
057
057

1.5




ui =1 — (b -+ 1)uz -+ cu,?vi -+ Du Zj Lijuj
v; = bu; — cufv; + D, Zj Liv;

(u*,v*) = (1,b/c) equilibrium isolated system (no diffusion)

time =0

nodes
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Turing mechanism: diffusion driven instability

Elegant and simple, but unable to describe patterns onset
in many real scenarios.

P> At least two diffusing species are needed;

B> Activator and inhibitor are both necessary :
fugo <0

P The inhibitor must diffuse much faster than the activator;

Dy > Dy
P> Based on parabolic PDE (heat equation), hence infinite
propagation of signals
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Social networks
layers=different social networks
nodes=same agent in each SN

WWW.uhamur.be

|
|

Transportation networks
layers=ditferent modalities
nodes=same spatial location




; ] st layer

adjacency matrix of
| Iu;’er K degree of i-th node __

in layer K

Laplacian matrix of |
layer K The same 2 nodes are present in each layer

D:, inter-layer diffusion coefficient

D.?, intraloyer diffusion coefficient

af = f(uf,0f) + DE Y LEu + D12 (uf+! — uK)
g

. Q2 K
0K = g(uK of) + DE YT LEVK 4+ D12 (0KF1 — o)
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Assume D* =e<<1 DX* = 0O(e)

j: ( fuIQQ ﬁu f’UIZQ >—|—€( g_gQLl 0 )

guIQQ ngZQ + Ev
- j() —+ EDO

Perturbative approach to compute the spectrum

)\max(e) — )\fgzaaz -+ E(U()D()V())k -+ 0(62)

max kmaac

MG Y = max A, (e = 0) kmaz = arg max Ag(e = 0)
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time = 0.01
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let us consider a multigraph, e.g. two nodes can be connected through
different edges

o .. — N
A?(0) = A° AV(e) = A 4 (A2 — A%)  AY(1) = A2
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theory vs simulations

0.5 027

0.4+ il I &

creation .~ .. destruction

[ J
2o
0.3} % 01T X %

0 0.05 0.1 0.15 0.2

o - .. — N
A?(0) = A° AV(e) = A 4 (A2 — A%)  AY(1) = A2

WWW.unamur.be timoteo.carletti@unamur.be




Create patterns by adding a single (optimally chosen) link

A (w) = A° A¥(w) = A° + wT )

0.6
0.5r
0.4r

0.3F

%S\mam

0.2r

0.1r

-0.1
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Understanding Complex Systems S 1
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7=1 (b)
a
(@) A(t) (A)
(@ @) @ O @ @ 0
® QO 6—0 6 ® (€)
® 0 ® O ® O o0
A] A2 A3 .
0 2T 3T 4T
(d)
25
2*
::]..5-
S
03¢ \
0 | | |
0 50 100 150 200
2.5 | ‘ ‘ ‘ ume
0 0.5 1 15 2



—(@)

T
L () = AD(D)d () Va=1,....nandvt (qb (t)) 8" (t) = bog

T(t) = %:caﬁ(t)c_f;(ﬁ)(t) Va=1,...,n

Copp + Cpa = 0 and ¢4 = 0.
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% = F(x;) + €2_L;(t)H(X;),
J

Linearisation 6X; =X — S

dg;(i = Jr(S(t))0X; + 8§:lqj(t),l“ (s(t))ox;,

Projection eigenbasis

i ¥ De(se) + en® (O (s(0)] %o,
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( 0 1 cos (1§1+29t) cos 208) 1 )
2 3 T3 T2
. . Ag(t) = | 1 Ccos (%T+2.O.t) 0 1 oS G - ZQt)
\/ 2 3 2 3
20t 1 1 cos (= — 20t
9 \ g 3o Gs ) 0 /

1 -1

1 .

— Ay5(t)

0.8} — Aus(t)

— A(1)
= 0.6 -
= 0.4;
0.2+

0 | I I I | I

0 0.5 1 1.5 2 2.5 3

time
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=1
5 : ,
—uy(t)
S ()
—ug(t)

1.5 /

=
S
05¢
0 1 1
0 5 10 15 20 25
time
—Ul(t)
—ua(t) 4
——ug(t)
20 25
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‘—ul (t)

2 : : .
—uy (t)
—us(t)
1.5¢ —ug(t) |
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= ] I\
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05} \
0 1 1
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time

— U2 (t)

! - uz(t)|-

25

20

time
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Simplicial complexes Hypergraphs

=

d-simplex = d+1 nodes
(all linked together) hyperedge = set of nodes
O-simplex = node
1-simplex = link
2-simplex = triangle
3-simplex = tetrahedron
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Hypergraphs. Some definitions.

|Eaz‘ =3

ensemble of nodes

TS

g hyperedges

Incidence matrix

e, =1 it e E,

Hyperadjacency matrix Hyperedge matrix

A =cel C=cele
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L

‘]1
O q&‘j.‘z
® O O
Fio

non-linearity

]-Cg — Z(Caa — 1)767;0.6]'@

84

incidence

hyperedge size atrices
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dx; _
E — F(xi) _ E;eiaeja(caa _ 1) (G(Xz) _ G(X])) T = 1

=F(x;) —e» ki (G(x;) — G(x;)) =F(x;) —e» _ (d;ki" — ki) G(x;)
j ]

= F(x;) — EZL{}IG(Xj)a
j

Lg Higher-order Laplace matrix
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a) b)

RA(AY)

8 100

0 50 100 150 200
«
o A

Figure5. Turing patterns on hypergraphs. Main panels: the dispersion relation for the Brusselator model defined on the
hypergraph—panel (a)—and the projected network—panel (b). One can observe that in both cases there are eigenvalues for
which the dispersion relation is positive (red dots); the blue line represents the dispersion relation for the Brusselator model
defined on a continuous regular support. Being both Laplace matrices symmetric, the dispersion relation computed for the
discrete spectra lies on top of the one obtained for the continuous support. Insets: the Turing patterns on the hypergraph (panel
(a)) and the projected network (panel (b)). We report the time evolution of the concentration of the species ;(t) in each node as a
function of time, by using an appropriate colour code (yellow associated to large values, blue to small ones). In the former case,
nodes are ordered for increasing hyper degree while in the second panel for increasing degree. One can hence conclude that nodes
associated to large hyper degrees display a large concentration amount for species u;. This yields a very localised pattern. The
hypergraph and the projected network are the same used in figure 2.
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Equilibrium — f1@*, 0% = fL@*,v*) =0
Linearize 6w, = u; — u*, 6v; = v; — v*

dE 2
2 d—f = (Iy ®Jo + o, LY @ Iy + 0, L? @ J ) &

d

Note: need for assumptions on L or H
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up)

o Wnzg

/ [B'Vli 3

[ByVl

5)(c)

(5]10)
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k =2  Three nodes, hence a triangle o) = [ig, i1, 1s]

19
(1) [7/()77/1] ( ) [7/177/ ] O-:gl) — [Z())ZZ]
0, %1] |21, 22] [0, 22]

Z.O 7;1 io —1 O —1

B1(U§O)agg(‘1)) = u | I -1 0

Incidence matrices 79 o 1 1

B, € MNox M

[207i1722]
B c MN1><N2 7/07@1 ]_
° B2(0§1>,0§-2)) =|t1,02] | 1
:i07i2: —]_
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Bk(agk_l) O'(-k)) = 1if a(k Do (-k)

(2

Incidence matrix By(a\" Y, gj(."“)) — (0 otherwise

Ly =B, By + B 1B,

Hodge Laplace matrix
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du
- = f(u,B1v) — DoLou, 0=f@",0) and 0=g@"0),

d
d_tt) = g(v, BlTu) — D{Ljv,

Note. We need exira conditions for the homogenous solutions to be
solution for the whole system.
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Global Topological Synchronization on Simplicial and Cell Complexes, T. Carletti, L. Giambagli, G.

Bianconi, Physical Review Letters, 130, pp.

187401 ( 2023)

Turing patterns in systems with high-order in
Carletti, Chaos Solitons & Fractals. 106, pp.

Finite propagation enhances turing patterns
Muolo. J Phys: Complexity 2(4), pp. 045004

eractions, R. Muolo, L.Gallo, V. Latora, M. Frasca, T.
112912 (2023)

in reaction-diffusion networked systems, T. Carleiti , R.
(2021)

Diffusion-driven instability of topological signals coupled by the Dirac operator, L. Giambagli et al,
Physical Review E, 106 pp. 064314 , (2022)

Dynamical systems on hypergraphs, T. Carletti D. Fanelli, S. Nicoletti J Phys: Complexity

1(3):035006 (2020)

Patterns of non-normality in networked systems., R. Muolo, M. Asllani, D. Fanelli, PK. Maini, T.

Carletti, J Theoret Biol 480:81, (2019)
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Theory of Turing Patterns on Time Varying Networks, J. Pefit, B. Lauwens, D. Fanelli, T. Carletti,
Physical Review Letters, 119, pp. 148301-1-5, ( 2017)

Tune the topology fo create or destroy patterns, M. Asllani, T. Carletti, D. Fanelli, European Physical
Journal B. 89, pp. 260 (2016)

Pattern formation in a two-component reaction-diffusion system with delayed processes on a network,
J. Petit, M. Asllani, D. Fanelli, B. Lauwens, T. Carletti, Physica A, 462, pp.230, { 2016)

Delay induced Turing-like waves for one species reaction-diffusion model on a network, J. Petit, T.
Carletti, M. Asllani, D. Fanelli, Europhysics Letters. 111, 5, pp. 58002, (2015)

Turing instabilities on Cartesian product networks, M. Asllani, D.M. Busiello, T. Carletti, D. Fanelli, G.
Planchon, Scientific Reports. 5, pp. 12927 (2015)

Turing patterns in multiplex networks, M. Asllani, D.M. Busiello, T. Carletti, D. Fanelli, G. Planchon,
Physical Review E 90, 4, pp. 042814, (2014)
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Movement across links takes fime, so the diffusion part should contain o
delay ferm.

Also reactions can take time, so the reaction part should contain a delay term.
Ei(t) = f(@i(t — 7)) + DY Lija;(t — 7q)
Observe that one single species is enough to have Turing patterns

The relation dispersion can be analytically e
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Finite propagation on complex networks

M Incidence matrix L=—-M"M laploce matrix
/7~ Fidk's law ]
 Xe(t) = — D us(t) — w(t)] = Dy [Ma(0)], —H(0) = - [MTX@)],
% t)= -M'Y¥=-D,M'Mi = D,Li
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Finite propagation on complex networks

M Incidence matrix L=—-M"M laploce matrix

 Xe(t) = =Dy [u;(t) — ui(t)] = D, [Ma(t)], thz (t) = - [MTX@),

( (Cattaneo’s theory 7o relaxation / inertial fime

Xe (t) + Tu

d;f (t) = D, [M(t)], d;f (t) = — [MTx(t)].
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Relativistic Turing mechanism on complex networks

U;
V;

f(ui,vi) + Dy 3 Liju, Parabolic RD
g(ui,vi) + Dy 32 ; Lijv, (Heat equation)

v

du;  d*u, -
CZ T Ty dtg zf(uiavi)'l'DuZLijuj .
= Hyperbolic RD
: 2. n o o 4o .
Wi | 8% guuw) +D,S Liyv;  (Relativistic Heat equation
dt dt2 7
71=1

(Caftaneo equation, telegraph equation, damped nonlinear Klein-Gordon equations)
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Some results

P> Existence of Turing pattern in activator - inhibitor systems
with inhibitor diffusing faster than the activator

Dy > Dy,

P> Existence of Turing pattern in activator - inhibitor systems
with inhibitor diffusing slower than the activator

D, < D,

P> Existence of Turing pattern in inhibitor - inhibitor systems

fu<0and g, <O
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Some results

\ggg

B> Existence of Tyt % tern in activator - inhibitor systems
with inhibigwng faster than the activator
o)

B> Existence of Turipg$etern in activator - inhibitor systems
with inhibitorAffusng slower than the activator

N p <D,

Dy > Dy,

P> Existence of Tuﬂn%}%&%rn in inhibitor - inhibitor systems
%@ fu <0and g, <0

Inertia driven Turing instability
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Turing instability in relativistic reaction-diffusion

)
d(Su,,, d2(5uz - a At ()
dt + Ty dt2 = uféui+6vf5vi+DuZLij5uj Uz(t) — Zu € ¢7,
J=1 «
ddv; d?ov; 5 P D - 1.8 ZL..¢(,Q) = A0\ Vi a
dt + Ty dt2 — Oug U; + v{ V; + UZ ij0U; : (N o'y )
\ g=1
dilq d? 4, . . .
O T () = Bufiia(t) + 0ufBa(t) + DuADia(l)
AU d?*Dg,

— (t) + T 3 (t) = 0uglia(t) + 0ygla(t) + Dy A, (2)

| Ao+ TuAE — 0y f — A@D —0y f
: o U\ u u v = Pau Aa — ]
det ( —Oug Ao + Tru/\(2x - (%g - A(a)Dv P ( ) ’ ]

Fourth order polynomial <==>> Routh - Hurwitz criterium
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FitzHugh - Nagumo model : inertia driven patterns

duz- d2’u,i . 3 D ik I
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