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Order from disorder 
is a leitmotif in 

Nature
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One possible mechanism: Turing instability
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One possible mechanism: Turing instability

Diffusion�

Ac#vator) Inhibitor)

Autocatalysis�
(positive feedback) �

Catalysis �
(positive feedback) �

Inhibition�
(negative feedback) �

Reaction �

+ boundary conditions�
+ initial condition�

                   : Amount of activator �
at time t and position (x,y) �

                   : Amount of inhibitor �
at time t and position (x,y) �

A.M.Turing, The chemical basis of morphogenesis, Phil. Trans. R Soc London B, 237, (1952), pp.37
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Hence as the perturbation grows, non-linearities enter into the game 
yielding an asymptotic, spatially inhomogeneous, steady state (stationary 
pattern) or time varying one (wave like pattern).

Dif fusion can drive an 
instability by perturbing a 
homogeneous stable (in 
absence of diffusion) fixed 
point.
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networks
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Networks are everywhere

world flights map

social networks

proteins networks technological networks
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Reactions occur at each node.  Diffusion occurs across edges.

May R., Will a large complex system be stable? Nature, 238, pp. 413, (1972)
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Reaction term :

(
u̇i(t) = f(ui(t), vi(t))

v̇i(t) = g(ui(t), vi(t)) 8i = 1, . . . , n and t > 0.

At each node i=1,…,n, “species” u and v react through some non-linear 
functions f and g depending on the quantities available at node i-th 
(metapopulation assumption)

Turing instability on networks

Nakao H. and Mikhailov A. S., Turing patterns in network-organized activator–inhibitor systems, Nature Physics, 6, pp. 544 (2010)
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Diffusion term :

Turing instability on networks

Incidence matrix
System state vector

<latexit sha1_base64="OAo9tT1I4RHVk7obrcz/PK3aP/A=">AAACH3icbVDLSgMxFM34rPVVdelmsAgVSpkRqW6EohuXFewDOnXIpLdtMPMguVMoQ//Ejb/ixoUi4q5/Y6YdQasHAifn3HuTe7xIcIWWNTWWlldW19ZzG/nNre2d3cLeflOFsWTQYKEIZdujCgQPoIEcBbQjCdT3BLS8h+vUb41AKh4GdziOoOvTQcD7nFHUkluoOiNgicOGfFLCk8tSytwEXDu9lp1eiKr8rfmpdnLvYBi5haJVsWYw/xI7I0WSoe4WPvUsFvsQIBNUqY5tRdhNqETOBEzyTqwgouyBDqCjaUB9UN1ktt/EPNZKz+yHUp8AzZn6syOhvlJj39OVPsWhWvRS8T+vE2P/opvwIIoRAjZ/qB8LE0MzDcvscQkMxVgTyiTXfzXZkErKUEea1yHYiyv/Jc3Til2tVG/PirWrLI4cOSRHpERsck5q5IbUSYMw8kieySt5M56MF+Pd+JiXLhlZzwH5BWP6BddxokA=</latexit>

~�(t) = (�e1(t), . . . ,�em(t))>Links current vector

constitutive equation (Fick’s first law)

continuity equation

Diffusive transport of species into a certain node i is given by the sum of 
incoming fluxes to node i from other connected nodes j, fluxes are proportional 
to the concentration difference between the nodes (Fick's law).

(Fick’s second law)
L : Laplacian matrix of the network
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Nakao H. and Mikhailov A. S., Turing patterns in network-organized activator–inhibitor systems, Nature Physics, 6, pp. 544 (2010)

ui(t)
<latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit><latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit><latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="0U351m+p3G4B3QubruAI0LDfIaQ=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFqJsy40aXghuXFewPtEPJpJk2NpMMyR2hDH0HNy4U8aHc+TZm2i609UDg45yE3HuiVAqLvv/tlba2d3b3yvuVg+rh0XHtpNqxOjOMt5mW2vQiarkUirdRoOS91HCaRJJ3o+ldkXefubFCq0ecpTxM6FiJWDCKzupkQ9HAy2Gt7jf9hcgmBCuow0qtYe1rMNIsS7hCJqm1/cBPMcypQcEkn1cGmeUpZVM65n2Hiibchvli2jm5cM6IxNq4o5As3N8vcppYO0sidzOhOLHrWWH+l/UzjG/CXKg0Q67Y8qM4kwQ1KVYnI2E4QzlzQJkRblbCJtRQhq6giishWF95EzpXzcDxgw9lOINzaEAA13AL99CCNjB4ghd4g3dPe6/ex7Kukrfq7RT+yPv8AdMIjWA=</latexit><latexit sha1_base64="0U351m+p3G4B3QubruAI0LDfIaQ=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFqJsy40aXghuXFewPtEPJpJk2NpMMyR2hDH0HNy4U8aHc+TZm2i609UDg45yE3HuiVAqLvv/tlba2d3b3yvuVg+rh0XHtpNqxOjOMt5mW2vQiarkUirdRoOS91HCaRJJ3o+ldkXefubFCq0ecpTxM6FiJWDCKzupkQ9HAy2Gt7jf9hcgmBCuow0qtYe1rMNIsS7hCJqm1/cBPMcypQcEkn1cGmeUpZVM65n2Hiibchvli2jm5cM6IxNq4o5As3N8vcppYO0sidzOhOLHrWWH+l/UzjG/CXKg0Q67Y8qM4kwQ1KVYnI2E4QzlzQJkRblbCJtRQhq6giishWF95EzpXzcDxgw9lOINzaEAA13AL99CCNjB4ghd4g3dPe6/ex7Kukrfq7RT+yPv8AdMIjWA=</latexit><latexit sha1_base64="Yh8cJmds41J3AJdRYByZaOsqNlw=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AI9VJ2veix6MVjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7e2vrG5tV3YKe7u7R8clo6Om1ZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbOeqOBFr1T2q/5cZBWCHMqQq94rfXX7mmUJV8gktbYT+CmGE2pQMMmnxW5meUrZiA54x6GiCbfhZL7tlJw7p09ibdxTSObu74kJTawdJ5HrTCgO7XJtZv5X62QYX4cTodIMuWKLj+JMEtRkdjrpC8MZyrEDyoxwuxI2pIYydAEVXQjB8smr0LysBo7v/XLtJo+jAKdwBhUI4ApqcAd1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8A+JyOtA==</latexit><latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit><latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit><latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit><latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit><latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit><latexit sha1_base64="OTBoGkVRT1bFn6fS53qzK/v7Gec=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFewHtKFstpt27WYTdidCCf0PXjwo4tX/481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mqlfVHF83654tbcucgqeDlUIFejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q5FRSNu/Gy+7ZScWWdAwljbp5DM3d8TGY2MmUSB7YwojsxybWb+V+umGF77mVBJilyxxUdhKgnGZHY6GQjNGcqJBcq0sLsSNqKaMrQBlWwI3vLJq9C6qHmW7y8r9Zs8jiKcwClUwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+yPn8Afncjrg=</latexit>

vi(t)
<latexit sha1_base64="nnwsI7ph6UV8zy4SBS/qmTSbQz0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJFqJeyK4Iei148VrC10C4lm2bb2OxmSWYLZel/8OJBEa/+H2/+G9N2D9r6QuDhnRky8waJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5ZRqWa8yZRUuh1Qw6WIeRMFSt5ONKdRIPljMLqd1R/HXBuh4gecJNyP6CAWoWAUrdUa90QVz3vliltz5yKr4OVQgVyNXvmr21csjXiMTFJjOp6boJ9RjYJJPi11U8MTykZ0wDsWYxpx42fzbafkzDp9EiptX4xk7v6eyGhkzCQKbGdEcWiWazPzv1onxfDaz0ScpMhjtvgoTCVBRWank77QnKGcWKBMC7srYUOqKUMbUMmG4C2fvAqti5pn+f6yUr/J4yjCCZxCFTy4gjrcQQOawOAJnuEV3hzlvDjvzseiteDkM8fwR87nD/tljrk=</latexit><latexit sha1_base64="nnwsI7ph6UV8zy4SBS/qmTSbQz0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJFqJeyK4Iei148VrC10C4lm2bb2OxmSWYLZel/8OJBEa/+H2/+G9N2D9r6QuDhnRky8waJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5ZRqWa8yZRUuh1Qw6WIeRMFSt5ONKdRIPljMLqd1R/HXBuh4gecJNyP6CAWoWAUrdUa90QVz3vliltz5yKr4OVQgVyNXvmr21csjXiMTFJjOp6boJ9RjYJJPi11U8MTykZ0wDsWYxpx42fzbafkzDp9EiptX4xk7v6eyGhkzCQKbGdEcWiWazPzv1onxfDaz0ScpMhjtvgoTCVBRWank77QnKGcWKBMC7srYUOqKUMbUMmG4C2fvAqti5pn+f6yUr/J4yjCCZxCFTy4gjrcQQOawOAJnuEV3hzlvDjvzseiteDkM8fwR87nD/tljrk=</latexit><latexit sha1_base64="nnwsI7ph6UV8zy4SBS/qmTSbQz0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJFqJeyK4Iei148VrC10C4lm2bb2OxmSWYLZel/8OJBEa/+H2/+G9N2D9r6QuDhnRky8waJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5ZRqWa8yZRUuh1Qw6WIeRMFSt5ONKdRIPljMLqd1R/HXBuh4gecJNyP6CAWoWAUrdUa90QVz3vliltz5yKr4OVQgVyNXvmr21csjXiMTFJjOp6boJ9RjYJJPi11U8MTykZ0wDsWYxpx42fzbafkzDp9EiptX4xk7v6eyGhkzCQKbGdEcWiWazPzv1onxfDaz0ScpMhjtvgoTCVBRWank77QnKGcWKBMC7srYUOqKUMbUMmG4C2fvAqti5pn+f6yUr/J4yjCCZxCFTy4gjrcQQOawOAJnuEV3hzlvDjvzseiteDkM8fwR87nD/tljrk=</latexit><latexit sha1_base64="nnwsI7ph6UV8zy4SBS/qmTSbQz0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJFqJeyK4Iei148VrC10C4lm2bb2OxmSWYLZel/8OJBEa/+H2/+G9N2D9r6QuDhnRky8waJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5ZRqWa8yZRUuh1Qw6WIeRMFSt5ONKdRIPljMLqd1R/HXBuh4gecJNyP6CAWoWAUrdUa90QVz3vliltz5yKr4OVQgVyNXvmr21csjXiMTFJjOp6boJ9RjYJJPi11U8MTykZ0wDsWYxpx42fzbafkzDp9EiptX4xk7v6eyGhkzCQKbGdEcWiWazPzv1onxfDaz0ScpMhjtvgoTCVBRWank77QnKGcWKBMC7srYUOqKUMbUMmG4C2fvAqti5pn+f6yUr/J4yjCCZxCFTy4gjrcQQOawOAJnuEV3hzlvDjvzseiteDkM8fwR87nD/tljrk=</latexit>

Amount of activator in node i at time t

Amount of inhibitor in node i at time t

Turing mechanism: diffusion driven instability

Local reaction term Diffusion term (Fick’s law)

Lij = Aij � ki�ij
<latexit sha1_base64="UCAQ8lcm4ZfNfiV/HvOBgg2q4MY=">AAACBXicbVC7TsMwFHV4lvIKMMIQUSGxUCUFCRakAgsDQ5HoQ2qjyHHc1tRxIvsGqYq6sPArLAwgxMo/sPE3uGkGaDmS5eNz7tX1PX7MmQLb/jbm5hcWl5YLK8XVtfWNTXNru6GiRBJaJxGPZMvHinImaB0YcNqKJcWhz2nTH1yN/eYDlYpF4g6GMXVD3BOsywgGLXnm3o2XsvvR+UV2HQ081gkoB5w9PbNkl+0M1ixxclJCOW qe+dUJIpKEVADhWKm2Y8fgplgCI5yOip1E0RiTAe7RtqYCh1S5abbFyDrQSmB1I6mPACtTf3ekOFRqGPq6MsTQV9PeWPzPayfQPXNTJuIEqCCTQd2EWxBZ40isgElKgA81wUQy/VeL9LHEBHRwRR2CM73yLGlUys5xuXJ7Uqpe5nEU0C7aR4fIQaeoiq5RDdURQY/oGb2iN+PJeDHejY9J6ZyR9+ygPzA+fwDlg5jV</latexit>

Symmetric Laplace matrix
Symmetric Adjacency matrixAij

<latexit sha1_base64="nQ8XDHHdS9k7JBk53tUFBLPJDXA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6rXjxWsB/QLiWbZtu02WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTuY3GV++4kqzaR4NNOY+hEeChYygo2VWjf9lI1n/XLFrbpzoFXi5aQCORr98ldvIEkSUWEIx1p3PTc2fo qVYYTTWamXaBpjMsFD2rVU4IhqP51fO0NnVhmgUCpbwqC5+nsixZHW0yiwnRE2I73sZeJ/Xjcx4bWfMhEnhgqyWBQmHBmJstfRgClKDJ9agoli9lZERlhhYmxAJRuCt/zyKmnVqt5FtfZwWanf5nEU4QRO4Rw8uII63EMDmkBgDM/wCm+OdF6cd+dj0Vpw8plj+APn8weaBY8l</latexit>
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Patterns: 
Sets of nodes whose 

asymptotic state is far from 
the homogeneous equilibrium.

Turing patterns 
on networks

<latexit sha1_base64="Yb3JkBYKarJYqdbeQnFCr+stlwU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckIcxOZpMxs7PLTK8YlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+85FrIyJ1j+OYd0M6UCIQjKKVGk89UcKzXqHolt0ZyDLxMlKEDLVe4avTj1gScoVMUmPanhtjN6UaBZN8ku8khseUjeiAty1VNOSmm86unZBTq/RJEGlbCslM/T2R0tCYcejbzpDi0Cx6U/E/r51gcNVNhYoT5IrNFwWJJBiR6eukLzRnKMeWUKaFvZWwIdWUoQ0ob0PwFl9eJo3zslcpV+4uitXrLI4cHMMJlMCDS6jCLdSgDgwe4Ble4c2JnBfn3fmYt6442cwR/IHz+QMCFo7G</latexit>

xi(t)

The Brusselator
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Turing mechanism: diffusion driven instability

1) Assume there exists a spatially homogeneous stable solution: 
<latexit sha1_base64="NIXnRgV8ZA7853hBj8sUX7G3ngU=">AAACG3icbVDLSgNBEJz1bXxFPXoZDIKnsCuiXoSgF48KJgrZEHpnJ2Zwdnad6QmGZf/Di7/ixYMingQP/o2Th+CroKGo6qa7K8qkMOj7H97E5NT0zOzcfGlhcWl5pby61jCp1YzXWSpTfRmB4VIoXkeBkl9mmkMSSX4RXR8P/Ise10ak6hz7GW8lcKVERzBAJ7XLO7YtDsMuYG6LEPkt5hRUTIvel9wraHhjIaZhJ9UgJRXtcsWv+kPQvyQYkwoZ47RdfgvjlNmEK2QSjGkGfoatHDQKJnlRCq3hGbBruOJNRxUk3LTy4W8F3XJKTN1uVwrpUP0+kUNiTD+JXGcC2DW/vYH4n9e02Dlo5UJlFrlio0UdKymmdBAUjYXmDGXfEWBauFsp64IGhi7Okgsh+P3yX9LYqQZ71d2z3UrtaBzHHNkgm2SbBGSf1MgJOSV1wsgdeSBP5Nm79x69F+911DrhjWfWyQ9475/PC6Hi</latexit>

ui = û and vi = v̂ 8i

2) Linearise around this solution:
✓

˙�u
˙�v

◆
= J̃

✓
�u
�v

◆

<latexit sha1_base64="ZxYdczQri56Xuf7GpF0y4E4hArA="></latexit>

ui = �ui + û and vi = v̂ + �vi

<latexit sha1_base64="+wwNBdydlo3Dxy5A7UdDp36NLKc="></latexit>

J̃ =

✓
fu +DuL fv

gu gv +DvL

◆

Du > 0 and Dv > 0

3) Prove that the spatially homogeneous solution: 
 
 
turns out to be unstable once the diffusion is in action

<latexit sha1_base64="NIXnRgV8ZA7853hBj8sUX7G3ngU=">AAACG3icbVDLSgNBEJz1bXxFPXoZDIKnsCuiXoSgF48KJgrZEHpnJ2Zwdnad6QmGZf/Di7/ixYMingQP/o2Th+CroKGo6qa7K8qkMOj7H97E5NT0zOzcfGlhcWl5pby61jCp1YzXWSpTfRmB4VIoXkeBkl9mmkMSSX4RXR8P/Ise10ak6hz7GW8lcKVERzBAJ7XLO7YtDsMuYG6LEPkt5hRUTIvel9wraHhjIaZhJ9UgJRXtcsWv+kPQvyQYkwoZ47RdfgvjlNmEK2QSjGkGfoatHDQKJnlRCq3hGbBruOJNRxUk3LTy4W8F3XJKTN1uVwrpUP0+kUNiTD+JXGcC2DW/vYH4n9e02Dlo5UJlFrlio0UdKymmdBAUjYXmDGXfEWBauFsp64IGhi7Okgsh+P3yX9LYqQZ71d2z3UrtaBzHHNkgm2SbBGSf1MgJOSV1wsgdeSBP5Nm79x69F+911DrhjWfWyQ9475/PC6Hi</latexit>

ui = û and vi = v̂ 8i
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General strategy for the network case

Du > 0 and Dv > 0

3) Prove that the spatially homogeneous solution: 
 
 
turns out to be unstable once the diffusion is in action

<latexit sha1_base64="NIXnRgV8ZA7853hBj8sUX7G3ngU=">AAACG3icbVDLSgNBEJz1bXxFPXoZDIKnsCuiXoSgF48KJgrZEHpnJ2Zwdnad6QmGZf/Di7/ixYMingQP/o2Th+CroKGo6qa7K8qkMOj7H97E5NT0zOzcfGlhcWl5pby61jCp1YzXWSpTfRmB4VIoXkeBkl9mmkMSSX4RXR8P/Ise10ak6hz7GW8lcKVERzBAJ7XLO7YtDsMuYG6LEPkt5hRUTIvel9wraHhjIaZhJ9UgJRXtcsWv+kPQvyQYkwoZ47RdfgvjlNmEK2QSjGkGfoatHDQKJnlRCq3hGbBruOJNRxUk3LTy4W8F3XJKTN1uVwrpUP0+kUNiTD+JXGcC2DW/vYH4n9e02Dlo5UJlFrlio0UdKymmdBAUjYXmDGXfEWBauFsp64IGhi7Okgsh+P3yX9LYqQZ71d2z3UrtaBzHHNkgm2SbBGSf1MgJOSV1wsgdeSBP5Nm79x69F+911DrhjWfWyQ9475/PC6Hi</latexit>

ui = û and vi = v̂ 8i

Sketch of the proof
i) Let

ii) decompose the solution on the eigenbasis and use the ansatz

L~�↵ = ⇤↵~�↵, ↵ = 1, . . . , n
X

i

�↵
i �

�
i = �↵�

�ui(t) =
nX

↵=1

c↵�
↵
i e

�↵t

⇤↵  0

<latexit sha1_base64="SvYIelakBWRIuppcr22NU9b/Fj8=">AAACI3icbVDLSgMxFM3UV62vqks3g0WoUMqMSBVBKLpxWcE+oNOWTJq2oZlMSO4UytB/ceOvuHGhFDcu/BfTdhbaeiBw7jn3JrnHl5xpcJwvK7W2vrG5ld7O7Ozu7R9kD49qOowUoVUS8lA1fKwpZ4JWgQGnDakoDnxO6/7wfubXR1RpFoonGEvaCnBfsB4jGIzUyd54I0piTw7YpO1hLgf4Nj+rOm5SFrxuCLow10Sinbc9CGUnm3OKzhz2KnETkkMJKp3s1NxFooAKIBxr3XQdCa0YK2CE00nGizSVmAxxnzYNFTiguhXPd5zYZ0bp2r1QmSPAnqu/J2IcaD0OfNMZYBjoZW8m/uc1I+hdt2ImZARUkMVDvYjbENqzwOwuU5QAHxuCiWLmrzYZYIUJmFgzJgR3eeVVUrsouqVi6fEyV75L4kijE3SK8shFV6iMHlAFVRFBz+gVvaMP68V6s6bW56I1ZSUzx+gPrO8f3iGlCQ==</latexit>

~�↵ = (�↵
1 , . . . ,�

↵
n)

>
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General strategy for the network case

iii)         (called dispersion relation) is solution of �↵

det


�↵ �

✓
fu +Du⇤↵ fv

gu gv +Dv⇤↵

◆�
= 0

iv) if there exists           such that                       then Turing patterns do emerge.⇤↵c

-$,
0 1 2 3 4 5 6 7

<
 6
,

-2

-1.5

-1

-0.5

0

0.5

<�↵c > 0
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The Brusselator

<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) equilibrium isolated system (no diffusion)

<latexit sha1_base64="wcNET+g5qGMqNFYdD5sFvVRu78o="></latexit>(
u̇i = 1� (b+ 1)ui + cu2

i vi +Du
P

j Lijuj

v̇i = bui � cu2
i vi +Dv

P
j Lijvj
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Turing patterns on directed networks

Asymmetric Adjacency matrixAij
<latexit sha1_base64="nQ8XDHHdS9k7JBk53tUFBLPJDXA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6rXjxWsB/QLiWbZtu02WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTuY3GV++4kqzaR4NNOY+hEeChYygo2VWjf9lI1n/XLFrbpzoFXi5aQCORr98ldvIEkSUWEIx1p3PTc2fo qVYYTTWamXaBpjMsFD2rVU4IhqP51fO0NnVhmgUCpbwqC5+nsixZHW0yiwnRE2I73sZeJ/Xjcx4bWfMhEnhgqyWBQmHBmJstfRgClKDJ9agoli9lZERlhhYmxAJRuCt/zyKmnVqt5FtfZwWanf5nEU4QRO4Rw8uII63EMDmkBgDM/wCm+OdF6cd+dj0Vpw8plj+APn8weaBY8l</latexit>

<latexit sha1_base64="fMuDyfmRnDEf0UDtlZYNZjPcLhI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EWIevEYwTwgWcLsZDYZMzu7zvQKYclPePGgiFd/x5t/4+Rx0MSChqKqm+6uIJHCoOt+O0vLK6tr67mN/ObW9s5uYW+/buJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Iz9xhPXRsTqHocJ9yPaUyIUjKKVmledTDyMLr1OoeiW3AnIIvFmpAgzVDuFr3Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTe4dkWOrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ44WdCJSlyxaaLwlQSjMn4edIVmjOUQ0so08LeSlifasrQRpS3IXjzLy+S+mnJK5fKd2fFyvUsjhwcwhGcgAfnUIFbqEINGEh4hld4cx6dF+fd+Zi2LjmzmQP4A+fzB5IBj64=</latexit>

Aij = 1 if
<latexit sha1_base64="4meWbMC8sRZ+2aCmZxtxPWdYsSk=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoxWME84BkDbOT2WTM7Owy02sIS/7DiwdFvPov3vwbJ4+DJhY0FFXddHcFiRQGXffbWVldW9/YzG3lt3d29/YLB4d1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8HgZuI3nrg2Ilb3OEq4H9GeEqFgFK308NjWotdHqnU8JKJTKLoldwqyTLw5KcIc1U7hq92NWRpxhUxSY1qem6CfUY2CST7Ot1PDE8oGtMdblioaceNn06vH5NQqXRLG2pZCMlV/T2Q0MmYUBbYzotg3i95E/M9rpRhe+ZlQSYpcsdmiMJUEYzKJgHSF5gzlyBLKtLC3EtanmjK0QeVtCN7iy8ukfl7yyqXy3UWxcj2PIwfHcAJn4MElVOAWqlADBhqe4RXenKHz4rw7H7PWFWc+cwR/4Hz+ALRxkqk=</latexit>

j ! i

Asymmetric Laplace matrix
<latexit sha1_base64="id3ClDeSNHlTATQiILT1lpdRn54=">AAACDHicbVC9TsMwGHT4LeWvwMhiUSGVgSpBqLAgFVgYGIpEf6Q2RI7jtKaOE9kOUhXlAVh4FRYGEGLlAdh4G9w0A7ScZPl0d5/s79yIUalM89uYm19YXFourBRX19Y3Nktb2y0ZxgKTJg5ZKDoukoRRTpqKKkY6kSAocBlpu8PLsd9+IELSkN+qUUTsAPU59SlGSktOqXztJPQ+PTvPrsOhQ++SCuUHac8jTKFM1SmzamaAs8 TKSRnkaDilr54X4jggXGGGpOxaZqTsBAlFMSNpsRdLEiE8RH3S1ZSjgEg7yZZJ4b5WPOiHQh+uYKb+nkhQIOUocHUyQGogp72x+J/XjZV/aieUR7EiHE8e8mMGVQjHzUCPCoIVG2mCsKD6rxAPkEBY6f6KugRreuVZ0jqqWrVq7ea4XL/I6yiAXbAHKsACJ6AOrkADNAEGj+AZvII348l4Md6Nj0l0zshndsAfGJ8/BCmboA==</latexit>

Lij = Aij � k(in)i �ij
<latexit sha1_base64="S3bTszjPaf8Li1G1PB3IQukxhwc=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZQZkepGqLpxWcE+oB2HTJq2aZPMkGSEMowbf8WNC0Xc+hfu/BvTdhbaeuDC4Zx7ufeeIGJUacf5thYWl5ZXVnNr+fWNza1te2e3rsJYYlLDIQtlM0CKMCpITVPNSDOSBPGAkUYwvB77jQciFQ3FnR5FxOOoJ2iXYqSN5Nv7Q5/eJ0UqjtOLtoq5P4CXfkIHqW8XnJIzAZwnbkYKIE PVt7/anRDHnAiNGVKq5TqR9hIkNcWMpPl2rEiE8BD1SMtQgThRXjL5IIVHRunAbihNCQ0n6u+JBHGlRjwwnRzpvpr1xuJ/XivW3XMvoSKKNRF4uqgbM6hDOI4DdqgkWLORIQhLam6FuI8kwtqEljchuLMvz5P6Scktl8q3p4XKVRZHDhyAQ1AELjgDFXADqqAGMHgEz+AVvFlP1ov1bn1MWxesbGYP/IH1+QP2CJaZ</latexit>

k(in)i =
X

j

Aij

<latexit sha1_base64="E2CfuNpJzReZPNgm/PzxlKCYYJA=">AAACCHicbVC7SgNBFJ31GeMramnhYBBiE3ZFomUwjYVFBPOAbAx3J7PJkNnZZWZWCMuWNv6KjYUitn6CnX/jbJJCEw8MHM45l7n3eBFnStv2t7W0vLK6tp7byG9ube/sFvb2myqMJaENEvJQtj1QlDNBG5ppTtuRpBB4nLa8US3zWw9UKhaKOz2OaDeAgWA+I6CN1CscuTcm3If7pOQCj4ZwmrpMuAHooecltbRXKNplewK8SJwZKaIZ6r3Cl9sPSRxQoQkHpTqOHeluAlIzwmmad2NFIyAjGNCOoQICqrrJ5JAUnxilj/1Qmic0nqi/JxIIlBoHnklmG6p5LxP/8zqx9i+7CRNRrKkg04/8mGMd4qwV3GeSEs3HhgCRzOyKyRAkEG26y5sSnPmTF0nzrOxUypXb82L1alZHDh2iY1RCDrpAVXSN6qiBCHpEz+gVvVlP1ov1bn1Mo0vWbOYA/YH1+QOvXJnK</latexit>

⇤(↵) 2 C

Complex spectrum
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Turing patterns on directed networks

Region of (in)stability
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Turing patterns directed defective networks

No need for eigenvectors !
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Elegant and simple, but unable to describe patterns onset 
in some real scenarios.

 At least two diffusing species are needed;  

Activator and inhibitor are both necessary : 

The inhibitor must diffuse much faster than the activator; 

 Based on parabolic PDE (heat equation), hence infinite 
propagation of signals.

Dv � Du
<latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit>

Turing mechanism: diffusion driven instability

<latexit sha1_base64="eeNUTeHDxDxSPTrDZyqnNPsv9vM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVF0MYygvmA5Dj2NnvJkr3dc3cvEI78CRsLRWz9O3b+GzfJFZr4YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo5aWqSK0SSSXqhNiTTkTtGmY4bSTKIrjkNN2OLqb+e0xVZpJ8WgmCfVjPBAsYgQbK3WiIB0E4xs3KFfcqjsHWiVeTiqQoxGUv3p9SdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7QrqUCx1T72fzeKTqzSh9FUtkSBs3V3xMZjrWexKHtjLEZ6mVvJv7ndVMTXfsZE0lqqCCLRVHKkZFo9jzqM0WJ4RNLMFHM3orIECtMjI2oZEPwll9eJa2LqndZrT3UKvXbPI4inMApnIMHV1CHe2hAEwhweIZXeHOenBfn3flYtBacfOYY/sD5/AGfro+1</latexit>

fugv < 0
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Turing instability on multiplex networks

1st layer

2nd layer

(
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Laplacian matrix of 
layer K

adjacency matrix of 
layer K degree of i-th node 

in layer K
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u,v inter-layer diffusion coefficient

D12
u,v intra-layer diffusion coefficient

⌦The same      nodes are present in each layer
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Temporal networks
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Temporal networks: fast switch

u̇i(t) = f(ui, vi) +Du

NX

j=1

Lij(t/✏)uj(t)

v̇i(t) = g(ui, vi) +Dv

NX

j=1

Lij(t/✏)vj(t)

(1)
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Temporal networks: generic case
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Temporal networks: generic case
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Turing patterns on temporal networks: generic case
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limitation
<latexit sha1_base64="WxRC5H9J/NGzm7Fn2SzeVE0B7dU=">AAAB63icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnnWTIzOw6MyuEJb/gxYMiXv0hb/6Ns8keNLGgoajqprsrjDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6ihRFBs04pFqh0QjZxIbhhmO7VghESHHVji+zfzWEyrNIvlgJjEGggwlGzBKTCZ1JT72yhWv6s3gLhM/JxXIUe+Vv7r9iCYCpaGcaN3xvdgEKVGGUY7TUjfRGBM6JkPsWCqJQB2ks1un7olV+u4gUrakcWfq74mUCK0nIrSdgpiRXvQy8T+vk5jBdZAyGScGJZ0vGiTcNZGbPe72mUJq+MQSQhWzt7p0RBShxsZTsiH4iy8vk+ZZ1b+sXtyfV2o3eRxFOIJjOAUfrqAGd1CHBlAYwTO8wpsjnBfn3fmYtxacfOYQ/sD5/AEbTY5M</latexit>

6=

networks
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Simplicial complexes

d-simplex = d+1 nodes  
(all linked together)

1-simplex = link
2-simplex = triangle

3-simplex = tetrahedron

0-simplex = node

Hypergraphs

hyperedge = set of nodes

Simplicial complexes and Hypergraphs
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Hypergraphs
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Hypergraphs. Some definitions.

|E↵2 | = 3

<latexit sha1_base64="YlX7HzkwzecVWyOK5LkknHYZms8=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQpJGrAuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtZ7LhcM59zJ3TpgyKpVtfxorq2vrG5uFreL2zu7evnlw2JBJJjCp44QlohUiSRjlpK6oYqSVCoLikJFmOLiZ+s0hEZIm/EGNUuLHqMdpRDFSWgpMc3wb5B3E0j4K3Mn4qhyYJdvyXM+tVKBtnZddXdCx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjmCs7Unxs5iqUcxaGejJHqy7/eVPzPa2cqqvg55WmmCMfzh6KMQZXAaQywSwXBio00QVhQfSvEfSQQVjqsog5h6cvLpOFajmdd3nul6vUijgI4BifgDDjgAlTBHaiBOsBgCB7BM3gxcuPJeDXe5qMrxmLnCPyC8f4FVVSTfQ==</latexit>

|E↵1 | = 2

<latexit sha1_base64="DzJ3Zn9QV7efcmne2UaXK+8nxk4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQhJSrQuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtR64cDjnXu69J0wZlcq2P42V1bX1jc3CVnF7Z3dv3zw4bMgkE5jUccIS0QqRJIxyUldUMdJKBUFxyEgzHNxM/eaQCEkT/qBGKfFj1OM0ohgpLQWmOb4N8g5iaR8FzmR85QZmybYqZdtzy1ATz3HPy9Cx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjiCs7UnxM5iqUcxaHujJHqy7/eVPzPa2cqqvg55WmmCMfzRVHGoErgNAbYpYJgxUaaICyovhXiPhIIKx1WUYew9PIyabiW41mX916per2IowCOwQk4Aw64AFVwB2qgDjAYgkfwDF6M3HgyXo23eeuKsZg5Ar9gvH8BWAiTfw==</latexit>

|E↵3 | = 1

<latexit sha1_base64="de7UuOj6tN8PdqiLt9QCd5qgRYE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFRJttVkIRRFcVrAPaEOYTCft0MkkzEwKJe2fuHGhiFv/xJ1/4/RBUdEDFw7n3Mu99wQJo1LZ9qeRW1ldW9/Ibxa2tnd298z9g4aMU4FJHccsFq0AScIoJ3VFFSOtRBAUBYw0g8HN1G8OiZA05g9qlBAvQj1OQ4qR0pJvmuNbP+sglvSRfz4ZXzm+WbQt162cuzZ0LHsGaFvlcsW9KC2VIlig5psfnW6M04hwhRmSsu3YifIyJBTFjEwKnVSSBOEB6pG2phxFRHrZ7PIJPNFKF4ax0MUVnKnfJzIUSTmKAt0ZIdWXv72p+JfXTlVY8TLKk1QRjueLwpRBFcNpDLBLBcGKjTRBWFB9K8R9JBBWOqyCDmH5+/+kcWY5Jcu9LxWr14s48uAIHINT4IBLUAV3oAbqAIMheATP4MXIjCfj1Xibt+aMxcwh+AHj/Qt9CJOZ</latexit>

Incidence matrix

ei↵ = 1 i↵ i 2 E↵

<latexit sha1_base64="Wt2SrdHRsPMtVw5Gb4iU4bxXF+4=">AAACF3icbVDLattAFB2laZu6LzVdZjPELnRlpGJIuwiYhkCXCdQPsIy4Gl/Zg0cjdeaqxAj/RTb5lW6yaAnZJrv+TcePRWL3wMDhnHO5c09SKGkpCP56O092nz57vvei9vLV6zdv/Xf7XZuXRmBH5Co3/QQsKqmxQ5IU9guDkCUKe8n0ZOH3fqKxMtffaVbgMIOxlqkUQE6K/SbGlYxAFROYH4c8+lHCKCK8oEqmKecNGUnNT+NVojGP/XrQDJbg2yRckzpb4yz276NRLsoMNQkF1g7CoKBhBYakUDivRaXFAsQUxjhwVEOGdlgt75rzD04Z8TQ37mniS/XhRAWZtbMscckMaGI3vYX4P29QUvp5WEldlIRarBalpeKU80VJfCQNClIzR0AY6f7KxQQMCHJV1lwJ4ebJ26T7qRm2ml/OW/X213Ude+yAHbKPLGRHrM2+sTPWYYJdsl/sN/vjXXnX3o13u4rueOuZ9+wRvLt/B9ifNw==</latexit>

Hyperadjacency  matrix Hyperedge  matrix

hyperedges

ensemble of nodes
=

A = ee⊤ C = e⊤e
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Hyperedge Mean Field

<latexit sha1_base64="+iA735F8IicH/wr4EQv6NPT53YM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVea9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB0r2M9w==</latexit>

i
<latexit sha1_base64="SXAy3Gk/3LCEasg5O6q00Ji0rjU=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ09iJsktKILHiGaBZAg9nU7SpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPjwVXGuMPa2V1bX1jM7OV3d7Z3dvPHRw2VZRIyho0EpFs+0QxwUPW0FwL1o4lI4EvWMsfX8781j2TikfhnZ7EzAvIMOQDTok20u1Vz+nl8tguO24BVxG2q6VKsYQNcStFF5eRY+M58rBEvZd77/YjmgQs1FQQpToOjrWXEqk5FWya7SaKxYSOyZB1DA1JwJSXzk+dolOj9NEgkqZCjebq94mUBEpNAt90BkSP1G9vJv7ldRI9qHgpD+NEs5AuFg0SgXSEZn+jPpeMajExhFDJza2IjogkVJt0siaEr0/R/6RZsB3XLt2c52sXyzgycAwncAYOlKEG11CHBlAYwgM8wbMlrEfrxXpdtK5Yy5kj+AHr7RM8NY3M</latexit>

E1

<latexit sha1_base64="3fMHrAXR6SO7OyA2HRILgMfhGPk=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZGs8wtKILHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqen3AmlWV9GLmV1bX1jfxmYWt7Z3evuH/QknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/fDnz2/dUSBZHd2qSUC/Ew4gFjGClpdurvtMvliyz4jjVszLSpOZarquJW63Zlo1s05qjBEs0+sX33iAmaUgjRTiWsmtbifIyLBQjnE4LvVTSBJMxHtKuphEOqfSy+alTdKKVAQpioStSaK5+n8hwKOUk9HVniNVI/vZm4l9eN1VBzctYlKSKRmSxKEg5UjGa/Y0GTFCi+EQTTATTtyIywgITpdMp6BC+PkX/k5Zj2hWzfHNeql8s48jDERzDKdhQhTpcQwOaQGAID/AEzwY3Ho0X43XRmjOWM4fwA8bbJ0f7jdQ=</latexit>

E2

<latexit sha1_base64="J/6ikWAtwibr82tvU1rMQ4Je+YQ=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0ziZJJbUASPEc0CyRB6Oj1Jk56F7h4hDPkELx4U8eoXefNv7CyCij4oeLxXRVU9P+FMKsv6MFZW19Y3NnNb+e2d3b39wsFhS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb98eXMb99TIVkc3alJQr0QDyMWMIKVlm6v+uV+oWiZVbfqlGxkmZVS2XXKmji1mluzkG1acxRhiUa/8N4bxCQNaaQIx1J2bStRXoaFYoTTab6XSppgMsZD2tU0wiGVXjY/dYpOtTJAQSx0RQrN1e8TGQ6lnIS+7gyxGsnf3kz8y+umKqh6GYuSVNGILBYFKUcqRrO/0YAJShSfaIKJYPpWREZYYKJ0Onkdwten6H/SKpl2xXRuzov1i2UcOTiGEzgDG1yowzU0oAkEhvAAT/BscOPReDFeF60rxnLmCH7AePsETxeN2Q==</latexit>

E3

<latexit sha1_base64="+iA735F8IicH/wr4EQv6NPT53YM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVea9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB0r2M9w==</latexit>

i

<latexit sha1_base64="AFMgG6TD9QQvtqcxmhOiKA8r0P8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjRPCBZwuxkNhkzO7vM9AphySd48aCIV7/Im3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3n7g2IlYPOEq4H9G+EqFgFK10/9j1uqWyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn01PHZNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOVnQiUpcsVmi8JUEozJ5G/SE5ozlCNLKNPC3krYgGrK0KZTtCF48y8vksZpxbuonN+dlavXeRwFOIQjOAEPLqEKt1CDOjDowzO8wpsjnRfn3fmYtS45+cwB/IHz+QP5jY2c</latexit>

j1
<latexit sha1_base64="UYSwHtgmWB3mQEZPbw3oLSXRozo=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eM8khgQ2aHAUZmZzczvSZkwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwajm6nffOLaiEg94DjmfkgHSvQFo2il+8dupVssuWV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0mjUvYuyud3Z6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8A+xGNnQ==</latexit>

j2
<latexit sha1_base64="SXAy3Gk/3LCEasg5O6q00Ji0rjU=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ09iJsktKILHiGaBZAg9nU7SpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPjwVXGuMPa2V1bX1jM7OV3d7Z3dvPHRw2VZRIyho0EpFs+0QxwUPW0FwL1o4lI4EvWMsfX8781j2TikfhnZ7EzAvIMOQDTok20u1Vz+nl8tguO24BVxG2q6VKsYQNcStFF5eRY+M58rBEvZd77/YjmgQs1FQQpToOjrWXEqk5FWya7SaKxYSOyZB1DA1JwJSXzk+dolOj9NEgkqZCjebq94mUBEpNAt90BkSP1G9vJv7ldRI9qHgpD+NEs5AuFg0SgXSEZn+jPpeMajExhFDJza2IjogkVJt0siaEr0/R/6RZsB3XLt2c52sXyzgycAwncAYOlKEG11CHBlAYwgM8wbMlrEfrxXpdtK5Yy5kj+AHr7RM8NY3M</latexit>

E1

<latexit sha1_base64="3fMHrAXR6SO7OyA2HRILgMfhGPk=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZGs8wtKILHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqen3AmlWV9GLmV1bX1jfxmYWt7Z3evuH/QknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/fDnz2/dUSBZHd2qSUC/Ew4gFjGClpdurvtMvliyz4jjVszLSpOZarquJW63Zlo1s05qjBEs0+sX33iAmaUgjRTiWsmtbifIyLBQjnE4LvVTSBJMxHtKuphEOqfSy+alTdKKVAQpioStSaK5+n8hwKOUk9HVniNVI/vZm4l9eN1VBzctYlKSKRmSxKEg5UjGa/Y0GTFCi+EQTTATTtyIywgITpdMp6BC+PkX/k5Zj2hWzfHNeql8s48jDERzDKdhQhTpcQwOaQGAID/AEzwY3Ho0X43XRmjOWM4fwA8bbJ0f7jdQ=</latexit>

E2

<latexit sha1_base64="J/6ikWAtwibr82tvU1rMQ4Je+YQ=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0ziZJJbUASPEc0CyRB6Oj1Jk56F7h4hDPkELx4U8eoXefNv7CyCij4oeLxXRVU9P+FMKsv6MFZW19Y3NnNb+e2d3b39wsFhS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb98eXMb99TIVkc3alJQr0QDyMWMIKVlm6v+uV+oWiZVbfqlGxkmZVS2XXKmji1mluzkG1acxRhiUa/8N4bxCQNaaQIx1J2bStRXoaFYoTTab6XSppgMsZD2tU0wiGVXjY/dYpOtTJAQSx0RQrN1e8TGQ6lnIS+7gyxGsnf3kz8y+umKqh6GYuSVNGILBYFKUcqRrO/0YAJShSfaIKJYPpWREZYYKJ0Onkdwten6H/SKpl2xXRuzov1i2UcOTiGEzgDG1yowzU0oAkEhvAAT/BscOPReDFeF60rxnLmCH7AePsETxeN2Q==</latexit>

E3

<latexit sha1_base64="+mhb7jXGX4EjcstskaHAKN3nwts=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgadnVmOgt6MVjFBMDyRJmJ7PJkJnZZWZWCEv+wIsHRbz6R978GycPwWdBQ1HVTXdXmHCmjee9O7mFxaXllfxqYW19Y3OruL3T1HGqCG2QmMeqFWJNOZO0YZjhtJUoikXI6W04vJj4t3dUaRbLGzNKaCBwX7KIEWysdN3JusWS55YrVf/sGP0mvutNUYI56t3iW6cXk1RQaQjHWrd9LzFBhpVhhNNxoZNqmmAyxH3atlRiQXWQTS8dowOr9FAUK1vSoKn6dSLDQuuRCG2nwGagf3oT8S+vnZroNMiYTFJDJZktilKOTIwmb6MeU5QYPrIEE8XsrYgMsMLE2HAKNoTPT9H/pHnk+hX35Kpcqp3P48jDHuzDIfhQhRpcQh0aQCCCe3iEJ2foPDjPzsusNefMZ3bhG5zXDyEXjck=</latexit>

{

hyperedge size
i n c i d e n c e 
matrices

kH
ij

=
X

↵

(C↵↵ � 1)⌧ei↵ej↵

<latexit sha1_base64="ovKMq3hgRWC5ydr9boi7A35ggwM="></latexit>

non-linearity
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Turing patterns on hypergraphs
<latexit sha1_base64="P0adZbsyMh+7RsOpJnnRy739bo0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA7mU3GzO4sM71CWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w6hUM15nSirdCqjhUsS8jgIlbyWa0yiQvBkMbyd+84lrI1T8gKOE+xHtxyIUjKKVGh2k6bXXLZXdijsFWSReTsqQo9YtfXV6iqURj5FJakzbcxP0M6pRMMnHxU5qeELZkPZ529KYRtz42fTaMTm2So+EStuKkUzV3xMZjYwZRYHtjCgOzLw3Ef/z2imGV34m4iRFHrPZojCVBBWZvE56QnOGcmQJZVrYWwkbUE0Z2oCKNgRv/uVF0jiteBeV8/uzcvUmj6MAh3AEJ+DBJVThDmpQBwaP8Ayv8OYo58V5dz5mrUtOPnMAf+B8/gAYk47U</latexit>

⌧ = 1

Higher-order Laplace matrix
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Higher-order (many-body) interactions

Equilibrium

Linearize

P = 2

Note: need for assumptions on L or H

symmetric tensor

<latexit sha1_base64="he3/8d9/uXB9ZV5JEDCAHG2R47I=">AAACH3icbZBNS8MwGMfT+TbnW9Wjl+IQNhijFZlehKkXjxPcC2y1pGm6ZUvTkqTCKP0mXvwqXjwoIt72bcy2HtzmA4E//9/zJHn+bkSJkKY50XJr6xubW/ntws7u3v6BfnjUEmHMEW6ikIa840KBKWG4KYmkuBNxDAOX4rY7upvy9jPmgoTsUY4jbAewz4hPEJTKcvTajZOQoWNVel4oRWXoeOlTUvLK6bUCvYiUFmE5o45eNKvmrIxVYWWiCLJqOPqPugPFAWYSUShE1zIjaSeQS4IoTgu9WOAIohHs466SDAZY2Mlsv9Q4U45n+CFXh0lj5v6dSGAgxDhwVWcA5UAss6n5H+vG0r+yE8KiWGKG5g/5MTVkaEzDMjzCMZJ0rAREnKi/GmgAOURSRVpQIVjLK6+K1nnVqlVrDxfF+m0WRx6cgFNQAha4BHVwDxqgCRB4AW/gA3xqr9q79qV9z1tzWjZzDBZKm/wCL+Sh1w==</latexit>

A(d)
ij1,...,jd

= A(d)
⇡(ij1,...,jd)
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Turing patterns on hypergraphs : m-directed

1-directed 2-hyperedge 2-directed 2-hyperedge

1-directed 3-hyperedge 2-directed 3-hyperedge 3-directed 3-hyperedge
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Turing patterns on hypergraphs : m-directed

1-directed 2-hyperedge 2-directed 2-hyperedge

1-directed 3-hyperedge 2-directed 3-hyperedge 3-directed 3-hyperedge

A(2,1)
1π(2,3) = 1 A(2,2)

π(1,2)3 = 1

A(3,1)
1π(2,3,4) = 1 A(3,3)

π(1,2,3)4 = 1A(3,2)
π1(1,1)π2(3,4) = 1
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Turing patterns on hypergraphs : m-directed

m-directed d-hyperedge A(d,m)
π1(i1,…,im)π2( j1…,jq)

= 1 m + q = d + 1

d ⃗xi

dt
= ⃗g(0) ( ⃗xi) +

D

∑
d=1

σd

d

∑
m=1

∑
i1,…,im−1

∑
j1,…, jq

⃗g(d,m) ( ⃗xi, ⃗xi1, …, ⃗xim−1
⃗xj1, …, ⃗xjq) A(d,m)

(ii1…im−1)( j1…jq)

⃗g(d,m) ( ⃗xi, ⃗xi1, …, ⃗xim−1
⃗xj1, …, ⃗xjq) = h⃗(d,m) ( ⃗xi1, …, ⃗xim−1

⃗xj1, …, ⃗xjq) − h⃗(d,m) ( ⃗xi, …, ⃗xi)
Diffusive-like
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Turing patterns on hypergraphs : m-directed

̂k(d,m)
i,s =

1
q!(m − 2)! ∑

i2, …, im−1
j1, …, jq

A(d,m)
(i,s,i2,…,im−1)( j1,…,jq)

ǩ(d,m)
i,s =

1
(q − 1)!(m − 1)! ∑

i1, …, im−1
j2, …, jq

A(d,m)
(i,i1,…,im−1)(s,j2,…,jq)

k(d,m)
i =

1
q!(m − 1)! ∑

i1, …, im−1
j1, …, jq

A(d,m)
(ii1…im−1)( j1…jq)

L̂(d,m)
is =

q!(m − 2)! ̂k(d,m)
i,s i ≠ s

−q!(m − 1)!k(d,m)
i i = s

0 i ∉ h or s ∉ h

Symmetric Laplacian

Ľ(d,m)
is =

(q − 1)!(m − 1)!ǩ(d,m)
i,s i ≠ s

−q!(m − 1)!k(d,m)
i i = s

0 i ∉ h or s ∉ t

Asymmetric Laplacian



www.unamur.be timoteo.carletti@unamur.be

Turing patterns on hypergraphs : m-directed
inc

rea
sin

g m a2)

a3)

b2)

b3)

c2)

c3)

d2)

d3)

a1) b1) c1) d1)



www.unamur.be timoteo.carletti@unamur.be

Turing patterns on hypergraphs : m-directed

Symmetric case

1, 2, 3-directed
2, 3-directed
3-directed

0 5 10 15 20
0

2

4

6

8

10

12

14

16

18

20



Simplicial 
complexes
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Turing patterns in simplicial complexes

- Node-centric

- Use a single incidence matrix => network projection
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Topological signals
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Incidence matrices

Simplicial complex: an example
<latexit sha1_base64="nE6XLCLjOY+IYz1ou5ligYq6Jk8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDC1CRSlJwcdGKLpxWcE+IIlhMp3WoZNJmJkIIRTc+Ad+gxsXirj1J9z1b5w+Ftp64MLhnHu5954gZlQqyxoauYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItEOkCSMctJQVDHSjgVBYcBIK+hfjfzWAxGSRvxWpTHxQtTjtEsxUlryzT1X0l6I7rJy9XBw4VDfOqa+ravq+WbJqlhjwHliT0mpVnSPnoe1tO6b324nwklIuMIMSenYVqy8DAlFMSODgptIEiPcRz3iaMpRSKSXjX8YwAOtdGA3Erq4gmP190SGQinTMNCdIVL3ctYbif95TqK6515GeZwowvFkUTdhUEVwFAjsUEGwYqkmCAuqb4X4HgmElY6toEOwZ1+eJ81qxT6tnNzoNC7BBHmwD4qgDGxwBmrgGtRBA2DwCF7AG3g3noxX48P4nLTmjOnMLvgD4+sHtKWZQg==</latexit>

�(2) = [i0, i1, i2]
<latexit sha1_base64="yFXMrQjzuOIAzxvQP7jHmrorUP4=">AAAB6nicbZDLSsNAFIZP6q3GW9Slm8EiuCpJwcumWHTjsqK9QBvKZDpph04mYWYilNBHcONCEZf6Lu7diG/j9LLQ1h8GPv7/HOacEyScKe2631ZuaXlldS2/bm9sbm3vOLt7dRWnktAaiXksmwFWlDNBa5ppTpuJpDgKOG0Eg6tx3rinUrFY3OlhQv0I9wQLGcHaWLeDcqnjFNyiOxFaBG8GhYsPu5y8fdnVjvPZ7sYkjajQhGOlWp6baD/DUjPC6chup4ommAxwj7YMChxR5WeTUUfoyDhdFMbSPKHRxP3dkeFIqWEUmMoI676az8bmf1kr1eG5nzGRpJoKMv0oTDnSMRrvjbpMUqL50AAmkplZEeljiYk217HNEbz5lRehXip6p8WTG7dQuYSp8nAAh3AMHpxBBa6hCjUg0IMHeIJni1uP1ov1Oi3NWbOeffgj6/0HKIOQuQ==</latexit>

k = 2 Three nodes, hence a triangle

<latexit sha1_base64="4RdymDe1iqcBKPTI7oKpsy9UEAo=">AAAB6nicbVDJSgNBEK1xjXGLCl68NAbBU5gRXI4hXjwmaBZIhtDT6Uma9PQM3TVCCPkELx4U8erVv/ALvHnxW+wsB018UPB4r4qqekEihUHX/XKWlldW19YzG9nNre2d3dzefs3EqWa8ymIZ60ZADZdC8SoKlLyRaE6jQPJ60L8e+/V7ro2I1R0OEu5HtKtEKBhFK92KttvO5d2COwFZJN6M5IuHlW/xXvoot3OfrU7M0ogrZJIa0/TcBP0h1SiY5KNsKzU8oaxPu7xpqaIRN/5wcuqInFilQ8JY21JIJurviSGNjBlEge2MKPbMvDcW//OaKYZX/lCoJEWu2HRRmEqCMRn/TTpCc4ZyYAllWthbCetRTRnadLI2BG/+5UVSOyt4F4Xzik2jBFNk4AiO4RQ8uIQi3EAZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx/VK5E3</latexit>

i0
<latexit sha1_base64="lURo+mL2dyewdKpTzZ5j0Gs2aNg=">AAAB6nicbVDJSgNBEK1xjXGLCl68NAbBU5gRXI4hXjwmaBZIhtDT6Uma9PQM3TVCCPkELx4U8erVv/ALvHnxW+wsB018UPB4r4qqekEihUHX/XKWlldW19YzG9nNre2d3dzefs3EqWa8ymIZ60ZADZdC8SoKlLyRaE6jQPJ60L8e+/V7ro2I1R0OEu5HtKtEKBhFK92KttfO5d2COwFZJN6M5IuHlW/xXvoot3OfrU7M0ogrZJIa0/TcBP0h1SiY5KNsKzU8oaxPu7xpqaIRN/5wcuqInFilQ8JY21JIJurviSGNjBlEge2MKPbMvDcW//OaKYZX/lCoJEWu2HRRmEqCMRn/TTpCc4ZyYAllWthbCetRTRnadLI2BG/+5UVSOyt4F4Xzik2jBFNk4AiO4RQ8uIQi3EAZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx/Wr5E4</latexit>

i1

<latexit sha1_base64="3NRSfzUwen5deUObDFYm361s4u4=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuwEcZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZmV1bX0ju5nb2t7Z3cvvHzS0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+H1xG/eU6WZFHdmFFM/wn3BQkawsdIt65a6+YJbdKdAy8Sbk0L5qPbN3isf1W7+s9OTJImoMIRjrdueGxs/xcowwuk410k0jTEZ4j5tWypwRLWfTk8do1Or9FAolS1h0FT9PZHiSOtRFNjOCJuBXvQm4n9eOzHhlZ8yESeGCjJbFCYcGYkmf6MeU5QYPrIEE8XsrYgMsMLE2HRyNgRv8eVl0igVvYviec2mUYEZsnAMJ3AGHlxCGW6gCnUg0IcHeIJnhzuPzovzOmvNOPOZQ/gD5+0H2DOROQ==</latexit>

i2
<latexit sha1_base64="+xVcZX+BSsHtRIDAmmA8tW8fd1g=">AAACAXicbVDLSsNAFJ34rPUVdSPoIliEClIygg8QoejGZQX7wDSGyWTSDp1MwsxEKKFu/AB/wo2gIm79C3f+jdPHQlsPXDiccy/33uMnjEpl29/G1PTM7Nx8biG/uLS8smqurddknApMqjhmsWj4SBJGOakqqhhpJIKgyGek7ncu+n79jghJY36tuglxI9TiNKQYKS155mZT0laEPHibFeFe78yhnr1PPeh6ZsEu2QNYkwSOSKFceDwNbrZfKp751QxinEaEK8yQlA60E+VmSCiKGenlm6kkCcId1CKOphxFRLrZ4IOetauVwApjoYsra6D+nshQJGU38nVnhFRbjnt98T/PSVV44maUJ6kiHA8XhSmzVGz147ACKghWrKsJwoLqWy3cRgJhpUPL6xDg+MuTpHZQgkelwyudxjkYIge2wA4oAgiOQRlcggqoAgzuwRN4BW/Gg/FsvBsfw9YpYzSzAf7A+PwB+bSYOw==</latexit>

�(1)
1 = [i0, i1]

<latexit sha1_base64="P2bqWpsfcvon3dhEOFWOuYCkpwI=">AAACAXicbVDLSsNAFJ3UV62vqBtBF4NFqCAlKfgAEYpuXFawD0xjmEym7dDJJMxMhBLqxg/wJ9wIKuLWv3Dn3zh9LLT1wIXDOfdy7z1+zKhUlvVtZGZm5+YXsou5peWV1TVzfaMmo0RgUsURi0TDR5IwyklVUcVIIxYEhT4jdb97MfDrd0RIGvFr1YuJG6I2py2KkdKSZ241JW2HyCvdpgV7v3/mUM8+oF7J9cy8VbSGgNPEHpN8Of94GtzsvFQ886sZRDgJCVeYISkd24qVmyKhKGakn2smksQId1GbOJpyFBLppsMP+nBPKwFsRUIXV3Co/p5IUShlL/R1Z4hUR056A/E/z0lU68RNKY8TRTgeLWolDKoIDuKAARUEK9bTBGFB9a0Qd5BAWOnQcjoEe/LlaVIrFe2j4uGVTuMcjJAF22AXFIANjkEZXIIKqAIM7sETeAVvxoPxbLwbH6PWjDGe2QR/YHz+AP5WmD4=</latexit>

�(1)
2 = [i1, i2]

<latexit sha1_base64="o7Gb+QRUEy9JHm8sU6SwQR23JnU=">AAACAXicbVDLSsNAFJ34rPUVdSPoYrAIFaQkFR8gQtGNywr2gWkMk+mkHTqZhJmJUELd+AH+hBtBRdz6F+78G6ePhbYeuHA4517uvcePGZXKsr6NqemZ2bn5zEJ2cWl5ZdVcW6/KKBGYVHDEIlH3kSSMclJRVDFSjwVBoc9Ize9c9P3aHRGSRvxadWPihqjFaUAxUlryzM2GpK0QeQe3ad7e65051LP2qVd0PTNnFawB4CSxRyRXyj2eNm+2X8qe+dVoRjgJCVeYISkd24qVmyKhKGakl20kksQId1CLOJpyFBLppoMPenBXK00YREIXV3Cg/p5IUShlN/R1Z4hUW457ffE/z0lUcOKmlMeJIhwPFwUJgyqC/ThgkwqCFetqgrCg+laI20ggrHRoWR2CPf7yJKkWC/ZR4fBKp3EOhsiALbAD8sAGx6AELkEZVAAG9+AJvII348F4Nt6Nj2HrlDGa2QB/YHz+AP5hmD4=</latexit>

�(1)
3 = [i0, i2]

<latexit sha1_base64="IycZOeGHtt96BBxbqCyn+y3GnaM=">AAACCnicbVDLSsNAFJ34rPUVFdy4GS2Cq5IIPpalbtxYWrAPaGKYTCft0MkkzEyEErp2469040IRt/0Cd278FidtF9p64MLhnHu59x4/ZlQqy/oylpZXVtfWcxv5za3tnV1zb78ho0RgUscRi0TLR5IwykldUcVIKxYEhT4jTb9/k/nNRyIkjfi9GsTEDVGX04BipLTkmcdOiFTPD9Ly0LMdyuHdQ1rxLEfRkEhY8eyhZxasojUBXCT2jBRKh7VvOiqPq5756XQinISEK8yQlG3bipWbIqEoZmSYdxJJYoT7qEvamnKkN7np5JUhPNVKBwaR0MUVnKi/J1IUSjkIfd2ZHS7nvUz8z2snKrh2U8rjRBGOp4uChEEVwSwX2KGCYMUGmiAsqL4V4h4SCCudXl6HYM+/vEga50X7snhR02mUwRQ5cAROwBmwwRUogVtQBXWAwRMYgVfwZjwbL8a78TFtXTJmMwfgD4zxD/wfnYM=</latexit>

B1 2 MN0⇥N1

<latexit sha1_base64="lKcqvGQ3rLMQsmdIl/cOVmXFPQY=">AAACCnicbVDLSsNAFJ3UV62vquDGzWgRXJWk4GNZ6saNpQX7gCaGyXTSDp1MwsxEKCFrN/5KNy4UcdsvcOfGb3H6WGjrgQuHc+7l3nu8iFGpTPPLyKysrq1vZDdzW9s7u3v5/YOmDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzBzcRvPRIhacjv1TAiToB6nPoUI6UlN39iB0j1PT+ppG7JphzePSRV17IVDYiEVbeUuvmCWTSngMvEmpNC+aj+TUeVcc3Nf9rdEMcB4QozJGXHMiPlJEgoihlJc3YsSYTwAPVIR1OO9CYnmb6SwjOtdKEfCl1cwan6eyJBgZTDwNOdk8PlojcR//M6sfKvnYTyKFaE49kiP2ZQhXCSC+xSQbBiQ00QFlTfCnEfCYSVTi+nQ7AWX14mzVLRuixe1HUaFTBDFhyDU3AOLHAFyuAW1EADYPAERuAVvBnPxovxbnzMWjPGfOYQ/IEx/gEA252G</latexit>

B2 2 MN1⇥N2

<latexit sha1_base64="1oXldczFxjnBT7vOGQyZJ01RQkI="></latexit>

B1(�
(0)
i ,�(1)

j ) =

0

@
�1 0 �1
1 �1 0
0 1 1

1

A

<latexit sha1_base64="sfyDGGNzRq4AFDbSvcj6Xe7bSiw=">AAACEnicbVDLSgMxFM3UV62vUZduQougCGWm4GNZdOOygn1ApwyZ9LYNzWSGJCOWod/gpr/ixoUibl2569+YPgRtPZBwOOde7r0niDlT2nHGVmZldW19I7uZ29re2d2z9w9qKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPejfTPz6A0jFInGvBzG0QtIVrMMo0Uby7VMvgC4TaUi0ZI9D5jueh5nvTv+SB6L9Y/l2wSk6U+Bl4s5JoZz3zkbj8qDi219eO6JJCEJTTpRquk6sWymRmlEOw5yXKIgJ7ZMuNA0VJATVSqcnDfGxUdq4E0nzhMZT9XdHSkKlBmFgKs1+PbXoTcT/vGaiO1etlIk40SDobFAn4VhHeJIPbjMJVPOBIYRKZnbFtEckodqkmDMhuIsnL5NaqeheFM/vTBrXaIYsOkJ5dIJcdInK6BZVUBVR9ISe0St6s0bWi/VufcxKM9a85xD9gfX5DYmfoQM=</latexit>

i0
i1
i2

<latexit sha1_base64="r7K015USrbTCwMVV92pwz77Cw+o=">AAAB8HicbVDLSsNAFL2pr1pfVZduhhZBUEoi+FgW3bisYB+ShjCZTtqhM0mYmQgh9Ct04UIRt36Ou/6N08dCWw9cOJxzL/feEyScKW3bY6uwsrq2vlHcLG1t7+zulfcPWipOJaFNEvNYdgKsKGcRbWqmOe0kkmIRcNoOhrcTv/1EpWJx9KCzhHoC9yMWMoK1kR5d5ttnzHc8v1y1a/YUaJk4c1KtV7qnL+N61vDL391eTFJBI004Vsp17ER7OZaaEU5HpW6qaILJEPepa2iEBVVePj14hI6N0kNhLE1FGk3V3xM5FkplIjCdAuuBWvQm4n+em+rw2stZlKSaRmS2KEw50jGafI96TFKieWYIJpKZWxEZYImJNhmVTAjO4svLpHVecy5rF/cmjRuYoQhHUIETcOAK6nAHDWgCAQHP8AbvlrRerQ/rc9ZasOYzh/AH1tcPzHSSvg==</latexit>

[i0, i1]
<latexit sha1_base64="WYMWMkVBohn4PIPz0M3n0X4gJ8U=">AAAB8HicbVDLSsNAFL3xWeur6tLN0CIISkkKPpZFNy4r2IekIUymk3boZBJmJkII/QpduFDErZ/jrn/j9LHQ1gMXDufcy733BAlnStv22FpZXVvf2CxsFbd3dvf2SweHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Hw9uJ336iUrFYPOgsoV6E+4KFjGBtpEeX+c4582ueX6rYVXsKtEycOanUy92zl3E9a/il724vJmlEhSYcK+U6dqK9HEvNCKejYjdVNMFkiPvUNVTgiCovnx48QidG6aEwlqaERlP190SOI6WyKDCdEdYDtehNxP88N9XhtZczkaSaCjJbFKYc6RhNvkc9JinRPDMEE8nMrYgMsMREm4yKJgRn8eVl0qpVncvqxb1J4wZmKMAxlOEUHLiCOtxBA5pAIIJneIN3S1qv1of1OWtdseYzR/AH1tcPz4KSwA==</latexit>

[i1, i2]
<latexit sha1_base64="I6v+9mAfQaj31ZtO/Smnd9LKdvU=">AAAB8HicbVDLSsNAFL3xWeur6tLN0CIISkkKPpZFNy4r2IekIUymk3boZBJmJkII/QpduFDErZ/jrn/j9LHQ1gMXDufcy733BAlnStv22FpZXVvf2CxsFbd3dvf2SweHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Hw9uJ336iUrFYPOgsoV6E+4KFjGBtpEeX+fY582ueX6rYVXsKtEycOanUy92zl3E9a/il724vJmlEhSYcK+U6dqK9HEvNCKejYjdVNMFkiPvUNVTgiCovnx48QidG6aEwlqaERlP190SOI6WyKDCdEdYDtehNxP88N9XhtZczkaSaCjJbFKYc6RhNvkc9JinRPDMEE8nMrYgMsMREm4yKJgRn8eVl0qpVncvqxb1J4wZmKMAxlOEUHLiCOtxBA5pAIIJneIN3S1qv1of1OWtdseYzR/AH1tcPzfmSvw==</latexit>

[i0, i2]

<latexit sha1_base64="D1KqDkV3A0bvYt8D+A3eTsURQeg="></latexit>

B2(�
(1)
i ,�(2)

j ) =

0

@
1
1
�1

1

A
<latexit sha1_base64="Qf1uRPCdVgxOpYuohO/wh3frqDk=">AAACJHicbZDLSgMxFIYzXmu9VV26CS2CoJSZghdwU3TjsoK9QGcYMulpG5rJDElGLEPfwhdw46u4ceEFF934LKYXQVt/CHz85xxyzh/EnClt20NrYXFpeWU1s5Zd39jc2s7t7NZUlEgKVRrxSDYCooAzAVXNNIdGLIGEAYd60Lsa1et3IBWLxK3ux+CFpCNYm1GijeXnLtwAOkykIdGS3Q+azLePme94rosNO4ZLU7YnDKL10+znCnbRHgvPgzOFQjnvHj0My/2Kn3t3WxFNQhCacqJU07Fj7aVEakY5DLJuoiAmtEc60DQoSAjKS8dHDvCBcVq4HUnzhMZj9/dESkKl+mFgOs1+XTVbG5n/1ZqJbp97KRNxokHQyUfthGMd4VFiuMUkUM37BgiVzOyKaZdIQrXJNWtCcGZPnodaqeicFk9uTBqXaKIM2kd5dIgcdIbK6BpVUBVR9Iie0St6s56sF+vD+py0LljTmT30R9bXN9Vyp04=</latexit>

[i0, i1]
[i1, i2]
[i0, i2]

<latexit sha1_base64="eAEGY7Utv+KE8DJrGkcrhVY+gzI=">AAAB9HicbVDLSsNAFL2pr1pfVZduhhZBUEpS8LEsunFZwT6gDWEynbRDJ5M4MymE0L8Q3LhQxK0f465/4/Sx0NYDFw7n3Mu99/gxZ0rb9sTKra1vbG7ltws7u3v7B8XDo6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/OHd1G+NqFQsEo86jakb4r5gASNYG8ntMM++YJ5jqup6xbJdsWdAq8RZkHKt1D1/ntTSulf87vYikoRUaMKxUh3HjrWbYakZ4XRc6CaKxpgMcZ92DBU4pMrNZkeP0alReiiIpCmh0Uz9PZHhUKk09E1niPVALXtT8T+vk+jgxs2YiBNNBZkvChKOdISmCaAek5RonhqCiWTmVkQGWGKiTU4FE4Kz/PIqaVYrzlXl8sGkcQtz5OEESnAGDlxDDe6hDg0g8AQv8Abv1sh6tT6sz3lrzlrMHMMfWF8/KtCUDA==</latexit>

[i0, i1, i2]
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<latexit sha1_base64="m2kK2uABlA/K1y+uR2WfO2YUVKY=">AAACOnicbVDLSsNAFJ3UV62vqEs3g0UQCiURXxuh1I0LFy3YBzSxTKaTdsjkwcxEKKHf5cavcOfCjQtF3PoBTtIItfXCwDnn3sPce5yIUSEN40UrLC2vrK4V10sbm1vbO/ruXluEMcekhUMW8q6DBGE0IC1JJSPdiBPkO4x0HO867XceCBc0DO7kOCK2j4YBdSlGUkl9vWn5SI4cN7md9L2rX1JX5N6SYQRnlcoMSbyKOZnnmaWvl42qkRVcBGYOyiCvRl9/tgYhjn0SSMyQED3TiKSdIC4pZmRSsmJBIoQ9NCQ9BQPkE2En2ekTeKSUAXRDrl4gYabOOhLkCzH2HTWZLivme6n4X68XS/fSTmgQxZIEePqRGzMoQ5jmCAeUEyzZWAGEOVW7QjxCHGGp0i6pEMz5kxdB+6RqnlfPmqflWj2PowgOwCE4Bia4ADVwAxqgBTB4BK/gHXxoT9qb9ql9TUcLWu7ZB39K+/4B6dqvTQ==</latexit>

Lk = B>
k Bk +Bk+1B

>
k+1

<latexit sha1_base64="suIT37/lIlLs5ha1BBiGgRtn+qg=">AAACDnicbVDLSsNAFJ3UV62vqks3g6XgxpKIr2WpGzeWCvYBTQyT6aQdMpmEmYlQQr7Ajb/ixoUibl2782+ctllo64ELh3Pu5d57vJhRqUzz2ygsLa+srhXXSxubW9s75d29jowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS94Gridx+IkDTid2ocEydEQ059ipHSkluu2iFSI89PG5kb2JTDm/u06abBsZXZioZEwqYbZG65YtbMKeAisXJSATlabvnLHkQ4CQlXmCEp+5YZKydFQlHMSFayE0lihAM0JH1NOdKbnHT6TgarWhlAPxK6uIJT9fdEikIpx6GnOyfHy3lvIv7n9RPlXzop5XGiCMezRX7CoIrgJBs4oIJgxcaaICyovhXiERIIK51gSYdgzb+8SDonNeu8dnZ7Wqk38jiK4AAcgiNggQtQB9egBdoAg0fwDF7Bm/FkvBjvxsestWDkM/vgD4zPH/wunBM=</latexit>

Bk 2 MNk�1⇥Nk

Hodge Laplace matrix

<latexit sha1_base64="L/uB/RAP5wjiPGmET5e6SHbM8Nw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQoZREfG2EohuXFewD0hgm00k7ZCYJMxOhhO7c+CtuXCji1l9w5984bbPQ1gMDh3Pu4c49fsKoVJb1bRQWFpeWV4qrpbX1jc0tc3unJeNUYNLEMYtFx0eSMBqRpqKKkU4iCOI+I20/vB777QciJI2jOzVMiMtRP6IBxUhpyTP3u5L2OfLofVYJj0aXDvWsarcXK1mlXuh6ZtmqWRPAeWLnpAxyNDzzS4dxykmkMENSOraVKDdDQlHMyKjUTSVJEA5RnziaRogT6WaTO0bwUCs9GMRCv0jBifo7kSEu5ZD7epIjNZCz3lj8z3NSFVy4GY2SVJEITxcFKYMqhuNSYI8KghUbaoKwoPqvEA+QQFjp6kq6BHv25HnSOq7ZZ7XT25Ny/Sqvowj2wAGoABucgzq4AQ3QBBg8gmfwCt6MJ+PFeDc+pqMFI8/sgj8wPn8A6eqYtg==</latexit>

�(k)
i = [i0, . . . , ik]

<latexit sha1_base64="fZlFW4+knagCuE5s55W+y7arCuA="></latexit>

Bk(�
(k�1)
i ,�(k)

j ) = �1 if �(k�1)
i 6⇠ �(k)

j

<latexit sha1_base64="p99X+VG6H5SVBGeqVDFuM8qXQJ4="></latexit>

Bk(�
(k�1)
i ,�(k)

j ) = 1 if �(k�1)
i ⇠ �(k)

j

<latexit sha1_base64="xS0wtDs9SFh53L6rRyWgG0Z8oTk="></latexit>

Bk(�
(k�1)
i ,�(k)

j ) = 0 otherwiseIncidence matrix

Simplicial complex
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Turing patterns on simplicial complex

links species (1 dim)<latexit sha1_base64="q1HaZbYry+LxnhTjsJoSeYOQa28=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI7NDAyO7uZmSUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj+7nfmqDSPJKPZhqjH9Kh5APOqLFSfdIrltyyuwBZJ15GSpCh1it+dfsRS0KUhgmqdcdzY+OnVBnOBM4K3URjTNmYDrFjqaQhaj9dHDojF1bpk0GkbElDFurviZSGWk/DwHaG1Iz0qjcX//M6iRnc+imXcWJQsuWiQSKIicj8a9LnCpkRU0soU9zeStiIKsqMzaZgQ/BWX14nzauyVylX6tel6l0WRx7O4BwuwYMbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AObDjQU=</latexit>v

nodes species (1dim)<latexit sha1_base64="2GI/NM7ZVARtFZF4IYacvu+GYYg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqpP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB5T+NBA==</latexit>u

Existence of an homogeneous stable solution
u* = u*(1,…,1)⊤

v* = v*(1,…,1)⊤
f(u*, B1v*) = 0 g(v*, B⊤

1 u*) = 0

We need extra conditions for the homogenous solutions to be a solution for the 
whole system :

L0u* = 0

L1v* = 0
<latexit sha1_base64="VIhRZgct2XyllSzt4JDMfwW0/1g=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJRMugjYVFBPMByRH2NnvJkr3dY3dOiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWEiuAHP+3ZWVtfWNzYLW8Xtnd29krt/0DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC0fXUbz0wbbiS9zBOWBCTgeQRpwSs1HNL3VsWgeaDIRCt1WPPLXsVbwa8TPyclFGOes/96vYVTWMmgQpiTMf3EggyooFTwSbFbmpYQuiIDFjHUkliZoJsdvgEn1iljyOlbUnAM/X3REZiY8ZxaDtjAkOz6E3F/7xOCtFlkHGZpMAknS+KUoFB4WkKuM81oyDGlhCqub0V0yHRhILNqmhD8BdfXibNs4pfrVTvzsu1qzyOAjpCx+gU+egC1dANqqMGoihFz+gVvTlPzovz7nzMW1ecfOYQ/YHz+QM7yJN8</latexit>,

B⊤
1 u* = 0

B1v* = 0
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Turing patterns on simplicial complexes with Dirac coupling

Dirac operator Laplace - Dirac coupling

One can have patterns even if 
<latexit sha1_base64="m8Cnr11pJzdKmoKAr5/0VuxBhDA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV4KRXvwWMF+SLss2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++3k1tY3Nrfy24Wd3b39g+LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ789tPVGkWywczTqgv8ECyiBFsrPRYD9xqPfCqblAsuWV3DrRKvIyUIEMjKH71+jFJBZWGcKx113MT40+wMoxwOi30Uk0TTEZ4QLuWSiyo9ifzg6fozCp9FMXKljRorv6emGCh9ViEtlNgM9TL3kz8z+umJrr2J0wmqaGSLBZFKUcmRrPvUZ8pSgwfW4KJYvZWRIZYYWJsRgUbgrf88ippXZS9Srlyf1mq3WRx5OEETuEcPLiCGtxBA5pAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwB6BmPMA==</latexit>

D0 = D1 = 0
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Inhibitor-inhibitor

Turing patterns on simplicial complex
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Turing patterns on simplicial complexes with Dirac coupling

nodes species (2dim)

links species (1dim)

3 ways Hodge-Dirac matrix 3 ways Dirac
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Turing patterns on simplicial complexes with Dirac coupling

<latexit sha1_base64="uywiuzvvyfoo22mW4bGjAugFw7U=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xkYeBDZkdemHC7Ow6M2tCCF/hxYPGePVzvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJb3ZpygH9GB5CFn1FjpgfUqXYmPxO0VS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3hKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnse9LnCpkRY0soU9zeStiQKsqMzahgQ/CWX14lzUrZq5ardxel2nUWRx5O4BTOwYNLqMEt1KEBDCJ4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/ybCPww==</latexit>

c2 6= 0
<latexit sha1_base64="yUCTOvv2hIAsgn54CQr01gglSk4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUr0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJrdzv/NElWZSPJhpTP0IjwQLGcHGSm0yqF0jd1CuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCa/8lIk4MVSQxaIw4chINH8dDZmixPCpJZgoZm9FZIwVJsYGVLIheMsvr5J2rerVq/X7i0rjJo+jCCdwCufgwSU04A6a0AICj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8AOL+OQg==</latexit>

c2 = 0Dirac & Laplace Dirac

2-Torus (cell complex)
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Turing patterns on simplicial complexes with Dirac coupling
<latexit sha1_base64="uywiuzvvyfoo22mW4bGjAugFw7U=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xkYeBDZkdemHC7Ow6M2tCCF/hxYPGePVzvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJb3ZpygH9GB5CFn1FjpgfUqXYmPxO0VS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3hKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnse9LnCpkRY0soU9zeStiQKsqMzahgQ/CWX14lzUrZq5ardxel2nUWRx5O4BTOwYNLqMEt1KEBDCJ4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/ybCPww==</latexit>

c2 6= 0
<latexit sha1_base64="yUCTOvv2hIAsgn54CQr01gglSk4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUr0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJrdzv/NElWZSPJhpTP0IjwQLGcHGSm0yqF0jd1CuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCa/8lIk4MVSQxaIw4chINH8dDZmixPCpJZgoZm9FZIwVJsYGVLIheMsvr5J2rerVq/X7i0rjJo+jCCdwCufgwSU04A6a0AICj/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8AOL+OQg==</latexit>

c2 = 0Dirac & Laplace Dirac

2-Torus (cell complex)



www.unamur.be timoteo.carletti@unamur.be

July the 25th, 2024, Alan Turing Institute, London UK

Turing patterns:  
from network to higher-order structures

Timoteo Carletti
Thank youAny questions?
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Some papers where results can be found

Turing patterns in systems with high-order interactions, R. Muolo, L.Gallo, V. Latora, M. Frasca, T. 
Carletti, Chaos Solitons & Fractals. 106, pp. 112912 (2023)

Patterns of non-normality in networked systems., R. Muolo, M. Asllani, D. Fanelli, PK. Maini, T. 
Carletti, J Theoret Biol 480:81, (2019) 

Dynamical systems on hypergraphs, T. Carletti, D. Fanelli, S. Nicoletti, J Phys: Complexity 
1(3):035006 (2020)

Finite propagation enhances turing patterns in reaction–diffusion networked systems, T. Carletti , R. 
Muolo. J Phys: Complexity 2(4), pp. 045004 (2021)

Global Topological Synchronization on Simplicial and Cell Complexes, T. Carletti, L. Giambagli, G. 
Bianconi, Physical Review Letters, 130, pp. 187401, ( 2023)

Diffusion-driven instability of topological signals coupled by the Dirac operator, L. Giambagli et al, 
Physical Review E ,106 pp. 064314 , (2022)
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Some papers where results can be found.

Tune the topology to create or destroy patterns, M. Asllani, T. Carletti, D. Fanelli, European Physical 
Journal B. 89, pp. 260 (2016)

Delay induced Turing-like waves for one species reaction–diffusion model on a network, J. Petit, T. 
Carletti, M. Asllani, D. Fanelli, Europhysics Letters. 111, 5, pp. 58002, (2015)

Turing instabilities on Cartesian product networks, M. Asllani, D.M. Busiello, T. Carletti, D. Fanelli, G. 
Planchon, Scientific Reports. 5, pp. 12927, (2015)

Turing patterns in multiplex networks, M. Asllani, D.M. Busiello, T. Carletti, D. Fanelli, G.  Planchon, 
Physical Review E ,90, 4, pp. 042814, (2014)

Pattern formation in a two-component reaction-diffusion system with delayed processes on a network,  
J. Petit, M. Asllani, D. Fanelli, B. Lauwens, T. Carletti, Physica A, 462, pp.230, ( 2016)

Theory of Turing Patterns on Time Varying Networks,  J. Petit, B. Lauwens, D. Fanelli, T. Carletti, 
Physical Review Letters, 119, pp. 148301-1—5, ( 2017)
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Can we control the topology to create (destroy) patterns?

Let us consider a multigraph, e.g. two nodes can be connected through 
different edges

u-layer :

v-layer : 

Au
ij

Av
ij

Au(✏) = A0 + ✏(A1 �A0)

✏ = 0

Au(0) = A0

Av(0) = A0 Av(1) = A2

Au(1) = A1

✏ = 1

Av(✏) = A0 + ✏(A2 �A0)
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Can we control the topology to create (destroy) patterns?
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creation destruction

theory vs simulations

Au(✏) = A0 + ✏(A1 �A0)

✏ = 0

Au(0) = A0

Av(0) = A0 Av(1) = A2

Au(1) = A1

✏ = 1

Av(✏) = A0 + ✏(A2 �A0)
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Can we control the topology to create (destroy) patterns?

Create patterns by adding a single (optimally chosen) link

Au(w) = A0 Av(w) = A0 + wT (ij)

w
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Delayed models

Movement across links takes time, so the diffusion part should contain a 
delay term.

Also reactions can take time, so the reaction part should contain a delay term.
ẋi(t) = f(xi(t� ⌧r)) +D

X

j

Lijxj(t� ⌧d)

Observe that one single species is enough to have Turing patterns
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The relation dispersion can be analytically 
computed using the Lambert W-function
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Finite propagation on complex networks

<latexit sha1_base64="ykZ9zWw5RPMrQ6uNM/2vzJaZ3P8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGzdCBfvAtpRMeqcNzWSGJCOUoX/hxoUibv0bd/6NmXYW2nogcDjnXnLu8WPBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf32R+6wmV5pF8MJMYeyEdSh5wRo2VHrshNSM/SO+m/XLFrbozkGXi5aQCOer98ld3ELEkRGmYoFp3PDc2vZQqw5nAaambaIwpG9MhdiyVNETdS2eJp+TEKgMSRMo+achM/b2R0lDrSejbySyhXvQy8T+vk5jgqpdyGScGJZt/FCSCmIhk55MBV8iMmFhCmeI2K2EjqigztqSSLcFbPHmZNM+q3kX1/P68UrvO6yjCERzDKXhwCTW4hTo0gIGEZ3iFN0c7L8678zEfLTj5ziH8gfP5A77QkPo=</latexit>

M Incidence matrix
<latexit sha1_base64="hge1/Wj3fSAqY+5W0XKDmgEoQo0=">AAACD3icbVDLSsNAFJ34rPUVdelmsChuLIkUdSMU3bhQqGAf0MQymU7aoZNMmJkIJeQP3Pgrblwo4tatO//GSRtRWw8MnDnnXu69x4sYlcqyPo2Z2bn5hcXCUnF5ZXVt3dzYbEgeC0zqmDMuWh6ShNGQ1BVVjLQiQVDgMdL0BueZ37wjQlIe3qhhRNwA9ULqU4yUljrmnhMg1ff85DI9PfjmV+mto3gEf/4ds2SVrRHgNLFzUgI5ah3zw+lyHAckVJghKdu2FSk3QUJRzEhadGJJIoQHqEfamoYoINJNRvekcFcrXehzoV+o4Ej93ZGgQMph4OnKbEM56WXif147Vv6Jm9AwihUJ8XiQHzOoOMzCgV0qCFZsqAnCgupdIe4jgbDSERZ1CPbkydOkcVi2j8qV60qpepbHUQDbYAfsAxscgyq4ADVQBxjcg0fwDF6MB+PJeDXexqUzRt6zBf7AeP8Ci06c/w==</latexit>

L = �M>M Laplace matrix

Fick’s law
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Finite propagation on complex networks

<latexit sha1_base64="ykZ9zWw5RPMrQ6uNM/2vzJaZ3P8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGzdCBfvAtpRMeqcNzWSGJCOUoX/hxoUibv0bd/6NmXYW2nogcDjnXnLu8WPBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFMMGi0Sk2j7VKLjEhuFGYDtWSENfYMsf32R+6wmV5pF8MJMYeyEdSh5wRo2VHrshNSM/SO+m/XLFrbozkGXi5aQCOer98ld3ELEkRGmYoFp3PDc2vZQqw5nAaambaIwpG9MhdiyVNETdS2eJp+TEKgMSRMo+achM/b2R0lDrSejbySyhXvQy8T+vk5jgqpdyGScGJZt/FCSCmIhk55MBV8iMmFhCmeI2K2EjqigztqSSLcFbPHmZNM+q3kX1/P68UrvO6yjCERzDKXhwCTW4hTo0gIGEZ3iFN0c7L8678zEfLTj5ziH8gfP5A77QkPo=</latexit>

M Incidence matrix
<latexit sha1_base64="hge1/Wj3fSAqY+5W0XKDmgEoQo0=">AAACD3icbVDLSsNAFJ34rPUVdelmsChuLIkUdSMU3bhQqGAf0MQymU7aoZNMmJkIJeQP3Pgrblwo4tatO//GSRtRWw8MnDnnXu69x4sYlcqyPo2Z2bn5hcXCUnF5ZXVt3dzYbEgeC0zqmDMuWh6ShNGQ1BVVjLQiQVDgMdL0BueZ37wjQlIe3qhhRNwA9ULqU4yUljrmnhMg1ff85DI9PfjmV+mto3gEf/4ds2SVrRHgNLFzUgI5ah3zw+lyHAckVJghKdu2FSk3QUJRzEhadGJJIoQHqEfamoYoINJNRvekcFcrXehzoV+o4Ej93ZGgQMph4OnKbEM56WXif147Vv6Jm9AwihUJ8XiQHzOoOMzCgV0qCFZsqAnCgupdIe4jgbDSERZ1CPbkydOkcVi2j8qV60qpepbHUQDbYAfsAxscgyq4ADVQBxjcg0fwDF6MB+PJeDXexqUzRt6zBf7AeP8Ci06c/w==</latexit>

L = �M>M Laplace matrix

Fick’s law

Cattaneo’s theory <latexit sha1_base64="3kptyWmyheczaOnQBIuxGgQaNp4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSiVCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvSgU34PvfXmFtfWNzq7hd2tnd2z8oHx61jLKasiZVQulORAwTXLImcBCsk2pGkkiwdjS+nfntJ6YNV/IBJikLEzKUPOaUgJNaPSC2b/vlil/158CrJMhJBeVo9MtfvYGiNmESqCDGdAM/hTAjGjgVbFrqWcNSQsdkyLqOSpIwE2bza6f4zCkDHCvtSgKeq78nMpIYM0ki15kQGJllbyb+53UtxNdhxmVqgUm6WBRbgUHh2et4wDWjICaOEKq5uxXTEdGEgguo5EIIll9eJa2LanBZrd3XKvWbPI4iOkGn6BwF6ArV0R1qoCai6BE9o1f05invxXv3PhatBS+fOUZ/4H3+ALL7jzk=</latexit>⌧u relaxation / inertial time
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Relativistic Turing mechanism on complex networks

Parabolic RD  
(Heat equation)

Hyperbolic RD  
(Relativistic Heat equation)

(Cattaneo equation, telegraph equation, damped nonlinear Klein-Gordon equations)
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 Existence of Turing pattern in activator - inhibitor systems 
with inhibitor diffusing faster than the activator 

 Existence of Turing pattern in activator - inhibitor systems 
with inhibitor diffusing slower than the activator 

 Existence of Turing pattern in inhibitor - inhibitor systems

Dv � Du
<latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit>

<latexit sha1_base64="m3QnfqQZdjDdJ4UaU2KEYjZ8Ir8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiPXisYD+gXZZsmm1Ds8mazBbK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O7mZ+e8y04Uo+wiRhfkwGkkecErBStx6Me4I94XqQBuWKW3XnwKvEy0kF5WgE5a9eX9E0ZhKoIMZ0PTcBPyMaOBVsWuqlhiWEjsiAdS2VJGbGz+YnT/GZVfo4UtqWBDxXf09kJDZmEoe2MyYwNMveTPzP66YQ3fgZl0kKTNLFoigVGBSe/Y/7XDMKYmIJoZrbWzEdEk0o2JRKNgRv+eVV0rqoelfVy4fLSu02j6OITtApOkceukY1dI8aqIkoUugZvaI3B5wX5935WLQWnHzmGP2B8/kDru2Q4A==</latexit>

Dv  Du

Some results

<latexit sha1_base64="HsLPZ/EARlUGQ0aU2sj3PV3KXqs=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIU7CWqRImhjGcF8QHIce5u9ZMne3rE7FwxHGv+KjYUitv4MO/+Nm+QKTXww8Hhvhpl5QSK4Bsf5tlZW19Y3Ngtbxe2d3b19++CwqeNUUdagsYhVOyCaCS5ZAzgI1k4UI1EgWCsY3k791ogpzWP5AOOEeRHpSx5ySsBIvn0c+mnVwV1gj5BhInt40vdHVce3S07ZmQEvEzcnJZSj7ttf3V5M04hJoIJo3XGdBLyMKOBUsEmxm2qWEDokfdYxVJKIaS+bPTDBZ0bp4TBWpiTgmfp7IiOR1uMoMJ0RgYFe9Kbif14nhfDay7hMUmCSzheFqcAQ42kauMcVoyDGhhCquLkV0wFRhILJrGhCcBdfXibNi7J7Wa7cV0q1mzyOAjpBp+gcuegK1dAdqqMGomiCntErerOerBfr3fqYt65Y+cwR+gPr8wdJo5WU</latexit>

fu < 0 and gv < 0
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 Existence of Turing pattern in activator - inhibitor systems 
with inhibitor diffusing faster than the activator 

 Existence of Turing pattern in activator - inhibitor systems 
with inhibitor diffusing slower than the activator 

 Existence of Turing pattern in inhibitor - inhibitor systems

Dv � Du
<latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit><latexit sha1_base64="GWRnnL6I6Fom3/BSaBCjmtUiFyU=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLos2oXLCrYW2xAm00k6dDIJcymU0Ldw40IRt76NO9/GaZuFtv4w8PGfc5hz/jDjTGnX/XZKa+sbm1vl7crO7t7+QfXwqKNSIwltk5SnshtiRTkTtK2Z5rSbSYqTkNPHcHQ7qz+OqVQsFQ96klE/wbFgESNYW+upGYz7cYyagQmqNbfuzoVWwSugBoVaQfWrP0iJSajQhGOlep6baT/HUjPC6bTSN4pmmIxwTHsWBU6o8vP5xlN0Zp0BilJpn9Bo7v6eyHGi1CQJbWeC9VAt12bmf7We0dG1nzORGU0FWXwUGY50imbnowGTlGg+sYCJZHZXRIZYYqJtSBUbgrd88ip0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDlrQBgICnuEV3hzlvDjvzseiteQUM8fwR87nD9MRkFk=</latexit>

<latexit sha1_base64="m3QnfqQZdjDdJ4UaU2KEYjZ8Ir8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiPXisYD+gXZZsmm1Ds8mazBbK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O7mZ+e8y04Uo+wiRhfkwGkkecErBStx6Me4I94XqQBuWKW3XnwKvEy0kF5WgE5a9eX9E0ZhKoIMZ0PTcBPyMaOBVsWuqlhiWEjsiAdS2VJGbGz+YnT/GZVfo4UtqWBDxXf09kJDZmEoe2MyYwNMveTPzP66YQ3fgZl0kKTNLFoigVGBSe/Y/7XDMKYmIJoZrbWzEdEk0o2JRKNgRv+eVV0rqoelfVy4fLSu02j6OITtApOkceukY1dI8aqIkoUugZvaI3B5wX5935WLQWnHzmGP2B8/kDru2Q4A==</latexit>

Dv  Du

Cla
ss
ica

l 
cas

e

<latexit sha1_base64="HsLPZ/EARlUGQ0aU2sj3PV3KXqs=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIU7CWqRImhjGcF8QHIce5u9ZMne3rE7FwxHGv+KjYUitv4MO/+Nm+QKTXww8Hhvhpl5QSK4Bsf5tlZW19Y3Ngtbxe2d3b19++CwqeNUUdagsYhVOyCaCS5ZAzgI1k4UI1EgWCsY3k791ogpzWP5AOOEeRHpSx5ySsBIvn0c+mnVwV1gj5BhInt40vdHVce3S07ZmQEvEzcnJZSj7ttf3V5M04hJoIJo3XGdBLyMKOBUsEmxm2qWEDokfdYxVJKIaS+bPTDBZ0bp4TBWpiTgmfp7IiOR1uMoMJ0RgYFe9Kbif14nhfDay7hMUmCSzheFqcAQ42kauMcVoyDGhhCquLkV0wFRhILJrGhCcBdfXibNi7J7Wa7cV0q1mzyOAjpBp+gcuegK1dAdqqMGomiCntErerOerBfr3fqYt65Y+cwR+gPr8wdJo5WU</latexit>

fu < 0 and gv < 0

Ne
w 

cas
e

Ne
w 

cas
e

Inertia driven Turing instability

Some results
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Turing instability in relativistic reaction-diffusion

<latexit sha1_base64="V4hBFjbItskzLJ2ucA/nTLSBKwo=">AAACK3icbZDLSgMxFIYz3q23qks3wSLUTZkRUTeC6MZlBVuFTh3OpGkbmrmQnAhlmPdx46u40IUX3PoephdBWw8Evvx/TpLzh6kUGl333ZmZnZtfWFxaLqysrq1vFDe36joxivEaS2SibkPQXIqY11Cg5Lep4hCFkt+EvYuBf3PPlRZJfI39lDcj6MSiLRiglYLiuQlEGfdPfW2iwAeZdoGau2xEObck7WUt+PEw99OuuMvKo/1+HoigWHIr7rDoNHhjKJFxVYPis99KmIl4jEyC1g3PTbGZgULBJM8LvtE8BdaDDm9YjCHiupkNZ83pnlVatJ0ou2KkQ/V3RwaR1v0otCcjwK6e9Abif17DYPukmYk4NchjNnqobSTFhA6Coy2hOEPZtwBMCftXyrqggKGNt2BD8CZHnob6QcU7qhxeHZbOzsdxLJEdskvKxCPH5IxckiqpEUYeyBN5JW/Oo/PifDifo6Mzzrhnm/wp5+sbixWogQ==</latexit>

ui(t) =
X

↵

u↵e�↵t�(↵)
i

X

j

Lij�
(↵)
j = ⇤↵�

(↵)
i 8i,↵

<latexit sha1_base64="Pe3snZZCw3hRvy3V6iRQ3WpO9zQ="></latexit>

Fourth order polynomial Routh - Hurwitz criterium
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FitzHugh - Nagumo model : inertia driven patterns

<latexit sha1_base64="kPHwmOr/ZbKDJNrBNSQmyHFMfKk=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KMNMqdpNoejGZQX7gM5Q7qRpG5rMDElGKEM/wI2/4saFIm79AHf+jeljoa0HAodzzuXmniDmTGnH+bYya+sbm1vZ7dzO7t7+Qf7wqKmiRBLaIBGPZDsARTkLaUMzzWk7lhREwGkrGN1M/dYDlYpF4b0ex9QXMAhZnxHQRurmC15ANVRL9oVXxEVPJFXHdiszPgAhoFq2HZNybGcGvErcBSmgBerd/JfXi0giaKgJB6U6rhNrPwWpGeF0kvMSRWMgIxjQjqEhCKr8dHbMBJ8ZpYf7kTQv1Him/p5IQSg1FoFJCtBDtexNxf+8TqL7FT9lYZxoGpL5on7CsY7wtBncY5ISzceGAJHM/BWTIUgg2vSXMyW4yyevkmbJdi/t8l25ULte1JFFJ+gUnSMXXaEaukV11EAEPaJn9IrerCfrxXq3PubRjLWYOUZ/YH3+AECRl/Q=</latexit>

� = 2.5 , µ = 0.18 , � = 4.0
<latexit sha1_base64="tVKsrJ070fOXJ+Js1VlaE3livqY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJSQSH1sCkU3LivYBzQhTKbTdujkwTwKJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MveeIGFUSNv+Ngorq2vrG8XN0tb2zu6euX/QErHimDRxzGLeCZAgjEakKalkpJNwgsKAkXYwup357THhgsbRg5wkxAvRIKJ9ipHUkm8euRIpX9Ucy3YrsJK9xrULy/bNsm3ZGeAycXJSBjkavvnl9mKsQhJJzJAQXcdOpJciLilmZFpylSAJwiM0IF1NIxQS4aXZBVN4qpUe7MdcVyRhpv6eSFEoxCQMdGeI5FAsejPxP6+rZP/aS2mUKEkiPP+orxiUMZzFAXuUEyzZRBOEOdW7QjxEHGGpQyvpEJzFk5dJ69xyLq3qfbVcv8njKIJjcALOgAOuQB3cgQZoAgwewTN4BW/Gk/FivBsf89aCkc8cgj8wPn8AjqCVCQ==</latexit>

⌧u = 1.0 , ⌧v = 5.0
<latexit sha1_base64="YbI9nS6ID2+8nuYDolMC+DyaGlU=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuApJKeqmULQLlxXsBdoQJtNJO3QyCTOTSol9FDcuFHHrk7jzbZy0WWjrDwMf/zmHc+b3Y0alsu1vo7CxubW9U9wt7e0fHB6Z5eOOjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3JbVbvTomQNOIPahYTN0QjTgOKkdKWZ5abXlKvWlVYh01vmpFnVmzLXgiug5NDBeRqeebXYBjhJCRcYYak7Dt2rNwUCUUxI/PSIJEkRniCRqSvkaOQSDddnD6H59oZwiAS+nEFF+7viRSFUs5CX3eGSI3lai0z/6v1ExVcuynlcaIIx8tFQcKgimCWAxxSQbBiMw0IC6pvhXiMBMJKp1XSITirX16HTtVyLq3afa3SuMnjKIJTcAYugAOuQAPcgRZoAwwewTN4BW/Gk/FivBsfy9aCkc+cgD8yPn8AojORqg==</latexit>

Du = 2.2 = Dv = 2.2

<latexit sha1_base64="LlBA2BIk2rGaixsJgJ1fStrQge0=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchSQUdVMp2oXLCvYBbQiT6aQdOpmEmUmlxH6KGxeKuPVL3Pk3TtsstPXAhcM593LvPUHCqFS2/W2srW9sbm0Xdoq7e/sHh2bpqCXjVGDSxDGLRSdAkjDKSVNRxUgnEQRFASPtYHQ789tjIiSN+YOaJMSL0IDTkGKktOSbpbqfVl3Lhdew7o+rtuX6Ztm27DngKnFyUgY5Gr751evHOI0IV5ghKbuOnSgvQ0JRzMi02EslSRAeoQHpaspRRKSXzU+fwjOt9GEYC11cwbn6eyJDkZSTKNCdEVJDuezNxP+8bqrCKy+jPEkV4XixKEwZVDGc5QD7VBCs2EQThAXVt0I8RAJhpdMq6hCc5ZdXScu1nAurcl8p127yOArgBJyCc+CAS1ADd6ABmgCDR/AMXsGb8WS8GO/Gx6J1zchnjsEfGJ8/oLORqQ==</latexit>

Du = 2.2 > Dv = 0.2

<latexit sha1_base64="x09Cm4AfsueJszJHMMB4rD+Ldc8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJSQSH1sCkU3LivYBzQhTKbTdujkwTwKJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MveeIGFUSNv+Ngorq2vrG8XN0tb2zu6euX/QErHimDRxzGLeCZAgjEakKalkpJNwgsKAkXYwup357THhgsbRg5wkxAvRIKJ9ipHUkm8euRIpX9UuLNutwEr2Gtccy/bNsm3ZGeAycXJSBjkavvnl9mKsQhJJzJAQXcdOpJciLilmZFpylSAJwiM0IF1NIxQS4aXZBVN4qpUe7MdcVyRhpv6eSFEoxCQMdGeI5FAsejPxP6+rZP/aS2mUKEkiPP+orxiUMZzFAXuUEyzZRBOEOdW7QjxEHGGpQyvpEJzFk5dJ69xyLq3qfbVcv8njKIJjcALOgAOuQB3cgQZoAgwewTN4BW/Gk/FivBsf89aCkc8cgj8wPn8AjtiVCQ==</latexit>

⌧u = 5.0 , ⌧v = 1.0

<latexit sha1_base64="feEnl1vw4VYcrjJtZWgyFAkjsms=">AAACC3icbZC7SgNBFIZn4y3G26qlzWAQLMKyKyHaBII2lhHMBbJLODuZJENmdpeZWSGE9Da+io2FIra+gJ1v42STQhN/GPj4zzmcOX+YcKa0635bubX1jc2t/HZhZ3dv/8A+PGqqOJWENkjMY9kOQVHOItrQTHPaTiQFEXLaCkc3s3rrgUrF4uhejxMaCBhErM8IaGN17VM/pBqqrlPxS7jki7TqOW6GAxACqmXH7dpF13Ez4VXwFlBEC9W79pffi0kqaKQJB6U6npvoYAJSM8LptOCniiZARjCgHYMRCKqCSXbLFJ8Zp4f7sTQv0jhzf09MQCg1FqHpFKCHark2M/+rdVLdvwomLEpSTSMyX9RPOdYxngWDe0xSovnYABDJzF8xGYIEok18BROCt3zyKjQvHK/ilO/Kxdr1Io48OkGn6Bx56BLV0C2qowYi6BE9o1f0Zj1ZL9a79TFvzVmLmWP0R9bnD7wGl7E=</latexit>

� = 0.6 , µ = 1.0 , � = 4.0


